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Abstract 

This work studies the different types of behavior and inaccuracies that can occur when contact is not 

adequately accounted for in a dynamical system with freeplay, as the strength of the contact stiffness 

increases. The MATLAB® ode45 time integration solver, with the built-in Event Location capability, is 

first validated using past experimental data from a forced Duffing oscillator with freeplay. Next, numerical 

results utilizing event location are compared to results neglecting event location in order to highlight 

possible numerical errors and effects on multistable dynamical responses. Inaccuracies tend to occur in two 

different ways. First, neglecting event location can affect the boundaries between basins of attraction. 

Second, neglecting event location has little effect on the behaviors of the attractor solutions themselves 

besides merely resembling poorly converged solutions. Errors are less pronounced at the limits of soft or 

hard contact stiffness. This study shows the importance of accurately solving piecewise-smooth systems 

and the existing correlation between the strength of the contact force and possible numerical inaccuracies. 
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1 Introduction 

Significant research has been performed in the field of non-smooth or discontinuous dynamical 

systems from both theoretical and applied points of view. This work includes understanding the 

behaviors unique to, and solution methods necessary for, non-smooth systems. For example, systems 

subject to friction or intermittent contact often experience discontinuity-induced bifurcations such as 

grazing and grazing-sliding bifurcations [1-4]. These behaviors are unique, do not occur in smooth 

systems, and oftentimes result in aperiodic or other complex responses [5-6]. Practically, non-smooth 

nonlinearities can also lead to premature wear and failure in parts [7] or cause undesirable noise [8]. 

Thus, when modeling the structural health or fatigue life of a non-smooth system, it is important to use 

analysis methods which can accurately and efficiently capture any and all non-smooth effects present 

in the system. 
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Freeplay contact is a particular type of non-smooth phenomenon characterized by a “dead zone” 

or gap between moving parts, within which no contact occurs. If the moving parts close this gap, then 

contact occurs between the parts. Freeplay is often modeled either as soft contact/impact, represented 

as a non-smoothness in a physical parameter such as damping or stiffness, or as hard impact, 

represented by an elastic restitution coefficient [9-10]. Examples of freeplay include contact between 

two gears due to backlash [8, 11-14] or between ball bearings [7], aeroelastic control surfaces [15-21], 

loosely supported structures [22-24], buildings in an earthquake [25-27], suspension systems [28], and 

self-propelling capsules to traverse pipes [29]. Newer fields include topics such as parameter 

identification [30] and contact-based control of systems [31]. This wide range of applicability means 

there is a lot of value in ensuring analysis methods can accurately and efficiently capture contact 

behaviors. 

There has been a lot of development on methods to solve and analyze freeplay and other non-

smooth systems. A brief overview of some numerical strategies is given here. The first is analytical 

methods, which have been used to study certain non-smooth nonlinearities. One technique is to utilize 

transformations, such as the saw-tooth time transformation used by Pilipchuk [32], when analyzing 

impact (i.e., hard contact). Here, the sawtooth function was used as the basis function for solutions to 

nonlinear vibro-impact systems. Mikhlin et al. [33] used the nonsmooth transformation approach to 

study the stability of a 2 degree of freedom vibro-impact absorber. Avramov et al. [34] studied a 

Duffing oscillator with impact using a non-smooth unfolding transformation. Pilipchuk [35] later 

extended non-smooth transformations to the analysis of rigid but inelastic vibro-impact oscillators. The 

closed-form solutions were able to describe non-stationary dynamics well. A recent review [36] covers 

further work on the topic of non-smooth transformations to analytically study vibro-impact systems, 

as well as describing the three most common styles: coordinate, state, and temporal transformations. 

Mapping techniques have also been common for analytically studying non-smooth systems. 

Nordmark [37] introduced the discontinuity mapping to analyze grazing behavior in a pioneering work. 

This mapping was intended to be a local approximation near a grazing bifurcation. Grazing was found 

to cause a square-root singularity that leads to local, infinite stretching of phase space and result in 

complex responses. Nordmark [38] later introduced the limit mapping of an impact oscillator and used 

it to determine the system had three coexisting attractors. Molenaar et al. [39] studied an impact 

oscillator with soft/yielding impact and determined its grazing impact mapping. The authors found that 

the system displayed the same bifurcation behavior as a system with hard impact with only a change 

of the scale of the bifurcation parameter. Ma et al. [40] analytically, numerically, and experimentally 

studied four configurations of a soft impact oscillator and studied the system's Jacobian when 
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transitioning between non-impacting and impacting orbits. The behavior of the map far from grazing 

was also explored. They were limited to only studying period-1 orbits without increasing the number 

of equations to solve. Andreaus et al. [41] studied a forced bilinear oscillator using impact and return 

maps and found that many types of bifurcations and chaotic motion occur. Their solution technique 

involved numerically evaluating the transitions from non-contact to contact, but the mapping technique 

gave rise to "tedious and long" mathematical expressions required for the numerical code. Simpson et 

al. [42] compared the Nordmark mapping and Poincaré mapping of a soft impact oscillator and found 

the two mappings agreed to leading order. However, the Nordmark map was unable to detect narrow-

band chaos or the presence of several large-amplitude attractors away from the grazing bifurcation. 

Fan et al. [28] studied the stick, non-stick, grazing, and periodic motions of a 2 degree of freedom 

(DOF) oscillator with soft contact analytically using G-functions, switching control laws, and mapping 

techniques, as well as numerically. Mappings have the advantage of not requiring additional 

computational work to precisely locate points of contact, but this is in exchange for oftentimes being 

approximations that are not always accurate away from the grazing bifurcations of interest. 

Another method with a lot of attention recently is the use of nonlinear normal modes (NNMs), 

often combined with the harmonic balance method (HBM). Kuether et al. [43] have shown that NNMs 

can effectively capture complex behaviors such as isolated resonances that can exist in smooth 

nonlinear systems that are undamped and unforced. The authors calculated the NNMs of a cantilever 

beam with a nonlinear cubic spring to study the relationship with the damped, forced system response. 

Peter et al. [44] recently extended the use of NNMs to non-smooth systems by studying a beam with 

one-sided contact. A mixed shooting/harmonic balance technique was used to solve the finite element 

model and gave good agreement with experimental results. The technique also removed the need to 

define any contact parameters or impact law, along with the need to perform nonlinear system 

identification. Mikhlin et al. [33] had also used (NNM) theory in their analysis. The review by Renson 

et al. [45] covers recent advances in nonlinear modal analysis and computation. The combination of 

NNMs with HBM shows promise for reduced-order analysis of large-DOF systems. A common 

problem when using HBM, though, is that the non-smoothness of the contact force causes solver 

algorithms to fail. To resolve this issue, researchers often replace the piecewise function with a 

continuous and fully smooth function that closely approximates the piecewise function [24, 46, 47]. 

