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Nuclear data are a major source of uncertainties in reactor physics calculations. The propagation of
nuclear data uncertainties to important system responses is instrumental when determining appropriate
safety margins in reactor safety analyses. It is also important to understand the major contributors to the
observed uncertainties to make recommendations for further measurements and evaluations and aid in
the understanding of the studied system.
The SCALE code system allows for nuclear data uncertainty analysis based on the random sampling

approach as implemented in SCALE’s Sampler sequence. Sampler was recently extended by a sensitivity
analysis in terms of the calculation of two correlation-based sensitivity indices. This analysis allows for
the identification of the top contributing nuclear reactions to any analyzed output uncertainty. This paper
presents the sensitivity indices, along with their interpretation and limitations. It demonstrates the appli-
cation in an eigenvalue and decay heat analysis for a boiling water reactor fuel assembly.
� 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In nuclear safety analyses for licensing processes, there is an
increasing interest in replacing conservative calculations with
best-estimate calculations supplemented by uncertainty analyses.
This is also known as best estimate plus uncertainty (BEPU)
(D’Auria et al., 2012). In a best-estimate calculation, the physical
processes in nuclear power plants are realistically described.
Uncertainties of output parameters are then determined based
on uncertainties of the input parameters to the applied computer
code (Boyack et al., 1990).

For reactor physics calculations, the input uncertainties may be
grouped as follows:

1. manufacturing uncertainties, including geometric dimensions
and initial material compositions,

2. reactor system state, such as the evolving fuel temperature and
moderator density, and
3. uncertainties of the nuclear data.

Other relevant uncertainties are associated with the methods
and modeling approximations in the applied codes, as well as user
errors.

Nuclear data are among the most important types of uncertain
input parameters. They are subject to systematic and statistical
uncertainties because they are determined through measurements
and subsequent evaluations. Evaluated nuclear data files, such as
the file in the Evaluated Nuclear Data File (ENDF/B) (Chadwick
et al., 2011) library, provide uncertainties and corresponding corre-
lations of nuclear data in the form of covariance matrices.

In uncertainty analyses, uncertainty data are propagated
through the calculation chain to determine uncertainties of the
output quantities of interest resulting from this data. Sensitivity
analyses can provide information about the contribution of indi-
vidual uncertain input parameters to the output uncertainty. When
determining the major drivers of observed uncertainties, recom-
mendations can be made for measurements of particular nuclear
data.
1.1. Uncertainty and sensitivity analysis methods

For nuclear data uncertainty and sensitivity analysis, the two
most commonmethods in use are (1) an approach based on pertur-
bation theory and (2) the random sampling approach.

For the perturbation-theory approach, sensitivities of quantities
of interest—such as the multiplication factor, reaction rates, and
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reactivity coefficients—due to changes in the nuclear data are
determined using perturbation theory. These sensitivities are
determined for the cross sections of all nuclide reactions consid-
ered in the investigated model in all energy groups. The sensitivity
of a response to a cross section in a certain energy group describes
how much the response would change due to a change in this par-
ticular cross section. (Williams, 1986).

Multiplication of all sensitivity coefficients with the corre-
sponding covariance matrices results in the uncertainty of the sys-
tem response. Furthermore, when multiplying only the
sensitivities of one nuclide reaction with the corresponding covari-
ance matrix, the contribution to the output uncertainty of only the
specific covariance matrix, i.e. the contribution of the uncertainties
of one nuclide reaction, can be determined. This sensitivity analysis
is usually a byproduct of the analysis.

In the random sampling approach, nuclear data are sampled
using conditional sampling based on the covariance data. After a
set of calculations has been run with the perturbed data, a statisti-
cal analysis is performed to estimate the uncertainty of the
response of interest through the standard deviation or other quan-
tities. The use of this approach in combination with a code for gen-
eration of macroscopic few-group cross sections enables
straightforward full core uncertainty analysis. The coupling of a full
core nodal code to a thermal hydraulics code allows for uncertainty
analyses of steady-state and transient calculations.

In addition to being a simple, straightforward approach, random
sampling provides two main advantages over the perturbation the-
ory–based approach. (1) When using random sampling, any calcu-
lation’s output quantity can be statistically analyzed, whereas the
perturbation theory–based approaches available in current simula-
tion software are limited to responses such as the eigenvalue, reac-
tivity differences, and reaction rate ratios. For safety analyses in
particular, flux and power distributions are needed to confirm com-
pliance with safety limits. Currently, the only way to easily calcu-
late corresponding uncertainties is to use the random sampling
approach with current simulation software. (2) The assumption of
linearity of changes in quantities of interest to input has been
shown to be adequate for the calculation of quantities such as as
the multiplication factor and reactivity coefficients in steady-state
calculations. However, this assumption no longer holds for all
points in time during a transient analysis (Aures et al., 2020). Since
the random sampling approach does not make assumptions of lin-
earity, it can be applied to any steady-state or transient analysis.

A disadvantage of the random sampling approach is the
increased computation time needed to achieve a sample size that
is sufficient to obtain a statistically significant result. However,
with increasing availability of large computing clusters, the appli-
cation of this approach has become tractable, even for complex
models. Furthermore, a sensitivity analysis to identify important
nuclide reactions for the output uncertainty is not a byproduct of
the analysis. It is possible to perform individual sets of calculations
based on perturbed cross sections of only one nuclide reaction.
However, repeating this for all relevant nuclide reactions is very
computationally expensive and depending on the approach might
disregard the influence of correlations between different nuclide
reactions. Other options include calculation of sensitivity indices
based on (1) correlations determined as part of the post-
processing (Bostelmann et al., 2018) or (2) an approach based on
variances similar to Sobol’ indices for which the calculation is again
computationally expensive due to the presence of correlations
between nuclear data (Sobol, 1993; Krzykacz-Hausmann, 2006).

1.2. Existing tools for uncertainty and sensitivity analysis

The SCALE code system is a widely used tool for reactor physics,
criticality safety, radiation shielding, and spent fuel characteriza-
2

tion for nuclear facilities and transportation/storage package
designs. SCALE is developed at Oak Ridge National Laboratory
and includes several modules for sensitivity and uncertainty anal-
ysis, covering both the perturbation theory approach in SCALE’s the
TSUNAMI code (Broadhead et al., 2004; Rearden et al., 2011) and
the random sampling approach in SCALE’s Sampler code
(Williams et al., 2013).

TSUNAMI has been part of SCALE for several years, but Sampler
is a relatively new development. In its current implementation,
Sampler is a super sequence that applies cross section perturba-
tions generated based on covariance data to any SCALE module
that uses multi-group cross sections. The consistency between
uncertainty results obtained with TSUNAMI and Sampler has been
demonstrated several times before (Williams et al., 2013;
Bostelmann et al., 2015a). The statistical analysis in Sampler has
so far been limited to the calculation of the average and standard
deviation of output quantities of interest, as well as covariances
and correlations between different quantities. Recently, a sensitiv-
ity analysis was added that allows the user to identify the most rel-
evant nuclide reactions for the investigated output uncertainty.

Sampler’s new indices are based on methods developed for the
XSUSA code, a cross section uncertainty analysis code developed at
the Gesellschaft für Anlagen- und Reaktorsicherheit (GRS)
(Bostelmann et al., 2015b). XSUSA can calculate indices based on
correlations of nuclear data perturbations with the output to esti-
mate the importance of the individual nuclide reactions for the
output uncertainty (Bostelmann et al., 2018). The calculation of
Sobol’ main effect and total effect sensitivity indices was previ-
ously demonstrated and shown to provide almost consistent
results with these correlation indices (Bostelmann, 2020). Other
codes that use the random sampling approach for nuclear data
uncertainty analysis are the PSI codes SHARK-X (Wieselquist
et al., 2013), the Sandia National Laboratory code DAKOTA
(Swiler et al., 2018) and NUSS (Zhu et al., 2015), as well as the fast
Total Monte Carlo (TMC) code developed by the Nuclear Research
and Consultancy Group (NRG) (Rochman et al., 2014). XSUSA,
DAKOTA and SHARX-X perturb nuclear data based on covariance
data provided in evaluated nuclear data files. In contrast, TMC per-
turbs all possible model input parameters (e.g., level densities and
optical models) of a nuclear reaction code based on the physical
theoretical background. SHARK-X includes a method to calculate
sensitivity coefficients using a least squares solver that can be mul-
tiplied with covariance matrices to obtain uncertainty contribu-
tions (Hursin et al., 2016). DAKOTA can calculate several
correlation coefficients (Adams et al., 2020). NUSS includes a global
sensitivity analysis with variance decomposition to rank reactions
in terms of their variance contributions (similar to Sobol’ indices)
(Zhu et al., 2016). With TMC, sensitivities can be obtained through
direct perturbations of input parameters (Rochman et al., 2011).

