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Abstract

Electrochemical models at different scales and varying levels of complexity have been used in the 

literature to study the evolution of the anode surface in lithium metal batteries. This includes 

continuum, mesoscale (phase field approaches) and multiscale models. In this paper, using a 

motivating example of a moving boundary model in one-dimension, we show how battery models 

need proper formulation for mass conservation, especially when simulated over multiple charge 

and discharge cycles. The article concludes with some thoughts on mass conservation and proper 

formulation for multiscale models.
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Introduction

Undoubtedly, lithium metal batteries have recently emerged as one of the most promising 

electrochemical energy storage technologies. This has brought significant attention to the 

development of this battery technology into a commercially viable battery system. However, this 

will require overcoming some key issues like uneven lithium metal deposition, dendrite formation, 

evolution of “dead” lithium, and volume expansion. These shortcomings lead to poor cycle life, 

low columbic efficiency, and safety related concerns. Thus, several works1–6 have aimed to 

develop various mathematical models based on the moving boundary approach for predicting 

changes in lithium morphology. These modeling frameworks can play a crucial role in enhancing 

our fundamental understanding of the transport and reaction mechanisms and guiding 

experimentalists in developing safer and more efficient lithium metal anodes. Models have been 

developed for mesoscale simulations, understanding mechanical effects, and phase-field 

simulations have been reported as well.3,7–10

In this work, we aim to bring attention to mass conservation in electrochemical models 

involving moving boundaries, which if ignored, might lead to erroneous results for the variables 

of interest in a battery, and in turn affect the accuracy of predictions for battery degradation and 

cycle life. Further, we observe that models are typically simulated for one cycle of plating and 

stripping processes (charge followed by discharge) in a lithium metal anode battery, and the 

potential mass conservation issues may only lead to noticeable error during cycling. Multi-cycle 

battery simulations further necessitate the careful implementation of the mass balance in the 

electrochemical model to prevent cumulative error owing to mass accumulation (or depletion) in 

the system.   

Current status

This work builds on the several past studies1,11–13 where one-dimensional transport models 

have been developed to capture the movement of lithium during cycling. Lately, these models were 

studied and cycled at various rates, and it was observed that their imperfect mass conservation is 

too significant to be ignored, especially for repeated charge/discharge cycles. In this paper, we 

present the comparative results obtained after a careful implementation of an improved mass 

conservation formulation at the moving boundary at the electrode-electrolyte interface. The one-

dimensional transport model example has been chosen as a simple case to demonstrate and 
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emphasize on the importance of electrode-electrolyte interface mass balance and can be extended 

to detailed multiscale and multiphysics battery models.

Motivating example: One-dimensional transport model for lithium-metal batteries

The following example deals with the one-dimensional mass transport in the separator region filled 

with a binary electrolyte in a lithium metal battery. Only the separator domain is modeled where 

its interface with the lithium metal anode is initially at x = 0 and a constant current density is 

considered at the other end of the separator domain (x = L) as shown in Fig. 1. The electrolyte 

consists of Li+ ions which deposit at the anode having an initial ‘seed’ lithium deposit of 1 μm. 

The model chosen is based on the assumption that the solid is expanding into the separator and the 

total separator height decreases with time during charging. The reverse is assumed to be true during 

the discharge. Thus, the chosen separator or the liquid domain is perfectly compressive according 

to our model. This provides our model the flexibility to handle x = L either as separator/cathode 

interface or separator/lithium-metal interface (symmetric electrodes). Adding more detailed 

mechanics of the interface is beyond the scope of this paper.

This anode charging process has been modeled using the following equations:

Fig. 1. Schematic for the one-dimensional moving boundary model for electrodeposition/stripping in 
lithium metal batteries 
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For a binary electrolyte, the material balance of the ionic species can be written using the Nernst-

Planck equation in one dimension as:14

  (1)

The assumption for electroneutrality in above Eq. (1) can be simplified as  c1 = c2 = c and we get 

the following coupled set of equations for the mass transport within the electrolyte:

 (2)

 (3)

For further mathematical simplification of these equations, we have assumed constant electrolyte 

diffusivities for both anion and cation, i.e., (D1 = D2 = D) which leads to the following decoupled 

equations for the concentration and potential within the electrolyte. An alternate simplification 

using effective electrolyte diffusivity1,11,12 can also be used to arrive at models that use effective 

diffusivity. We aim to keep the model as simple as possible to convey the relevant message of 

leakage of mass conservation. Mass leakage was observed irrespective of this assumption.  A 

simple version of a Maple code is provided on the PI’s webpage. Different values of D1 and D2 

can be provided in the code to study the effect of different diffusivities for cationic and anionic 

species.