Other authors have shown that not all possible “regularization” functions may be appropriate to use, 

and that the choice of function is separate from the ability to actually capture contact behavior 

effectively [17, 48]. 
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Probably the most common analysis method currently is direct numerical time integration using 

Runge-Kutta solvers [9, 12-14, 16-21, 31, 49]. There have also been a few modifications introduced in 

past decades to account for contact behavior. An early modification of classical solvers came from 

Henon [50], who introduced a modification based on the principle of piecewise time integration. The 

approach first proceeds with time integration and checks for a contact event on every timestep. After 

detecting that a discontinuity/contact boundary has been crossed, the method swaps the position and 

time as dependent/independent variables and reverse-integrates back to the exact location of the contact 

boundary in one step. Next, the values of the contact terms change as appropriate, and the regular time 

integration is restarted using the current position and velocity as new initial conditions (ICs). This 

method is also known as inverse interpolation. Using this approach, the exact piecewise representation 

of a contact term can be used, and no regularization is needed to represent the nonlinear force. Conner 

et al. [51] later showed that the classical, un-modified integration solvers can fail to accurately capture 

the effects of piecewise-smooth terms due to accumulating rounding error. Dai et al. [20] used the 

classical 4th-order Runge-Kutta method (RK4), incorporating Henon’s method, to study chaos in an 

aeroelastic system with freeplay nonlinearity. They found that their RK4Henon method captured limit 

cycle oscillations and chaos as well as classical RK4 and a regularization using a rational polynomial, 

but RK4Henon was the only method to capture long-lived chaotic transient effects. Wayhs-Lopes et 

al. [52] discussed how numerous researchers consistently report accurate, computationally efficient 

results using Henon’s method for aeroelastic systems. They also proposed a matrix notation for 

Henon’s method in terms of generalized coordinates, and they obtained accurate results after extending 

Henon’s method to discontinuities in velocity to study friction effects. 

Alternatives to Henon’s method include a “Newmark step-by-step iteration method” used by 

Andreaus et al. [25] to study the response of buildings to impacts during an earthquake. Another is 

Runge-Kutta with a “method of successive approximations” to locate contacts, as used by Blazejczyk 

et al. [9]. The authors compared hard and soft impact models applied to the same vibro-impact systems. 

They found the results agreed well when the system had a stiff base, but the hard-impact model gave 

wrong results for an elastic base when the duration of body contact is non negligible. 

There are some recent papers that make no mention of any specific method to accurately capture 

contact. Bazhenov et al [10] compared two impact models on a 2DOF vibro-impact system, based on 

hard and soft impact. They found both models give similar results in the case of elastic rigid impact, 

but the hard-impact model was unsuccessful at simulating the system with soft impact. The authors 

mention they use 4th-order Runge-Kutta to perform numerical integration but do not mention any 

contact technique. Brandão et al. [49] investigated a 4DOF Jeffcott rotor-stator system with 
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intermittent contact. The authors saw a rich variety of nonlinear behaviors. They employed a variable 

timestep 4th-order Runge-Kutta method. When the system transitions from non-contact to contact, the 

timestep is iteratively decreased until an error metric is satisfied. Brzeski et al. [31] also simply used a 

4th-order Runge-Kutta method but with a fixed timestep. Wang et al. [11] used MATLAB® to solve 

for the dynamics of a railway vehicle gear system  using Runge-Kutta of an unspecified order. Yang 

et al. [12] used a 5th-order method with a fixed timestep, while Chen et al. [14] stated they employed 

MATLAB® with a Runge-Kutta 5/6 method and variable timestep. Christopher et al. [27] used the 

MATLAB® ode15s solver to study a MDOF building structure impacting a rigid stop to simulate the 

effects of earthquake pounding. They regularized the contact force with a smooth sigmoid function. 

They found that the system response complexity increases with the contact-to-structure stiffness ratio. 

Suda et al. [6] showed the condition required to avoid large-amplitude chaotic oscillation in a soft-

impact oscillator, which is dependent on the forcing frequency being at or near an integer multiple of 

the system's natural frequency. The divergence from period-1 to chaotic orbits is caused by coexisting 

saddle cycles converging onto the main orbit at the grazing parameter value. They obtained numerical 

results through "brute-force simulation", which likely implies time integration, but no further details 

are given. Other researchers make little to no mention of the numerical solver they use at all [4, 8, 13, 

29]. 

There also exist several popular software packages used for nonlinear dynamical analysis, 

including AUTO [53], MATCONT [54], COCO [55], and MANLAB [56]. The latter three of these are 

based on MATLAB® to take advantage of its wide availability and ease of use. MANLAB, however, 

is designed for smooth systems. Chong et al. [57] used their own MATLAB® software package, 

ABESPOL, in parallel with COCO [55] to give a global overview of the dynamic behavior of a SDOF 

vibro-impact system with soft impact. They studied the effects of every system parameter (except gap 

size) and explored discontinuity-induced bifurcations with continuation. ABESPOL uses MATLAB® 

ode15s with its built-in Event Location capability [58]. Jiang et al. [59] also used the ABESPOL/COCO 

software package to study the differences between discontinuity-induced bifurcations in a vibro-impact 

system for both elastic and rigid impact. They also performed bifurcation analyses and found that 

smooth bifurcations transitioned into non-smooth bifurcations as the contact stiffness increases to 

hard/rigid impact. 

There have been other studies performed using the MATLAB® ODE suite and its available Event 

Location capability to solve contact/impact problems. Calvo et al. [60, 61] have published papers and 

a software package (DISODE45) on the use of MATLAB® event location/detection (synonyms in this 

work) to solve piecewise-smooth, Filippov, and other non-smooth systems. Wright et al. [62] explored 
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the use of both MATLAB® ode45 and ode23 with event location to solve piecewise-smooth systems 

in particular. They found that the state event location is critical to accurately solving the equations of 

motion. The authors also discussed the relevant settings that can be set in MATLAB® to help improve 

result accuracy, along with the convergence and computational stability of solutions. Later, Dallas et 

al. [63] gave some guidelines for selecting a MATLAB® ODE solver and its parameters for hybrid 

stiff/non-stiff systems. The question of selecting the best solver for such a system was open, and they 

found ode45 and ode113 were among the best performing ODE solvers for most cases. Event detection 

was used and compared to code based on simple logic statements. Frumusa et al. [64] used MATLAB® 

with event location for numerical analysis of excessive backlash in an aircraft control surface. 

An advantage of using time integration with event location in MATLAB® is the built-in 

functionality that can be adapted to solve many different nonlinear ordinary differential equations. 

However, the study of MATLAB® event location/detection applied to freeplay systems in particular 

seems to be lacking in the literature. There also appears to be, from a nonlinear dynamics point of view, 

little discussion on the effects of neglecting contact behavior in a numerical solver. With the 

widespread popularity of these MATLAB® based methods and solvers, and considering the number of 

cited works that make no mention of any procedure to accurately locate contact events, it may be 

particularly valuable to know how the lack of accurate event location can affect the dynamics of a 

contact system. This work therefore studies the different types of inaccuracies that can occur when 

contact behavior in a freeplay system is not adequately captured with an event location procedure. 

