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Fuel magnetization in magneto-inertial fusion (MIF) experiments improves charged burn product confinement,
reducing requirements on fuel areal density and pressure to achieve self-heating. By elongating the path length
of 1.01 MeV tritons produced in a pure deuterium fusion plasma, magnetization enhances the probability for
deuterium-tritium reactions producing 11.8− 17.1 MeV neutrons. Nuclear diagnostics thus enable a sensitive
probe of magnetization. Characterization of magnetization, including uncertainty quantification, is crucial
for understanding the physics governing target performance in MIF platforms, such as Magnetized Liner
Inertial Fusion (MagLIF) experiments conducted at Sandia National Laboratories Z-facility. We demonstrate
a deep-learned surrogate of a physics-based model of nuclear measurements. A single model evaluation is
reduced from O(10 − 100) CPU hours on a high-performance computing cluster down to O(10) ms on a
laptop. This enables a Bayesian inference of magnetization, rigorously accounting for uncertainties from
surrogate modeling and noisy nuclear measurements. The approach is validated by testing on synthetic data
and comparing with a previous study. We analyze a series of MagLIF experiments systematically varying
preheat, resulting in the first ever systematic experimental study of magnetic confinement properties of the
fuel plasma as a function of fundamental inputs on any neutron-producing MIF platform. We demonstrate
that magnetization decreases from BR ∼ 0.5 MG-cm to BR ∼ 0.2 MG-cm as laser preheat energy deposited
increases from Epreheat ∼ 460 J to Epreheat ∼ 1.4 kJ. This trend is consistent with 2D LASNEX simulations
showing Nernst advection of the magnetic field out of the hot fuel and diffusion into the target liner.

I. INTRODUCTION

Magnetized Liner Inertial Fusion (MagLIF)1 is a
magneto-inertial fusion (MIF) concept being studied
on the Z-machine2,3 at Sandia National Laboratories
that has demonstrated thermonuclear neutron gener-
ation with temperatures of several keV and densities
O(1 g/cm3) at stagnation.4 MagLIF relies on three stages
to reach these conditions. First, an axial magnetic
field (10 − 20 T)5 is applied to an approximately 1 cm
tall and 0.5 cm diameter cylindrical beryllium target or
“liner” containing gaseous deuterium (DD) fuel at about
0.7 − 1.05 mg/cc. For the experiments discussed in this
manuscript, liners with aspect ratio 6 (AR6, where AR =
rO/∆r, with rO the outer liner radius, ∆r = ro− ri, and
ri the inner liner radius) are used, although AR9 liners
have also been regularly fielded. Second, a preheat pulse
from a multi-kJ laser6,7 is shot into the target coupling
0.5 − 2 kJ of energy to the fuel, serving to set the fuel
on a high adiabat and ionize the deuterium to lock in
the magnetic field. Finally, a current pulse (O(20 MA)
peak current ∼ 100 ns rise time) generates a J×B force
that implodes the target, compressing the fuel to achieve
fusion relevant conditions. The current-driven implosion
heats the fuel quasi-adiabatically to multi-keV tempera-
tures with convergence ratios (ratio of initial to final inner
liner radius) reaching ∼ 30. In addition, the background
magnetic field is compressed to high strengths, improv-
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ing overall fuel magnetization and aiding in confinement
of charged fusion products.

The MagLIF platform has continued to produce excit-
ing results, such as the recently demonstrated peak per-
formance of a primary deuterium-deuterium (DD) neu-
tron yield exceeding 1013 (2 kJ equivalent were 50:50 DT
fuel to be used).8 Furthermore, a recent computational
study of the scaling of neutron yield as a function of in-
put parameters indicates the potential to increase yield
by another order of magnitude as experimental capabili-
ties improve to allow increases in current delivered, laser
preheat energy, and initial magnetic field.8 The extent
to which performance can be enhanced by such improve-
ments is sensitive to our understanding of thermal trans-
port in the presence of the highly compressed background
magnetic field in the target, which determines how well
the fuel is thermally insulated. As a result, measure-
ments of the magnetization during fusion burn is critical
for advancing the MagLIF platform.

Understanding performance scaling and improving ex-
perimental design has increasingly relied on our ability
to obtain a detailed characterization of the fuel plasma
through various diagnostics. For example, self-emission
x-ray images have been used to study morphology of
the fuel plasma near stagnation9,10, liner-radiograph im-
ages characterize the Magneto-Rayleigh-Taylor instabil-
ity11–15, x-ray spectra and yields illuminate fuel plasma
composition16, temperature, liner areal density, and den-
sity17, and neutron diagnostics such as neutron time-
of-flight (nToF) constrain ion temperature, liner areal
density18, and magnetization19,20. Unfortunately, rou-
tine analysis of experiments is a challenge. Expending
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resources required to obtain estimates of physical condi-
tions from experiments using state-of-the-art models can
become prohibitive, especially when conducting rigorous
uncertainty quantification (UQ), which incurs significant
additional computational costs.

These problems are ubiquitous to the broader Iner-
tial Confinement Fusion (ICF) community. Motivated by
these challenges, significant effort has been placed on de-
veloping machine-learning-based techniques to alleviate
computational requirements, establish data-processing
pipelines that reduce the need for significant user in-
put that might bias results, and illuminate model inad-
equacies.9,21–23 In this work, we develop such a tool de-
signed to better enable inference and UQ of the fuel mag-
netization during fusion burn in MagLIF experiments.
Previous analysis of fuel magnetization has involved ap-
plication of the physics based model developed and de-
tailed in Refs. 19 and 20. Unfortunately, a single forward
evaluation of that model requires a computation time of
O(10−100) CPU hours on a high-performance computing
cluster. Additional burden is incurred when attempting
even a simple uncertainty calculation based on a model
sensitivity analysis20, while a rigorous treatment using a
Bayesian statistics framework is not feasible for routine
analysis. Due to this poor scaling, prior to the develop-
ment of our method, an inferred value of BR had been
published for only a single MagLIF experiment in Refs. 19
and 20.24 Our approach relies on the use of an artificial
neural network (ANN) to surrogate a physic based cal-
culation of secondary neutron observables, resulting in
a reduction of computational time for a single forward
model evaluation down O(10)ms on a personal laptop.
This enables fast inferences using the rigorous Bayesian
statistics framework for uncertainty quantification.

Our paper is organized as follows. We begin by provid-
ing an overview of the physics relating neutron diagnos-
tics to fuel magnetization. Next we detail our analysis
pipeline. Particularly, logic behind the choices made in
the analysis pipeline including data preprocessing, use of
a deep-learning based surrogate model, and uncertainty
quantification with Bayesian analysis will be covered. We
apply the method to several synthetic data examples to
validate the approach on cases with known solutions.
Next, to confirm the efficacy of this new pipeline, we
demonstrate consistency of our approach with an experi-
ment analyzed previously with the model in Refs. 19 and
20. Finally, we analyze a series of MagLIF experiments
where the total preheat energy was systematically varied,
leading to measurable changes in the fuel magnetization
during fusion burn. Particularly, by applying modern
data science tools to experimental data and comparing
with 2D LASNEX simulations25,26, we demonstrate that
the trend in fuel magnetization as a function of preheat
is consistent with the Nernst effect. The Nernst effect
is a thermo-electric effect whereby hot electrons trans-
port magnetic flux along thermal gradients from hot to
cold regions.27 Due to the radial temperature gradients
established by the laser preheat and the initially axially

oriented magnetic field, one might expect the Nernst ef-
fect to more effectively transport magnetic flux to the
fuel-liner interface where it can resistively diffuse into
the liner. Subsequent resistive diffusion of axial mag-
netic flux into the liner ultimately leads to the loss of
some of the initial enclosed magnetic flux from the fuel.
Our results indicate the importance of detailed under-
standing of these magnetic field transport mechanisms
in determining fuel magnetization near stagnation, and
is supported by recent computational investigation.28 We
conclude the paper with a discussion of possible improve-
ments to the method and highlight additional physics we
plan to investigate going forward.

II. OBSERVABLE EFFECTS OF FUEL
MAGNETIZATION

Here we provide a summary of the details presented
in Refs. 19 and 20. We emphasize the statement by the
authors of those works that the large azimuthal magnetic
field (& 50 MG) driving the Z-pinch implosion in MagLIF
experiments prohibits external probing of the fuel magne-
tization e.g. via proton deflectometry/radiography29–32.
Instead, we seek to understand how fuel magnetization
alters the nuclear physics occurring near stagnation. To
this end, consider the primary and secondary fusion re-
action paths in the DD fuel given by

Primary: D +D →

{
n (2.45MeV) + 3He

p+ T (1.01MeV)
, (1)

Secondary: D + T → n (14.1MeV) + α, (2)

where the two branches of the primary DD reaction are
roughly equally probable (energies reported in center-of-
momentum frame). The upper channel for the primary
reaction produces a ∼ 2.45 MeV primary neutron while
the lower path produces a 1.01 MeV triton that can sub-
sequently interact with the deuterium background to gen-
erate a secondary DT neutron in with a kinematically
allowed range of 11.8− 17.1 MeV in the lab frame.33

To demonstrate the impact of fuel magnetization on
secondary neutron total yields and energy spectra, we
utilize the model presented in Refs. 19 and 20. This
model will henceforth be referred to as the full-order
model (FOM) to distinguish it from the ANN surro-
gate model which we will construct to approximate the
FOM in Sec. III B. The FOM is composed of a Landau-
Fokker-Planck (LFP) model34 used to track test-particle
tritons through a background deuteron-electron plasma,
accounting for electron-ion and ion-ion scattering, and
the so-called MonteBurns model35 to handle nuclear re-
actions with the background plasma. The LFP model
assumes a charge neutralizing electron population in lo-
cal thermal equilibrium (LTE), with equivalent electron
and ion temperatures (Te = Ti), so that a single temper-
ature profile can be specified to describe the background
fuel plasma (henceforth T ). This assumption is reason-
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able given the general consistency of experimentally ob-
served Te and Ti estimated from x-ray spectra and DD
neutron time-of-flight (nToF) respectively.4 Furthermore,
the experimentally estimated electron-ion collision time,
τe−i � 1 ps, is much faster than the stagnation duration
∼ 2 ns, allowing plenty of time for electron-ion tempera-
ture equilibration during the quasi-adiabatic implosion.4

It bears mentioning that, from a physical standpoint, the
electron temperature is more relevant. Particularly, fast
tritons and α-particles slow down primarily on plasma
electrons until they have lost the majority of their birth
energy reaching an energy of 100 keV, where the DT re-
activity begins to peak and ion-ion effects become more
significant than at higher energy.

