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Abstract
In this study, model derivations are carried out of a dynamical system under base excitations with a piezoelectric 

energy harvesting absorber as the tuned-mass-damper. Additionally, amplitude stoppers are included to the absorber 

in order to create a broadband resonant response, increasing the window of operational use for energy harvesting 

and system’s control. This study is unique in the fact that the energy harvester is coupled to the source of its 

excitation. A nonlinear reduced-order model is developed using Euler-Lagrange principle and the Galerkin method 

to accurately estimate the energy harvesting absorber’s displacement, harvested power, and the oscillating response 

of the primary structure. The nonlinear interaction of the energy harvesting absorber and the amplitude stoppers are 

the focus of this study, where an in-depth investigation of bifurcation points of the primary structure and energy 

harvesting absorber responses is performed. Due to a transfer of energy between the primary structure and the 

absorber, it is shown that a soft stopper with stiffness 5 ∗ 103 𝑁/𝑚 has great control of the primary structure with 

60% of the uncontrolled amplitude being reduced, as well as an increase of the harvested energy. Medium stoppers 

with small initial gaps size and hard stoppers do not control the primary structure and show a decrease in the energy 

harvesting capabilities due to the activation of the nonlinear contact-impact interactions. These stoppers also 

generate aperiodic regions due to the possible presence of grazing bifurcations.

1. Introduction

One important consideration during the design process is the mitigation or control of harmful vibrations in 

dynamical systems due to environmental inputs [1, 2]. A common source of environmental vibrations is base 

excitations [3]. Base excitation can be harmful to a system when the forcing excitation frequency is almost 

equal to one of the natural frequencies of the primary structure, causing large harmonic oscillations [4]. To 

mitigate these dangerous harmonic oscillations, researchers proposed many strategies to control their systems 

including active and passive controllers [5]. Active controllers are commonly electronic systems that measure 

input vibrations and activate actuators to mitigate the wide range of input vibrations [6]. Passive controllers 

are systems that couple with the primary structure without the ability to adapt to the changing excitation 

frequencies [7]. Some passive controllers include tuned liquid column dampers, viscoelastic dampers, and 

most commonly, tuned-mass-dampers [8-10]. Tuned-mass-dampers are subsystems that couple its movement 

to the primary system, and its geometric and material parameters are tuned to eliminate the primary structure’s 
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oscillations [11]. Since these parameters are constant, they are effective for only one forcing frequency, making 

them great for harmonic oscillations. 

The most common tuned-mass-damper is a simple spring-mass-damper, but many types of tuned-mass-

dampers have been investigated in the literature. One famous example of a pendulum tuned-mass-damper is 

seen in Taipei 101, one of the world’s tallest buildings. Taipei 101 utilizes a 726 ton ball suspended from steel 

cables on the building’s 92nd floor. When oscillations are low, the simple swinging motion of the pendulum is 

enough to control the building’s motion. Additionally, the ball is attached to massive shock absorbers that help 

absorb the building’s motion when the oscillations are high [12]. Another unique tuned-mass-damper is the 

particle tuned-mass-damper which utilizes the movement of a fluid or granular material that creates a damping 

effect due to the particles’ momentum and the particles colliding with each other. Lu et. al. [13] performed 

experiments of a particle tuned-mass-damper effects on scaled building under varying seismic loads based on 

historical events. Their results proved that particle tuned-mass-dampers reduced the building’s oscillations and 

acceleration under onsite earthquake excitations and artificial waves, especially when the excitation matched 

the natural frequency of the building.  

As seen in the previous examples, most tuned-mass-dampers dissipate the primary system’s kinetic energy 

mechanically. By converting the system’s kinetic energy into electrical energy, small sensors and electrical 

components can be powered in remote locations, eliminating the need for lengthy or dangerous battery 

replacements [14]. There are many transduction mechanisms that harvest energy including electrostatic [15], 

electromagnetic [16,17], and piezoelectric [18]. Piezoelectric transduction mechanism is a popular mode of 

transduction as it has less complex parts as the other mechanisms, as it commonly is piezoelectric layers 

adhered to other substrate structures. Therefore, a piezoelectric energy harvester was utilized as a tuned-mass-

damper in few previous studies [19-22]. Abdelmoula et al. [23] showed that piezoelectric energy harvesters can 

achieve both control of the primary system as well as energy harvested for systems under base excitation. Initially, 

a piezoelectric energy harvester was shown to efficiently control the primary structure’s oscillations. They also 

focused on optimizing the piezoelectric energy harvesting absorber’s load resistance and the thickness of the 

substrate to generate a broadband resonant response, hence harvesting high levels of power. McNeil et. al. [24] has 

also shown great primary system control with a system that is under base excitation and/or vortex-induced 

vibrations. The parametric values of the energy harvesting absorber were of particular interest, optimizing the 

absorber for both excitation sources. It was concluded that an absorber tuned for vortex-induced vibrations provided 

the best control and most even power output over the range of base excitations and wind speeds.

 This study aims to further the work of energy harvesting absorbers by including amplitude stoppers to the 

energy harvester. The inclusion of amplitude stoppers can generate a nonlinear response from the contact 

between the stoppers and the energy harvesting absorber, which aims to broaden the operable range of 
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frequencies to harvest energy. In a recent study, Zhou et. al. [25] showed experimentally that the inclusion of 

amplitude stoppers to a piezoelectric energy harvester under base excitation generated a hardening effect that 

at least doubled the operable range of the energy harvester. The material of the stoppers affected this hardening 

effect, so the material and stiffness of the stoppers were investigated and optimized. This study differs from 

the work of Zhou et al. [25] due to the fact that the energy harvester acts as an absorber, and hence be directly 

coupled to the primary structure, and therefore influence its source of oscillation. An extensive study of the 

stopper’s stiffness as well as the initial gap between the stoppers and the energy harvesting absorber is 

examined and discussed in this work. The rest of this work is organized as follows: in section 2, the primary 

system under consideration and the energy harvesting absorber are described. In addition, the nonlinear 

reduced-order model is developed. In section 3, the optimal design of the energy harvester absorber without 

the inclusion of the stoppers is selected. Then, results are shown in section 4 about the effect of the stoppers’ 

hardness and gap as well as the possible nonlinear vibro-impact interactions between the energy harvesting 

absorber and the stoppers.

2. System’s description and reduced-order modeling

To reduce high computational costs of running a high-fidelity model, a reduced-order model is used to 

represent the system. The coupled system under investigation is presented in Figure 1. The primary structure 

is represented as a simple spring-mass-damper system where the primary structure’s stiffness 𝑘 and damping 

coefficient 𝑐 are denoted as a spring and damper, respectively. The primary structure’s displacement is denoted 

by 𝑤1(𝑡) and the base excitation the system is subjected to is represented as 𝑦(𝑡). The energy harvesting 

absorber consists of a steel substrate with two piezoelectric layers which partially cover the substrates length, 

and fully cover the substrates width. A tip mass is attached to the absorber’s free end to tune the absorber’s 

natural frequency. The absorber’s relative displacement is denoted as 𝑤2(𝑥,𝑡), a function with respect to the 

distance along the beam and time. The absorber is represented as a continuous body using the Euler-Bernoulli 

beam theory and the Galerkin discretization method. The amplitude stoppers are indicated as the green hashed 

boxes.