Particular focus is given to the effects of increasing the strength of the contact force stiffness to observe 

the effects of both soft and hard contact/impact on the system. A MATLAB®-based event location 

method, based on the work of Wright et al. [62], is first validated against experimental data and then 

used for subsequent simulations. Nonlinear dynamics features used in this analysis include frequency 

response curves, bifurcation diagrams, time histories, phase portraits, Poincaré maps, and largest 

Lyapunov exponents (LLE) computed using Wolf’s algorithm [65]. 

The remainder of this paper is outlined as follows: Section 2 describes the physical system studied 

in this work, which was developed by deLangre et al. [66]. Section 3 then briefly describes the 

MATLAB®-based numerical method. In Section 4, the numerical method is validated against 

deLangre’s experimental data [66], and the existence of multiple solutions is analyzed in more detail. 

Section 5 studies the importance of accounting for contact behavior as the freeplay contact stiffness 

increases in strength. Conclusions from the study are presented lastly in Section 6. 
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2 Problem formulation 
The system considered in this study was the experimental system used by deLangre et al. [66]. 

They originally proposed this system in order to evaluate time integration techniques. This system was 

later used by Alcorta et al. [47] to study bifurcation tracking. Figure 1 gives a visual representation of 

the system. The physical system consisted of a heavy block, hollow on the inside and supported by two 

steel bars clamped to each side. The steel bars, when modeled as slender Euler-Bernoulli beams, give 

rise to a cubic-stiffness restoring force due to geometric nonlinearity. A magnet coil is attached to the 

block and is driven by applying a varying voltage to a magnetic coil in order to oscillate the block 

sinusoidally. Within the hollow of the block, there is a fixed rigid stop that is coincident with the 

equilibrium position of the block’s center of mass. There are also two elastic springs, one on each side 

of the block in the direction of motion. Intermittent contact occurs whenever either spring hits the rigid 

stop. Gap sizes and stiffness could be changed by using different springs. 

 
Fig. 1: Diagram of the experimental system from [66] studied in this paper, and a plot of contact force vs. 

displacement curves for increasing contact stiffness: the blue curve has contact stiffness 𝐾𝐾𝑐𝑐 = 1.4 ∗ 104𝑁𝑁/𝑚𝑚, the 
green curve has 𝐾𝐾𝑐𝑐 = 7.0 ∗ 104𝑁𝑁/𝑚𝑚, and red has 𝐾𝐾𝑐𝑐 = 1.4 ∗ 1010𝑁𝑁/𝑚𝑚. 

 

From Figure 1, this system can be modeled by the following single degree-of-freedom equation of 

motion [48]: 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3 + 𝑓𝑓𝑁𝑁𝑁𝑁,𝑐𝑐(𝑥𝑥) = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔𝜔𝜔) (1) 

where 𝑚𝑚 denotes the effective mass of the system, 𝑐𝑐 is the viscous damping, 𝑘𝑘 represents the linear 

stiffness, α is the nonlinear cubic stiffness of the support beams, 𝑓𝑓𝑁𝑁𝑁𝑁,𝑐𝑐 denotes the freeplay force term, 

𝑝𝑝 is the nominal forcing magnitude, and 𝜔𝜔 represents the forcing frequency. deLangre et al. [66] 

reported that, due to the electromagnetic field of the excitation, the force actually applied to the moving 

mass required a frequency-dependent correction, which they modeled in the following form: 

𝑝𝑝𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑝𝑝 �1 −
18
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where 𝑝𝑝𝑒𝑒𝑒𝑒𝑒𝑒 is the actual forcing magnitude and substitutes for 𝑝𝑝 in equation (1). Rewriting equation 

(1) provides the new equation of motion: 

𝑥̈𝑥(𝑡𝑡) + 2ζ𝜔𝜔𝑛𝑛𝑥̇𝑥(𝑡𝑡) + 𝜔𝜔𝑛𝑛2𝑥𝑥(𝑡𝑡) +
𝛼𝛼
𝑚𝑚
𝑥𝑥3 +

1
𝑚𝑚
𝑓𝑓𝑁𝑁𝑁𝑁,𝑐𝑐(𝑥𝑥) =

𝑝𝑝𝑒𝑒𝑒𝑒𝑒𝑒
𝑚𝑚 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) (3) 

The freeplay force term can be represented as: 

𝑓𝑓𝑁𝑁𝑁𝑁,𝑐𝑐(𝑥𝑥) = �
𝐾𝐾𝑐𝑐(𝑥𝑥 + 𝑗𝑗1),

0,
𝐾𝐾𝑐𝑐(𝑥𝑥 − 𝑗𝑗2),

−
𝑥𝑥 < −𝑗𝑗1

𝑗𝑗1 ≤ 𝑥𝑥 ≤ 𝑗𝑗2
𝑥𝑥 > 𝑗𝑗2

(4) 

where 𝐾𝐾𝑐𝑐 is the stiffness of both of the contact springs, and 𝑗𝑗1, 𝑗𝑗2 are the respective lower and upper 

spring gap boundaries. deLangre et al. [66] noted that contact dissipation was negligible compared to 

modal dissipation, so there is no piecewise-smooth damping term to accompany the stiffness term. 

Further, forcing term 𝑓𝑓𝑁𝑁𝑁𝑁,𝑐𝑐 only contributes to the equation of motion whenever the displacement 

exceeds 𝑥𝑥 = −𝑗𝑗1 or 𝑥𝑥 = 𝑗𝑗2. deLangre et al. [66] used a consistent set of parameter values when 

generating numerical results, as listed in Table 1. The same values are used in the current study, 

although deLangre’s original frequency range of 8-18 Hz is expanded to 2-30 Hz to explore a wider 

frequency band of responses. 
Table 1: Parameters used by deLangre et al. [66]. 

Term Description Value 
𝑚𝑚 Total mass 3 kg 
ω𝑛𝑛 System natural frequency 5 𝐻𝐻𝐻𝐻 (10π rad/s) 
𝐾𝐾 Linear stiffness 𝑚𝑚𝜔𝜔𝑛𝑛2 𝑁𝑁/𝑚𝑚 (300𝜋𝜋2𝑁𝑁/𝑚𝑚) 
ζ Modal damping 0.03 
α Cubic stiffness 7 ∗ 108 𝑁𝑁/𝑚𝑚3 
𝐾𝐾𝑐𝑐 Contact spring stiffness 1.4 ∗ 104 𝑁𝑁/𝑚𝑚 
𝜔𝜔 Forcing frequency 2 −  30 𝐻𝐻𝐻𝐻  (4π −  60π rad/s) 
𝑝𝑝 Reference (nominal) external forcing level 1.5 and 4 N 
𝑗𝑗1, 𝑗𝑗2 Lower, upper spring boundaries [0.4, 0.4], [0, 0.4], and [0, 0.8] mm 