1.3. Scope of this paper

This paper presents the theoretical background of Sampler’s
new sensitivity indices, as well as the interpretation considering
all relevant details. Application of the sensitivity indices is demon-
strated through the depletion and decay analysis of a boiling water
reactor (BWR) assembly. Required conditions and limitations for
the calculation, and potential challenges in the practical applica-
tion are discussed. The flexibility in Sampler’s uncertainty analysis
to investigate any output quantity of interest is demonstrated
through the examination of not only the eigenvalue during deple-
tion, but also the development of the decay heat subsequent to
irradiation which cannot be studied using common perturbation
theory-based approaches.

The results presented in this paper were generated with a pre-
release of SCALE 6.3.
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2. Sensitivity analysis methods

While top contributing nuclide reactions to the output uncer-
tainty are identified as a side product when using perturbation
theory, it is challenging to conduct a similar study for the ran-
dom sampling approach because the reliability of sensitivity
results depends on the number of uncertain input parameters
and the sample size. Because the analysis using linear perturba-
tion theory is limited to a certain number of output responses,
it is nevertheless desirable to use the random sampling
approach to identify important nuclide reactions that contribute
to the uncertainty of additional safety-relevant output quantities
such as peak power, decay heat, or various reactivity
coefficients.

One method for determining the contribution of individual
cross sections to the output uncertainty in random sampling calcu-
lations involves one-at-a-time calculations. If the cross sections of
one nuclide reaction are perturbed and calculations are performed
based on only these perturbations, then the statistical analysis
results in the output uncertainty are caused only by this nuclide
reaction. However, this approach requires an additional set of cal-
culations for each nuclide reaction, and it also does not account for
correlations between different nuclide reactions. Ideally, the calcu-
lation of importance indicators should account for correlations and
should be computationally inexpensive.

Based on developments performed at GRS for the XSUSA code
(Bostelmann et al., 2015b), the sensitivity analysis for nuclear data
perturbation calculations of the random sampling code Sampler in
the SCALE code system is extended by the squared multiple corre-
lation coefficient R2 and the semi-partial multiple squared correla-
tion coefficient SPC2. R2 and SPC2 provide two complementary
methods for determining the uncertainties’ contribution of a
nuclide reaction to the output uncertainty.

This section provides the mathematical description and inter-
pretation of sensitivity indices as importance indicators to iden-
tify the most significant nuclide reactions for output
uncertainties. The first part describes the variance-based sensi-
tivity indices—the so-called Sobol’ main effect and total effect
sensitivity indices—and based on this description, the sensitivity
indices R2 and SPC2 for the random sampling approach are
presented.

The following descriptions are generally valid for any set of
input parameters and for any output quantity of any code for
which the determination of sensitivity indices is desired as part
of the output analysis. For nuclear data uncertainties, the following
denotations are used:

� Input parameters are the nuclear cross sections of nuclide reac-
tions in a particular energy-group structure. That is, each cross
section of a particular energy group indicated with R is an indi-
vidual parameter.

� A parameter group includes all cross sections of an individual
nuclide reaction. For example, if the 235U fission cross section
is provided in 56 energy groups, the fission cross sections in
these 56 groups (56 individual parameters) form one parameter
group.

� A model’s relevant cross sections are divided into two groups:
group A includes the group of cross sections of interest (RA),
usually all the cross sections of a particular reaction of a
nuclide, and group B includes all other cross sections of the
model (RB).

� The number of parameters in a group are indicated with k. The
maximum number of k is the number of energy groups in a
covariance library.

� The output quantity of interest is indicated with Y.
3

� The sample size in case of the random sampling approach is
indicated with N.

Given that the maximum number of independent parameters k
in a group is the number of energy groups in a covariance library, k
is designated as 56 and 252 in the examples provided in this sec-
tion to match the number of energy groups in the covariance
libraries provided with SCALE.

2.1. Variance-based sensitivity indices

Variance-based sensitivity analysis, sometimes referred to as
the Sobol’ method (in the case of independent parameters), is used
to determine the influence of individual input parameters or
groups of parameters on the variance of the model output (Sobol,
1993; Saltelli et al., 2008; Saltelli et al., 2010). The general method
of this variance-based approach is described in the following.

Given the model Y = f(RA;RB)—where Y is the scalar output
quantity of interest, A is the group of input parameters under con-
sideration, and B is the complementary (residual) group—the
reductive effect variance-based sensitivity index (first-order sensi-
tivity index, or Sobol’s Main effect sensitivity index in case of inde-
pendent parameters), is defined as follows:

SMA ¼ Var E YjRA½ �ð Þ
Var Yð Þ ¼ Var Yð Þ � E Var Y jRAð Þ½ �

Var Yð Þ

¼ 1� E Var YjRAð Þ½ �
Var Yð Þ : ð1Þ

SMA is the relative variance of the conditional expectation of Y
given A: that is, the best approximation of Y in the parameters of
group A. It also reveals the variance reduction of Y that is expected
if the true values of parameter group A were to become known.
This factor consequently indicates for which group of input param-
eters the reduction of uncertainties would lead to a significant
reduction of the total output uncertainty. In the case of nuclear
data uncertainties, SMA can point out the nuclide reaction for
which reduced cross section uncertainties would lead to signifi-
cantly improved results based on more accurate measurements.

The incremental sensitivity index (Sobol’s Total effect sensitiv-
ity index in case of independent parameters) can be expressed as
follows:

STA ¼ E Var Y jRBð Þ½ �
Var Yð Þ ¼Eq: 1ð Þ

1� SMB: ð2Þ

STA reveals the remaining variance that is expected if the true
values of the complementary group B were to become known.

Krzykacz-Hausmann (Krzykacz-Hausmann, 2006) showed that
the expression for SMA in Eq. (1) is equal to the sample Pearson
correlation coefficient r between the output Y and the conditional
expectation E Y jRA½ �:

SMA ¼ Var E YjRA½ �ð Þ
Var Yð Þ ¼ r Y; E Y jRA½ �ð Þ: ð3Þ

For the practical application, this means that the correlation
between the output of two sets of calculations is calculated as
follows:

1. The first reference set of calculations is based on the standard
randomly sampled input parameters.

2. The second set of calculations is based on input parameters
generated as follows: the sampled parameters of group A are
identical to the reference set, and a new set of new randomly
sampled parameters is generated only for group B based on
(i.e., under the condition of) the known perturbations of groups
A.
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See (Bostelmann, 2020) for details on standard and conditional
sampling.

Accordingly, the incremental sensitivity index is calculated
based on the correlation of the reference set of calculations and a
second set using newly generated perturbations for group A while
keeping the perturbations of group B from the reference set:

STA ¼ 1� SMB ¼ 1� r Y ;E Y jRB½ �ð Þ: ð4Þ
With a sample size N, the sample correlation coefficient

between two quantities a and b is determined from the covariance
and the standard deviations r:

r A;Bð Þ ¼ Cov A;Bð Þ
rArB

¼
PN

i¼1 ai � �að Þ bi � �b
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 ai � �að Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 bi � �b
� �2q ; ð5Þ

where �a and �b are the mean values of a and b, respectively.
While the determination of SMA and STA seems to be a straight-

forward calculation, it requires a significant computational effort
because additional sampling calculations are required for each
parameter group of interest. For example, when using a sample
size of 1,000 and assuming 6 reactions per nuclide, a problem with
only 10 nuclides requires ð6 � 10þ 1Þ � 1;000 ¼ 61;000 individual
calculations (nominal calculation plus one additional calculation
per nuclide reaction of interest) to determine either SMA or STA
for all nuclide reactions. For the purpose of a simple determination
of a sensitivity index based on only a single set of sampling calcu-
lations, i.e. at a much smaller computational cost, it is more prac-
tical to use linearized versions of SMA and SMB, respectively, as
explained in the following section.