 (4)

 (5)

At the electrode-electrolyte interfaces, the anionic flux is zero, i.e., N2 = 0. Thus, the boundary 

conditions can be interpreted in the following form:
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 (6)

Equation (6) is commonly reported in the literature and is perhaps built on the past literature for 

deposition13 for models that mainly involve primary and secondary current distributions in 

electrochemical systems1, i.e., situations in which concentration gradients are ignored. .

Now, the kinetics at the anode-electrolyte interface for small magnitudes of overpotential is 

governed by the modified Butler-Volmer kinetics as:

 (7)

where the equilibrium potential, Eeq is considered to be zero in the expression for activation 

overpotential, η and the reference electrode potential, Va is set as zero. This form of the kinetics 

term was chosen to facilitate numerical simulation and avoiding Butler-Volmer kinetics in the 

Newton-Raphson iteration (the chosen model is still nonlinear because of concentration-potential 

coupling).

 (8)

A uniform current density, iapp, is assumed at the other end of the separator at x = L. 

The velocity of the moving boundary at the anode is prescribed as:13

 (9)

The initial conditions for the system of equations are given as c(x,0) = c0. . We also take the initial 

position of the interface to be s(0) = 1 μm, corresponding to an initial deposit ‘seed’.

Equations (4-9) along with the appropriate boundary conditions can be solved numerically by 

using standard numerical approaches. In order to emphasize on the appropriate mass conservation 

formulation, let us consider the boundary conditions in Eq. (6) in Model 1 and the modified 

boundary conditions in Model 2. 
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Model 1

From Eq. (6), the boundary conditions take the following final form:

 (10)

 (11)
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Fig. 2. Comparative results for electrolyte (a) concentration and (b) potential over 50 cycles for the 
original model without advective flux (Model 1) and modified model with advective flux (Model 2) at 

moving interface at x = 0.

The simulation results for these model equations over several cycles indicated the accumulation 

of mass in the system domain along with some indication for the battery degradation as shown in 

Fig. 2. The results for electrolyte concentration and potential for Model 1 are plotted for over 50 

cycles at the moving boundary (and also shown separately for 1st cycle: charging followed by 

discharging). It can be clearly observed that the electrolyte concentration at anode increases 

continuously with the increase in cycles. This is also responsible for a decay in electrolyte potential 

with increase in cycles as seen in Fig. 2(b). The results obtained from Model 1 highlight the 

importance of conserving mass in model development. Thus, we suggest the modification of the 

flux boundary conditions in Model 2 as described below.

Model 2

It should be noted that the boundary conditions at the moving boundary at x = 0 account for the 

interface transport. To conserve the mass at the moving interface, an additional advective flux term 

is added which compensates for the diffusant disappearing from the electrolyte domain. This 

formulation is based on the mass jump condition at the moving interfaces.15 

Using Eq. (6), we have now included advective flux at x = 0,

 (12)

Thus, the modified boundary conditions in Model 2 can be implemented as follows:

 (13)

1

2

,
2 2

n
n

n n

n

c DF ii D c cvN cv x RT x FF
c DFN cv D c cv
x RT x

cvc i i RTc
x FD D x FD F







                    
           

0,
2

2

BV n

BV

i cvcAt x
x FD D

i RTc
x FD F



  


      



9

 (14)

The results for the model equations, Eqs. (4-9) along with the modified boundary conditions, Eqs. 

(13-14) have been solved numerically and are shown in comparison with results for Model 1 in 

Fig. 2. Both electrolyte concentration and potential remain conserved over charge/discharge cycles 

while exhibiting the characteristic inverse signatures as seen in the results for one cycle. In other 

words, Fig. 2 shows the comparative results for the two cases of Models 1 and 2 where the 

difference lies in accounting for the appropriate concentration flux in the boundary conditions at 

the moving boundary.
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Fig. 3. Comparative results for (a) average electrolyte concentration, (b) total mass of Li+ ions in electrolyte, and 
(c) location of moving boundary for the original model without advective flux (Model 1) and modified model with 

advective flux (Model 2) in boundary conditions.
Additional results are shown in Fig. 3(a-b) for the average and total concentration in the entire 

separator domain to provide additional insights into the overall mass conservation. The variation 

in the location of the moving boundary is also included in Fig. 2(c) to compare Models 1 and 2.