 
3 Methodology: numerical integration with event location/detection 

The numerical method used in this work is based on the MATLAB® ode45 time integration solver, 

and it utilizes the optional Event Location capability [58]. This section gives a brief overview of how 

this method works. For more detail on the relevant MATLAB® functions and settings, the reader is 

referred to the paper by Wright et al. [62]. In order to implement event location/detection, an Events 

function must be defined, which is a mathematical expression describing the positions where contacts 

will happen. When a timestep crosses a contact boundary, the events function changes sign and the 

root-finding odezero function is employed to precisely locate the time of the event. Odezero uses the 

Illinois method, an optimized variant of the regula falsi root-finding method, to locate the event [67]. 
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This forces a timestep to occur at the contact event, avoiding the inaccuracy that comes with abruptly 

time-stepping through a discontinuity/contact boundary. A while loop is then used to restart the 

integration at this point, using the current states as initial conditions. The time integration is restarted 

and continues until the next event is detected, and this process is repeated for the desired total timespan 

in the while loop. For comparison, event location’s root-finder replaces the step in Henon’s method 

[50] in which the solution is reverse-integrated in time back to the exact position of a contact in a single 

timestep. This event-driven integration scheme can improve simulation accuracy in nonlinear systems 

with initial condition sensitivity, multistable solutions, and chaotic motion. Figure 2(a) shows an 

example of this procedure; the time history starts in the region 𝑥𝑥 > 𝑗𝑗2 (red region), stops and restarts 

before entering the region −𝑗𝑗1 ≤ 𝑥𝑥 ≤ 𝑗𝑗2 (green region), and stops and restarts before entering the 

region 𝑥𝑥 < −𝑗𝑗1 (blue region), etc. Also note that ode45 uses an adaptive timestep, so it often reduces 

the step size near the contact boundaries. A disadvantage to this numerical method is that, as a direct 

time integration method, unstable responses cannot be computed; only stable responses can be found. 

In the physical system of interest in equations (3) and (4), contact occurs whenever the 

displacement reaches 𝑥𝑥 = −𝑗𝑗1 or 𝑥𝑥 = 𝑗𝑗2. Figure 2(b) shows a time history and the first few contact 

events for a simulated forced response. Table 2 shows that, upon terminating the time integration at 

the marked events in Figure 2(b), the absolute difference between the current position 𝑥𝑥(𝑡𝑡) and the 

corresponding contact boundary is on the order of 10-16-10-18 m. This accuracy is 12 to 15 orders of 

magnitude lower than the scale of the system’s oscillation, which is on the order of 10-3 to 10-4 m, and 

is near the order of machine precision. This implies that the event detection accurately, within a few 

orders of magnitude of machine precision, resolves the time at which contacts/impacts occur. This 

should ensure, especially for a chaotic response, that there is minimal numerical error added beyond 

what is already present from machine rounding. 

 



10 
 

   
(a)       (b) 

Fig. 2: (a) Time history that visualizes the event location/switching procedure. Red, green, and blue colors indicate 
time points beyond the upper freeplay boundary, within the freeplay boundaries, and beyond the lower freeplay 

boundary, respectively. The inset is a zoom near one of the switchings from no-contact to contact to show a time 
point has been placed precisely at the freeplay boundary. (b) Time history showing the first few instances of contact 

events marked with green dots. Information about the dots labeled A-E appears later in Table 2. 
 

Table 2: Absolute differences in contact event positions from their respective freeplay boundaries, for the marked 
events in Figure 2(b) 

Marker Time (s) Position (m) Absolute difference, ∗ 𝟏𝟏𝟎𝟎−𝟏𝟏𝟏𝟏 𝒎𝒎 
A 0.0272825817630530 4.000000000000050E-04 0.051499603193060 
B 0.0690283299748320 -4.095573706563990E-17 0.409557370656400 
C 0.1722049632988320 -1.045645232726480E-16 1.045645232726490 
D 0.2638692359706180 3.999999999999690E-04 0.308997619158370 
E 0.3439311311853270 -1.436567878543290E-16 1.436567878543290 

 
4 Numerical validation of time-integration scheme 

In this section, the event detection numerical method based on the work of Wright et al. [62] is 

validated against experimental data from deLangre et al. [66]. MATLAB® settings believed to be best 

for this system are used, including extremely tight tolerances to ensure the solution is well-converged. 

All six FRC plots from deLangre’s experiments [66] include results from three different spacing gaps 

(𝑗𝑗1, 𝑗𝑗2 = [0.4, 0.4], [0, 0.4], & [0, 0.8] mm, cases a, b, and c, respectively) and two forcing amplitudes 

(𝑝𝑝 = 1.5 & 4 𝑁𝑁). Each case is labeled by its gap type and forcing. For example, the low-asymmetry, 

high forcing case is denoted by “asymmetric case b4”. These combinations are presented in Figure 3 

and compared to numerical results. The frequency response curves, which show the steady-state root 

mean square (rms) solution amplitude as a function of forcing frequency, are computed using multiple 

initial conditions at each forcing frequency value to reveal the presence of multiple solutions. Multiple 

solutions at a given forcing frequency show up as multiple branches in the figure, and chaos appears 

as erratically spaced dots. The parameter values from Table 1 are used for each of the six plots, with 
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ode45 tolerances of 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 10−12 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = 10−12 and all other available ode45 options 

default. All plots on the left are at forcing 𝑝𝑝 = 1.5 𝑁𝑁, and the right plots are at forcing 𝑝𝑝 = 4 𝑁𝑁. 

   

   

   
Fig. 3 Frequency response curves, comparing numerical results using event location (blue dots) versus deLangre’s 
experimental data [66] (green dots). Plots (a, b) have symmetric freeplay boundaries 𝑗𝑗1 = 0.4 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.4 𝑚𝑚𝑚𝑚, 

plots (c, d) have low asymmetry boundaries 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.4 𝑚𝑚𝑚𝑚, and plots (e, f) have high asymmetry 
boundaries 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.8 𝑚𝑚𝑚𝑚. Plots (a, c, e) have forcing magnitude 𝑝𝑝 = 1.5 𝑁𝑁, and plots (b, d, f) have 𝑝𝑝 =
4 𝑁𝑁. The color-coded circles and arrows in plot (b) correspond to individual responses examined later in Figure 4. 
The dashed line in plot (d) denotes forcing frequency ω = 15 𝐻𝐻𝐻𝐻, at which there are multiple responses examined 

later in Figure 5. 
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As shown in Figure 3, the experimental frequency response curves step up and back down from 8 

to 18 Hz. Although there was a fairly limited amount of experimental data, and notwithstanding any 

sources of experimental error that cannot be accounted for, the trend of the numerical results generally 

matches the available data well. The numerical responses on the upper branch, leading to the primary 

resonance peak, seem to generally overestimate the experimental results to some extent. There is no 

consistent over- or under-estimation for the lower branch. The region of largest discrepancy is for the 

asymmetric cases around forcing frequency ω = 11 − 15 𝐻𝐻𝐻𝐻, in the area between the upper and lower 

branches. The frequency response is fairly widespread and erratic here, and there are multiple distinct 

values present at each frequency due to change in the initial conditions. Time histories indicate the 

system response has both period-adding and chaotic behaviors in this region.  