2.2. Correlation-based sensitivity indices using randomly sampled
input parameters

This section includes the explanation of linearized versions of
the variance-based sensitivity indices SMA and SMB.

2.2.1. R2 – squared multiple correlation coefficient
A linearized version of the reductive effect sensitivity index SMA

is found in the squared multiple correlation coefficient R2 (derivation
shown in Appendix A). This coefficient is determined from correla-
tions of the calculated output quantity Y with the sampled input
parameters RA of group A while accounting for correlations
between the input parameters (Glaeser, 2008; Glaeser, 2012):

R2
Y;A ¼ rY ;AC

�1
AA r

t
Y;A; ð6Þ

with vector rY ;A of size k containing the sample correlation coeffi-
cients rN (calculated from sample size N) between the output Y
and the input parameters of group A:

rY ;A ¼ rN Y;R1ð Þ; . . . ; rN Y;Rkð Þð Þ; ð7Þ
and matrix CAA of size (k� k) containing the sample correlation
coefficients between the input parameters:

CAA ¼

rN R1;R1ð Þ rN R1;R2ð Þ � � � rN R1;Rkð Þ
rN R2;R1ð Þ rN R2;R2ð Þ � � � rN R2;Rkð Þ

..

. ..
. . .

. ..
.

rN Rk;R1ð Þ rN Rk;R2ð Þ � � � rN Rk;Rkð Þ

0
BBBB@

1
CCCCA: ð8Þ

It is important to stress that here the correlation matrix used in
the calculation of R2 is not the population correlation matrix that
was initially used for the random sampling. Rather, it is the matrix
containing the sample correlation coefficients between the sam-
pled input parameters. If the sample size approaches infinity, then
the sample correlation matrix of group A converges toward the
correlation matrix that is used for sampling of group A.
4

Analogous to the interpretation of SMA, R2 can be interpreted as
the expected amount by which the total output variance would be
reduced if the true values of the input parameter group A become
known (Glaeser, 2008). In other words, R2 is the fraction of the out-
put variance caused by the uncertainties of parameter group A,
including the fraction of uncertainties that it has in common with
other parameter groups due to correlations (Glaeser, 2012). Using a
linearized method may seem contradictory with the benefit of the
random sampling approach to consider nonlinear effects. However,
the uncertainties are still calculated assuming any true nonlinear
effects, so it is simply a linear model used to decompose the vari-
ance among all possible sources.

R2 has the following characteristics:

� 0 < R2
Y;A < 1, with the above given interpretation,

� R2
Y;A ¼ 0 if zero variance in Y is explained by linear relationships

with group A,
� R2

Y;A ¼ 1 if all variance in Y is explained by a linear relationships
with group A, and

� R2
Y;A ¼ rY ;A � rY ;A ¼ r2Y ;R1

þ r2Y;R2
þ . . . if the parameter group A con-

tains completely uncorrelated data.

R2 can be determined from the results of a single set of calcula-
tions for any group of parameters. The only condition for determin-
ing this coefficient is that the sample size Nmust be larger than the
number of parameters k in the group of interest; if the sample size
is smaller than k, then matrix CAA is not positive definite, and con-
sequently, it cannot be inverted. For the same reason, input param-
eters within a group must not have a total linear correlation. This
problem is avoided by only considering the independently sampled
input parameters in the analysis.

Total R2

From the theoretical standpoint, the selection of parameters
within a group only from a certain nuclide reaction is arbitrary.
It is possible to select any set of individual parameters for the cal-
culation of R2. A special case is the consideration of all parameters
of a model. With this analysis, it is possible to investigate the sys-
tem for effects of non-linearity.

If parameter group A includes all the input parameters of the
model under investigation, then the total correlation coefficient
R2
tot can be determined. If nonlinear effects are insignificant, then

Var Lin YjR½ �ð Þ ¼ Var Yð Þ ) R2 ¼ R2
Y ;AþB ¼ R2

tot ¼ 1: ð9Þ
Conversely, the calculation of R2

tot allows for the assessment to
determine whether nonlinear effects are negligible: if R2

tot shows a
significant deviation from 1 when all input parameters are consid-
ered, then it can be concluded that the output uncertainty is signif-
icantly influenced by nonlinear effects.

Adjusted R2

It is important to note that R2
tot approaches 1 if the sample size N

is close to the number of sampled input parameters k in the model.
This is because R2

tot corresponds to the coefficient of determination
for regression analysis that is dependent on the difference between
N and k, the degrees of freedom in a problem. If N � k is getting smal-
ler, then R2

tot converges to 1 because, in this case, it is fitted to all or
almost all the degrees of freedom in this regression analysis.

To consider the dependence on the degrees of freedom, the
coefficient of determination can be adjusted (Golberg and Cho,
2004):

R2 ¼ 1� 1� R2
� � N � 1

N � k� 1
: ð10Þ

Since N�1
N�k�1 > 1, it can be shown that R2 < R2. This means that R2

is overestimated, and the adjustment leads to a slight reduction.



Fig. 2. 95% confidence interval of R2 for two different samples sizes N and number
of independent parameters k (solid lines indicate absolute confidence intervals;
dashed lines indicate relative confidence intervals).
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Fig. 1 presents the bias R2 � R2 as a function of R2 for various
sample sizes. The sample sizes are chosen as multiples of k
(N ¼ x � k) to demonstrate the magnitude of adjustment depending
on the degrees of freedom. When considering all relevant parame-
ters for determining R2

tot such that R2
tot is close to 1, the bias is sig-

nificant when N is only slightly larger than k. The closer the
sample size is to k, the larger the overestimation of R2, or the closer
R2 is to its upper limit of 1. Note that the sample size N still needs to
be larger than k to allow the calculation of the unadjusted R2. Since
all curves decrease with increasing R2 and end at a zero bias for R2 =
1, a slight increase of the sample size to 1:5k or 2k, for example, leads
to a much smaller bias. Furthermore, it can be observed that the bias
is close to negligible if the sample size is larger than k by a factor of
10 or more. When applying the adjustment to the group-wise R2 of
Section 2.2.1 in a calculation based on the 56-group covariance with
a sample size of 1,000, N is almost 18 times larger than k, so the lar-
gest bias is small at less than 0.06.

Confidence interval. To express uncertainty due to sampling with
a limited sample size, a confidence interval

R2 � qa=2 � r;R2 þ qa=2 � r
h i

for R2 (Olkin and Finn, 1995; Cohen,

2003) can be determined using the standard deviation:

r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R2 1� R2

� �2
N � k� 1ð Þ2

N2 � 1
� �

N þ 3ð Þ

vuuuut : ð11Þ

For 95% confidence, qa=2 ¼ 1:96 is the corresponding quantile of
the normal distribution. The development of the 95% confidence
interval as a function of R2 is presented in Fig. 2. Due to the sym-
metry of the confidence interval, only the upper confidence level
is presented. The figure shows a rapid increase in the relative con-
fidence interval for R2 for correlation coefficients below about 0.3.
It is interesting to note that the R2 confidence interval for k = 56 is
larger than the corresponding interval for k = 252. This is counter-
intuitive since the degrees of freedom are reduced for larger k. This

is the result of the term N � k� 1ð Þ2 in Eq. (11): If k is decreasing
for a constant N, then this term becomes larger, resulting in a lar-
ger r. Another counterintuitive result of this term is that for
k > 225, the confidence interval is smaller for N ¼ 500 than for
N ¼ 1000.

Significance level. The significance level of R2 is determined
using the assumption that the multiple correlation is zero if the
parameter group of interest is insignificant for the system under
consideration or if the output is independent of the sampled input
Fig. 1. Difference between R2 and the corresponding adjusted value R2 as a function
of R2 for sample sizes N ¼ x � k, with k = 56.