In keeping with the analysis of Ref. 20, the axially
uniform, radially varying fuel profiles for a cylinder of
radius R and finite height Z are given by

T (r) = Tc

[
1− 0.9

(
r
R

)2]
, (3)

ρ(r) = ρc

[
1− 0.9

(
r
R

)2]−1
, (4)

Bz(r) = Bz,c

[
1− 0.9

(
r
R

)2]−1
. (5)

In the above, T (r) is the background fuel temperature,
ρ(r) the background density, and Bz(r) the axially ori-
ented magnetic field. Parameters not included in the
above profiles are mix fraction, F (percent by atom) of
fully ionized beryllium, and the fuel cylinder aspect ratio
A = Z/R. Note that the liner AR is not the same as A
describing the ratio of stagnation fuel plasma height to
radius used in the FOM being discussed. Notice also that
Bz(r) ∝ ρ(r), consistent with the frozen-in-flux law for
highly conductive plasmas, but ignores flux redistribu-
tion effects associated with Nernst and resistive diffusion.
We additionally follow the practice in Refs. 19 and 20 of
fixing R = 50µm. This is motivated by emission imaging
and spectroscopy, which indicate that this is a reason-
able choice, and has the added benefit of allowing us to
make direct comparison to the analysis of those works.
It is straightforward to modify the analysis we conduct
to allow the fuel radius to vary, but is not expected to
have a significant impact on the results presented in this
work because the fundamental dependence is on BR and
ρR, not B, ρ, or R.

Before proceeding to discuss the impact of magnetiza-
tion, we discuss the inputs provided to the FOM and how
they correspond to parameters in Eqs. 3-5. Input values
of magnetic field, fuel density, temperature, aspect ratio,
and mix fraction, denoted by Bin, ρin, T in,Ain, and F in

are provided to the FOM routine. Those values are trans-
formed for use in the fuel profile equations according to
the following prescription. First, Tc is found by requir-
ing that the ratio of the DD neutron production rate to
total fuel (ρR)2 be equal to that of a uniform fuel profile
of temperature T in, with both the radially varying and
uniform profiles having the same radial extent. That is,

we solve∫ R
0

(ρ(r))2

2

[
〈σDDv〉(T (r))

]
rdr( ∫ R

0
ρ(r)dr

)2 =

[
〈σDDv〉(T in)

]
8

, (6)

for Tc, where
[
〈σDDv〉(T (r))

]
is the (locally) Maxwell-

averaged DD-reactivity depending on the temperature at
radius r.36 Note that Eq. 6 is independent of ρc and ρin,
and can be used to set Tc as a function of T in and mix
fraction. Next ρc is found by requiring ρR for the radially
varying fuel profile to match that of a uniform profile of
the same radius with density given by ρin and uniform
mix concentration of beryllium given by F in. Finally,
Bz,c is found by requiring the radially varying profile to
contain the same flux as a uniform profile of the same
radius with magnetic field given by Bin. F in requires no
transformation, and Ain = Z/R is used with R = 50µm
to obtain the cylinder height Z. We emphasize that these
prescriptions do not rely on any experimental informa-
tion, but rather provide a simple mapping between our
input variables and model parameters that may aid in
interpretability via an “equivalent” uniform fuel profile.

The chosen normalizations of the radially varying fuel
profiles aid in physical interpretation via “equivalent”
uniform profile parameters, as opposed to simply setting
the central axis values. It is worth pointing out the inter-
pretation of the the normalization of Bz,c in more detail.
Without writing out the explicit profile we have

BinR =
Φz
πR

=
2

R

∫ R

0

rBz(r)dr, (7)

with Φz being the axial flux for the uniform profile of
radius R and axial field Bin. Notice that BinR is precisely
the definition of effective BR given in Ref. 20, which was
defined to maintain ties with existing MIF work while
also directly corresponding with Φz. The significance
of this definition is that Φz along with the fuel radial
extent R determine the confinement properties of the fuel
plasma. To see this, we appeal to conservation of the
canonical angular momentum given by Lcan = r×mv−
qA. Supposing an axially oriented field B(r) = B(r)ẑ

for r ≤ R, one has that A(r) = A(r)φ̂, so that it is easy
to see using B = ∇ ×A and integrating over a circular
cross section to radius r0 one finds A(r0) = Φr0/(2πr0),
with Φr0 being the flux enclosed by radius r0. For a
radially outward moving ion born at radius ri, the initial
canonical angular momentum is thus Lcan

0 = −qΦri . If
the ion is just confined to the fuel it will be orbiting at
radius R, giving Lcan

f = mv⊥R − qΦR. As a result, the
condition for trapping is

ΦR − Φri
πR

≥

√
8mE⊥
q2

, (8)

where E⊥ = mv2⊥/2. Notice that for ri = 0 the left hand
side reduces to the effective BR defined by Eq. 7. We also
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FIG. 1. Top Left: Axial (solid) and Radial (dashed) secondary neutron spectra (normalized) with log10(BR) = 4.0, ρR ≈ 2
mg/cm2 T = 3 keV, A = 80, and F = 0, showing severe anisotropy between the two views. Top Middle: Axial (solid) and Radial
(dashed) secondary neutron spectra with log10(BR) = 5.22 and other parameters as in the log10(BR) = 4.0 case, showing the
dip in the axially viewed spectrum beginning to fill in and the shoulders of the radial peak becoming less pronounced. Top
Right: Axial (solid) and Radial (dashed) secondary neutron spectra with log10(BR) = 6.5 and other parameters as in the
log10(BR) = 4.0 case, showing significant reduction in the anisotropy between views. Bottom: Impact of log10(BR) on the
ratio of DT to DD neutron yields.

pause to mention that, as discussed in Ref. 19, the birth
gyroradii of DD tritons (rL,t) and DT α-particles are
nearly identical, with rL,α ≈ 1.07rL,t, while the stopping
length for Eα = 3.5 MeV α-particles is roughly half the
stopping length of 1.01 MeV tritons. As a result this
makes tritons a good surrogate for 3.5 MeV α-particles,
so that measuring BR via secondary neutron signatures
has direct relevance to our understanding of α-particle
trapping.

Equipped with the understanding that BR is fun-
damentally a confinement parameter, we can move on
to develop intuition for how this property impacts nu-
clear measurements. To do so, we will consider FOM
calculations for a high aspect ratio A = 80 cylinder,
with radial areal density of deuterium ρR ≈ 2 mg/cm2,
T = 3 keV, mix fraction F = 0. Note that we have
dropped the superscript “in” for the input parameters
for convenience. For the two cases of weakly magnetized
log10(BR) = 4.0 (R/rL,t ≈ 0.04) and strongly mag-
netized log10(BR) = 6.5 (R/rL,t ≈ 12.75) respectively
(where BR is in G-cm), one finds striking differences in
the secondary neutron spectrum viewed along the axial
and radial directions, as well as in the ratio of the sec-
ondary neutron yield to the primary neutron yield (Y ).
Figure 1 shows that, in the weakly magnetized case, the
radially and axially viewed spectra are highly anisotropic
while for the highly magnetized case, the spectra, though

still anisotropic, are much less so. Furthermore, Y has
increased roughly two orders of magnitude.