4

Figure 1: A representation of the coupled system under investigation.

      To derive the reduced-order model’s equations, the Euler-Lagrange equations are utilized. Therefore, the 

kinetic and potential energies, and the nonconservative work should be first expressed. These expressions are 

utilized in the Euler-Lagrange equations, which are given by:
𝑑
𝑑𝑡

∂𝓁
𝑑𝑤1

―
∂𝓁

𝑑𝑤1
=
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𝛿𝑤1
                                                                         (1)
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𝑑
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where the Lagrangian 𝓁 = 𝑇 ― Π, 𝑇 is the kinetic energy and Π represents the potential energy, 𝜆 = 𝑉, and the 

nonconservative work 𝑊𝑛𝑐. 

       The kinetic and potential energies can be expressed as follows:

𝑇 =
1
2 𝑀𝑤2

1 +
1
2𝑀𝑡𝑢2 +

1
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where 𝑀 is the mass of the primary structure, 𝑀𝑡 is the mass of the tip mass, 𝑢 = 𝑤1 + 𝑤2(𝐿,𝑡) + 𝐿𝑐𝑤2′(𝐿,𝑡), 

the second moment of inertia, 𝐼𝑡 = 4
3𝑀𝑡𝐿2

𝑐  , the mass of the beam, 𝑀𝑏1 = 𝑏𝜌𝑠ℎ𝑠 +2𝑏𝜌𝑝ℎ𝑝 and 𝑀𝑏2 = 𝑏𝜌𝑠ℎ𝑠, 

the length of the substrate 𝐿, the length of the piezoelectric patch 𝐿1, the characteristic length of the tip mass 

𝐿𝑐, and the electric displacement, 𝐷3 = 𝑑3𝐸𝑝𝜀𝑝
𝑥 ― 𝜀33𝐸3,. 

      As mentioned, the Galerkin discretization method, seen in equation 6, is used to develop a nonlinear 

reduced-order model of the energy harvesting absorber coupled to the primary structure. The Galerkin method 

considers the sum of the absorber’s mode shapes times their positional coordinates. This allows the minimum 

numbers of modes to be used that accurately represents the system, optimizing the computational load of the 
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absorber. The process of solving for the energy harvester’s mode shapes, 𝜑𝑖, is known. Therefore, all details 

on the derivation of the energy harvester’s mode shapes, their associated boundary conditions and 

orthogonality conditions is described in detail in [26]. The final expressions of the kinetic and potential 

energies after substituting the Galerkin discretization are expressed in equations 7 and 8.
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∞
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where the energy harvesting absorber’s stiffnesses, 𝐸𝐼1 = 𝑏𝐸𝑠
ℎ3

𝑠
12 + 1

2𝑏𝐸𝑝ℎ2
𝑠ℎ𝑝 + 𝑏𝐸𝑝ℎ𝑠ℎ2

𝑝 +𝑏𝐸𝑝
2
3ℎ3

𝑝  and 𝐸𝐼2

=  𝑏𝐸𝑠
ℎ3

𝑠
12 , and 𝑢 = 𝑤1 + ∑∞

𝑖=1 𝜑𝑖(𝐿)𝑟𝑖(𝑡) + 𝐿𝑐∑∞
𝑖=1 𝜑′𝑖(𝐿)𝑟𝑖(𝑡) . 

The system’s nonconservative work comes from the primary structure’s and the energy harvesting 

absorber’s damping terms, as well as the excitation force and the contact force between the absorber and the 

stoppers. The expression of the variation of the nonconservative work can be written as:

𝛿𝑊𝑛𝑐 = ―𝑐(𝑤1 ―  𝑦(𝑡))𝛿𝑤1 ―
𝐿

0
𝑐𝑎

∞

𝑖=1
𝜑𝑖(𝑥)𝑟𝑖(𝑡) 𝑑𝑥 𝛿𝑤2 ― 𝐼𝛿𝜆 + 𝐹𝑠𝑡𝑜𝑝𝑝𝑒𝑟𝑠𝛿𝑤1                (9)

where 𝑐𝑎 represents the damping of the absorber, 𝐼 is the current, the voltage generated 𝑉 = 𝜆, and the force of 

the stopper 𝐹𝑠𝑡𝑜𝑝𝑝𝑒𝑟. 

      The force of the stopper is represented as a trilinear spring model. This model has been shown to adequately 

represent the contact force by Paidoussis et al. [27], and is expressed as:

𝐹𝑠𝑡𝑜𝑝𝑝𝑒𝑟 = 𝑘𝑠

∞

𝑖=1
𝜑𝑖(𝐿𝑠)𝑟𝑖(𝑡) ―

1
2 | ∞

𝑖=1
𝜑𝑖(𝐿𝑠)𝑟𝑖(𝑡) + 𝑑| ― | ∞

𝑖=1
𝜑𝑖(𝐿𝑠)𝑟𝑖(𝑡) ― 𝑑| 3

               (10)

where 𝐿𝑠 denotes the distance along the beam where the stoppers are placed, 𝑑 is the initial distance between 

the beam and the stoppers, 𝑘𝑠 represents the stoppers’ stiffness. Importantly, this model was also used in [28] 
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which computationally analyzed stoppers’ effects on a piezoelectric energy harvester. This impact force 

represented with differing stiffnesses is depicted in Figure 2.

Figure 2: The force of the stopper versus the displacement of the absorber for varying stopper stiffnesses.

After substituting in the kinetic and potential energy, equations 7 and 8, and the nonconservative work, 

equation 9, into the Euler-Lagrange equations 1-3, the nonlinear reduced-order model can be expressed as:

𝑀𝑆1𝑤1 + 𝑐𝑤1 + 𝑘𝑤1 +  
∞

𝑖=1
𝑀𝑠2𝑖𝑟𝑖 = 𝐹𝑐𝑜𝑠 𝜔𝑓𝑡 + 𝜙                                          (11)

𝑟𝑖 + 2𝜉𝑖𝜔𝑖𝑟𝑖 + 𝜔𝑖𝑟𝑖 + 𝑀𝑠2𝑖𝑤1 ― 𝜃𝑖𝑉 = 𝜑𝑖(𝐿𝑠)𝐹𝑠𝑡𝑜𝑝𝑝𝑒𝑟                                        (12)

𝐶𝑝𝑉 +
1
𝑅 +

∞

𝑖=1
𝜃𝑖𝑟𝑖 = 0                                                                    (13)

where the capacitance of the harvester is 𝐶𝑝 = 2
𝜀33𝑏𝐿1

ℎ𝑝
, the piezoelectric coupling term is 𝜃 = 𝐸𝑝𝑑31𝑏 ℎ𝑝 + ℎ𝑠

𝜑′𝑖(𝐿1), and the two mass sums are as follows:

𝑀𝑠1 = 𝑀 + 𝑀𝑡 + 𝑀𝑏1𝐿1 + 𝑀𝑏2(𝐿 ― 𝐿1)