5

parameters. In this case, R2 follows the beta distribution with p ¼ k
and q ¼ N � k� 1 (Müller, 1980). The 95% significance level
(a = 0.95), which is the level at which the hypothesis that R2 is
independent of the perturbed input parameters is rejected, is
therefore calculated using the inverse cumulative beta distribution
function:
R2
sign ¼ BetaCDF�1 a;p; qð Þ ¼ BetaCDF�1 0:95;

k
2
;
N � k� 1

2

� �
: ð12Þ

This is valid if the input parameters are normally distributed.
While the pure calculation of R2 is possible if the sample size N
is larger than k, it does not mean that the obtained R2 value is sta-
tistically significant. Each calculated R2 value should be tested for
statistical significance by comparing its value with the determined
statistical significance level.

The development of the 95% significance level as a function of
the sample size is presented in Fig. 3. Given that R2 values are often
smaller than 0.5 (see Chapter 4), this figure suggests that a sample
size larger than 200 is required for cases with k ¼ 56 and a sample
size larger than 600 is required for cases with k ¼ 252 to obtain at
least one statistically relevant R2 value above the significance level.
If smaller sample sizes are chosen, then it is possible that not a sin-
Fig. 3. 95% significance level of R2 for two different numbers of independent
parameters k.



Fig. 4. 95% confidence interval of SPC2 for two different samples sizes N, assuming
R2
Y;AþB = 1 (solid: absolute confidence intervals; dashed: relative confidence

intervals).

F. Bostelmann, D. Wiarda, G. Arbanas et al. Annals of Nuclear Energy 165 (2022) 108641
gle calculated R2 value is statistically relevant (that is, above the
significance level and therefore clearly outside of statistical noise).

With a sample size of 1,000 and k ¼ 56, usually 5–10 statisti-
cally significant R2 values are obtained. If more statistically signif-
icant R2 values are desired, then the significance level needs to be
reduced by increasing the sample size. Sample sizes larger than
1,000 are also needed to obtain statistically relevant R2 values for
applications with covariance libraries with many energy groups
(that is, with k > 56, as for example with k ¼ 252).

2.2.2. SPC2 – squared semi-partial multiple correlation coefficient
As in the incremental sensitivity index STA, an additional impor-

tance indicator with a different interpretation can be determined
as a linearized version of STA. The so-called squared semi-partial

multiple correlation coefficient, or SPC2
A, for a parameter group A is

defined as follows (Glaeser, 2008, 2012):

SPC2
Y ;A ¼ R2

Y ;AþB � R2
Y ;B: ð13Þ

R2
Y;AþB is the total squared multiple correlation coefficient

between the output Y and all parameters A and B, and R2
Y,B is the

squared multiple correlation coefficient between the output Y and
the complementary group B. Due to the subtraction of these two
coefficients, SPC2

Y,A is sometimes also called incremental R2. It is a
measure of the linear dependency between the output Y and the
input parameter group A after excluding linear influences of the
complementary group B on group A. Influences of the complemen-
tary parameter group on the output still remain (Glaeser, 2012).
Analogous to the interpretation of STA, SPC2

Y,A describes the variance
of the output quantity which is expected to remain when the true
values of the complementary parameter group B become known
(Glaeser, 2008). In other words, SPC2

Y,A is the fraction of the variance
that group A adds to the variance caused by group B (Glaeser, 2012).

As with R2, SPC2 can also be determined from the results of a
single set of calculations for any group of parameters. However,
the sample size must be larger than the number of parameters con-
sidered for the determination of R2

Y;AþB and R2
Y;B. Since R2

Y;AþB is the
total multiple correlation coefficient, the sample size must be sig-
nificantly larger than the total number of sampled parameters that
are relevant for the system under consideration. For a simple prob-
lem with only a few nuclides, the required sample size can be in
the range of a few thousands.

Confidence interval. With the sample size N and the quantile of
the normal distribution qa=2, the confidence interval of SPC2 is as
follows (Algina, 2008):

SPC2
Y ;A � qa=2 � r; SPC2

Y;A þ qa=2 � r
h i

; ð14Þ

where

r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/f þ /r � 2 � /fr

p
; rab ¼

ffiffiffiffiffiffiffiffiffiffi
R2Y;B

R2Y;AþB

r
;

/f ¼ 4
N R

2
Y ;AþB 1� R2

Y ;AþB

� �2
;/r ¼ 4

N R
2
Y ;B 1� R2

Y ;B

� �2
;

/fr ¼ 4
N2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
Y ;AþBR

2
Y ;B

q
1
2 2rab �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
Y ;AþBR

2
Y ;B

q� �
1� R2

Y ;AþB � R2
Y ;B � r2ab

� �
þ r3ab

h i
:

Note that the calculation of the confidence interval is performed
without consideration of the number of independent parameters k.
Fig. 4 shows that the confidence interval for SPC2 is much larger
than for R2; a large sample size is needed to obtain statistically rel-
evant values for SPC2.

Adjusted SPC2. When considering the adjustment of R2 using Eq.
(10), it is possible to derive an adjusted SPC2 based on Eq. (13) to
consider the limited degrees of freedom:

SPC2
Y ;A ¼ R2

Y ;AþB � R2
Y ;B: ð15Þ
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For a large total number of independent parameters k in the cal-
culation, it is reasonable to assume that the number of indepen-
dent parameters considered in the calculations of R2

Y;AþB and R2
Y;B

is approximately identical because the maximum difference is
the number of energy groups in the covariance library. With this
assumption, it is possible to estimate the adjustment as follows:

SPC2
Y ;A � R2

Y ;AþB � R2
Y ;B

� � N � 1
N � k� 1

� �
: ð16Þ
2.3. Differentiation from top contributors in perturbation theory

In first-order perturbation theory, the derivatives of the output
quantity Y with respect to the input parameters—in this case, cross
sections R—are obtained for all nuclides i of the model of interest
with all reactions x in all energy groups g:

SY;Ri
x;g

¼ Ri

Y
dY

dRi
x;g

 !
: ð17Þ

SY;Ri
x;g

are often called sensitivity coefficients. (Note: It is impor-

tant not to confuse these sensitivity coefficients with the sensitivity
indices R2 and SPC2.) The sensitivity coefficients are obtained using
first-order perturbation theory as described in detail by M. Wil-
liams (Williams, 1986; Williams et al., 2001). SY;Ri

x;g
describes the

impact of a perturbation of cross section x of nuclide i in energy
group g on the output quantity Y.

The nuclear data uncertainties are given in energy-dependent
covariance matrices for each nuclide reaction and for correlations
between different nuclide reactions. Using these covariance matri-
ces and the sensitivity coefficients, the application of first-order
uncertainty propagation (the so-called sandwich formula) leads to
the total output variance:

r2
Y ¼ STY ;R C SY ;R: ð18Þ
Vector SY ;R includes the sensitivities of all the input cross sec-

tions to the output quantity, and the covariance matrix C includes
the covariance matrices of all the input cross sections.

If Eq. (18) is applied to only the covariance matrix of parameter
group A, then the individual contribution of group A to the output
uncertainty is obtained. However, the output of this expression
only corresponds to the total contribution of parameter group A



Fig. 5. SCALE model of the 6432R1 BWR assembly (Ilas and Liljenfeldt, 2017).

Table 1
Measured and calculated decay heat for assembly 6432R1. The measured data are
provided along with the corresponding 1r uncertainty (Sturek et al., 2006). The
difference is provided in Watt and in multiples of the measured uncertainty r.

Cooling time
[days]

Measurement
[Watt]

Calculation
[Watt]

Difference
[Watt]
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to the output uncertainty if this parameter group is independent of
all other parameter groups, or if there is no correlation of the inves-
tigated nuclide reaction to other nuclide reactions. As soon as there
are correlations between parameter groups (i.e., between nuclide
reactions), this expression is not suitable for describing the total
contribution of a nuclide reaction to the output uncertainty.

Often a list of individual contributions of all relevant covariance
matrices (i.e. the contribution of the uncertainties of one nuclide
reaction through its corresponding covariance matrix) is provided
to the user. The contribution of the correlation between two
nuclide reactions is listed as a separate record in the list of contri-
butions. Since the individual contributions cannot be combined to
obtain total contributions of nuclide reactions in practice, it is not
possible to assess the total contribution of a nuclide reaction with
an appropriate consideration or interpretation of correlations to
other nuclide reactions. This gap is closed by the determination
of R2 and SPC2.