These features can be explained by considering the sec-
ondary neutron spectrum produced by radially and ax-
ially moving tritons separately as seen along both the
radial and axial directions. We first consider the the
weakly magnetized case log10(BR) = 4.0. For the ax-
ially viewed spectrum, the center-of-mass (CM) frame
has a velocity component along the line of sight for tri-
tons with a significant axial velocity component, causing
an up- or down-shift in secondary neutron energy when
transforming back to the lab frame. This Doppler-shift
results in an accumulation of signal in the neutron spec-
tra on either side of 14.1 MeV. On the other hand, tritons
moving in a radial plane produce no such shift since there
is no velocity component along the line of sight. How-
ever, since these tritons experience a much smaller path
length before escaping the radially narrow fuel, there will
be significantly fewer neutrons observed without an en-
ergy shift. For the radially viewed spectrum the situation
is reversed, and axially moving tritons do not produce
an energy shift away from 14.1 MeV when transform-
ing from the CM to lab frame. Initially radially moving
tritons do produce such a shift, but are observed with
significantly lower frequency, again due to reduced path
length in the deuterium background resulting from weak
magnetic confinement.
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The strong anisotropy between the radially and axially
viewed spectrum characteristic of the weakly magnetized
case begins to lift as fuel magnetization is increased. For
log10(BR) = 6.5, initially radially moving tritons are ef-
fectively magnetically confined by the strong axial field,
with average path length becoming ∼ Z instead of ∼ R.
As a result these primarily radially moving tritons be-
gin to contribute substantially more to the measured sig-
nal for both views as compared to predominantly axially
moving tritons. Some peak splitting is now observable
in the radially viewed spectra due to transforming into
the lab frame. This occurs because there is now a wider
range radial velocity components along the line-of-sight
that result in trapped tritons causing a Doppler-shift in
energy when transforming to the lab-frame. Although
the axially viewed spectrum technically still retains the
double-peaked structure arising from axially moving tri-
tons, the peak at 14.1 MeV from radially moving tritons
which do not experience a significant doppler shift when
transforming to the lab frame now dominates as many
more radially moving tritons are magnetically confined
to the fuel. Fig. 1 also includes an intermediate case
with log10(BR) = 5.22 so that the interested reader may
further investigate how these arguments apply.

Experimentally, nToF signals rather than spectra are
measured along axial and radial lines of sight. The con-
version between simulated neutron energy spectra and
nToF is computed as

dN

dt
= BH(t) ∗ IRF (t) ∗ LO(E)

dN

dE

dE

dt
, (9)

where ∗ indicates convolution, BH(t) is the burn history
of the fuel, which confines neutron production tempo-
rally, IRF (t) is the temporal instrument response func-
tion, LO(E) is the energy dependent light output re-
sponse of the scintillator, dE/dt is a Jacobian computed
from special relativity, and dN/dE is the energy spec-
trum computed from the FOM. The burn history is as-
sumed to be Gaussian in time with a 2 ns full width
half max (FWHM). While the burn history cannot be
directly measured, this approximation is motivated by
photo-conducting diamond (PCD) measurements of the
x-ray output as a function of time, which indicate a 1.7−2
ns burn duration.4 The assumption of a ∼ 2 ns Gaus-
sian burn history is not expected to significantly bias
the synthetic nToF due to the relatively broad energy
spectrum of neutrons produced in secondary reactions.
The IRF has been experimentally characterized as hav-
ing ∼ 4 ns FWHM with roughly Gaussian rise and expo-
nential falloff. The LO response has been modeled using
Monte Carlo N-Particle simulations, and is roughly lin-
ear over the relevant energy range. Although we use the
more complex IRF and LO functions described above,
we provide approximate analytic expressions (denoted by
an over-line) for these so that it would be possible to

closely reproduce our results if desired:

IRF (t) = exp(− t−µτ ) exp( σ
2

2τ2 ) (10)

×
(

1 + erf
( t−µ−σ2τ√

2σ2

))
,

LO(E) = mE + b . (11)

The parameters for the above analytic expressions were
found by fitting the analytic expressions to the values
used in our analysis using a mean-square-error (MSE)
minimization with the results µ = 11.5 ns, τ = 1.9 ns,
σ = 1.1 ns, m = 0.1 MeV−1, and b = 1.67. The am-
plitude of IRF was not fit as this would constitute an
overall normalization of the computed secondary neutron
nToF signal which will be normalized to have peak value
of unity anyways.

Given the linearity of the LO over the secondary neu-
tron energy range and narrow FWHM for the temporal
response and burn history compared to the several tens of
nanoseconds difference in arrival time of the fastest and
slowest secondary neutrons, the nToF signal is essentially
equivalent to the spectrum and will exhibit similar be-
havior as a function of magnetic field. There is of course
the factor of dE

dt , which will introduce some additional
asymmetry due to the non-linearity of the transforma-
tion from the energy to time domain. The IRF is also
not perfectly symmetric and will contribute to slightly
different shapes of the nToF signals in comparison to the
spectra.

In addition to reducing anisotropy between the radi-
ally and axially viewed secondary neutron spectra, fuel
magnetization has a significant effect on the ratio of DT
to DD neutrons as shown in Fig. 1. Refs. 19 and 20 dis-
cuss that this ratio Y is an increasing function of 〈ρD`〉,
with ρD the density of the deuterium background and `
the path length of the tritons in that background. Since
we expect ` to be a strong function of fuel magnetiza-
tion, this explains the observed behavior of Y with BR.
Particularly, Ref. 20 demonstrates that for small values
of BR 〈`〉 ∼ R, while for large values of BR 〈`〉 ∼ Z.
This accounts largely for the about 80× increase in Y
for the increase in BR shown in Fig. 1. Axial and radial
secondary nToF measurements combined with primary
and secondary neutron yields will be the signals of inter-
est in inferring BR. For a more complete description of
the sensitivities of the the secondary neutron spectra and
yield to model parameters other than BR, we refer the
reader to Refs. 19 and 20.

III. ANALYSIS FRAMEWORK

The basic ingredients of our analysis pipeline are indi-
cated in Fig. 2. There are three key stages that will be
discussed in this section. The first is a data preprocess-
ing stage where neutron time-of-flight (nToF) signals are
prepared for an automatic featurization, which includes
an estimate of uncertainty in the extracted features. The
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FIG. 2. Summary of the analysis pipeline. Beginning in the upper left and moving clockwise: A user provides cropped
secondary nToF data to a deep convolutional network to compute the shape summary features with uncertainty using the
algorithm described in the main text. These features, the primary and secondary neutron yields, nToF shape featurses, and
priors on BR, ρR, T , A, and mix fraction F are provided to the Bayesian posterior model. All prior distributions are assumed to
be uniform except for T which is assumed normally distributed with mean value and uncertainty estimated from analysis of DD
neutron nToF measurements. A neural network surrogate model based on the neutron physics model in Refs. 19 and 20 is used
to compute nToF shape summaries and yields given model input parameters to compare to observed values. Posterior parameter
samples are sampled using a gradient enhanced Markov Chain Monte Carlo algorithm known as No U-Turn Sampling37.

second is the use of a deep neural network to surrogate a
first principles physics calculation of the nToF and neu-
tron yield features that can be collected experimentally
and compared to the model. The third and final stage
is a Bayesian inference to extract the posterior distribu-
tion of the fuel magnetization by comparing the physics
surrogate model to experimental data under a statistical
likelihood model along with appropriate prior informa-
tion imposed on the system.

A. Data Preprocessing

As discussed previously, the ratio of secondary to pri-
mary neutron yields as well as the widths of the axial
and radial secondary neutron energy spectra are sensi-
tive to fuel magnetization. In this section, we focus on
detailing aspects that differ from the approach of Refs. 19
and 20. In particular, we utilize the widths and asymme-

tries of the axial and radial nToF measurements for the
secondary neutrons directly rather than converting them
to energy spectra. By utilizing the nToF measurements
directly, we avoid uncertainties which can arise due to
inverting the nToF signals into spectra. Particularly, the
inversion requires an absolute timing fiducial which is not
available. Additionally, division by small values from the
relativistic Jacobian may amplify noise. Furthermore,
deconvolution of the instrument response presents an ill-
posed problem, further motivating a direct use of the
nToF data. We note that, unless otherwise specified,
all references to nToF signals refer to the secondary DT
neutron peaks in those signals.

There are many reasonable approaches to characteriz-
ing the widths and asymmetries (generically, shape fea-
tures) of the nToF signals, including full width at half
max (FWHM), difference between left and right half
width at half max (HWHM), and second- and third-
moments (variance and skewness) about the mean of the
nToF trace. Since the nToF signals can be rather noisy,



7

FIG. 3. Summary of the nToF width computation with the
top panel showing the CDF computed from the spectrum in
the lower panel. The CDF is used to find percentiles, which
can then be used to compute shape features such as δAt and
ξAt as described in the text.