𝑀𝑠2𝑖 = 𝑀𝑡𝜑𝑖(𝐿) + 𝑀𝑡𝐿𝑐𝜑′𝑖(𝐿) + 𝑀𝑏1

𝐿1

0
𝜑𝑖(𝑥)𝑑𝑥 + 𝑀𝑏2

𝐿

𝐿1

𝜑𝑖(𝑥)𝑑𝑥

3. Optimal selection of energy harvesting absorber’s dimensions

Once the equations of motion are developed, it is important to investigate the energy harvesting absorber’s 

parameters effects on the overall performance of the coupled system and select the optimal design parameters 

of the absorber with the objective of simultaneously control the primary structure at resonance and maximize 

the harvested energy from the absorber. To reach this target, the coupled natural frequencies will be 

investigated through a linear eigenvalue analysis, as the imaginary eigenvalues are the coupled natural 

frequencies of the system. This analysis will aid selecting the harvester’s dimensions in such a way that the 
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two coupled frequencies are close enough to each other and hence possible creating of ultra-wide bandwidth 

resonance. For this analysis, only one mode is used in the Galerkin discretization. The linearized system can 

be represented as:

𝒛 = 𝐴𝒛                                                                                        (14)

where z represents the state space variables 𝒛 = [𝑤1 𝑤1 𝑟1 𝑟1 𝑉]𝑇, and the matrix 𝐴 is described as:

𝐴 =

0 1 0 0 0

―
𝑘

𝑀𝑠1 ― 𝑀2
𝑠21

―
𝑐

𝑀𝑠1 ― 𝑀2
𝑠21

𝜔2
1𝑀𝑠21

𝑀𝑠1 ― 𝑀2
𝑠21

2𝜉𝜔1𝑀𝑠21

𝑀𝑠1 ― 𝑀2
𝑠21

―
𝜃1𝑀𝑠21

𝑀𝑠1 ― 𝑀2
𝑠21

0 0 0 1 0
𝑘𝑀𝑠21

𝑀𝑠1 ― 𝑀2
𝑠21

𝑐𝑀𝑠21

𝑀𝑠1 ― 𝑀2
𝑠21

𝜔2
1𝑀𝑠1

𝑀𝑠1 ― 𝑀2
𝑠21

2𝜉𝜔1𝑀𝑠1

𝑀𝑠1 ― 𝑀2
𝑠21

𝜃1𝑀𝑠1

𝑀𝑠1 ― 𝑀2
𝑠21

0 0 0 ―
𝜃1
𝐶𝑝

―
1

𝑅𝐶𝑝

      During this analysis, the imaginary eigenvalues are plotted against the energy harvesting absorber’s tip 

mass. This is because the tip mass has a large effect on the absorber’s natural frequency, making it easy to 

identify which of the coupled natural frequencies is dominated by the absorber. Figure 3(a) shows the 

imaginary eigenvalues for varying substrate thicknesses, represented as the solid lines, overlaid with the energy 

harvesting absorber’s uncoupled natural frequency, represented as the dashed lines. It can be seen that the 

natural frequency of the energy harvesting absorber matches the higher coupled natural frequency curve when 

the tip mass is equal to zero kilograms. This is also logical for small values of the tip mass which are negligible 

to the mass of the primary structure, and the lower coupled natural frequency is unaffected by the change in 

the tip mass of the energy harvesting absorber. Additionally, as the tip mass increases, the higher coupled 

natural frequency no longer follows the uncoupled natural frequency of the absorber. This is an evidence of 

the veering phenomenon. Indeed, the veering phenomenon occurs when two frequencies approach each other 

and then move apart without crossing. While they are close together, the two modes interact and hybridize. 

After the hybridization, the two modes continue on the path the other would have taken had the two modes 

crossed [29]. This can be seen in Figure 3(a) as the dashed lines represent the energy harvesting absorber’s 

uncoupled natural frequency, clearly showing that hybridization occurs around 0.02 – 0.07 kg depending on 

the parametric value.
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(a)                                                                              (b)
Figure 3: Eigenvalue analysis of the parameters: (a) the height of the substrate compared to the absorber’s 

uncoupled natural frequency and (b) the characteristic length of the tip mass.

      The difference between the two coupled natural frequencies are investigated to select the optimal 

parameters’ values for the energy harvesting absorber. When this difference is small, a strong coupling of the 

natural frequencies is enforced, ensuring that the energy harvesting absorber may eliminate the primary 

structure’s harmful oscillations and create a broadband resonance region.  To select the optimal parameter 

values, the tip mass region from 0.04 𝑘𝑔 to 0.05 𝑘𝑔 is focused on. Since the parameters will all affect the 

system, focusing on a small range of tip masses will allow for all of the parameters to be selected where an 

optimal tip mass value for all parameters can be determined. Therefore, once the parameters’ values are 

selected, the coupled system is studied without the use of stoppers to determine the optimal tip mass. The 

optimal tip mass is selected when the energy harvesting absorber is directly coupled to the primary structure’s 

coupled natural frequency, resulting in two equal peaks centered around the primary structure’s coupled natural 

frequency. If the coupled natural frequencies are not optimally tuned, the resulting peaks will not be centered 

around the primary structure’s coupled natural frequency, resulting in one of the peaks to be large. When the 

peaks are equal, this ensures the primary structure’s amplitude is minimized, as well as an optimal average 

power generated throughout the range of excitation frequencies. It is seen in Figure 4 that the optimal value of 

the tip mass for the current parameters is 0.048 kilograms. A full list of the parameter values can be seen in 

Table 1.
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Figure 4: The tip mass effects on the primary structure’s amplitude versus varying excitation frequencies.

Table 1: Reduced-order model’s parametric values.
Parameter Parameter 

Symbol
Parameter Value

Young’s modulus of the absorber substrate 𝐸𝑠 190 ∗ 109 𝑁/𝑚2 
Young’s modulus of the piezoelectric layers 𝐸𝑝 30.3366 ∗ 109𝑁/𝑚2

Height of the substrate ℎ𝑠 0.5 𝑚𝑚
Height of the piezoelectric layers ℎ𝑝 0.267 𝑚𝑚

Length of the substrate 𝐿 18 𝑐𝑚
Length of the piezoelectric layers 𝐿1 9 𝑐𝑚

Characteristic length of the tip mass 𝐿𝑐 2 𝑐𝑚
Width of the substrate and piezoelectric layers 𝑏 2 𝑐𝑚

Density of the substrate 𝜌𝑠 7800 𝑘𝑔/𝑚3

Density of the piezoelectric layers 𝜌𝑝 2730 𝑘𝑔/𝑚3

Tip mass 𝑀𝑡 0.048 𝑘𝑔
Mass of the primary structure 𝑀 1.2 𝑘𝑔

Damping coefficient of the structure 𝑐 0.5879 𝑁𝑠/𝑚
Damping ratio of the absorber 𝜉 0.05

Stiffness of the primary structure 𝑘 720 𝑁/𝑚
Piezoelectric strain coefficient 𝑑31 ―320 ∗ 10―12𝐶/𝑁

Piezoelectric permittivity component 𝜀33 27.3 ∗ 10―9 𝐹/𝑚

4. Results and discussion

The two important characteristics of the coupled system that are studied is the control of the primary 

structure and the power generated from the energy harvesting absorber. The impacts of considering two 

symmetric identical stoppers on the effectiveness of the coupled system are examined. Indeed, different 

stoppers’ stiffness and initial stoppers’ gap are investigated. Additionally, the peak power, average power, and 

the bandwidth of the power are determined to find the most optimal design in relation with the stoppers design. 