2.4. Consistency between approaches

This work focuses on the demonstration of R2 and SPC2 as
implemented in the SCALE’s Sampler sequence. The calculation of
Sobol’ main effect and total effect sensitivity indices was previ-
ously demonstrated and shown to provide almost consistent
results with R2 and SPC2 (Bostelmann, 2020). The same study also
developed and demonstrated corresponding indices that are calcu-
lated using sensitivity coefficients from perturbation theory. Also
for these indices, consistent results with R2 and SPC2 were
obtained.
5422 185.48 ± 2.55 186.04 0.56 (0.2 r)
5424 189.55 ± 2.57 186.04 �3.51 (1.4 r)
5670 184.44 ± 2.55 183.38 �1.06 (0.4 r)
5680 182.79 ± 2.54 183.20 0.41 (0.2 r)
5681 185.17 ± 2.55 183.20 �1.97 (0.8 r)
5687 181.63 ± 2.54 183.20 1.57 (0.6 r)
5688 181.99 ± 2.54 183.20 1.21 (0.5 r)
6425 175.92 ± 2.52 175.64 �0.28 (0.1 r)
7521 161.72 ± 2.47 165.66 3.94 (1.6 r)
7526 161.72 ± 2.47 165.63 3.91 (1.6 r)
3. Codes and models

Sampler’s new sensitivity analysis is demonstrated by analyzing
the development of the eigenvalue and the decay heat of a typical
BWR fuel assembly. In the following, the BWR assembly model and
the applied tools and nuclear data libraries are described.

3.1. Boiling water reactor fuel assembly

The BWR fuel assembly model used in this study is taken from a
previous study by G. Ilas and H. Liljenfeldt in which Sampler was
used to quantify the effect of uncertainties in nuclear data and
selected manufacturing and operation parameters on calculated
decay heat (Ilas and Liljenfeldt, 2017). The availability of high-
quality decay heat measurements for the studied BWR assembly
enabled an assessment of the significance of the results through
comparison of calculated with measured decay heat data.

The 8 � 8 BWR assembly has an average discharge burnup of
36.9 GWd/MTIHM (MTIHM: metric ton initial heavy metal. The
assembly includes 63 fuel rods—59 regular fuel (UO2) rods, 4 gado-
linia (UO2-Gd2O3) rods, and one water rod (Fig. 5). The assembly
has fuel rods with five enrichments: 1.38, 1.98, 2.49, 3.17, and
3.37 wt% 235U. Unique colors in Fig. 5 indicate the rods’ unique
enrichment values, and the white rod represents the water rod.
The rods shown with multiple rings are the gadolinia rods. Details
for the measurements and the assembly, which is labeled as
6432R1, can be found in Sturek (Sturek et al., 2006).

The decay heat of the selected BWR assembly was measured at
the Swedish Central Interim Storage Facility for Spent Nuclear Fuel
(Clab) as part of a comprehensive experimental program initiated
and managed by Svensk Kärnbränslehantering AB (SKB), the Swed-
ish Nuclear Fuel and Waste Management Company. Sturek pro-
vides experimental decay heat data for this assembly from 10
measurements performed over a period of almost 6 years that cor-
respond to cooling times between 14.8 and 20.6 years (Table 1)
7

(Sturek et al., 2006). The reported measurement uncertainty at a
95% confidence level (2r) is 4.2 W at 50 W decay heat and 6.2 W
at 350 W decay heat. Assuming that the uncertainty varies linearly
with the decay heat, the relative uncertainties of the measured
data are between 1.35 and 1.53%.
3.2. Computational tools and nuclear data libraries

The uncertainty and sensitivity analyses were performed with
the Sampler sequence (Williams et al., 2013) of the SCALE code sys-
tem (Wieselquist et al., 2020). Sampler employs the random sam-
pling approach by applying perturbations to cross sections used by
any other SCALE sequence. SCALE’s data library resource includes
perturbation factors that were generated via conditional sampling
based on the nuclear covariance data, so they only need to be mul-
tiplied with the corresponding nominal cross sections to arrive at
perturbed cross sections. Sampler automatically runs a specified
number of realizations of this sequence with perturbed data and
performs the statistical analysis of the results. The analysis of R2

and SPC2 was recently added to the statistical analysis. The user
requests the calculation of either R2 or SPC2, provides the output
quantities of interest, and lists the nuclides for which a sensitivity
analysis is desired. The requested sensitivity index is then calcu-
lated for all reactions of the specified nuclides. The results are pro-



Fig. 6. Development of eigenvalue and corresponding relative uncertainty over the
course of depletion.
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vided with their corresponding statistical confidence intervals and
ranked according to size to allow for clear identification of relevant
nuclide reactions.

The individual BWR fuel assembly depletion calculations were
performed with SCALE’s reactor physics sequence TRITON. By call-
ing various modules in SCALE, TRITON controls the following steps:
(1) generation of problem-dependent cross sections through
XSProc, (2) neutron transport calculation with one of SCALE’s neu-
tron transport kernels, and (3) depletion/decay calculations
through the depletion/irradiation/decay solver ORIGEN. The neu-
tron transport kernel used in this study is the two-dimensional
deterministic code NEWT.

The TRITON-NEWT calculations were performed with the 252-
group ENDF/B-VII.1 cross section library (Chadwick et al., 2011).
Sampler applied perturbations to these cross sections that were
generated using SCALE’s 56-group ENDF/B-VII.1-based covariance
library. This covariance library mainly contains data from the
ENDF/B-VII.1 release, but it also contains (1) additional fission
spectrum uncertainties from the JENDL 4.0 library (Shibata et al.,
2012), (2) approximate uncertainties from the Low-fidelity Covari-
ance Project,a collaboration of Brookhaven National Laboratory,
Los Alamos National Laboratory, and Oak Ridge National Labora-
tory (Little et al., 2008), and (3) approximate covariance data from
the Working Party on International Nuclear Data Evaluation Coop-
eration Subgroup-26 (Salvatores and Jacqmin, 2008). More details
on these libraries can be found in the SCALE manual (Wieselquist
et al., 2020).

The BWR fuel assembly was depleted up to the discharge bur-
nup of 36.9 GWd/MTIHM, followed by calculation of the decay heat
up to 10,000 years after discharge. Sampler was applied with a
sample size of 1,000. An uncertainty and sensitivity analysis was
performed for the eigenvalue keff during depletion, and it was also
performed for the decay heat during cooling. The new sensitivity
analysis is currently limited to the analysis of cross section uncer-
tainties, so fission yield and decay data uncertainties were not
taken into account.

To stress the difference of the Sampler’s new sensitivity indices
R2 and SPC2 to the commonly studied top contributing nuclide
reactions from perturbation theory, TSUNAMI (Broadhead et al.,
2004; Rearden et al., 2011) calculations were additionally per-
formed for the initial criticality of the BWR assembly. Just as for
the Sampler calculation, TSUNAMI was used in combination with
the NEWT neutron transport code. TSUNAMI provides the total
eigenvalue uncertainty as well as the individual contributions to
the uncertainty by multiplying the sensitivities of the individual
nuclide reactions with their corresponding covariance matrix.
The same nuclear data libraries as for the Sampler calculations
were applied.

All analyses were performed with codes and nuclear data
libraries from a pre-release version of SCALE 6.3.
4. Application

Sampler’s sensitivity analysis is first demonstrated for the BWR
fuel assembly eigenvalue keff during depletion, followed by the
analysis of the decay heat during cooling.
Fig. 7. Contributors to eigenvalue in terms of Dk=k at the beginning of depletion
obtained with TSUNAMI.
4.1. Eigenvalue analysis

4.1.1. Uncertainty analysis
Fig. 6 presents the eigenvalue keff of the BWR fuel assembly and

the corresponding uncertainty during depletion. The first dip in the
keff after a few days is the result of the buildup of the neutron poi-
son xenon, and the subsequent increase of keff up to 	300 days is
8

the result of the depletion of the neutron poison gadolinium in
the UO2-Gd2O3 fuel pins.