FIG. 4. Example nToF shape computation on real data.
Left panel shows CDFs computed after subtracting different
fits to the background (inset). For each CDF we compute
the shape features, giving a distribution of features (right
panel) consistent with the experimental observation. The red
curve in the right panel is a normal distribution with mean
and standard deviation computed from the samples. The
covariance matrix of these distributions of shape features is
used as the estimate of uncertainty.

finding the correct maximum peak from which to measure
half-max points introduces significant uncertainty. Fur-
thermore, computing statistical moments involves mul-
tiplying by a function of time that increases away from
the nToF mean before integrating can amplify noise and
make extracting uncertainty in the measured width diffi-
cult to formalize. In an effort to alleviate these issues, we
use a percentile based definition of the nToF shape fea-
tures as illustrated on a synthetic nToF signal in Fig. 3,
which will tend to integrate out fluctuations produced
by noise. As an example, in the ideal setting (no noise
or background), the cumulative distribution function for
the nToF signal

Cc(t) =

∫ t
−∞ nToFc(t

′)dt′∫∞
−∞ nToFc(t′)dt′

, (12)

where c = A,R indicates the axial or radial observation
axis respectively, is computed. The two features we will
define as δAt and ξAt can then be calculated as follows.
First, find the crossings C(t0.25) = 0.25, C(t0.5) = 0.5,
and C(t0.75) = 0.75. After solving for t0.25,0.5,0.75 we
compute the features as

δAt = (t0.75 − t0.25) (13)

ξAt = (t0.75 + t0.25 − 2 ∗ t0.5), (14)

where the first equation is a measure of the central
50% width of the nToF signal, and the second mea-
sures the asymmetry of that interval about the 50%

point. We additionally compute the same features, but
using the central 68% interval (i.e. focusing on the
wider 16% − 84% interval rather than the 25% − 75%
interval). While the features using the wider interval
do correlate fairly strongly with the corresponding fea-
tures from the 25% − 75% interval, they contain non-
redundant information (i.e. they are not perfectly lin-
early correlated). Intuitively, they capture information
about the rate of change of width and asymmetry of the
nToF, and the wider interval captures more information
in the tails of the asymmetric nToF signal. However,
despite the advantages of including the wider interval,
we do not attempt to utilize an even larger interval (e.g.
the 5%− 95% interval), as this unnecessarily introduces
far too much uncertainty into the estimate when featur-
izing noisy signals as detailed in the next paragraphs.
Furthermore, we expect that the late-time tail may be
susceptible to neutron scattering effects that are as-of-
yet unincorporated in the FOM, so we wish to avoid
contaminating the features we extract with that effect
to the greatest possible extent while maximizing use-
ful information. We denote the features utilizing the
16% − 84% interval with the corresponding capitalized
Greek symbols, and can perform the same procedure on
a radial nToF signal, leading to a total of 8 shape features
{δAt, ξAt,∆At,ΞAt, δRt, ξRt,∆Rt,ΞRt}. Notice that the
computed shape features are invariant to translation of
the nToF signal as long as a large enough region is in-
cluded in the computation of the CDF. As a result, no
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information about arrival time of the nToF peak is in-
corporated into the shape features.

We use the idealized procedure described above to gen-
erate training data for our physics surrogate model from
simulated nToF signals as described in the next section.
Unfortunately, the process is insufficient in treating real
experimental nToF signals as these contain contributions
from random noise, digitization of the signal, and an (as-
sumed additive) background. Thus, experimental data
requires additional steps to extract the nToF shape fea-
tures with uncertainty. Note that the following process
is applied to each of the axial and radial signals indepen-
dently. As a first step, the analyst must provide the nToF
signal with an estimate of the region containing the peak
of the nToF signal. The rest of the signal will be treated
as background data (denoted BGobs). In order to obtain
a good Bayesian fit to the background, a large region
of background signal should be included with the nToF
signal while avoiding any obvious pathologies at early or
late times. To fit the axial (radial) nToF background, we
use an exponential (linear) model of the form

BGA(t, γ, β, τ) = γ exp−t/τ +β, (15)

BGR(t,m, b) = mt+ b. (16)

We point out here that in principle an exponential fit to
the radial nToF background is possible, but we choose
a linear model as there is no obvious curvature to the
background in this case unlike the axial signal that typ-
ically shows an apparent exponential decay. This differ-
ence in background is consistent with the radial detector
being further from the target than the axial detector,
thus temporally separating the feature of interest from
the scintillator decay caused by the earlier photon pulse.

For our Bayesian fitting procedure, we use a normal
likelihood model, assuming that digitization noise does
not invalidate the use of such a model. A Markov Chain
Monte Carlo (MCMC) sampling method is used to gen-
erate samples from the posterior distribution for the
background model parameters P (θc|BGobs) given the ob-
served background data, where, again, c = A,R indi-
cates the axial or radial observation axis respectively,
θA = γ, β, τ and θR = m, b. By generating a poste-
rior for the background fit parameters, we can then es-
timate the uncertainty in the extracted nToF width as
follows. Letting {BGc,i}NMCMC

i=1 denote the background

model associated with parameters {θc,i}NMCMC
i=1 drawn

from P (θc|BGc,obs), where NMCMC ∼ O(104) is the num-
ber of samples, we can compute a set of background sub-
tracted signals {Si}NMCMC

i=1 from which cumulative distri-
bution functions can be calculated and processed as in
the ideal case. The result is a set of nToF shape features
{δcti, ξcti,∆cti,Ξcti}NMCMC

i=1 consistent with the observed
nToF signal under the background. The mean and co-
variance matrix of this set of observations is used for the
experimentally observed shape features and their (poten-
tially correlated) uncertainty. For convenience, we note
that the covariance matrix for a set of N observations
of k quantities {Xn}Nn=1, with Xn ∈ Rk is given by the

k × k matrix

Λi,j = En
[
(Xi − En[Xi])(Xj − En[Xj ])

]
, (17)

with i = 1, 2, ...k and j = 1, 2, ...k denoting a particular
component of Xn ∈ Rk and the En denoting the expected
value over the N observations. We note that this proce-
dure amounts to assuming the observed shape features
are described by a multivariate normal random variable.
Though this assumption is imperfect, the normal approx-
imation will conservatively overestimate the uncertainty
in the experimentally extracted features. See Fig. 4 for a
summary of this process applied to an experimental axial
nToF signal. In addition to the nToF shape features, we
utilize DD yield, YDD, as well as the ratio of DT to DD
yield, Y , as observations to constrain the parameters of
the physics surrogate model in a Bayesian framework as
described in Secs. III B and III C.

B. Physics Surrogate Model

Now that we have discussed which observations are go-
ing to be used to constrain our model input parameters,
in particular the fuel magnetization, we discuss the con-
struction of a fast deep-learning-based surrogate model.
Unfortunately, the FOM presented in Refs. 19 and 20
takes O(10− 100) core-hours to run for a single instance
of its input parameters. While not slow on the scale of
complex multi-physics simulations used to model fusion
experiments, it does present a challenge when trying to
perform UQ analysis requiring many tens- to hundreds-
of-thousands of evaluations of the forward physics model
for a single inference. To alleviate this issue, we build
an artificial neural network (ANN) surrogate trained on
data generated from the FOM. This ANN surrogate runs
inO(10ms), thus enabling experiment analysis with accu-
rate UQ to be completed in a few minutes on a standard
personal laptop. An additional benefit of surrogating the
physics model with an ANN is the fact that gradients of
the model outputs with respect to the inputs are ana-
lytically available and readily computed by many of the
commonly used probabilistic programming packages used
to create and train such ANNs. This will enable the use
of certain tools in the Bayesian inference step of our anal-
ysis pipeline, and will be discussed in the next section.
For now, we proceed to discuss the ANN training data
and architecture, followed by a discussion of the perfor-
mance of the surrogate model.

About 65k FOM evaluations are obtained using
a a Halton sampling scheme to generate approxi-
mately uniformly distributed random samples38 over the
hyper-rectangle defined by log10(BR) ∈ [4.0, 6.5],
log10(ρR) ∈ [−3.0,−1.5], T ∈ [1.0, 6.0],
log10(A) ∈ [0.9, 2.7], and F ∈ [0.0, 0.2]. The bounds of
the sample domain are chosen to cover the ranges of fuel
conditions that could be reasonably expected to occur
in MagLIF experiments (example of typical conditions
BR ∼ 0.3MG-cm, ρR ∼ 2mg/cm2, T ∼ 3keV, A ∼ 100,
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FIG. 5. Network Architecture where || indicates concatena-
tion. The blue plate is meant to indicate 4 layers with the
same structure where the output of the previous layer is con-
catenated with the input before being fed to the next layer
with the same structure but different trainable weights. Note
that the output of the last layer is concatenated with the in-
put before being fed to the linear output layer. We note that
Resnet architectures were also found to work well.

F ∼ 0.1). We split this dataset into three parts, a train-
ing dataset of about 62k samples, a validation dataset
of about 2.7k samples used to estimate out-of-sample
(OOS) covariance (detailed later), and about 500 test
samples not used to train or estimate OOS statistics for
verification work in Sec. IV We transform these input val-
ues for use in the radially varying fuel profiles in Eqs. 3-5
as discussed in Sec. II. The FOM computes secondary
DT neutron spectra, YDD, and Y . The FOM outputs are
processed to obtain the final set of features δtA,R, ξtA,R,

∆tA,R, ΞtA,R, YDD and Y that will be used in training
our ANN. We remind the reader that the shape features
are found through application of Eq. 9 and subsequent
computation of shape features discussed in Sec. III A for
clean synthetic data. Before providing the data to the
ANN for training, we perform several additional scaling
transformations. First, we utilize the (base 10) logarithm
of YDD, and Y . Second, we standard-normal scale the in-
puts and outputs by subtracting the mean and dividing
by the standard deviation (both computed over the train-
ing data). Note that the experimental observations are
also scaled according to the mean and standard devia-
tion of the corresponding outputs in the training data
for inference. Log-transforming ensures values spanning
multiple orders of magnitude do not result in swamping
of the training loss function by only the largest values.

FIG. 6. Mean Square Error as a function of training epoch
for training and validation data showing that our gradient de-
scent optimization of neural network weights has converged.
The inset shows MSE on training sets of different sizes show-
ing that we need O(10k) samples to cover the training domain
well enough for our ANN model to obtain good generalization
error.

Standard-normal scaling results in inputs and outputs
spanning the same range and is also useful in ensuring
no particular inputs or outputs dominate the loss func-
tion used to train the network.