The stoppers’ stiffnesses are categorized based on their relative stiffness to soft, medium, and hard. The 
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relationship between the stoppers’ category and its gap to the energy harvesting absorber is identified in this 

section and the optimal stoppers design (gap and stiffness) for each category is determined. In addition, the 

influences of the stoppers’ hardness of the vibro-impact behavior of the energy harvesting absorber are deeply 

studied by identifying possible bifurcations in the responses of the absorber.

4.1.  Effects of the stopper’s hardness and initial gap on the coupled system’s effectiveness

4.1.1. Coupled system’s performance under soft stoppers configuration

       The stiffnesses chosen for the soft stoppers are 5 ∗ 102 𝑁/𝑚 and 5 ∗ 103 𝑁/𝑚, and their effects on the 

coupled system effectiveness can be seen in the frequency response functions of the primary structure root 

mean square (RMS) displacement and average harvested power of the energy harvesting absorber, as shown 

Figure 5. Inspecting the plotted curves in Figures 5(a) and 5(b), it is clear that a stoppers’ stiffness of 5 ∗ 102

𝑁/𝑚 has a negligible effect on the coupled system’s performance. In fact, the primary structure and harvested 

power frequency response functions are almost the same even when the initial gap between the stopper and 

absorber is very small. As the purpose of the amplitude stoppers is to generate an improved broadband 

resonance region and/or enhance the levels of the harvested power, this stopper’s stiffness will not be 

considered in future analyses. As for the frequency response function of the stoppers’ stiffness of 5 ∗ 103 𝑁/𝑚 

shown in Figures 5(c) and 5(d), it can be noted that promising enhancement in the level of the harvested power 

as well as the broadband region is achieved. With the smallest gap of 0.005 𝑚, the energy harvesting absorber 

has controlled 62% of the primary structure’s uncontrolled amplitude. When looking at the generated power 

in Figure 5(d), the peak power increases with decreasing gap size. Additionally, the left peak has a slight 

nonlinear hardening, increasing the average power more than if there was no hardening and just a simple 

increase. 

                                                 (a)                                                                                         (b)
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                                                 (c)                                                                                        (d)
Figure 5: Soft absorber’s effects on (a, c) primary structure displacement and (b, d) power generated with a 

stiffness of (a, b) 5 ∗ 102 𝑁/𝑚 and (c, d)  5 ∗ 103 𝑁/𝑚.

       Figure 6 investigates the time histories of the primary structure and the energy harvesting absorber at the 

onset of excitation for stoppers with a stiffness of 5 ∗ 103 𝑁/𝑚 at a forcing frequency of 22.31 𝑟𝑎𝑑/𝑠. Figure 

6(b) shows the energy harvesting absorber’s transient time history with dashed lines that represent the location 

of the stoppers with corresponding colors to its gap size. It can be seen that the coupling between the primary 

and absorber systems causes a pumping effect to occur. This is seen at the beginning of the time histories 

where one of the coupled systems is large, while the other is small. The system with the larger amplitudes 

excites the other, thus pumping the overall system’s amplitude up. Interestingly, the soft stoppers’ stiffness 

does not have an initial impact on the energy harvesting absorber’s amplitude compared to the gap size of 

0.0525 𝑚, which is the case where there is no impact with the stoppers. The decreasing stopper size is causing 

the frequency of the absorber to increase slightly, but the force of the stoppers on the coupled system increases 

the amplitude of the primary structure. When looking at the steady-state response of the absorber in Figure 

6(d), the increase in frequency becomes clear. Additionally, the stead-state amplitudes are shown, signifying 

the stoppers effects on the coupled system.
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(a)                                                                            (b)

                                             (c)                                                                            (d)
Figure 6: Transient (a, b) and steady-state (c, d) time histories of the (a, c) primary structure, and (b, d) the energy 
harvesting absorber showing the coupled system excitation stoppers with a stiffness of 5 ∗ 103 𝑁/𝑚 at a forcing 

frequency of 22.31 rad/s.

      Table 2 contains in depth data for the soft stoppers’ configuration and all initial gaps, allowing the 

comparison to a coupled system without stoppers. A case without stoppers can be seen in the first line where 

there is a gap of 0.1 𝑚 to 0.0525 𝑚, as these gaps are too large to induce contact with the energy harvesting 

absorber. The bandwidth is investigated at a common power response to easily compare the different 

configurations. The stoppers with stiffness 5 ∗ 102 𝑁/𝑚 have nearly no effect on the system’s response, with 

only a 0.5% difference the control of the primary structure’s amplitude. A stopper stiffness of 5 ∗ 103 𝑁/𝑚 

and a gap size of 0.005 𝑚 has a peak power that is nearly twice as large as the case without stoppers. 

Additionally, there is only a difference of 1% between the average powers of gap sizes of 0.01 𝑚 and 0.005 𝑚. 

This is due to the hardening effects, seen in Figure 5(d), of the first peaks being nearly identical in the two 

cases. Also, the second peak decreases less for a gap size 0.01 𝑚 than it does for a gap size of 0.005 𝑚. This 

indicates that a gap size of 0.01 𝑚 is a great candidate for system’s that require more control of the primary 

system without sacrificing a large amount of harvested power. It is noted that all configurations of the soft 
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stoppers have the same bandwidth. This is due to the measurement being taken at a power of 0.004 𝑊, but the 

change in bandwidth would be nearly insignificant. 0.004 𝑊 was chosen for this measurement to help compare 

these results to the medium and hard stoppers configurations where broader bandwidths are present.  

Table 2: Performance analysis of the energy harvesting absorber for soft stoppers configuration.
Gap size 

(m)
Stiffness 

(N/m)
Peak power 

(W)
Average 

power (W)
Bandwidth of energy 

harvested (rad/s @ Power W)
Percent of amplitude 

controlled
0.1-0.0525 All 0.0138 0.00250 6.84 @ 0.004 83.1
0.01-0.005 5 ∗ 102 ≈0.0135 0.00250 6.84 @ 0.004 82.7-82.3

0.0275 0.0137 0.00251 6.84 @ 0.004 82.7
0.01 0.0198 0.00258 6.84 @ 0.004 72.7
0.005

5 ∗ 103

0.0237 0.00261 6.84 @ 0.004 62.0

4.1.2. Coupled system’s performance under medium stoppers configuration

The stiffnesses chosen for the medium stoppers are 5 ∗ 104 𝑁/𝑚 and 1 ∗ 105 𝑁/𝑚, and their effects 

on the levels of the harvested power as well as the primary structure oscillations are presented in Figure 7. It 

follows from the frequency response functions that these two stoppers’ stiffnesses show very similar results. 