For the asymmetric cases, there are also subharmonic resonance structures visible around ω =

19 − 25 𝐻𝐻𝐻𝐻 which generally seem to connect at their peaks to another branch that extends to higher 

frequencies. Similar structures were seen by Alcorta et al. [47] and are attributed to the contact-spring 

asymmetry. The cubic-stiffness nonlinearity in the system should produce a 3rd-order subharmonic 

resonance, defined as a resonance near ω ≈ 3𝜔𝜔𝑛𝑛 = 15𝐻𝐻𝐻𝐻, and there is in fact a visible peak there in 

several of the FRCs. 

Observing the symmetric cases, an isolated subharmonic resonance branch appears at higher 

frequencies for both forcing values, whose frequency band increases as forcing amplitude increases. 

For the strong forcing case a4, three experimental data points near 18 Hz are seen to lie on this isolated 

branch. It seems the numerical result is able to resolve more points along the stable portion of the 

isolated resonance branch. Researchers have typically found isolated resonances to be difficult to detect 

using continuation techniques, since they are disconnected from the branches that are initialized from 

low-level solutions approximated by a linearized system. More advanced techniques, such as nonlinear 

normal modes, have been studied for detecting isolated resonances [43]. 

To further explore the isolated resonance, Figure 4 shows time histories and phase diagrams for 

symmetric case a4 at 16 and 17 Hz for different initial conditions (see the circled responses in Figure 

3(b)). When stepping up in frequency from 16 to 17 Hz, the oscillation can drop in amplitude from the 

blue curve (16 Hz) to either the red curve (17 Hz low) or the black curve (17 Hz high), depending on 

the position at the time of the frequency change. The red curve is in a low-amplitude response regime 

with no contact occurring, and it is also period-1. The black-curve response, however, lies on the 

isolated branch and is period-3. This is a clear result of the contact/freeplay nonlinearity on the system, 

since the only difference is the initial condition. 
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(a) 

 
(b) 

Fig. 4: (a) Time histories of symmetric case a4 (𝑝𝑝 = 4 𝑁𝑁, 𝑗𝑗1 = 𝑗𝑗2 = 0.4 𝑚𝑚𝑚𝑚) showing two possible solutions when 
stepping up from ω = 16 𝐻𝐻𝐻𝐻 to ω = 17 𝐻𝐻𝐻𝐻. (b) Phase portrait diagrams corresponding to the time histories. The 
curve colors correspond to the responses circled in Figure 3(b). Namely, the blue curves indicate the response at 
ω = 16 𝐻𝐻𝐻𝐻, the black curves indicate the larger response at ω = 17 𝐻𝐻𝐻𝐻, and the red curves indicate the smaller 

response at ω = 17 𝐻𝐻𝐻𝐻. Dashed lines indicate the freeplay boundaries. 
 

4.1 Existence of multiple solutions and basins of attraction 
The frequency response curves, created using a set of multiple initial conditions, very clearly show 

the presence of subharmonic and other isolated resonance branches. These results indicate the freeplay 

nonlinearity causes multistability, i.e. the presence of multiple possible stable solutions, over different 

frequency ranges. For example, for asymmetric case b4, there are five different response points visible 

at ω = 15 𝐻𝐻𝐻𝐻 (see the dashed line in Figure 3(d)). The steady-state time histories, phase portraits, and 

Poincaré maps (red dots) for the four lowest-amplitude responses are presented in Figure 5. According 

to Marzouk et al. [68], a period-n response produces a Poincaré map with n points, a quasi-periodic 

response shows up as infinite points on a closed curve, and a chaotic response shows up as infinite 

points not on a closed curve but within a finite area. These results highlight how the responses are not 
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chaotic, but that they do have higher periods (3T, 5T, 12T, and 4T, left-right top-bottom, for 𝑇𝑇 =

1/15 𝑠𝑠 the forcing period) and are dependent on the initial conditions. 

 
Fig. 5: The steady-state time histories (left) and phase portraits (right) with Poincaré maps (red dots) for asymmetric 
case b4 (𝑝𝑝 = 4 𝑁𝑁, 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.4 𝑚𝑚𝑚𝑚) at ω = 15 𝐻𝐻𝐻𝐻 for initial conditions 𝑥𝑥0 = 1.0, 0.2, 0.4, 2.0 𝑚𝑚𝑚𝑚. These 

correspond to the four lowest-amplitude responses at ω = 15 𝐻𝐻𝐻𝐻 in Figure 3(d). 
 

The multistable behavior is analyzed further in Figure 6, which shows the basins of attraction for 

asymmetric case b4 at forcing frequencies of (1) 14.75 Hz, (b) 15 Hz, (c) 15.75 Hz, and (d) 16.5 Hz. 

This frequency band ranges around where the first prominent subharmonic resonance branch forms in 

Figure 3(d). The color corresponds to the steady-state peak amplitude according to the colorbar, and 

in all figures the large red swirl is corresponds to the highest-amplitude, primary resonance solution. 

The system transitions from three to four to two to three lower-amplitude solutions as the forcing 

frequency increases, all of which show a fine swirling structure with a significant amount of 

granularity. Another transition is from roughly equally dominating lower-amplitude solutions to one 

or two lower-amplitude solutions being dominant. Also, initial displacements near or within the 

freeplay boundary are not attracted to the high-amplitude solution unless they have a large initial 

velocity. 
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(a) 14.75 Hz      (b) 15 Hz 

   
(c) 15.75 Hz      (d) 16 Hz 

Fig. 6: Basins of attraction for asymmetric case b4 (𝑝𝑝 = 4 𝑁𝑁, 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.4 𝑚𝑚𝑚𝑚) at forcing frequencies 𝜔𝜔 = 
(a) 14.75 Hz, (b) 15 Hz, (c) 15.75 Hz, and (d) 16.5 Hz. Color corresponds to steady-state peak amplitude according 

to the colorbars and is used to distinguish the different possible responses. The black dashed lines denote the 
freeplay boundaries. 

 

The irregular and granular nature of the basins of attraction indicate a strong sensitivity to the initial 

conditions, which has practical implications for the modeling and testing of the dynamical system. The 

accumulating roundoff error that occurs when contact is not adequately located means that the shape 

of these basins may be incorrectly predicted and thus change the likelihood of an arbitrary initial 

condition converging onto any specific attractor. Any such statistical analysis is outside the scope of 

this work, but there exist ways of quantifying the size and extent of basins of attraction [69]. 

5 Importance of event detection for freeplay-based systems 
In this section, numerical results including and neglecting accurate event location are compared. 