In early iterations of this work, we found the neural
network architectures that were used had difficulty fitting
the training data despite having more than enough pa-
rameters to overfit by naive model complexity arguments.
Inspired by the ResNet architecture that provides infor-
mation from shallower layers of the network to deeper
layers through skip connections, which can help to avoid
vanishing gradients39, we chose an architecture that feeds
the input layer forward and concatenates it with the out-
put of each successive hidden layer before feeding into the
next layer. Our network has 5 hidden layers, each with
32 neurons and a ReLU activation function followed by a
final linear output layer with 10 neurons for our 10 out-
put features for a total of about 5.5k fit parameters. The
model architecture is summarized in Fig. 5. The model
is constructed in Python using the Keras package. The
network weights are initialized with a Glorot uniform ini-
tialization40 and the model is trained using a MSE loss
function and an Adam optimizer41 for 1k epochs with
a batch size of 128 for a total of about 500k gradient
descent iterations. Figure 6 shows the MSE vs gradi-
ent descent epoch using the full 62k training data points,
while the inset shows the final MSE after training versus
training set size. The MSE evaluated on the training and
validation datasets are nearly identical indicating that we
are not overfitting, which would present as low MSE on
the training data and high MSE on validation data as
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FIG. 7. Predicted (x-axis) vs actual (y-axis) features demonstrating that the model is doing a fair job at making predictions.
The spread, as well as correlations in error among different outputs, are used to compute an error approximation used for
the Bayesian inference as described in the text. Note that all values are roughly contained in the interval [−3, 3] as all of the
quantities have been shifted to have mean zero and are divided by the standard deviation of the training data, so that the
interval corresponds to ∼ ±3σ.

seen in the inset when using a small subset of training
data to train the network. The good generalization of
the network to unseen data as demonstrated by the close
agreement between MSE on training and validation data
also gives confidence that the training data sufficiently
cover the sampling domain chosen.

When considering network performance, it is often use-
ful to view a comparison of the network predictions to
actual value. Figure 7 makes such a comparison on the
validation data not used to train the network with pre-
dictions on the x-axis and actual values on the y-axis (all
quantities standard-normal scaled) showing very good
agreement. There is however a slight spread about the
line y = x that corresponds to perfect prediction. The
remaining spread is likely due to a combination of statis-
tical noise coming from variance in the numerical simu-
lation as well as the surrogate model failing to capture
meaningful variance in the training data due e.g. to un-
der fitting. However, we did not find that increasing the
model capacity improved the performance. In the next
section on the Bayesian analysis procedure, we will model
this spread by assuming that the discrepancy between the
(vector) of predicted and actual values follows a multi-
variate zero-mean normal distribution with a covariance
matrix that may be approximated from the validation
data.

Figure 7 also demonstrates that there is some het-
eroskedasticity in the discrepancy (i.e. non-uniformity
in the spread of predicted vs actual values for output
features). It turns out that the heteroskedasticity in the
asymmetry feature discrepancy is correlated with the in-
put value of log10(BR). Particularly, there is a greater
spread in the discrepancy for lower values of log10(BR).
This is likely be a result of using the same maximum
number of test particles in the FOM with weaker contri-

bution of test particles to the spectra and hence slightly
lower statistics in the case of low log10(BR). While it is in
principle possible to attempt to model this heterosketas-
ticity, the zero-mean multivariate normal approximation
using the covariance matrix calculated from the valida-
tion data should be a reasonable first approximation for
the error in our predictions, and will overestimate the
error in our ANN.

C. Bayesian Inference Model

All that remains in order to complete the description
of our analysis pipeline is a discussion of the Bayesian in-
ference model. It is our hope that this section will clearly
indicate the various assumptions that have been made,
making it obvious precisely which sources of uncertainty
we capture, and under what conditions those uncertain-
ties are accurately represented. We begin by detailing the
full mathematical decomposition of the object of interest,
the posterior distribution of our model parameters, into
a likelihood and prior function (up to an unimportant
normalization).

Bayesian inference gives a route to UQ of model param-
eters via providing a probability distribution, called the
posterior distribution, which is weighted towards param-
eters that are the most consistent with observed data.
If we let x = (log10(BR), log10(ρR), T, log10(A), F )
denote the vector of model parameters and
y = (δAt, ξAt,∆At,ΞAt, δRt, ξRt,∆Rt,ΞRt) de-
note our observations, then the posterior distribution
may be written as p(x|y). Normally one would then
immediately rewrite this using Bayes’ theorem as
p(x|y) = p(y|x)p(x)/p(y) where the first term on the
righthand side is known as the likelihood function, and
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encodes assumptions about how the observed data are
distributed about the model. The denominator p(y)
is known as the evidence and is often ignored, as it is
constant with respect to parameters x we wish to infer.
The factor p(x) is the prior distribution that encodes
any prior knowledge or hard constraints with which our
model parameters should be endowed. However, we do
not start with such a decomposition. Instead, we first
introduce an unobserved latent random variable which
we shall denote z, which will serve to propagate the
variance of the first principles physics model about the
predicted values from our ANN surrogate model into
our final inference. Using standard rules of probability,
we may thus write

p(x|y) =

∫
p(x, z|y)dz. (18)

In other words, we will work with the distribution
p(x, z|y) from which we can obtain p(x|y) by marginal-
izing out z. Using Bayes’ Theorem and standard manip-
ulations of probability theory we then have

p(x, z|y) ∝ p(y|x, z)p(z|x)p(x) (19)

where we have ignored the evidence term since it serves as
an unimportant normalization when performing Markov
Chain Monte Carlo sampling of the posterior.As the prior
on our model parameters, the last term on the right hand
side of Eq. 19 is taken to split into a product of terms,
one for each of our model parameters.

The second term on the right hand side of Eq. 19 de-
scribes the distribution of the latent parameter (i.e. the
first principles physics model) given our inputs. As dis-
cussed in the previous subsection, the discrepancy be-
tween the ANN and first principles model for our out-
put features can be reasonably approximated as a zero-
mean multivariate normal with the covariance matrix es-
timated from the data. In other words, we may write

p(z|x) ∼ N (fNN (x),ΛNN ), (20)

where fNN (x) indicates evaluation of our neural network
surrogate at the input parameters x, and ΛNN is the esti-
mate of the covariance matrix using the validation data
described in the previous subsection. We pause briefly
to note that it would in principle be possible to treat the
weights of the ANN surrogate in a fully Bayesian fashion
in order to propagate the uncertainty from our surrogate
model fit, however, such methods generally require sig-
nificant additional computation time, and provided the
high quality of our surrogate model are not likely to be
a significant source of error in our model parameter in-
ferences.

The first term in Eq. 19 describes how observed data
are distributed about the latent variable used as a stand-
in for our first principles physics model that, to reiterate,
is never actually evaluated in the Bayesian inference, but
is simply approximated as a normal random variable dis-
tributed about the ANN surrogate model prediction. We

assume that the data are distributed about this latent
variable in the following fashion. First, we split each of
the observations and latent variables into three separate
pieces, one containing all of the nToF shape information,
one containing the DD yield information, and one con-
taining the DT to DD yield ratio information. That is,
we represent y by y = (ynToF, yY , yY ) and similarly for
z. We then assume that the following holds

p(y|x, z) = p(y|z)

= p(yntoF|zntoF)p(yY |zY )p(yY |zY ). (21)

The first line in the above equation simply expresses that
once we have computed the model value (with added vari-
ance from using a surrogate), we no longer have any di-
rect dependence of our observations on the model param-
eters. The second line of the equation is an expression of
independence of the different measurements. Finally, we
assume the following probabilistic models are appropri-
ate

p(ynToF|znToF) ∼ N (znToF,ΛnToF), (22)

p(yY |zY ) ∼ N (znToF,ΛY ), (23)

p(yY |zY ) ∼ N (zY ,ΛY ), (24)

where evaluation of covariance for the nToF features was
discussed in Sec. III A, and the variance for the yield
features are provided by standard analysis techniques18.
Note that the uncertainty in nToF shape measurements
is not assumed to be uncorrelated. The reason for this is
that when we estimate those features from the data, we
subtract different estimations of the background, which
will introduce correlations into the measured values for a
given view (axial or radial) as captured in the covariance
matrix computed for those features discussed in the data
preprocessing subsection. Notice however, that there is
no reason to expect the errors in the radial and axial
nToF features to be correlated as their backgrounds are
fit independently. This results in an approximately block
structure of the covariance matrix ΛnToF extracted for
the observed nToF shape features. In general, we observe
extremely weak (near-zero) values in the components of
the covariance matrix corresponding to correlations in
error between the radial and axial channels.

IV. VALIDATION OF ANALYSIS FRAMEWORK

This section discusses results from applying the deep
learning based Bayesian inference to both synthetic and
experimental data. Application to synthetic data will al-
low us to confirm that the learned model and inferences
conform to the physics imposed by the first principles
model, at least for cases contained within the domain of
the training data. Furthermore, by applying the method
to synthetic data, which has noise added to mimic ex-
perimental observations, we gain confidence that the ap-
proach can be reasonably expected to generalize to exper-
imental data. Consistency with a previous experimental
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analysis further supports the use of our ANN surrogate
to replace the FOM enabling Bayesian inference for UQ.