A gap size of 0.0275 𝑚 shows good control of the primary structure’s amplitude, controlling 65% and 60% 

for the different stiffnesses, respectively. Additionally, a gap of 0.0275 𝑚 shows an increase in the peak 

average power compared to the cases where no contact occurs. However, smaller gaps of 0.01 𝑚 and 0.005 𝑚 

only control 18% and 13%, respectively, for stoppers’ stiffness of 5 ∗ 104 𝑁/𝑚. It is apparent that small gaps 

of 0.01 𝑚 and 0.005 𝑚 begin to see impact effects from the stoppers due to the higher values of the stoppers’ 

stiffness compared to soft stoppers’ configurations. Further, it can be seen that a broadband resonance region 

is forming with the small gaps which extends past the original operable range. This broadband region is 

generated from the onset of an aperiodic region. This region can be easily seen in Figure 7(d), at a forcing 

frequency of 26 𝑟𝑎𝑑/𝑠 where a sharp decrease occurs, followed by some noise as the average power increases. 

This noise is a result of the root mean square function averaging out the values of the aperiodic values. An in-

depth analysis of these nonlinear effects and aperiodic regions are performed in the Section 4.2. Though a 

broadband region is a wanted effect of the amplitude stoppers, it is also apparent that the first peaks are also 

seeing a nonlinear hardening effect, shifting to the right. This shift is close to the additional frequencies 

obtained from the broadband region, thus negating the benefits of the broadband region. When this is included 

with the fact that the overall peak power is decreased, gaps like 0.0275 𝑚 where there are no extreme nonlinear 

effects are preferable for medium stoppers. It should be also mentioned that a strong coupling between the 

vibro-impact dynamics of the absorber with the stoppers leads to an activation of the primary structure 

oscillations and hence the presence of the nonlinear hardening effects and hence an increase in the harvested 

power for the first resonant peak of the coupled system. 
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          (a)                                                                                               (b)

 
            (c)                                                                                                 (d)

Figure 7:  Medium stoppers’ effects on (a, c) primary structure and (b, d) power generated with a stiffness of (a, b) 
5 ∗ 104 𝑁/𝑚 and (c, d) 1 ∗ 105 𝑁/𝑚.

      The stoppers’ effects on the excitation of the coupled system with stoppers of stiffness 5 ∗ 104 𝑁/𝑚 at a 

forcing frequency of 22.37 𝑟𝑎𝑑/𝑠 can be seen in Figure 8. It can be noted in the small gaps that the stoppers 

significantly affect the amplitude of the energy harvesting absorber. Since the absorber comes into contact 

with the stoppers with small gaps almost immediately, it begins to excite the primary structure, and further 

pumps the absorber to have an increasing amplitude as well. 
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(a)                                                                            (b)

  
            (c)                                                                                                 (d)

Figure 8: Transient (a, b) and steady state (c, d) time histories of the (a, c) primary structure, and (b, d) the energy 
harvesting absorber showing the coupled system excitation for stoppers with a stiffness of 5 ∗ 104 𝑁/𝑚 at a 

forcing frequency of 22.37 rad/s.

      Table 3 contains in depth data for the medium stoppers’ configuration and all initial gaps. When compared 

to the soft stoppers with stiffness 5 ∗ 103 𝑁/𝑚 and a gap size of 0.01 𝑚 depicted in Table 2, stoppers with a 

stiffness of 5 ∗ 104 𝑁/𝑚 and a gap size of 0.0275 𝑚 has a slightly lower peak and average power, being  5% 

and 0.39% smaller, respectively. However, the stopper stiffness of 5 ∗ 103 𝑁/𝑚 with a gap of 0.01 𝑚 controls 

7.2% more of the primary structure than a stiffness of 5 ∗ 104 𝑁/𝑚 with a gap of 0.0275 𝑚, indicating the 

soft stoppers configuration performs better on all fronts than that of the medium stoppers. Even though the 

nonlinear interaction of small gaps creates an expansion of the bandwidth, the overall bandwidth decreases by 

1.75% to 14% depending on the configuration. This is due to the nonlinear hardening seen in the first peak, 

which negates the expansion of the second peak. Additionally, the peak and average power are much lower for 

these configurations, as well as a drastic decrease in the energy harvesting absorber’s ability to control the 

primary structure’s oscillations. 



16

Table 3: Performance analysis of the energy harvesting absorber for medium stoppers configuration.
Gap size 

(m)
Stiffness 

(N/m)
Peak power 

(W)
Average 

power (W)
Bandwidth of energy 

harvested (rad/s @ Power W)
Percent of amplitude 

controlled
0.1-0.0525 all 0.0138 0.00250 6.84 @ 0.004 83.1

0.0275 0.0188 0.00257 6.84 @ 0.004 65.5
0.01 0.0151 0.00206 6.57 @ 0.004 17.7
0.005

5 ∗ 104

0.0122 0.00171 6.72 @ 0.004 13.4
0.0275 0.0166 0.00253 6.84 @ 0.004 60.7
0.01 0.0108 0.00171 6.64 @ 0.004 12.0
0.005

1 ∗ 105

0.0082 0.00135 5.86 @ 0.004 8.8

4.1.3. Coupled system’s performance under hard stoppers configuration

       As for the hard stoppers’ configuration, two distinct stoppers’ stiffnesses are, namely, 5 ∗ 105 𝑁/𝑚 and 

5 ∗ 107 𝑁/𝑚. The frequency response functions of the primary structure and harvested power are presented in 

Figure 9. A gap of 0.0275 𝑚 and stoppers’ stiffness of 5 ∗ 105 𝑁/𝑚 shows adequate control of the primary 

structure’s amplitudes by controlling 53% of the uncontrolled case. However, the stiffness of 5 ∗ 107 𝑁/𝑚 

shows little control of the primary structure regardless of the gap sizes that induce contact with the absorber. 

For instance, a gap of 0.0275 𝑚 only controls 23% of the uncontrolled amplitudes. Also, the generated power 

is no longer increasing due to contacting the stoppers. This is drastic when looking at a stiffness of 5 ∗ 107

 𝑁/𝑚, where a gap size of 0.0275 𝑚 plateaus around 0.006 𝑊. It can also be seen, even with the increased 

stiffnesses, both cases of 0.0275 𝑚 still do not show a wider broadband region even though an aperiodic region 

is present in the second peak, where the cases of smaller gaps do generate a broadband region. Additionally, 

aperiodic regions are present in the first peaks of the average power as well as the second. The broadband 

regions become broader with decreasing gap sizes, however the average power is also greatly decreasing and 

the primary structure may not be controlled as expected. It should be noted that the nonlinear coupling between 

the vibro-impact motion of the absorber and the stoppers results in strengthening the primary structure motion 

and hence the nonlinear hardening effects. This results in an inefficient control of the primary system motion 

in addition to the reduction of the harvested power due to the hardness of the stopper and smaller gap.  
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          (a)                                                                                               (b)

 
            (c)                                                                                                 (d)

Figure 9:  Hard stoppers’ effects on (a, c) primary structure and (b, d) power generated with a stiffness of (a, b) 
5 ∗ 105 𝑁/𝑚 and (c, d) 5 ∗ 107 𝑁/𝑚.