The objective is to highlight changes in the solutions or their basins of attraction that can occur due to 

inadequately capturing contact events. For the remainder of the paper, the system configuration used 

is the strong-forcing, high-asymmetry case c4: 𝑝𝑝 = 4 𝑁𝑁, 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.8 𝑚𝑚𝑚𝑚. MATLAB® ode45 
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tolerances of 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 10−4 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = 10−7 are used. The first results shown are frequency 

response curves (FRC) and bifurcation diagrams (BD) in Figure 7. The frequency response curves 

show the change in system response as the contact stiffness is increased from a relatively soft value of 

1.4 ∗ 104 𝑁𝑁/𝑚𝑚 to a medium and then a hard value of 7.0 ∗ 104 𝑁𝑁/𝑚𝑚 and 1.4 ∗ 1010 𝑁𝑁/𝑚𝑚, 

respectively. Simulations with the initial displacement outside the gap region (i.e. for preloaded cases) 

have a much higher computational cost than un-loaded cases. Thus, for the hard-contact case, only 

small ICs within the gap are used to compute frequency response curves. The bifurcation diagrams 

show the points of zero velocity (peaks, valleys, inflections) of the steady-state response, for a single 

IC, as contact stiffness steadily increases towards hard impact. 
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Fig. 7: (a, b, c) Frequency response curves and (d, e, f) bifurcation diagrams showing the effect of increasing contact 

stiffness on the system response. Plot (a) was created with a contact stiffness of 𝐾𝐾𝑐𝑐 = 1.4 ∗ 104 𝑁𝑁/𝑚𝑚, plot (b) has 
𝐾𝐾𝑐𝑐 = 7.0 ∗ 104 𝑁𝑁/𝑚𝑚, and plot (c) has 𝐾𝐾𝑐𝑐 = 1.4 ∗ 1010 𝑁𝑁/𝑚𝑚. Plot (d) was created with a forcing frequency and 
initial displacement of 𝑤𝑤 = 5 𝐻𝐻𝐻𝐻, 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚, plot (e) has 𝑤𝑤 = 17 𝐻𝐻𝐻𝐻, 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚, and plot (f) has 𝑤𝑤 =
23 𝐻𝐻𝐻𝐻, 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚. All plots had 𝑝𝑝 = 4 𝑁𝑁, 𝑗𝑗1 = 0 𝑚𝑚𝑚𝑚, 𝑗𝑗2 = 0.8 𝑚𝑚𝑚𝑚. The blue dots indicate results obtained 

using event location, and red dots indicate without event location. Blue dots are slightly larger to show overlap. The 
black dashed lines in plots (d-f) indicate bifurcations studied later in Sections 5.1-5.3. 

 

Figure 7(a) compares the system’s FRC for soft contact, given initial displacements 𝑥𝑥0 ∈

{0, ±[0.1, 0.2, 0.4, 0.8, 1, 2, 3, 4, 5]} 𝑚𝑚𝑚𝑚, when event location is off and on. It is evident that there is 

only slight visual difference between the two curves, and mainly in the 11-16 Hz frequency region that 

exhibits chaos and/or quasi-periodic responses. Results are omitted for brevity, but for all six of the 

experimental configurations, the differences in the FRC are small. The contact-spring stiffness is 

increased to 𝐾𝐾𝑐𝑐 = 7.0 ∗ 104 𝑁𝑁/𝑚𝑚 in Figure 7(b) and is five times the original value. The same of ICs 

is used for computation. It is immediately seen that the resonance peak has shifted up in frequency 

from 16 Hz to 25 Hz, and the rest of the response has shifted to higher frequency and lower amplitude. 

These results also show high similarity with and without event detection, with only minor differences 

at some forcing frequencies. The last FRC in Figure 7(c) is computed with 𝐾𝐾𝑐𝑐 = 1.4 ∗ 1010 𝑁𝑁/𝑚𝑚, 

which is one million times the first contact stiffness, and 𝑥𝑥0 ∈ {0, 0.1, 0.2, 0.4, 0.6, 0.8} 𝑚𝑚𝑚𝑚, to 

simulate hard impact. No resonance peak is visible anymore, even at higher frequencies, and instead 

the response amplitude is more uniform and limited in range. There are more frequency bands where 

chaos or multiple solutions are present compared to the lower-stiffness cases, but the results with and 

without event location still agree well in the periodic ranges. 

Moving on to the bifurcation diagrams, the first one is in Figure 7(d) and shows the dependence 

on 𝐾𝐾𝑐𝑐 at a forcing frequency of 5 Hz and 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚. At the lowest values of contact stiffness, the 

response appears periodic and decreases in amplitude before encountering several successive 

bifurcations as 𝐾𝐾𝑐𝑐 increases. Near the figure center, a structure in the middle of the response branches 
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out and persists until the solution becomes chaotic as 𝐾𝐾𝑐𝑐 continues increasing. This structure seems to 

be birthed by a grazing bifurcation at 𝐾𝐾𝑐𝑐 ≈ 2.5 ∗ 104𝑁𝑁/𝑚𝑚 with the lower freeplay boundary. The 

response converges on chaotic behavior beyond 𝐾𝐾𝑐𝑐 > 5 ∗ 106𝑁𝑁/𝑚𝑚. Across the figure, results with and 

without event location agree well everywhere except one region near the grazing bifurcation where a 

narrow band of chaos is not captured without event location. Figure 7(e) shows the results for forcing 

frequency of 17 Hz and 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚 and shows the system converges onto two different behaviors 

at soft (periodic) and hard (chaotic) contact stiffness. As 𝐾𝐾𝑐𝑐 increases, the region between the limits 

appears to undergo a period-doubling bifurcation before abruptly hit a narrow band of chaos, which 

again abruptly changes to ahigh-amplitude period-1 response. A narrow band of nonlinear periodic 

behavior occurs near 𝐾𝐾𝑐𝑐 ≈ 3 ∗ 105𝑁𝑁/𝑚𝑚, and a region with the appearance of chaos occurs before the 

system transitions to persistent chaos above 𝐾𝐾𝑐𝑐 > 2 ∗ 107𝑁𝑁/𝑚𝑚. Like before, the results with and 

without event location agree well except in a few areas, namely the chaos-like region in which some 

solutions are obtained only when using event location. 

Lastly, Figure 7(f) shows the results for forcing frequency 23 Hz and 𝑥𝑥0 = 0.32 𝑚𝑚𝑚𝑚. The system 

again converges to two different behaviors at soft and hard contact stiffnesses. As 𝐾𝐾𝑐𝑐 increases from 

soft to hard, the system starts off periodic and hits a region of nonlinear resonance before jumping to 

a significantly higher amplitude near 𝐾𝐾𝑐𝑐 ≈ 2 ∗ 104𝑁𝑁/𝑚𝑚. The amplitude quickly decreases before the 

system enters a complex region with many bifurcations leading to both periodic and chaotic solutions 

interspersed. The system then drops to a lower-amplitude periodic solution near 𝐾𝐾𝑐𝑐 ≈ 2 ∗ 107𝑁𝑁/𝑚𝑚 

and drops again to its converged periodic response shortly after. The differences with and without 

event location are more pronounced in this figure, and discrepancies occur in many places between the 

low- and high-𝐾𝐾𝑐𝑐 limits. The responses without event location also appear to have a coarser texture 

than the responses with event location. 