A. Testing on Synthetic Data

We begin by considering an inversion of the clean syn-
thetic test data (no added noised) produced as discussed
in Sec. III B. We emphasize that this test data was not
used either to train the ANN surrogate nor to estimate
covariance between surrogate and the first principles pre-
dictions as discussed in the previous section. We focus
on highlighting consistency with the FOM. Unless oth-
erwise noted, all priors are taken to be uniform over the
sampling domain defined in Sec. III B to ensure results
are not biased by providing additional information to the
inversion procedure. The upper panel of Fig. 8 shows
that the surrogate prediction with uncertainty for Y as
a function of log10(BR) agrees well with the first princi-
ples calculation for two distinct values of fuel areal den-
sity, ρR ≈ 32 mg/cm2, at the upper ρR boundary of our
training data, as well as ρR ≈ 2 mg/cm2 near the lower
limit of our training data at ρR ≈ 1 mg/cm2. Other in-
put parameters were held fixed at T = 3 keV, A = 80,
and F = 0.0. Note that the surrogate model is able to
well reproduce the trends of the FOM for these two cases,
with the higher value of ρR demonstrating significantly
less sensitivity of Y to BR as expected19.

In the lower panel of Fig. 8, we see the posterior dis-
tributions of log10(BR) inferred from the clean synthetic
test for 5 different true values of log10(BR). For the infer-
ences, output features are computed from clean synthetic
FOM nToF signals with known inputs, so that a well-
defined truth value of the input parameters exists. The
likelihood function, however, requires a finite variance to
fit the model, so we utilizes a small fractional uncertainty
of 1% on the FOM outputs, equivalent to assuming a 1%
uncertainty on the output features (in standard-normal
scaled units). Figure 8 shows that as one approaches the
two extremes, that the value of Y becomes insensitive
to BR and as a result, the posterior distribution widens
(greater spread along the vertical axis). In particular, for
low BR, the low-BR tail of the posterior is heavier than
the high-BR tail of the posterior distribution for the high
BR case, where other features have not yet saturated to
the degree that Y has. More generally, for very low or
high BR we expect the inference to provide only an upper
or lower bound respectively. This is consistent with the
discussion of sensitivity of yield and shape features of the
FOM to BR discussed in Ref. 20. Physically, the range
over which Y and nToF signals are sensitive to BR is the
same range over which R/rL,t & 1, where the fraction
of magnetically trapped tritons increases and eventually
saturates, thereby losing sensitivity to BR.

Now we consider the inversion of a single synthetic
data set ( log10(BR) ≈ 5.34, log10(ρR) ≈ −1.79, T = 4.9
keV, log10(A) = 1.9, and F ≈ 0.1) treated in two dif-
ferent ways to assess the impact of noisy nToF signals

FIG. 8. Upper Panel: The surrogate model agrees quanti-
tatively with the first principles calculations under the nor-
mal approximation of the surrogate model uncertainty (gray
bands), with the FOM output Y (black curves) being given as
an example. The two curves are for fixed values T = 3 keV,
A = 80, and F = 0.0, with the upper curve ρR ≈ 32 mg/cm2,
which is the upper bound on areal density in our training data,
and the lower curve with ρR ≈ 2 mg/cm2 lying fairly close the
lower bound of our training data of ρR = 1 mg/cm2. We can
see the surrogate reproduces the expected effects of increasing
the areal density of the fuel. Lower Panel: Inferred BR poste-
rior distributions for values of BR shown in corresponding col-
ored dots in the upper panel with ρR ≈ 2 mg/cm2, T = 3 keV,
AR = 80, and F = 0.0. For this violin plot, the width as a
function of the vertical axis is proportional to the probability
density associated with the vertical axis value. In this case,
log10(BR). The distributions are ordered along the x-axis ac-
cording to the known true value of log(BR) so that the pos-
terior distribution should overlap strongly along the vertical
axis with this line. We show the 50% percentile point of each
distribution in white, demonstrating good agreement with the
true value. Also notice that the middle three cases also have
narrow distributions, while the first and last case show wider
distributions indicating a loss of sensitivity. Note that a rel-
atively small number of outliers from the MCMC sampling
cause the narrow tail towards low values of log10(BR) for the
posterior with true value of log10(BR) = 5.75, and that tail
is not meaningful.

on our inference. Uniform priors were used for all the
input parameters except T , which uses a standard nor-
mal prior with mean value centered on the true value
and assumed 20% error. We use this prior as it is also
how we analyze real experimental data. For experimen-
tal data, the temperature and its uncertainty used in
this prior are extracted through an independent analysis
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FIG. 9. Plot showing pairs of parameters from MCMC samples on clean (blue) and noisy (red) synthetic test data described
in the text. Notice that the clean data set allows the inference of all parameters with reasonable accuracy, while adding noise
allows only for accurate inference of the parameters that have the greatest impact on the observables. Histograms on the
diagonal are the single parameter marginal posterior distributions corresponding to the parameter labeled on the bottom row
beneath the histogram. The inset shows the clean and noisy versions of the synthetic nToF signals used in the analysis.

of the primary DD nToF peak. In practice, however, we
find that this choice of prior has little influence on the
inference of log10(BR) as compared to a uniform prior.
Since the posterior distribution dimension is too large to
visualize, we present a corner- or pair-plot showing the
pairwise joint distributions of MCMC samples. These

plots integrate along all but two of the parameter axes,
showing how the remaining two parameters can vary to-
gether while still achieving a good fit to the observed
data within uncertainties. Figure 9 the MCMC samples
using the clean synthetic outputs from the FOM as obser-
vations (with 1% fractional uncertainty) in blue demon-
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strating that the posterior distributions are well centered
on the true physical parameters (black lines) in this case.
For the second, noisy synthetic case, MCMC samples are
shown in red in Fig. 9. To create noisy synthetics, we
first add random noise and background to the synthetic
nToF signals, characteristic of experiment. Particularly,
we add an exponential (linear) background and additive
gaussian noise to the synthetic axial (radial) synthetics,
with parameters of these noise models selected at random
so that the noisy synthetic is representative of experi-
mental data. For the outputs YDD and Y , we randomly
bias the clean synthetic values by a fractional amount
chose at random from N (0, 0.01) for each, and assume a
statistical uncertainty about that value of 20%, typical
of our experimental measurements. We then apply our
full analysis pipeline and observe that the inference gives
good agreement of log10(BR) and log10(ρR) with their
true values, while the other three parameters show sig-
nificant bias. This makes physical sense as Ref. 20 shows
that the dominant sensitivities of features such as Y and
the width features are to log10(BR) and log10(ρR), so
that one might expect noise to obfuscate the information
that informs the inference of inputs resulting in only a
weak variance in the observations. It is also important
to point out that we have observed a handful of cases for
which the inferred value for log10(ρR) was significantly
biased towards larger values for the noisy synthetic data.
This appears to be more significant for small values of
log10(BR), though additional analysis would be required
to better understand this effect. As a result, we do not
try to infer log10(ρR) using our approach. Finally, we
note that upon investigating of a handful of examples, the
case shown in Fig. 9 is representative of performance for
inferring log10(BR), except for when log10(BR) . 4.75
where in both the clean and noisy synthetic cases, one
expects only to obtain an upper bound on log10(BR). In
that scenario, for the noisy case, the inference is biased
further towards smaller values of log10(BR). We take this
as a good indication that we can safely treat parameters
besides BR as nuisance parameters, whose values may be
biased away from their correct physical value. Particu-
larly, we expect that, integrating out all other parameters
except BR will not significantly impact our inference of
BR. This is important, as extracting BR will be the
purpose of our analysis in Sec. V.

B. Comparison to Previous Work

We now turn to applying the method to data taken
on MagLIF experiments. We will begin with a reanal-
ysis of shot z2591 that was studied in Refs. 19 and 20.
This early MagLIF shot was one of the first to give sig-
nificant DD yields, YDD ∼ 2 × 1012 along with a rea-
sonable secondary DT nToF signal. Note again that for
all experiment analysis, we take the fuel temperature to
follow a normal distribution according to temperature
measurements and uncertainties obtained using primary

DD neutron nToF signals. To minimize the possibility of
introducing inconsistencies with the FOM, we do not ap-
ply any other informative priors. As previously indicated,
however, we found the informative temperature prior had
little impact on the overall results compared to a uniform
prior. Figure 10 shows that the two separate analyses
are consistent to within error bars, with this work demon-
strating significantly tighter constraints on several of the
inferred quantities. By using Bayesian inversion, we ob-
tain full distributions for the input parameters, allowing
us to rigorously define the 2.5 − 97.5% (2σ-like) confi-
dence interval rather than direct propagation of errors
on input parameters obtained via independent analysis
as done in Refs. 19 and 20. Furthermore, we fit multiple
shape features of the full nToF signal rather than a single
ratio of the HWHMs of the high energy portion of the
measured radial and axial energy spectra (computed by
inverting the nToF signal) and include the primary DD
neutron yield as an output fit by the model.