The keff uncertainty is about 0.5% throughout depletion, as
shown in many previous studies (Aures et al., 2017; Rochman
et al., 2017). The decrease of uncertainty during the first 200 days
is the result of decreasing influences of 235U cross sections due to
the depletion of 235U. The increase of uncertainty over the second
half of the depletion can be explained by the increasing relevance
of plutonium cross sections due to plutonium buildup. The sensi-
tivity analysis in terms of R2 and SPC2 can be used to confirm this
explanation and to identify the relevant uranium and plutonium
reactions.

The keff uncertainty obtained with TSUNAMI at beginning of life
is 0.600% as compared to the uncertainty of 0.578% obtained with
Sampler. Considering the statistical uncertainty of the Sampler’s
uncertainty, this is good agreement.
4.1.2. Sensitivity analysis Dk=k
Fig. 7 presents the top contributors to the eigenvalue uncer-

tainty at beginning of depletion as obtained with TSUNAMI. The
individual contributions are the results of the multiplication of
the sensitivity coefficients with the reaction and the corresponding
covariance matrix. The contribution ‘‘U-235 fis/n,c” indicates the
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contribution of the correlation between fission and radiative neu-
tron capture (n,c) of 235U. Since the model contains fresh fuel at
beginning of depletion, the major contributors are reactions of
235U and 238U.
Fig. 9. Eigenvalue R2 and SPC2 at the end of depletion.
4.1.3. Sensitivity analysis R2

As stated in Section 2.2, the calculation of R2 mathematically
requires a sample size larger than the number of independently
sampled parameters k in the reaction of interest (parameter
group). If this requirement is not met, SCALE stops with a corre-
sponding error message. Furthermore, a small significance level
is desired to allow the identification of at least a few statistically
significant R2 values. SCALE provides a list of R2 values along with
the corresponding confidence intervals and significance levels. The
user can analyze these results to identify statistically relevant R2

values (for example, by comparing the value with the significance
level) or to estimate a required larger sample size that would lead
to additional statistically relevant R2 values.

Since the Sampler calculation was performed with perturba-
tions based on a covariance library with 56 energy groups, k is
equal to or less than 56. k is less than 56 if only a subset of the cross
sections of a reaction is sampled independently. This is the case
either if strong positive or negative correlations between the cross
sections exist such that only one of the correlated cross sections is
sampled, or if the variance of a cross section in an energy group is
zero. The sample size chosen for this calculation was 1,000 and
therefore meets the requirement for the calculation of R2. Given
the development of the significance level in Fig. 3, this sample size
should also be sufficient to identify at least a few statistically sig-
nificant R2 values.

Figs. 8 and 9 present the sensitivity index R2 for the reactions
with the largest obtained R2 values at the depletion’s beginning
of life (BOL) and end of life (EOL). The error bars indicate a 95% con-
fidence interval of R2. The light columns on top of the dark columns
indicate the 95% significance bounds of R2. If the obtained value for
R2 is below this level, then it might be the result of statistical noise
and cannot be considered statistically relevant. For example, R2 for
239Pu (n,c) is below the significance bound at BOL, but it shows a
clearly significant value at EOL. This makes sense because pluto-
nium is only building up over the course of depletion. The applied
sample size of 1,000 in the present example results in 5–10 statis-
tically significant R2 values throughout depletion. If it was desired
to study reactions with smaller relevance for the analyzed output
quantity, then the sample size would need to be increased to
reduce the significance level and thereby to allow smaller statisti-
cally relevant R2 values.
Fig. 8. Eigenvalue R2 and SPC2 at the beginning of depletion.
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The occurrence of an R2 for 239Pu for fresh uranium fuel at BOL—
even though statistically insignificant—stresses an interesting fact
about R2: R2 can be calculated for any reaction of any nuclide; it
is not relevant whether the nuclide is included in the input model
(i.e., included in the composition of any mixture). Although it is
unlikely that nuclides excluded from the model would result in
statistically significant indices, in theory, this could occur in the
case of correlations to an important reaction of a nuclide that is
included in the model. In ENDF/B-VII.1, correlations between reac-
tions of different nuclides exist, for example, for 197Au and 235U,
and also between 238U and 239Pu. Is it worth pointing out that cor-
relations between reactions cannot be excluded during the calcula-
tion of R2 since the calculation of R2 does not explicitly consider
those correlations (see Section 2.2). Correlations are indirectly con-
sidered through the generation of the perturbed cross sections dur-
ing the conditional sampling which considered all correlations
available in the covariance library. If certain correlations are
desired to be excluded, then the cross section sampling would need
to be modified.

The most important contributor to the keff uncertainty at BOL as
identified using R2 is the neutron multiplicity �m of 235U. This is rea-
sonable because of the immediate influence of �m on keff and it is
also consistent with the results from the TSUNAMI calculation. In
general, the identified top nuclear reactions are consistent between
Sampler and TSUNAMI at BOL. At EOL, the buildup of plutonium
isotopes during depletion causes a large contribution of the 239Pu
fission and (n,c) reaction to the keff uncertainty. Fig. 10 shows
the top contributors to the keff uncertainty during depletion, clearly
indicating the decreasing influence of 235U �m while 235U is deplet-
ing, as well as an increasing influence of 239Pu reactions while plu-
tonium is building up.

It must be stressed again that the top contributors result from
(1) a significant sensitivity of keff to a reaction and (2) a simultane-
ous relevant uncertainty of this reaction. Unexpectedly large con-
tributions are identified for 238U elastic and inelastic scattering.
One-at-a-time perturbations of the individual reactions have
demonstrated that contributions in terms of R2 can be overesti-
mated because of correlations between reactions (Bostelmann,
2020): A reaction can show a large R2 value only because of the rel-
evance of a highly correlated reaction. It is consequently possible
that the importance of 238U elastic and inelastic scattering is
increased due to their correlations with each other as well as cor-
relations to the 238U fission and (n,c) reaction.
4.1.4. Sensitivity analysis SPC2

The calculation of SPC2 mathematically requires a sample size
larger than the total number of independently sampled parameters



Fig. 10. Eigenvalue R2 during depletion.

Fig. 11. Eigenvalue SPC2 during depletion.
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k in the problem. If this requirement is not met, SCALE stops with a
corresponding error message. In this particular calculation, 220
nuclides were considered in the neutron transport calculations to
determine keff. Consequently, 220 nuclides—for which all reactions
are given in always 56 energy groups—must be considered. This
requires a sample size of several thousand. Since the impact of
most reactions on keff is insignificant, the group of considered
nuclides can be reduced to allow a calculation of SPC2 with a
reduced sample size. It has been shown that an appropriate selec-
tion of the considered nuclides leads to good agreement with
results obtained with the full set of nuclides (Bostelmann et al.,
2018). Based on the results for R2 above, only 235U, 238U, and
239Pu were considered in this SPC2 calculation. This resulted in
the consideration of in total 25 reactions, or 667 independent
parameters, which is below the chosen sample size of 1,000. SCALE
provides a list of unadjusted and adjusted SPC2 values along with
the corresponding confidence intervals. The user can analyze these
results to identify statistically relevant SPC2 values (for example,
values for which the value is larger than the confidence interval)
or to estimate a required larger sample size that would lead to
additional statistically relevant SPC2 values. Only adjusted SPC2

results are presented here: that is, results considering the limited
sample size and the number of sampled parameters.

Since the calculation of the total sensitivity index R2
tot is required

for the calculation of SPC2, Sampler provides this index along with
each SPC2 calculation. R2

tot is considered here as an indicator to assess
whether the most important contributors were considered in the
analysis. At BOL, R2

tot was found to be 	0.977 
 0.001. This decreased
slightly to 	0.942 
 0.003 at EOL, indicating that this choice of
nuclides accounts for 98% of variance at BOL and 94% at EOL; there-
fore, it is concluded that the selection of nuclides captures the most
relevant contributions to the keff uncertainty. If this calculation was
repeated under consideration of all nuclides based on a calculation
with a larger sample size, an assessment of the impact of nonlinear
effects on the output uncertainty as described in Section 2.2 and
shown by (Bostelmann, 2020) could be performed.