      Figure 10 shows the onset of excitation for the coupled system with stoppers of stiffness 5 ∗ 107 𝑁/𝑚 and 

an excitation frequency of 23.56 𝑟𝑎𝑑/𝑠. With the given stiffness and small gap sizes, the pumping cannot be 

seen. When the gap sizes are small, the absorber does not come close to the amplitude when the gap is large 

enough to not induce contact. This implies that the strong stiffness of the stoppers’ does not allow the absorber 

to fully couple with the primary structure, thus eliminating the absorber’s ability to control the motion of the 

primary structure. It is noted that the system with a gap size of 0.0275 𝑚 just barely comes into contact with 

the stoppers, where the maximum amplitude of the case with large gaps reaches an amplitude of 0.036 𝑚. 

However, the hard impact force of this stiffness causes the pumping between the coupled systems to keep the 

absorber coming into contact with the stoppers. As the absorber is dissipating most of its energy away before 
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coming into contact with the stoppers, the primary structure’s amplitude only increases slightly when compared 

to the increases due to the cases with smaller gaps. Additionally, a gap of 0.005 𝑚 induces an aperiodic 

response of the absorber immediately, and the presence of grazing bifurcations can also be seen. The steady-

state response of the energy harvesting absorber (Figure 10(d)) shows that the hard stiffness of the stoppers 

affects all of the cases where there is contact with the stoppers. A gap of 0.0275 𝑚 appears to be periodic, 

however it has some complex behavior. 

(a)                                                                            (b)

                                             (c)                                                                             (d)
Figure 10: Transient (a, b) and steady state (b, d) time histories of the (a, c) primary structure, and (b, d) the 

energy harvesting absorber showing the coupled system excitation for stoppers with a stiffness of 5 ∗ 107 𝑁/𝑚 at 
a forcing frequency of 23.56 rad/s.

      A complete data analysis for the hard stoppers’ configuration can be seen in table 4. It is clear that the 

stoppers have a large impact on the power generated and the control of the primary structure. For both 

stiffnesses of the hard stoppers, a decrease in the harvested power is seen whenever there is contact with the 

stoppers. This decrease is extreme for cases with small gap sizes where broadband regions are present. To help 

analyze the bandwidth, the gaps where no contact is present are evaluated at the same harvested power as the 

smaller gaps. When investigating the bandwidth of the response, it is clear that when there is a nonlinear 
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response causing an increase or decrease in bandwidth that the primary system is not being controlled, with a 

no cases controlling more than 12%. The largest broadband region seen is that of a stopper stiffness of 5 ∗ 107

 𝑁/𝑚 with a gap of 0.005 𝑚 with a region that is 33% larger than the case with no stoppers at the same power 

level. However, the power generated is miniscule and it only controls 3.3% of the primary structure’s 

amplitude. The hard stoppers configuration does not achieve the design goal of the amplitude stoppers.

Table 4: Performance analysis of the energy harvesting absorber for hard stoppers configuration.
Gap size 

(m)
Stiffness 

(N/m)
Peak power 

(W)
Average 

power (W)
Bandwidth of energy 

harvested (rad/s @ Power W)
Percent of amplitude 

controlled

0.1-0.0525 all 0.0138 0.00250
7.21 @ 0.003
9.95 @ 0.0006

13.3605 @ 0.00016
83.1

0.0275 0.0117 0.00233 7.21 @ 0.003 53.3
0.01 0.008 0.00115 6.91 @ 0.003 11.1
0.005

5 ∗ 105

0.0044 0.00083 7.88 @ 0.003 5.7

0.0275 0.0074 0.00175 9.95 @ 0.0006
13.3605 @ 0.00016 23.4653

0.01 0.0019 0.00054 11.89 @ 0.0006 10.6
0.005

5 ∗ 107

0.0008 0.00026 17.55 @ 0.00016 3.3

4.2.  Nonlinear characterization of vibro-impact energy harvesting absorber

      Based on the presented results in the previous section, it is clear that the presence of the stoppers may result 

in the appearance of aperiodic responses due to the discontinuous behaviors in the frequency response 

functions of the RMS structural displacement and average harvested power. To understand the causes behind 

these aperiodic responses and to characterize the possible existence of bifurcations due to the presence of the 

stoppers, all peak values of the energy harvesting absorber displacement and its interaction with the stoppers 

are investigated from a bifurcation analysis perspective. Furthermore, the energy harvesting absorber’s time 

histories, phase portraits, power spectra, and Poincare maps are determined in order to accurately identify the 

response periodicity (period-n, quasi-periodic, chaotic, etc) and to characterize the existing bifurcations. Time 

histories and the phase portraits are great tools to show the absorber’s interaction with the amplitude stoppers 

and indicating the cause of any bifurcations. Indeed, grazing bifurcation can be qualitatively identified when 

inspecting the time histories and phase portraits of the energy harvesting absorber.

       It should be mentioned due to the presence of the contact/impact boundaries of the stoppers, grazing 

bifurcations may take place. Grazing bifurcation occurs in periodic orbits contacting a boundary tangentially 

with zero velocity [30]. The time histories are also sufficient to characterize the behavior for low-order periodic 

responses. If the time history is uniform and has a harmonic period cycle of one period, the system’s response 

is of period-1 [31]. For higher-order periodic responses of period-𝑛, the power spectrum can easily identify the 

number of periods. The power spectrum contains peaks of the forcing frequency Ω and 𝑘Ω
𝑛 , where 𝑘 is an integer 
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and 𝑛 represents the number of periods. Power spectrum has its limits when the system behaves more 

aperiodically, making it difficult to determine if the system is behaving quasi-periodically or chaotically, so 

Poincare maps should be employed. Poincare maps have 𝑛 distinct points when the system is behaving with 

period-𝑛. Additionally, if there are an infinite number of points forming a closed loop, the system is behaving 

quasi-periodically. The system is behaving chaotically when there are an infinite number of points which do 

not form a closed loop. Only medium and hard stoppers are investigated and deeply characterized as the soft 

stoppers do not show nonlinear aperiodic responses.

4.2.1. Energy harvesting absorber’s nonlinear characterization under medium stoppers 

configuration

A stiffness of 5 ∗ 104 𝑁/𝑚 and a gap size of 0.01 𝑚 medium stoppers’ configuration is selected in 

order to explore the interaction between the energy harvesting absorber and the stoppers. Figure 11 shows the 

bifurcation diagram of the energy harvesting absorber’s motion and the stoppers’ locations marked with the 

black dashed lines. This bifurcation diagram expresses the behavior of the absorber, as each dot represents a 

peak in the time history. Like previously mentioned, an aperiodic region is evident around the second coupled 

natural frequency at around 26 rad/s, where a gradient of peak amplitudes is present for the given forcing 

frequency. It follows from the bifurcation diagram shown in Figure 11 that no grazing bifurcation takes place 

for this configuration. In addition, it is clear that the first resonant peak (around 24 rad/s) has a nonlinear 

hardening effect which is mostly dominant by the primary structure response. On the other hand, the second 

peak is mostly dominated by the energy harvesting absorber. The nonlinear interaction between the energy 

harvester’s motion and the stoppers results in the presence of these aperiodic responses. It should be mentioned 

that a nonlinear weak hardening effect also takes place for the second peak due to high interaction between the 

motion of the absorber and the stoppers. Also, due to the identical stiffnesses and gaps for both stoppers, a 

symmetry in the bifurcation diagram is obtained.  
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Figure 11:  Bifurcation diagram of the energy harvesting abosrber’s motion versus the excitation frequency.