We can also gain insight into how well our method de-
scribes the experimental observations by comparing the
range of features predicted by the model during the in-
ference as shown in Fig 11. This figure demonstrates
that the posterior parameters give rise to a narrower and
less asymmetric shape of the axial nToF signal than is
experimentally observed. This should not be too surpris-
ing when considering how significant the asymmetry of
the axial spectrum for this shot is as seen in Fig. 18
of Ref. 20. The tendency for the model to bias towards
lower than observed axial nToF width and asymmetry is
typical to some degree of all the shots analyzed in this
work, with generally better agreement occurring between
the model and radial nToF shape features. This may
arise from a variety of unmodeled physical effects. For
example, scattering effects are expected to have a weaker
impact on the radial detector due to the radial line of
sight having better collimation and a better scattering
environment, which may explain why the agreement with
the axial shape features is generally not as good as for the
radial nToF features. It is also possible that unaccounted
for spatial inhomogeneities is fuel plasma conditions, or
non-trivial magnetic field topology42 may contribute to
deviation of the nToF signals from the ideal conditions
laid out in the FOM. We hope to better address this in
the future by incorporating some of these effects in the
computation of synthetic nToF signals, but this goes be-
yond the scope of the current work. One will also note
that in comparison to the analysis in Refs. 19 and 20, by
including the DD yield as a quantity to fit, we are not able
to obtain as close of an agreement with the yield ratio Y
(see Fig. 11 caption for a possible explanation). In addi-
tion, the uncertainty in the experimentally observed Y is
significantly larger (by about 2×) than is typical of our
experiments. This is due to specifics with the way the ac-
tivation sample was fielded, and may have also resulted
in an unknown systematic bias in Y . Note, however,
that explicitly fitting to the DD yield helps to constrain
ρR in a fashion consistent with the physics of the FOM.
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FIG. 10. Demonstration that the analysis carried out in this work (red) is consistent with Ref. 20 (blue) for all parameters.
Box plots for this work span 25 − 75% while whiskers (capped lines extending beyond the boxes) span 2.5 − 97.5% (∼ ±2σ),
with the 50% shown as a red line. The uncertainty for the analysis in Ref. 20 (blue) does not correspond precisely to a 2σ
definition, as they are extracted utilizing a different (non-Bayesian) procedure. We also note that Ref. 20 takes advantage of
independent analysis methods to constrain all of the input parameters except BR, while we only use independent analysis of
the DD neutron nToF peak to set a prior on the temperature T , making the overall agreement even more impressive.

FIG. 11. A comparison of the posterior ANN outputs observations produced by our model that are most consistent with the
experimental data. Notice that the axial nToF data are experimentally observed to have greater width and asymmetry than
our model can predict when considering fitting additional data sources. This is consistent with fits of the energy spectra in
Refs. 19 and 20. Note that the disagreement between the posterior and observed values of Y , may be partially explained
by appealing to the fact that due to specifics with the way the activation sample was fielded there was an about 2× larger
statistical uncertainty and potential systematic bias in Y . Similarly fielded experiments have exhibited secondary DT neutron
yields as low as ∼ 20% of z2591, with values of YDD spanning ∼ 0.5−1.5× the value for this shot. This indicates the possibility
that the true value of Y is significantly smaller than the best understood and reported value given here.

While the two approaches clearly show differences due
to these discrepancies, the overall consistency of the two
approaches, especially in regards to the inference of BR,
encourages further application of our method to experi-
ments in the search for interesting physical effects.

V. ASSESSING MAGNETIC CONFINEMENT IN
MAGLIF PREHEAT EXPERIMENTS

We now present a new analysis, which constitutes the
first time that the efficacy of magnetic confinement in a
neutron-producing MIF platform has ever been system-
atically assessed as a function of fundamental inputs, in
this case, laser preheat energy deposited in the fuel. We
consider four experiments with all experimental condi-
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FIG. 12. 100 posterior samples are fed through the FOM to
compute YDD, Y , and (normalized) synthetic nToF signals.
Each of the 100 nToF signals are fit to the observed signals
with an amplitude, time shift, and background. Plotting all of
the posterior FOM calculations shows reasonable agreement
with experiment z2851. The axial nToF signal and Y show
the greatest discrepancy.

tions except total laser preheat energy held nominally
identical. All the experiments used beryllium liners with
an aspect ratio of 6 (AR6, where AR = rO/∆r, with rO
the outer liner radius, ∆r = ro−ri, and ri the inner liner
radius), initial deuterium fill density of 0.68 mg/cc, peak
current of 16 MA, initial magnetic field of 10 T, and
systematically varied preheat energies covering a range
from about 0.5− 1.5 kJ of energy coupled to the target.
The reader is referred to Ref. 8 for additional details of
experiment configuration.

Application of our ANN-based Bayesian inference ob-
tains generally good agreement between experimental ob-
servations and features predicted by the model as seen
for the lowest and highest coupled preheat in Figs. 12
and 13 respectively. For these figures, we collect 100
random MCMC samples of the input parameters from
the posterior distribution to run through the FOM. We
then compare the resulting nToF signal to the experi-
ment by fitting background, amplitude, and a time shift.
Our ability to obtain good agreement with the observa-
tions paired with the discussion of Sec. IV gives us con-
fidence in our ability to obtain results for BR consistent
with what would be obtained via direct application of the
FOM.

Fig. 14 shows the systematic inferences of BR vs pre-
heat for each of the four shots, demonstrating that the
fuel magnetization decreases dramatically from the low-
est to next highest preheat, after which the values level off
to some extent. The preheat energy values and uncertain-

FIG. 13. 100 posterior samples are fed through the FOM to
compute YDD, Y , and (normalized) synthetic nToF signals.
Each of the 100 nToF signals are fit to the observed signals
with an amplitude, time shift, and background. Plotting all
of the posterior FOM calculations shows excellent agreement
with experiment z2839. This performance is also typical of
z2977 and z3040 not shown to save space.

ties reported here are determined using energy measured
at the output of the laser and deposited energy fractions
inferred from surrogate off-line experiments utilizing sim-
ilar target configurations and laser protocols. Energies
for shots with an unconditioned laser beam were derived
from43, and energies for shots that used a distributed
phase plate to smooth the laser beam profile were derived
from44. In order to understand the observed trend in
BR, we ran detailed 2D LASNEX post-shot simulations
of these experiments both with and without the Nernst
effect to compare with the ANN-based inferences. The
fuel magnetic confinement parameter is extracted from
the simulations by directly computing BR = Φz/(πR)
from the magnetic field profile at peak burn. The dashed
curves and grey bands are obtained by taking the the
mean and standard deviation of BR at a small number
of simulations that vary simulation conditions to within
experimental uncertainty at the different preheat values
(initial B-field ±5%, initial fill density ±5%, and peak
current delivered ±10%). The uncertainty bands demon-
strate that sensitivity of the simulation to the variation
in initial conditions one might expect in experiments are
not sufficient to swamp the impact that the Nernst ef-
fect has on determining the value of BR at peak burn.
Furthermore, we note that the uncertainties in BR in-
ferred from the experiments do not depend explicitly in
any way on the uncertainty in the initial conditions of the
experiment, but rather on uncertainties in the observed
experimental outputs YDD, YDT , and the nToF shape fea-
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FIG. 14. Data points show the inferred value of BR vs preheat
energy for the four shots in this series. The sharp decrease
between the lowest and next-highest preheat values is con-
sistent with expectations from Nernst physics and magnetic
diffusion into the liner. The dashed lines and shaded bars
show the mean and standard deviation of BR extracted from
a small number of 2D LASNEX simulations that vary input
parameters within experimental uncertainty both with and
without the Nernst advection term as described in the text.

ture uncertainties extracted as described in Sec. III A. It
is also interesting to note that the error bars on the in-
ferred values of BR are significantly smaller for the three
experiments with highest laser preheat energy than that
for the lowest. We remind the reader that, as indicated
by Figs. 8 and 9 and related discussion, the error bar
scale will depend sensitively on both where in parameter
space the inferred values lie, as well as the scale of signal
to noise among the different observed features.

The Nernst effect is believed to be one of the strongest
physical mechanisms that exacerbate flux losses from the
preheated fuel beyond simple resistive MHD predictions.
Physically, the Nernst effect arises from the suprather-
mal, heat-conducting electrons transporting magnetic
field along temperature gradients perpendicular to the
background magnetic field orientation. The character-
istic velocity at which this occurs is related to elec-
tron temperature gradients and perpendicular magnetic
fields by vN = β∧∇⊥Te/(eB), where β∧ is the so-called
Nernst–Ettingshausen coefficient27, which will itself have
some dependence on B, Te, and the electron and ion den-
sities. In our experiments, axial orientation of the ap-
plied magnetic field and the predominantly radial tem-
perature gradients established by the wall confinement
of the cylindrical, preheated plasma leads to the expec-

FIG. 15. Top: stagnation x-ray self-emission profiles of the
four experiments, with a partially obscuring fiducial fielded on
z2851 indicated by white dashed line. Bottom: Estimates of
convergence ratio from the measured fuel self-emission pro-
files, with statistics provided by the axial variation in the
estimate.

tation that the axial magnetic field will be advected out
of the hot fuel by electrons opposite the direction of the
temperature gradient towards the target wall, where it
may then resistively diffuse into the liner. As the pre-
heat energy delivered to the target is increased, these ra-
dial temperature gradients will become stronger. Naively
then, one would expect an amplification of the magnitude
of Nernst flux advection toward the cold walls surround-
ing the fuel as preheat energy is increased. This simple
picture is consistent with the trend in both the experi-
mental observations and LASNEX simulations including
the Nernst effect.