Figs. 8 and 9 include the sensitivity index SPC2 for the reactions
with the largest obtained SPC2 values at the depletion’s BOL and
EOL, comparing them to the corresponding R2 values. Fig. 11 shows
the development of SPC2 for these reactions during depletion. The
error bars indicate the 95% confidence interval of SPC2. A general
observation is the absence of elastic and inelastic scattering of
238U can be seen among the contributors. This result can be
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explained using the interpretation of SPC2: SPC2 indicates the con-
tribution to the output variance by an individual nuclide reaction
that is added when contributions of all other nuclide reactions
(the complementary group) are already considered. Due to strong
correlations between elastic and inelastic scattering of 238U, the
additional contribution of one of these reactions is negligible. For
example, when investigating the additional contribution of 238U
inelastic scattering to the output variance, the contribution of this
reaction is already considered by 238U elastic scattering in the com-
plementary group due to correlations. Consequently, the additional
effect is small.

The second general observation is the clear identification of five
top contributors at BOL, while no statistically relevant SPC2 indices
were obtained at EOL. This result can be explained by the large
number of reactions that influence the keff uncertainty at EOL
due to the buildup of fission products and actinides during deple-
tion. It is challenging to identify an individual influence among all
small contributions; this can only be simplified by a dramatic
increase of the sample size.

The absence of the main contributor to the uncertainty in the
ranking of SPC2 stresses that SPC2 cannot clearly reveal the top
contributors to the output uncertainty. It can only be used in addi-



Fig. 13. Relative contribution of actinides to decay heat.

Fig. 14. Measured and calculated decay heat up to 10,000 years after discharge
along with the measurement uncertainty and the calculated uncertainty resulting
from uncertainties in nuclear data.
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tion to the analysis with R2. For example, relevant correlations
between reactions can be identified by their absence in the SPC2

ranking (see 238U inelastic and elastic scattering contributions in
terms of R2, but missing contributions in terms of SPC2 in Fig. 8).
Correlations often exist between reactions of a nuclide or between
reactions of different nuclides. Without the additional SPC2 analy-
sis, it is not necessarily clear which correlation between reactions
is significant for the observed output uncertainties. However, such
an analysis is to cases in which multiple statistically relevant SPC2

are obtained. In the provided example, this analysis is possible at
BOL, but not at EOL.

4.2. Decay heat analysis

4.2.1. Uncertainty analysis
Fig. 14 presents the calculated decay heat of the BWR fuel

assembly and the corresponding uncertainty during decay after
discharge from the reactor. As expected, the decay heat is rapidly
decreasing over the first few years, mainly due to the decay of
short-lived fission products and their daughters. Up to a cooling
time of 	10 years, fission products are responsible for 75–90% of
the decay heat (Fig. 12). Afterwards, the contribution of actinides
is increasing. From 	300 years on, actinides—mainly plutonium
and americium isotopes—are responsible for almost 100% of the
decay heat (Fig. 13). As already shown by Ilas and Liljenfeldt (Ilas
and Liljenfeldt, 2017), the calculated decay heat is in excellent
agreement with the measured values (Table 1). All calculated val-
ues agree within 2r measurement uncertainties.

Fig. 14 also shows the calculated relative uncertainty of the
decay heat due to uncertainties in nuclear data. However, the small
uncertainty of less than 0.2% during the first day of decay and the
increasing uncertainty up to 	1.7% at 	300 years can be mislead-
ing. Due to the rapid decrease in decay heat during cooling, the
absolute uncertainty should be considered rather than the relative
uncertainty. Fig. 15 shows that the absolute uncertainty is smaller
than 10W and therefore is already negligible after	100 days. Even
1 s after discharge, when the decay heat is 	72.5 kW, the uncer-
tainty of the decay heat is only 75 W. At the time of the measure-
ment, the calculated uncertainty is approximately 1.5 W which
might explain a part of the small discrepancy between the mea-
surement and the calculation.

4.2.2. Sensitivity analysis R2

The calculation of R2 is performed to identify the top contribut-
ing reactions to the decay uncertainty. This analysis is independent
Fig. 12. Relative contribution of fission products to decay heat.

Fig. 15. Absolute and relative decay heat uncertainty as a function of cooling time.
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of the output quantity and must only meet requirements with
respect to the number of considered nuclides and the sample size.
Therefore, with the same explanation as for keff above, the sample
size is sufficient to obtain a small number of statistically relevant
R2 values. It shall be stressed here that the decay heat uncertainty



Fig. 17. Decay heat R2 as a function of cooling time (set 2).
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is a quantity that cannot be easily investigated using perturbation
theory–based approaches. Only the random sampling approach
with a corresponding sensitivity analysis can be used to efficiently
calculate quantities like the decay heat uncertainty and to analyze
the contributors to the observed uncertainty.

Figs. 16 and 17 present the development of the top contributing
reactions over the cooling time. Due to the varying contributions to
the decay heat during decay, the contributors to the observed
decay heat uncertainties also differ. Almost identical contributions
of elastic and inelastic scattering of 238U are observed immediately
after discharge. It is assumed that the R2 index for elastic scattering
is only large because of a significant contribution of inelastic scat-
tering. The decay heat immediately after discharge is dominated by
fission products with very short half lives; their abundance is influ-
enced by fission yields, decay constants, and the energy released
per fission through the applied power. Because these data were
not perturbed for the current calculation, these effects are not con-
sidered here. The occurrence of 238U scattering reactions as rele-
vant immediately after discharge is therefore assumed to be a
second-order effect that is highlighted due to negligence of the
most relevant effects at this point in time (see also Chapter 6). Fur-
thermore, the number of short-lived fission products is very large,
so the contribution of their uncertainties to the total decay heat
uncertainty is spread over a large number of nuclides, resulting
in small individual values for R2.

Of the fission products, only the contribution of 133Cs (n,c) is
notable. The uncertainty of this reaction directly influences the
production of 134Cs, a relevant contributor to the overall decay
heat. The magnitude of R2 for 133Cs (n,c) is consequently following
the relative contribution of 134Cs to decay heat in Fig. 12.

Of the actinides, 238U, 239Pu, 242Pu, and 241Am show large R2

indices for some periods of time. The 241Am (n,c) reaction influ-
ences the production of 242Am, which decays to 242Cm—another
important decay heat contributor—with a half life of 	16 h. The
242Pu (n,c) reaction influences the production of 243Pu which
decays to 243Am—a contributor to the decay heat with constant
absolute contribution and therefore increased relevance over
time—with a half life of 	5 h. Similarly, the increase of R2 of the
correlated fission and (n,c) reactions of 239Pu starting 3 years after
discharge goes along with the increasing contribution of 241Am to
decay heat, and the increase of R2 of 238U (n,c) and the correlated
238U fission reaction starting 	30 years after discharge coincides
with the increasing contribution of 239Pu and 240Pu to decay heat.

When considering the major contributors to the decay heat as
shown in Fig. 12, it is notable that the reactions of the following
relevant nuclides do not show any significant contribution to the
Fig. 16. Decay heat R2 as a function of cooling time (set 1).
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decay heat uncertainty through R2: 90Sr, 90Y, 95Nb, 106Rh, 144Pr,
137Cs, and 137mBa. 137Cs is a direct fission product that b-decays
into 137 mBa with a half life of 	30 years; 90Sr is also a direct fission
product that b-decays into 90Y with a half life of 	28.9 years. 95Nb
and 106Rh b-decay into stable nuclides with half lives of 35 days
and 30 s, respectively. Since neither fission yield nor decay data
uncertainties were considered in the analysis, but only cross sec-
tion uncertainties, no significant R2 values related to these isotopes
were determined. 144Pr is mainly the results of 144 mPr; since no
covariance data are available in ENDF/B for either state of this
nuclide, no corresponding R2 values were calculated.

4.2.3. Sensitivity analysis SPC2

As described above regarding keff and based on the R2 decay
heat results, the calculation of SPC2 for the decay heat was per-
formed under consideration of 133Cs, 238U, 239Pu, 242Pu, and
241Am. This group of nuclides includes a total of 37 reactions with
853 independent parameters, which is below the sample size. The
total correlation index R2

tot during the SPC2 calculation was found to
be between 0.92 and 1.00 during decay. Since R2

tot did not vary sig-
nificantly from 1.0, it is concluded that the selection of nuclides cap-
tures the most relevant contributions to the decay heat uncertainty.

