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ABSTRACT: We compute the unpolarized quark and gluon transverse-momentum depen-
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ation becomes collinear to the detected hadron. The required cross section is obtained by
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collinear to one of the initial states. Our results agree with a recent independent calculation
by Luo et al.
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1 Introduction

Highly energetic scattering processes allow us to test our understanding of fundamental
interactions with incredible precision. It is the asymptotic freedom of strong interactions
of QCD that allows us to contrast our first principle understanding of the interactions with
experimental data. The interacting elementary particles of QCD — quarks and gluons —
are however concealed in our observations as they form hadronic bound states as the strong
interactions confine at long distances. The gateway that bridges the world of partonic
interactions, where observables are calculable in perturbative QCD, to the observation in
real-life detectors is provided by factorisation theorems. Factorisation theorems split the
long range, confining part of a scattering process from the short range collision process of
quarks and gluons. The long range part of this factorisation theorems is typically expressed
in terms of parton distribution functions (PDFs) and fragmentation functions (FFs). PDFs
and FFs are independent of the particularities of the scattering process and are universal,
such that they can be measured and used in many different experiments and observables.

Longitudinal FFs are the simplest example of FFs, as they only describe the probability
of a quark or a gluon to convert to a hadron that carries a given momentum fraction of



the fragmenting parton [1-4]. This notion is expanded by transverse-momentum dependent
FFs (TMDFFs) [5-12], which encode the probability of a hadron to arise from a fragmenting
parton with a certain fraction of the partons longitudinal momentum and a small transverse
momentum relative to the parton.

TMDEFFs are important ingredients for describing high-energy scattering processes
involving hadronic final states at low transverse momentum, for example hadron production
at eTe” colliders or semi-inclusive deep-inelastic scattering (SIDIS) [13-19], which will
also play an important role at the upcoming Electron-Ion Collider (EIC) [20, 21]. This
data has been used to extract both unpolarized TMDFFs [22-24] and the so-called Sivers
function [25-36]. TMDFFs are also closely related to TMD jet functions arising in processes
involving final-state jets at low transverse momentum [37-40], and to the jet functions
encountered in energy correlation functions in electron-positron annihilation [41, 42] and
transverse-momentum dependent event shapes involving jets [43-45]. For a review on
TMDFFs see for example ref. [46] and references therein.

TMDEFFs are intrinsically nonperturbative objects, as they relate the dynamics of
partons and hadrons, and as such have been extracted from various experiments [23, 32, 46—
52]. However, for transverse momenta gr that are much larger than the confinement scale
Aqcp, an operator product expansion in Aqcp/gr allows one to express each TMDFF in
terms of a standard longitudinal FF and a gr-dependent matching kernel. The matching
kernels are calculable order by order in perturbation theory and are currently known at
next-to-next-to-leading order (NNLO) [53-55] in perturbative QCD. In the regime of
perturbative gp, they can be used for example in extractions of longitudinal FFs from
differential measurements of suitable observables, see for example refs. [56-59].

In this article we present the calculation of the matching kernels for all unpolarized
quark and gluon TMDFFs at N3LO. TMD parton distribution functions (TMDPDFs),
the initial-state counterparts of TMDFFs, are already known at this order [60, 61]. Our
calculation relies on a recently developed method to expand hadron collider cross sections
around the limit where final state QCD radiation is collinear to an incoming parton [62].
We demonstrate explicitly how partonic cross sections for the production of electro-weak
gauge bosons can be related to DIS cross sections via analytic continuation. We apply this
analytic continuation to the collinear limit of the partonic cross section of gluon-fusion Higgs
boson production and Drell-Yan production to obtain their DIS counter part. The collinear
limit of these production cross sections was recently computed by us for the calculation
of the N3LO TMDPDFs [60] and N-jettiness beam function [63]. We then establish an
analytic relation among the TMDFF matching kernels and the newly obtained collinear
limit of the DIS cross sections. The combination of this collinear limit with the TMD soft
function yields the scheme-independent TMDFF at N3LO. With this we are finally able to
extract the desired perturbative TMDFF matching kernels.

The paper is structured as follow. In section 2, we setup the kinematics for SIDIS
retaining full information on the momentum of the final state hadron. In section 3, we
show how to use crossing symmetry and analytic continuation to obtain results for fully
differential partonic cross sections in SIDIS from analogous cross sections in proton-proton
collision. In section 4, we study the behaviour of the partonic cross section when taking



Figure 1. Schematic picture of the DIS process in eq. (2.1), producing a final-state hadron H in
the scattering of an electroweak boson, here a photon, off the incoming proton.

the radiation to be collinear either to the struck proton or to the final state hadron. In
section 5, we make use of the framework developed in the previous sections to extract
the TMDFFs at N®LO by imposing a transverse-momentum measurement to the leading
collinear expansion of the cross section. We conclude in section 6.