Based on the results of Figure 7, the main differences when using and neglecting accurate event 

location amount to either capturing different solutions or exhibiting a coarse, “poorly converged” 

appearance and occur primarily at intermediate levels of contact stiffness. The remainder of the 

analysis is now tailored to further study these results: the behavior near three different bifurcations is 

explored first with basins of attraction to reveal the different possible solutions and how event location 

affects which basin an arbitrary initial condition is attracted to. Next, the time histories, phase portraits, 

Poincaré maps, and Largest Lyapunov exponents of the different solutions/attractors are shown to 

study the effects of event location on the solutions themselves. 
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5.1 Influence of event location near a grazing bifurcation 
Figure 8 shows the basins of attraction (BOAs), computed both with and without event location, 

near the dashed line in Figure 7(d) which corresponds to a grazing bifurcation as contact stiffness 

decreases. The BOAs in Figures 8(a, b) occur for 𝐾𝐾𝑐𝑐 = 2.55 ∗ 104𝑁𝑁/𝑚𝑚,𝜔𝜔 = 5 𝐻𝐻𝐻𝐻 and exhibit two 

different attractors each. Decreasing the stiffness to 𝐾𝐾𝑐𝑐 = 2.32 ∗ 104𝑁𝑁/𝑚𝑚 causes the grazing 

bifurcation and leads to Figures 8(c, d), which exhibits three attractors. The third attractor is only 

captured with event location and comprises just a few points at the bottom of Figure 8(c) in blue. 

Before the grazing bifurcation, the higher-amplitude solution is dominant while the second attractor 

exhibits a faint swirling behavior that is coarser but better seen without event location. After the grazing 

bifurcation, the two higher-amplitude solutions are roughly equal in dominance. A more pronounced 

swirling pattern is observed, and the basin boundaries for the result without event location are coarser 

than the result with event location. Based on the colormap, the highest-amplitude attractor also 

increased slightly in amplitude. 

   
(a) Before bifurcation, event location on  (b) Before bifurcation, event location off 

   
(c) After bifurcation, event location on  (d) After bifurcation, event location off 

Fig. 8: Basins of attraction at 𝜔𝜔 = 5 𝐻𝐻𝐻𝐻 both before (a, b, 𝐾𝐾𝑐𝑐 = 2.55 ∗ 104𝑁𝑁/𝑚𝑚) and after (c, d, 𝐾𝐾𝑐𝑐 = 2.32 ∗
104𝑁𝑁/𝑚𝑚) the grazing bifurcation marked in Figure 7(d) as contact stiffness decreases. Plots (a, c) are computed with 
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event location, and plots (b, d) are computed without event location. Color corresponds to steady-state peak 
amplitude according to the colorbars and is used to distinguish the different possible responses. The black dashed 

lines denote the freeplay boundaries. 
 

Figure 9 presents the time history, phase portrait, Poincaré map, and LLE for each attractor in 

Figures 8(a, b), both with and without event location. A grazing contact is seen for the first attractor, 

and the LLE in all cases is sufficiently close to zero as to conclude the responses are periodic. There is 

also excellent agreement between responses with and without event location. The solution data after 

the grazing bifurcation is presented in Figure 10, and it shows that grazing contact occurs for two 

attractors now. The LLE and Poincaré map indicate the responses are all period-1 still, and excellent 

agreement is still seen between attractors captured with and without event location. Attractor 3, 

however, was only captured when event location was used. A preliminary conclusion is that lack of 

accurate event location has a strong influence on what attractor a solution converges on, and possibly 

a lesser influence on the solution behavior of the attractor itself. This is supported by the zoomed inset 

in the upper-right plot of Figure 10: the results with and without event location differ on a small scale, 

with event location giving more refined results, but the differences are negligible on the whole scale 

of the response. 
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Fig. 9: Steady-state time histories and phase portraits/Poincaré maps of the attractors in Figures 8(a, b) for 𝐾𝐾𝐾𝐾 =
2.55 ∗ 104𝑁𝑁/𝑚𝑚,𝜔𝜔 = 5 𝐻𝐻𝐻𝐻, before the grazing bifurcation. Green and orange indicates results obtained without 
event location, blue and red using event location. 𝜆𝜆 and its color denotes the corresponding response’s largest 

Lyapunov exponent. Dashed lines denote freeplay boundaries. 

 
Fig. 10: Steady-state time histories and phase portraits/Poincaré maps of the attractors in Figures 7(c, d) for 𝐾𝐾𝐾𝐾 =

2.32 ∗ 104𝑁𝑁/𝑚𝑚,𝜔𝜔 = 5 𝐻𝐻𝐻𝐻, after the grazing bifurcation. Green and orange indicates results obtained without event 
location, blue and red using event location. 𝜆𝜆 and its color denotes the corresponding response’s largest Lyapunov 

exponent. Dashed lines denote freeplay boundaries. 
 

5.2 Influence of event location near a period-doubling bifurcation 
The next bifurcation studied occurs in Figure 7(e) near 𝐾𝐾𝑐𝑐 = 8.0 ∗ 103𝑁𝑁/𝑚𝑚,𝜔𝜔 = 17 𝐻𝐻𝐻𝐻 and will 

be seen to indicate a period-doubling bifurcation. Figure 11 shows the BOAs, computed both with and 

without event location, and both before and after the bifurcation. There exists only one attractor in 

Figures 11(a) and (b) before the bifurcation, and Figures 11(c) and (d) indicate that there is still only 
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one attractor after the bifurcation. Both sets of attractors with and without event location appear to 

have slightly different amplitudes, however, based on their respective colors. 

   
(a) Before bifurcation, event location on  (b) Before bifurcation, event location off 

   
(c) After bifurcation, event location on  (d) After bifurcation, event location off 

Fig. 11: Basins of attraction at 𝜔𝜔 = 17 𝐻𝐻𝐻𝐻 both before (a, b, 𝐾𝐾𝑐𝑐 = 7,694 𝑁𝑁/𝑚𝑚) and after (c, d, 𝐾𝐾𝑐𝑐 = 8,833 𝑁𝑁/𝑚𝑚) 
the period-doubling bifurcation marked in Figure 7(e). Plots (a, c) are computed with event location, and plots (b, d) 
are computed without event location. Color corresponds to steady-state peak amplitude according to the colorbars 
and is used to distinguish the different possible responses. The black dashed lines denote the freeplay boundaries. 