Fig. 18 shows the development of SPC2 for these most important
reactions during depletion. Just as for the SPC2 of keff, some highly
correlated reactions are missing among the contributors because
the additional contribution to the output variance by some individ-
ual nuclide reactions is already considered by the corresponding
complementary group of reactions. Reactions that are not (highly)
correlated to any other reaction are still clearly showing up: for
example, 133Cs (n,c).

Whereas 21 reactions were identified relevant at some point
over the course of decay in terms of R2, only 7 reactions were iden-
tified as statistically relevant in terms of SPC2. This stresses again
that SPC2 is not to be used standalone, but it is useful to determine
which of the results obtained for R2 are most likely influenced by
correlations between reactions.

5. Conclusions

SCALE’s sequence for random sampling–based uncertainty anal-
ysis was extended by a sensitivity analysis in the form of two
correlation-based sensitivity indices, the squared multiple correla-
tion coefficient R2, and the semi-partial squared multiple correla-
tion coefficient SPC2. In case of nuclear data uncertainty analysis,
this sensitivity analysis allows for identification of the top con-
tributing nuclear reactions to an observed output uncertainty.



Fig. 18. Decay heat SPC2 as a function of cooling time.

Fig. 19. Decay heat uncertainty due to decay data uncertainties during decay.
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Therefore, it can be used to identify reactions for which a reduction
of uncertainty through additional measurements or evaluations
can significantly contribute to the reduction of the overall output
uncertainties of interest. Since the random sampling approach
allows the analysis of any output quantity of interest and is not
limited to reaction rates and reactivities such as perturbation the-
ory–based approaches, this analysis allows a sensitivity analysis of
quantities like decay heat, as demonstrated in this work.

It was found that R2 is the most practical and reliable sensitivity
index that allows for identification of the major contributors to the
output uncertainty. Due to consideration of the influence of corre-
lated nuclide reactions, R2 sometimes shows unexpected contribu-
tors. A common example is a large R2 value for a scattering reaction
due to the importance of correlated scattering or capture reactions.
The analysis of SPC2 can be used in some cases as a complementary
analysis to identify important correlations since highly correlated
nuclide reactions do not appear in the SPC2 ranking. However,
the calculation of SPC2 with the random sampling approach
requires either a very large sample size or the selection of a sub-
group of nuclides to be considered in the analysis.

In the presented analysis of the fuel assembly eigenvalue during
depletion and decay heat during cooling, the top contributing reac-
tions to the observed output uncertainties could be clearly identi-
fied through R2. In the case of the eigenvalue, the contributions of
several 235U reactions decreased over the course of depletion in
favor of increasing contributions of 239Pu reactions; this was as
expected due to the depletion of 235U and the buildup of plutonium
isotopes. In the case of the decay heat, the top contributors that
significantly vary over the cooling time could be attributed to the
different nuclides’ relative contribution to the decay heat. Many
radiative capture reactions (n,c) were found to be relevant because
many relevant decay heat contributors are a result of this reac-
tion—potentially with subsequent decay.

In conclusion, the analysis of R2 provides a convenient means
for identifying important nuclear reactions for an output uncer-
tainty. Instead of performing computationally expensive one-at-
a-time perturbations, this sensitivity analysis provides a time-
efficient analysis as part of the post-processing—the statistical
analysis of results. A certain expertise is needed to correctly inter-
pret the results.

6. Outlook

The current implementation in Sampler is limited to the analy-
sis of nuclear cross sections. However, there is also an impact of fis-
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sion yield and decay data uncertainties in depletion calculations.
The impact of fission yield uncertainties on the eigenvalue has
been shown to be smaller than the impact of cross section uncer-
tainties, and decay data uncertainties were found to be insignifi-
cant (Martinez et al., 2014). However, this is not necessarily true
for other quantities.

In the fuel assembly study presented in this work, some rele-
vant decay heat contributors did not show up in the R2 ranking
because these nuclides are direct fission products. If fission yield
uncertainties were considered and the corresponding sensitivities
could be determined, then significant contributions of the fission
yields related to these nuclides are expected. With respect to the
relevance of decay data, Fig. 19 shows the impact of decay data
uncertainties on the decay heat of the fuel assembly. The initial
peak a few seconds after discharge is caused by short-lived fission
products; this peak of almost 700 W is significantly larger than the
decay heat uncertainty due to nuclear cross sections at this time
(less than 100 W).

These observations stress the need to consider all sources of
uncertainties in decay heat analyses, including all sources of uncer-
tainties in nuclear data. Other sources of uncertainties are param-
eters such as the geometry and material composition of a model
which can be perturbed with Sampler. However, for such analyses,
a sensitivity analysis has not yet been implemented. An exhaustive
sensitivity analysis considering all of these sources of uncertainty
can then help to clearly identify significant contributors to the
uncertainty. Only then can this analysis be used to its full poten-
tial: to make the meaningful recommendations for further mea-
surements and evaluations by correctly estimating the potential
of an uncertainty reduction through the reduction in uncertainty
of a limited number of input parameters. The extension of Sam-
pler’s current implementation of R2 and SPC2 to additional nuclear
data and input parameters other than nuclear data is planned for a
future release of SCALE.
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Appendix A. Sobol’s Main effect sensitivity index of a linear
model

An expression for Sobol’s Main effect sensitivity index SMA of a
linear model

Y Rð Þ ¼ E Y½ � þ c � R� E R½ �ð Þt ðA:1Þ
¼ E Y½ � þ a � RA � E RA½ �ð Þt þ b � RB � E RB½ �ð Þt ; ðA:2Þ

where R ¼ RA;RBð Þ, and c ¼ a; bð Þ is a (constant) model sensitivity
vector

c ¼ rRY Rð ÞjR¼E R½ � ¼ rRA
;rRB

� �
Y Rð ÞÞjR¼E R½ � ¼ a; bð Þ; ðA:3Þ

is derived by observing that

E Y jRA½ � ¼ E Y½ � þ a � RA � E RA½ �ð Þt ; ðA:4Þ
and

Var E YjRA½ �ð Þ ¼ E E YjRA½ � � E Y½ �ð Þ E Y jRA½ � � E Y½ �ð Þt	 
 ðA:5Þ
¼ E a � RA � E RA½ �ð Þt RA � E Y½ �ð Þ � at	 
 ðA:6Þ
¼ a � E RA � E RA½ �ð Þt RA � E Y½ �ð Þ	 
 � at ðA:7Þ
¼ a � Cov RA;RAð Þ � at : ðA:8Þ

Together with an analogous expression for Var Yð Þ
Var Yð Þ ¼ c � Cov R;Rð Þ � ct; ðA:9Þ

Eq. (1) can be written as

SMA ¼ a � Cov RA;RAð Þ � at
c � Cov R;Rð Þ � ct : ðA:10Þ

The expression for the squared multiple correlation coefficient
R2
Y;A of a linear model is derived by rewriting Eq. (6) in matrix index

notation:

R2
Y;A ¼

X
ij

rY ;i C�1
AA

h i
ij
rtY ;j; ðA:11Þ

where the summation is over the indices corresponding compo-
nents of RA, followed by expressing rY ;i as

rY ;i ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Yð Þp Cov Y;Rið Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Var Rið Þp ðA:12Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Yð Þp X

k

akCov Rk;Rið Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rið Þp ðA:13Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Yð Þp X

k

ak
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rkð Þ

p
CAA½ �ki; ðA:14Þ
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and, finally, inserting the expression above into Eq. (A.11) and using
the expression for Var Yð Þ in Eq. (A.9) to get

R2
Y ;A ¼

X
ijkl

ak
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rkð Þp

CAA½ �ki C�1
AA

h i
ij
CAA½ �jl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rlð Þp

al

Var Yð Þ ðA:15Þ

¼

X
kl

ak
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rkð Þp

CAA½ �kl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var Rlð Þp

al

Var Yð Þ ðA:16Þ

¼

X
kl

akCov Rk;Rlð Þal
Var Yð Þ ðA:17Þ

¼ a � Cov RA;RAð Þ � at
c � Cov R;Rð Þ � ct ðA:18Þ

which is equivalent to the corresponding expression for SMA in Eq.
(A.10).
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