      To better understand the types of aperiodic responses between the bifurcations at A and B shown in Figure 

11, the time histories, phase portraits, power spectra, and Poincare maps before and after each transition are 

shown in Figures 9 and 10.  Before the transition A, the plotted time history in Figure 12(a) indicates that the 

energy harvesting absorber is oscillating periodically. After the transition A, when carefully looking at the time 

history alone in Figure 12(b), it is quite possible to misrepresent the system’s behavior. It appears that the 

system is behaving periodically with an order of 11 in the time history, but when looking at the Poincare map 

in Figure 12(h), a continuous closed loop is seen, thus indicating quasiperiodic behavior and the necessity of 

investigating the Poincare maps. Concerning the transition at bifurcation B, as depicted in Figure 13, it follows 

from the plotted time histories, phase portraits, power spectra, and Poincare maps that there is a change in the 

system’s periodicity from an aperiodic motion to a periodic one. Prior to the bifurcation B, the Poincare map 

shown in Figure 13(g) indicates that the energy harvesting absorber is behaving quasiperiodically, as shown 

in Figure 13. After the bifurcation B, the absorber returns to periodic motion. It can be noted from the power 

spectra plots in Figures 10(e, f) that higher order superharmonics are activated prior to bifurcation B. After the 

bifurcation, only superharmonics of order 2 and 3 are present. As mentioned earlier, in the time histories and 

the phase portraits for both bifurcations A and B, it is clear that the grazing bifurcation is not present. The 

absorber is travelling 2 𝑐𝑚 into the stopper before returning to its orbit. This is due to the stopper’s stiffness 

being relatively low.

A B
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                                                              (a)                                                        (b)

 
                                                            (c)                                                         (d)

                                                            (e)                                                         (f)

                                                             (g)                                                        (h)
Figure 12: Bifurcation analysis at bifurcation A, where the first column represents the system’s response before 
the bifurcation, and the second column represents the system’s response after the bifurcation. (a, b) are the time 

histories, (c, d) are phase portraits, (e, f) are the power spectrum, and (g, h) are Poincare maps.
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                                                              (a)                                                       (b)

                                                             (c)                                                        (d)

                                                                       (e)                                                              (f)

                                                             (g)                                                        (h)
Figure 13: Bifurcation analysis at bifurcation B, where the first column represents the system’s response before 
the bifurcation, and the second column represents the system’s response after the bifurcation. (a, b) are the time 

histories, (c, d) are phase portraits, (e, f) are the power spectra, and (g, h) are the Poincare maps.
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4.2.2. Energy harvesting absorber’s nonlinear characterization under hard stoppers configuration
       As shown in the frequency response functions results in Section 4.1, stronger interaction between the energy 

harvesting absorber and the stoppers takes place when the stoppers’ stiffnesses are high and the initial gap is small. 

In this section, a nonlinear characterization using nonlinear methods of nonlinear dynamics is carried out when the 

stoppers’ stiffness is equal to 5 ∗ 107 𝑁/𝑚 and the gap size is set equal to 0.01 𝑚. The corresponding 

frequency response functions of the RMS primary structure and average harvested power were plotted in 

Figures 7(c) and 7(d), respectively. It was demonstrated that higher nonlinear interaction takes place between 

the energy harvesting absorber, stoppers, and primary structure with the presence of aperiodic responses for 

the energy harvesting absorber and high amplitudes of the primary structure. The bifurcation diagram for the 

energy harvesting absorber motion is plotted in Figure 14. The hard stoppers have a more dominant effect on 

the absorber compared to the results shown in Figure 12 for the medium stoppers configuration. This is seen 

when the energy harvesting absorber’s motion nearly stops increasing once it contacts the stoppers. Unlike the 

medium stoppers, the hard stoppers are causing aperiodic regions around both coupled natural frequencies. 

Inspecting the bifurcation diagram shown in Figure 14, four different transitions can be identified. Two of 

them are associated with the first peak which is mostly dominated by the resonance of the primary structure 

and the other two are mostly related to the resonant frequency dominant by the energy harvesting absorber 

motion. It is obvious the second resonant peak is more affected by the hardness of the stoppers which results 

in an ultra-wide bandwidth resonance region with strong aperiodicity. 

Figure 14: Bifurcation diagram of the energy harvesting abosrber’s motion versus the forcing frequency when 
hard stoppers are considered.

      Starting with understanding the transition at bifurcation A, time histories, phase portraits, power spectra, 

and Poincare maps for three excitation frequencies before, during, and after the transition for the energy 

harvesting absorber motion are presented in Figure 15. It is clear that the absorber motion is periodic before 

A B C D
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the bifurcation, as shown in Figure 15(a). During the transition, there is an onset of grazing bifurcation. This 

can be seen in the phase portrait in Figure 15(e), where the period is tangent with the left stopper constraint. 

From the power spectrum, depicted in Figure 15(h), it can be seen a dominant frequency Ω and 98Ω, indicating 

that the period of the system is 𝑓
8, meaning the system is of period-8. This is also indicated by the 8 distinct 

dots in the Poincare map in Figure 15(k). The absorber motion then transitions to chaotic behavior after the 

bifurcation, indicated by the infinite random distribution in the Poincare map in Figure 15(l). The grazing 

bifurcation is still present after the bifurcation, but the higher forcing frequency causes the absorber to behave 

chaotically. These results show the complexity of designing an energy harvesting absorber with hard stoppers 

which negatively affects the effectiveness of the energy harvester and the control of the primary structure. It 

should be mentioned that an ultra-wide bandwidth resonance region takes place, but little amount of power 

can be generated. Also, this hard impact may result in the fatigue of the energy harvester and hence its lifetime 

performance decay.

                                 (a)                                                        (b)                                                        (c)

 
                               (d)                                                        (e)                                                        (f)
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                             (g)                                                         (h)                                                        (i)

                               (j)                                                         (k)                                                        (l)
Figure 15: Bifurcation analysis of bifurcation A, where the first column represents the system’s response before 
the bifurcation, the second column represents the system’s response during the bifurcation, and the third column 
represents the system’s response after the bifurcation. (a, b, c) are the time histories, (d, e, f) are phase portraits, 

(g, h, i) are power spectrum, and (j, k, l) are Poincare maps.

      The impacts of the hard stoppers on the energy harvesting absorber motion at the end of the chaotic 

response marked by bifurcation B in Figure 14 are investigated. Indeed, the plotted time histories, phase 

portraits, power spectra, and Poincare maps for the motion of the energy harvester before and after this 

transition are shown in Figure 16. Before transition B, the energy harvesting absorber motion is showing a 

near grazing bifurcation (Figure 16(c)) with the dominance of the quadratic nonlinearity. Indeed, the 

superharmonic of order 2 is activated in the power spectrum plot shown in Figure 16(e). Figure 16Even though 

the time history is complex, the absorber is still behaving periodically, seen with the single cycle in the phase 

portrait (Figure 16(c)) and the single point in the Poincare map (Figure 16(g)). It is assumed that the presence 

of the near-grazing bifurcation makes the system stable compared to the previous chaotic behaviors when the 

grazing bifurcation was present. After Bifurcation B, the absorber is still behaving periodically, but it is calm 

compared to the behavior before the bifurcation. Additionally, it is apparent in the power spectrum plots that 

the superharmonic of order 2 is no longer present, which could be the cause of the bifurcation occurring. This 

bifurcation shows the dominance of the quadratic or cubic nonlinearity depending on the vibro-impact motion 

Ω 9
8 Ω
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between the energy harvesting absorber and stoppers. In fact, the activation of the superharmonic of order 2 

results in the presence of the near grazing bifurcation. 