Interestingly, the 2D LASNEX simulations give con-
vergence ratios (CR = ri,0/ri,f ) that are nearly indepen-
dent of preheat and are approximately 42±2 for both the
Nernst and no-Nernst cases. As a result, the simulated
values of BR are very nearly proportional to the ratio of
final to initial flux

Φz,f
Φz,0

= CR−1
(BR)f
(BR)0

≈ const.× (BR)f . (25)

For integrated MagLIF experiments, x-ray backlit liner
radiography typically used to infer liner convergence ra-
tios is unavailable due to the fact that the Z Beamlet
Laser can be used to drive the backlighter foils45 or the
MagLIF laser preheat, but not both at the same time.
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Shot Number Laser Energy Coupled (kJ) YDD (±20%) YDT (±20%) Ti (±20%) (keV) BR (MG-cm) CR

z2839 1.375+0.280
−0.400 3.2× 1012 1.2× 1010 2.21 0.215+0.013

−0.012 44+8
−9

z2851 0.465+0.150
−0.285 1.0× 1012 1.5× 1010 1.63 0.460+0.060

−0.060 48+24
−13

z2977 1.02+0.290
−0.280 3.0× 1012 1.4× 1010 2.63 0.196+0.011

−0.010 47+17
−12

z3040 0.785+0.085
−0.085 4.1× 1012 2.2× 1010 2.56 0.233+0.016

−0.013 47+17
−13

TABLE I. Summary of the laser preheat energy deposited, DD and DT yields, ion temperature, inferred value of BR, and
estimated convergence ratios for the four shots in this experiment series. Note that uncertainties for all quantities except BR
and CR are provided by experimental analyses not discussed in this manuscript, while error bars on BR and CR are obtained
by determining the 16− 84% (∼ 1σ) interval as described in the text.

However, we are able to obtain estimates of the fuel pro-
file radius as a function of height from stagnation images,
which can be used to estimate CR as shown in Fig. 15.
We note that the profiles exhibit values of CR that are
both consistent with the LASNEX simulation and appear
to be independent of preheat. Unfortunately, the varia-
tion in the estimate of CR over the axial length of the fuel
column is too high to use in a computation of Φz,f/Φz,0,
so that we refrain from concluding anything about the
magnetic flux loss specifically. For convenience, we have
included Tab. I summarizing the relevant experimental
observations, BR inference, and CR estimate according
to the above procedure. As a concluding remark, we
point out that, although resistive diffusion in LASNEX
simulations without Nernst is sufficient to result in a
slight decay in BR as preheat begins to increase, the fuel
magnetization quickly plateaus at a significantly larger
value than experimentally observed. The agreement of
our inferences with the LASNEX simulations including
Nernst suggests a significant role for this mechanism in
determining fuel magnetization as well as magnetic flux
compression and hence for the physics of α-particle con-
finement in future 50-50 DT MagLIF experiments.

VI. CONCLUSION AND FUTURE WORK

We have demonstrated a deep learning based surro-
gate model coupled with a Bayesian inference to replace
a significantly slower physics model of nuclear diagnos-
tics and provide uncertainty quantification for BR in-
ferences. This framework enabled a landmark study
of fuel magnetization trends in the neutron-producing
magneto-inertial fusion platform MagLIF. Particularly,
we found evidence that fuel magnetization decreases from
BR ∼ 0.5 MG-cm to BR ∼ 0.2 MG-cm as laser preheat
energy deposited in the fuel increases from Epreheat ∼ 460
J to Epreheat ∼ 1.4 kJ for otherwise nominally identical
experimental conditions. Interestingly, our results are
consistent with detailed 2D LASNEX post-shot simula-
tions demonstrating flux loss due to the Nernst effect.
Unfortunately, poorly constrained convergence ratios in
the experiments preclude more direct statements about
flux loss in experiments. Instead, we rely on inferences

of BR to support this claim.
While our results encourage the interpretation of

Nernst as a critical mechanism for flux loss, it will be
important to revisit the assumptions of our FOM and
the simulations presented in this manuscript as better
models become available. For convenience, we summa-
rize those assumptions here, reminding the reader of their
justification or need for future work where appropriate:

• Thermally equilibrated electrons and ions:
The FOM assumes Te = Ti. Refs. 4 and 17 es-
timate these values from x-ray spectra and DD
nToF peak shape respectively, showing only minor
discrepancies when accounting for experimentally
measured uncertainties. In addition, with an esti-
mated electron-ion collision time τe−i � 1 ps that
is much faster than the stagnation duration ∼ 2 ns,
the fuel plasma is collisional at the few keV temper-
ature and solid density relevant to our experiments.
We therefore find this assumption to be reasonably
consistent with experimental observations.

• 2 ns Gaussian burn history: We assume a
Gaussian burn history with 2 ns full width half
max (FWHM). Although we cannot directly mea-
sure the burn history, photo-conducting diamond
(PCD) measurements of the x-ray output as a func-
tion of time indicate a 1.7−2 ns burn duration pro-
viding support for this assumption.4 Furthermore,
due to the relatively broad energy spectrum of neu-
trons produced in secondary DT reactions, minor
deviations from this assumption are not expected
to significantly impact our results.

• Dimensionality effects: Our analysis assumes a
purely radially varying fuel profile. X-ray diagnos-
tics do not have the required spatial resolution to
observe radial dependence in the ∼ 50µm radius
stagnation column. As a result, the assumed func-
tional form for radial profile cannot be further as-
sessed by comparing to experiment at this time.
However, the detailed study performed in Ref. 20
demonstrates that the FOM is relatively insensitive
to the exact details of the radial profile. On the
other hand, it is not difficult to infer from Fig. 15
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that there is some extent to which the fuel con-
ditions are axially varying. For example, previ-
ous analysis indicates variations in electron tem-
perature on the order of Te = 3.0 − 3.2 keV in
the brighter (colder) regions and up to Te = 3.8
keV in the dimmer regions for one particular ex-
periment.17 Depending on the exact experimental
configuration, axial mix profiles have also been ob-
served to range from relatively uniform, with vari-
ations of 3 − 7% over the column, to cases with
a few percent near the bottom of the target up
to ∼ 15% near the laser entrance window. Addi-
tional effects such as three-dimensional instability
structure/stagnation morphology are also of signif-
icant interest. While incorporation of these effects
is not currently possible, it may eventually become
feasible to study the method on synthetic diagnos-
tics produced from more complex two- or three-
dimensional simulations that would help to reveal
any systematic bias introduced by these assump-
tions in the FOM.

• Magnetic field topology: We assume a purely
axial magnetic field. While this could technically
fall under the previous topic, we find it worthwhile
to address separately. Ref. 42 indicates that alter-
nate magnetic field topologies can affect the asym-
metry of the secondary neutron spectra, and may
at least partially explain some of the residual dis-
crepancy in the inferred axial nToF shape features
in Fig. 11. Addressing this topic is of significant
interest. While out of scope for this work, in prin-
ciple it should be possible to apply our surrogate
modeling approach to the model in Ref. 42, and
will be addressed in followup work.

• Use of nToF shape features: Our surrogate
model differs from previous application of the FOM
in Refs. 19 and 20 by working directly with shape
features of the measured nToF signals rather than
shape features of spectra obtained by inverting that
nToF data. In doing so, we avoid, among other
things, the need to solve an ill-posed instrument re-
sponse deconvolution problem and circumvent the
need for an absolute timing fiducial for the nToF
signal. Furthermore, we found that utilizing two
distinct nested intervals characterizing the nToF
width and asymmetry provided additional infor-
mation by incorporating lower- and higher-energy
neutrons contributing to the complex asymmetric
spectra produced by the FOM (see discussion in
Sec. III A). We found these features to be constrain-
ing when inverting synthetic datasets in Sec. IV A,
even when noise was added to the synthetically
produced observations. In future work including
additional physical features, e.g. non-axial mag-
netic field topology, we will need to ensure that
this featurization continues to provide sufficient in-
formation to constrain the inferred value of BR,

and make adjustments as needed.

• Comparison to two-dimensional simulations:
In Sec. V, we compared our BR inference to 2-D
LASNEX simulations both with and without the
Nernst advection term. While we do not currently
have the capability able to assess BR with 3-D
simulations, there has been recent progress in un-
derstanding magnetic field transport in 3-D (see
Ref. 28). It would be interesting as our capabili-
ties develop further to explore the impact of 3-D
effects on fuel magnetization relative to the 2-D
simulations presented here.

We are currently working on aggregating additional ex-
perimental data for analysis. Of particular interest are
data sets where conditions such as the initial gas-fill den-
sity, current delivery, and initial magnetic field strength
are systematically varied. The development and improve-
ment of automated and data-driven analysis tools such
as that demonstrated here will prove critical in provid-
ing fast and accurate assessment of high energy density
experiment data with UQ. By enabling such tools, data
science and machine learning methods will continue to
aid in leveraging experimental data and simulation tools
to the greatest possible extent, thereby contributing sig-
nificantly to improving our understanding of the under-
lying physics in these systems. As we develop model-
ing capabilities and build surrogates from more complex
models we will be able to lift some of the assumptions
required in this work by capturing important physics
such as fuel plasma inhomogeneities as well as scattering
and geometry effects inherent in our experiments that
may affect nToF signals. However, we believe that our
detailed study of the deep-learned surrogate model and
Bayesian inference procedure demonstrates the viability
of this tool and encourages its use in assessing trends in
magnetization/flux compression in other systematic ex-
perimental studies.
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