The average concentration in the electrolyte is plotted in Fig. 3(a). We can see that the modification 

of concentration boundary condition is needed for conserving the mass and the average 

concentration goes back to the original concentration. Without this modification in the boundary 

condition, the average concentration increases after every cycle, creating issues over multiple 

(a)

(b)

(c)
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cycles of charge and discharge. Figure 3(b) shows the total mass of lithium ions in the electrolyte 

(including the deposited/stripped solid phase). The appropriate mass balance at the moving 

interface is needed for proper conservation of mass. If ignored, for a single cycle, it is perhaps not 

a significant issue, but for repeated cycling, the error accumulates.

It is worthwhile to note that in both models 1 and 2, the moving boundary is accurately predicted 

and at the end of discharge and the moving anode/electrolyte boundary goes back to its original 

position (for the same rates and parameters for charge and discharge) as shown in Fig. 3(c). This 

might give false confirmation for modelers who are only tracking the moving boundary growth in 

one- and two-dimensional models. 

Non-dimensionalization and numerical methodology

The governing equations, Eqs. (4-5), are rendered dimensionless using the scaled variables defined 

in Table 1 along with the boundary and initial conditions as listed below:

 (15)
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An inspection of the dimensionless equations, Eqs.(15-20), suggests that the mass and electric 

fields are governed by mainly two pertinent dimensionless groups, namely, Damköhler number 

(Da) and Peclet number (Pe) defined in Table 2. The effect of these dimensionless groups on the 

mass conservation can be further delineated in a detailed fashion. 

Table 1. Scaling variables used for non-dimensionalization
Scaling variables
X

C

Φ

Va’

τ

S

Dimensionless groups

δ

Da

Pe

τD

ϕ0

Table 2. Baseline parameters used in this study
Symbols Parameters Values Units

Geometrical Parameters
Lx Domain length in x 50e-6
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Applied current density 10
Exchange current density 20
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Initial Concentration 1000  
 Operating temperature 298  

Material parameters
Diffusion coefficient 1e-11  

 Molar mass of Lithium 6.941  
 Density of Lithium 0.534  

General parameters
 Universal Gas Constant 8.314  

 Faraday’s Constant 96487  

Table 2 enlists the baseline model parameters used for the reported simulation results in Figs. 2 

and 3.

This model was further transformed to a fixed domain using Landau transformation16 where Z is 

the transformed coordinate which fixes the position of the moving boundary at Z =0: 

 (21)

The governing equations after Landau transformation are given as:

 (22)

 (23)
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 (24)

(25)

 (26)

Finally, the moving boundary velocity is given as below in transformed coordinates:

(27)

The numerical results have been obtained using method of lines approach. This is performed by 

discretizing the transformed equations, Eqs. (22-27) using a finite-difference discretization scheme 

and simulated in Maple’s stiff DAE solver (Rosenbrock methods) solver aided by consistent 

initialization for the algebraic variables. The results were obtained for a relative and absolute 

tolerances of 1e-6 and 1e-8, respectively. The results were also verified using finite element based 

solver, COMSOL Multiphysics. 

Future Needs and Prospects 

 In this paper, a one-dimensional model was used to show the importance of proper 

formulation of the boundary conditions for mass conservation in lithium metal batteries.

 Some multidimensional and multiscale models have been reported in the literature. 

However, proper check of mass and charge conservation needs to be properly 
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meaningful results. We highly recommend checking and reporting mass and charge 

conservation of individual models and coupled multiscale for the first cycle before 

additional cycles are simulated.

 When multiscale models are developed, proper care should be taken to ensure mass and 

charge are conserved in each scale. For example, the modified moving boundary model 

presented here (Model 2) can be coupled with models in meso or other scales.

 Since the model considered in this paper is one-dimensional, Landau transformation was 

used for the numerical simulation. This transformation is not useful for two-dimensional 

models. Thus, the boundary conditions and model formulation should be based on the 

physics. The choice of the numerical method to solve the model depends on the dimension 

and structure of the model and the physics. 

In this manuscript, we took the approach of adding advection directly to the boundary conditions 

at the moving interface. We believe that the proposed model is perhaps the best possible model for 

moving boundaries. Moving the convection term to the bulk will make the model more restrictive 

for the choice of boundary conditions at x = L. 

Conclusions  

We have presented a simple analysis for a one-dimensional moving boundary model to 

bring attention and provide emphasis on mass conservation in the models for lithium metal 

batteries. Traditional moving boundary battery models neglect the role of advection at the moving 

boundaries, introducing consistent and accumulating mass conservation errors that, while 

potentially not significant for a single cycle, lead to significant accumulation of errors over 

multiple charge-discharge cycles. This proposition can be extended to multiscale and multiphysics 

models for advanced modeling of plating and stripping at lithium metal anodes using moving 

boundary models. Consistent implementations are crucial in all-encompassing numerical modeling 

frameworks around plating/stripping at lithium metal anodes. 
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