 
                                                              (a)                                                         (b)

                                                            (c)                                                         (d)

                                                            (e)                                                         (f)

                                                            (g)                                                         (h)
Figure 16: Bifurcation analysis of Bifurcation B, where the first column represents the system’s response before 
the bifurcation, and the second column represents the system’s response after the bifurcation. (a, b) are the time 

histories, (c, d) are phase portraits, (e, f) are the power spectra, and (g, h) are Poincare maps.
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Next, an investigation is performed on the dynamics of the energy harvesting absorber when the 

excitation frequency is near the coupled frequency dominated by the absorber response. Figure 17 presents the 

absorber’s behavior before, during, and after bifurcation C. The time histories for during and after the 

bifurcation are extremely similar, thus proving the need to investigate the power spectra and Poincare maps. 

During the bifurcation, the energy harvesting absorber’s behaves with period-11 response. This is also evident 

in the power spectrum where the first two dominant frequencies are Ω and 12
11Ω. The energy absorber then 

behaves chaotically after the bifurcation. This bifurcation is due to the presence of grazing bifurcation. During 

the bifurcation, grazing bifurcation is present while the absorber is behaving periodically and is also present in 

some periods of the chaotic behavior after the bifurcation. The importance of using the Poincare sections result 

is proved in characterizing the response of the energy harvester during and after bifurcation C. It is clear that 

due to the strong nonlinear effect of the hard stoppers, the harvester’s motion transitions from periodic, to 

period-11, to chaotic. 

  
                                (a)                                                        (b)                                                          (c)

                              (d)                                                        (e)                                                        (f)
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                             (g)                                                        (h)                                                         (i)

  
                             (j)                                                          (k)                                                         (l)
Figure 17: Bifurcation analysis of Bifurcation C, where the first column represents the system’s response before 
the bifurcation, the second column represents the system’s response during the bifurcation, and the third column 
is after the bifurcation. (a, b, c) are the time histories, (d, e, f) are phase portraits, (g, h, i) are the power spectra, 

and (j, k, l) are the Poincare maps.

      The characterization of the bifurcation D is carried out in Figure 18 where the impacts of the hard stoppers 

on the dynamical response of the energy harvester are determined before, during, and after the bifurcation. 

Inspecting the Poincare map shown in Figure 18(j), it is obvious that the energy harvester absorber is behaving 

quasi-periodically before the bifurcation. During the transition, it follows from the Poincare map presented in 

Figure 18(k) that the energy harvesting absorber is close to behaving quasi-periodically, seen as the chaotic 

nature of the points loosely form a closed loop. During the bifurcation, it can be seen in the phase portrait in 

Figure 18(e) that one orbit comes into contact tangentially with the stopper, indicating the possible presence 

of grazing bifurcation during this transition. After the bifurcation, the absorber oscillates periodically and there 

is no presence of superharmonic frequencies in the power spectrum due the absence of any contract with the 

stoppers. Clearly, aperiodic responses with different categories including period-n, quasiperiodic, and chaotic take 

place when the vibro-impact motion is present which lead the complexity of the dynamics of the energy harvesting 

absorber, a reduction in the levels of the harvested power, an increase in the amplitude of the primary structure and 

its aperiodicity.     
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                                (a)                                                        (b)                                                         (c)

 
                              (d)                                                         (e)                                                         (f)

 
                               (g)                                                         (h)                                                         (i)

 
                               (j)                                                         (k)                                                          (l)
Figure 18: Bifurcation analysis of Bifurcation D, where the first column represents the system’s response before 
the bifurcation, the second column represents the system’s response during the bifurcation, and the third column 

is after the bifurcation. (a, b, c) are the time histories, (d, e, f) are the phase portraits, (g, h, i) are the power 
spectra, and (j, k, l) are the Poincare maps.
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              As illustrated in the bifurcation diagram shown in Figure 14, the second aperiodic region bounded by 

bifurcations C and D is a complex region and should be explored and characterized in a deeper way. A closer 

look at this region is depicted in Figure 19. Inspecting this figure, it is clear that several transitions take place 

depending on the nonlinear interaction between the energy harvesting absorber and the hard stoppers. These 

multiple bifurcations in this region appear to follow a pattern, switching between chaos and a stable period of 

period-n. 

       To find the source of this pattern, the periodic region denoted by bifurcations E and F is investigated in 

Figure 20. In this figure, the behavior of the energy harvesting absorber is characterized before and during 

bifurcation E, during the stable region, and during and after bifurcation F. The Poincare maps plot in Figure 

20(d) shows that the stable regions are of period-9, denoted by the nine distinct black points. At all other 

locations throughout the bifurcations the absorber is behaving quasi-periodically. When looking at the time 

histories and the phase portraits in Figures 17(a) and 17(b), respectively, it is clear that these bifurcations are 

caused by the presence of a grazing bifurcation. The phase portrait during the periodic region shows that the 

absorber is orbiting very closely to the amplitude stoppers. During bifurcations E and F, the energy harvesting 

absorber can be seen to tangentially meet the stoppers. The absorber is sent into chaos when the absorber grazes 

the stoppers, until it degenerates back to a periodic behavior.

Figure 19: Bifurcation diagram of the second aperiodic region in the absorber’s amplitude versus the forcing 
frequency.

E F
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(a)

(b)

(c)

(d)

Figure 20: Characterization of the transitions between bifurcation E and F: (a) time histories, (b) phase portraits, 
(c) power spectra, and (d) Poincare maps.

5. Conclusions

      An energy harvester with amplitude stoppers was utilized as a tuned-mass-damper to control a dynamical 

system under base excitation. Both Euler-Bernoulli beam theory and Galerkin discretization were employed 
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to derive a nonlinear reduced-order model for the primary structure and the energy harvester. A linear analysis 

was performed to optimize the energy-harvesting absorber’s parameters to control the primary structure’s 

oscillations and simultaneously harvest energy over a broadband resonance region. Three categories of 

amplitude stoppers stiffnesses were investigated, namely, soft, medium, and hard. The results showed that the 

soft stiffness adequately affected the behavior of the coupled system through a great transfer of energy between 

the primary structure and the energy harvesting absorber. The soft stoppers also showed promising control of 

the primary structure, significant increase of peak power, and little improvement in broadband region of the 

harvested power. Medium stiffnesses also had an increase in generated power, but an aperiodic region 

developed around the second coupled natural frequency took place. Hard stiffnesses resulted in a decrease in 

the peak power and did not show control of the primary structure. The aperiodic regions in the medium and 

hard stiffnesses were developed by the presence of grazing bifurcation, causing a change from period-𝑛 or 

quasiperiodic behavior to transition into chaotic behavior and vice versa. 
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