 

Figure 12 presents the solution data for the attractors in Figures 11 both with and without event 

location and before and after the bifurcation. Comparing the results before and after the bifurcation 

now confirms that the attractor changes from a period-1 response to a period-2 response. Further, a 

near-grazing contact occurs in the period-2 response. The LLE in all four cases is small and supports 

the periodic nature of the responses. There is again excellent agreement between responses with and 

without event location. 
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Fig. 12: Steady-state time histories and phase portraits/Poincaré maps of the attractors in Figure 11 at 𝜔𝜔 = 17 𝐻𝐻𝐻𝐻 

before (𝐾𝐾𝐾𝐾 = 7,694 𝑁𝑁/𝑚𝑚) and after (𝐾𝐾𝐾𝐾 = 8,833 𝑁𝑁/𝑚𝑚) the period-doubling bifurcation. Green and orange 
indicates results obtained without event location, blue and red using event location. 𝜆𝜆 and its color denotes the 

corresponding response’s largest Lyapunov exponent. Dashed lines denote freeplay boundaries. 
 

5.3 Influence of event location near a transition to chaos 
The final bifurcation used to study the effects of neglecting accurate event location is a transition 

to chaos, as denoted in Figure 7(f) near 𝐾𝐾𝑐𝑐 ≈ 2 ∗ 107𝑁𝑁/𝑚𝑚,𝜔𝜔 = 23 𝐻𝐻𝐻𝐻. The basins of attraction near 

this bifurcation are shown in Figure 13 and all appear similar in likeness. In all cases, the highest-

amplitude attractor is dominant, and there were found to be four attractors in total. There appears to be 

no structure within the basin as seen previously, instead taking on a granular appearance throughout. 
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(a) Before transition, event location on  (b) Before transition, event location off 

   
(c) After transition, event location on  (d) After transition, event location off 

Fig. 13: Basins of attraction at 𝜔𝜔 = 23 𝐻𝐻𝐻𝐻 both before (a, b, 𝐾𝐾𝑐𝑐 = 1.84 ∗ 107𝑁𝑁/𝑚𝑚) and after (c, d, 𝐾𝐾𝑐𝑐 = 1.94 ∗
107𝑁𝑁/𝑚𝑚) the transition to chaos marked in Figure 7(f). Plots (a, c) are computed with event location, and plots (b, 

d) are computed without event location. Color corresponds to steady-state peak amplitude according to the colorbars 
and is used to distinguish the different possible responses. The black dashed lines denote the freeplay boundaries. 

 

Because the attractors appear the same both before and after the transition to chaos seen in Figure 

7(f), it is inferred that the specific initial condition used to make the bifurcation diagram caused the 

system to simply converge onto a different attractor. Figure 14 therefore presents the solution data for 

all four attractors in Figure 13(a) both with and without event location. The first attractor oscillates 

between the upper and lower freeplay boundaries in a period-1 manner, although the Poincaré maps 

and LLEs indicate there is some level of coarseness or small instability to the motion. This is because 

the Poincaré map both with and without event location is smeared over a small area rather than a 

focused point, and the LLEs are no longer small enough to neglect. Interestingly, the response without 

event location has its Poincaré map covering a larger area but has a smaller LLE than the response with 

event location. Attractor 2 is a roughly period-3 response that also exhibits slightly unstable traits. The 

Poincaré map both with and without event location is smeared across three “points”, the LLE for both 
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is not negligibly small (and higher for the response without event location), and the time histories with 

and without event location are noticeably out of phase. Attractor 3 appears to be fully chaotic for the 

response with event location: the Poincaré map takes up a large area, and LLE is significantly large. 

The response without event location also appears chaotic, but to a smaller degree: The Poincaré map 

consists of five isolated “points”, and the LLE is of similar magnitude as those of attractors 1 and 2. 

Lastly, attractor 4 appears to be period-2 and has smaller LLEs than the previous attractors. The 

difference between responses with and without event location is a matter of coarseness. 

 
Fig. 14: Steady-state time histories and phase portraits/Poincaré maps of the attractors in Figure 13 at 𝐾𝐾𝐾𝐾 = 1.84 ∗

107𝑁𝑁/𝑚𝑚,𝜔𝜔 = 23𝐻𝐻𝐻𝐻 corresponding to the observed transition to chaos. Green and orange indicates results obtained 
without event location, blue and red using event location. 𝜆𝜆 and its color denotes the corresponding response’s 

largest Lyapunov exponent. Dashed lines denote freeplay boundaries. 
 

6 Conclusions 
In the present study, the different types of behavior and inaccuracies that can occur when contact 

is not adequately accounted for in a piecewise-smooth dynamical system were studied as the strength 
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of the contact stiffness increases from soft contact to hard impact. A MATLAB®-based numerical 

method, based on the work of Wright et al.[62], was first validated against experimental data and 

showed good agreement with experimental results. Then, as the contact stiffness is increased towards 

hard impact, the numerical results have shown a few key behaviors in this system’s response when 

computed with and without an event location procedure. 

First is that the response without event location will be accurate if the contact stiffness is 

sufficiently small or large. For a small contact stiffness, the freeplay nonlinearity is weak; an 

improperly captured timestep near a contact boundary evidently will not cause a lot of accumulating 

error because, intuitively, the added contact stiffness does not change the system much. On the other 

hand, for a large contact stiffness, the freeplay nonlinearity is strong; hard contact tended to cause 

chaotic responses, so the error of an improperly captured timestep is likely swallowed up in chaos. 

Another factor that may be important is how the MATLAB® ode45 function has an adaptive timestep 

that can increase or decrease automatically. When a large contact stiffness is present, it would make 

sense if ode45 decreased the timestep to account for the large value, thereby reducing error. This would 

explain why the largest discrepancies were seen at intermediate values of contact stiffness. 

The second key behavior is that neglecting event location has little effect on the behavior of the 

attractors themselves. In nearly all the time histories and phase portraits above, the solutions with and 

without event location corresponding to the same attractor agreed well, with the only difference being 

the results without event location looked coarser and “poorly converged” compared to the results with 

event location. Non-physical or otherwise fictitious responses were never formed, so the most severe 

danger for real-life design or experiments would be moving through a multistable region in which a 

high-amplitude or chaotic is not detected during simulation. If a subharmonic or other isolated 

resonance is not detected when modeling a new aircraft part, for example, then this allows the 

possibility of activating the high-amplitude response and causing severe damage. 

On that note, the third key behavior is that the use or neglect of an event location procedure can 

affect the basin of attraction boundaries of the system. Results showed that basins of attraction 

computed without event location still produced the same attractors as basins computed with event 

location, with the same periodic or chaotic behavior. However, the basin boundaries can be changed 

when neglecting event location, often resulting in coarser boundaries. In a system that already exhibits 

multistability due to dependence on initial conditions, the inaccuracy of not capturing contact points 

adds to the difficulty of predicting what type of response the system will produce under a given set of 

system parameters. This has practical implications for modeling and validating experimental data of 
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contact systems: performing multiple test runs, starting from different initial conditions or subject to 

small perturbations, is important to ensure that all basins of attraction are found. 
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