2 Setup

In this section we introduce our notation for the description of semi-inclusive deep inelastic
scattering (SIDIS), reviewing both the scattering process and providing the definitions of
all required kinematic variables and the associated final-state phase space. Finally, we
define the transverse momentum observables of interest in this article.

2.1 Semi inclusive deep inelastic scattering

We study cross sections for the production of a hadron H in DIS alongside additional
radiation, which we indicate as a multiparticle state X. In particular, we focus on the
hadronic part of the DIS cross section that is initiated by the scattering of a proton with
momentum P; and an electro-weak boson h with the space-like momentum g,

P(P) + h(q) —» H(=Py) + X(~k). (2.1)

Here, we take all momenta to be incoming. This process is schematically depicted in figure 1
for the example of a virtual photon as the electro-weak gauge boson. In this article, we will
consider DIS with either a virtual photon or a Higgs boson as the electro-weak gauge boson.

We are interested in SIDIS, where we measure an observable O that depends on the
final-state hadronic momenta. For perturbative O > Aqcp, the cross section differential
in O can be factorized as

d dAZ’ i ) ) O
SOPHhoHAX _ 5 > fi(zB) ®ap sty x5, 21, O) Dup dp/j(TF)- (2.2)
iJ

d.%'FdO ddeO

Here, the overall normalization & is the Born cross section and the sum runs over parton
flavors 4, j. Ineq. (2.2), 7i+nh—j+x is a perturbatively calculable partonic coefficient function
encoding the underlying partonic process ¢ + h — j + X, which is convolved with the
nonperturbative parton distribution function (PDF) f; and fragmentation function (FF)



dgsj. The PDF fi(z) encodes the probability to extract the parton with flavor i and
momentum fraction = from the proton, while the FF dp/;(y) describes the fragmentation
of a parton of flavor j into a hadron of type H which carries the momentum fraction y of
the parent parton. We define the hadronic invariants

2
q 2P -q
- _ ’ = — ) 2.3
TR ¢? (23)
In analogy, we introduce the partonic variables z and &,
2
q 2p2-q
z=— §=——%5—. (2.4)

2p1-q’ q
The convolution integrals abbreviated by ®,, and ®, in eq. (2.2) can now be written
explicitly as
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where the partonic coefficient function is given by
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Here we introduced the normalization factor N; related to the helicity and color average of

the incoming particle, which for an incoming quark or gluon takes the value

1 1

N9:2(1fe)(ngf1)’ Nq:fnc'

(2.7)

In eq. (2.6), the sum runs over the number m of additional partons in the final state besides
the parton of flavor j that fragments into the hadron H, and ®1.,, is the associated m + 1-
parton phase space. The § functions implement the measurements of ¢ and O, and the
squared matrix element |./\/li+h_>j+m|2 corresponds to the partonic process of producing
the m + 1 partons in the collision of a parton of flavor ¢ with the hard probe h.

2.2 Kinematics and final state phase space

We are interested in observables differential in the four momentum P, of the final state
hadron H, while we are inclusive over all additional final-state radiation. A convenient set
of variables to describe the kinematics of the corresponding partonic process is given by

2p1 - k 2ps - k  (2p1 - p2)k?
w — a

o1 -p2 2p1-p2’ © (2p1-k)(2p2 - k)

s=(p1+p2)’, wi=- (2.8)

Here, k is the sum of all m final state momenta of the particles produced in addition to
the parton with momentum ps,

k= Z ;. (2.9)



The differential m + 1-parton phase space is given by

m+2 m+2 ddp;
APy 4 = (2m)%0° (pl +q+ ) pz‘) I =

=2 =2

(2m)4 (p2) (2.10)

It can be parameterized using the variables in eq. (2.8) as

d¢ Q — —€ — € —€ — €
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where

m+2 m+2 dép,
A, () = (2)5" (k -y pl) T <2t (2m)s. (2). (2.12)

d
i=3 =5 (27)

The kinematic variables are defined in the following domains,
x € [0,1], w < 0, wy > 0, ¢ < 0. (2.13)

We can now express the desired partonic coefficient function defined in eq. (2.6) in terms
of the partonic coefficient function differential in the above variables,

Lihox / dunchsd 316 = wr, w2, )] 10 = Ol wa, 0)] FEIE
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The second line is the central object in this work, from which all desired observables can
be easily projected out. It can be expanded as
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Here, we have expanded ;4,4 x in the strong coupling constant /7, and denote the

coefficients as nfj for brevity. In the second line we have split off the terms 77;; which arise

purely from Born contributions and virtual corrections. The remaining functions n(é mon)

are separately holomorphic in the vicinity of w; = 0 and we = 0.

The benefit of using the variables defined in eq. (2.8) is that together with ¢? they fully
specify the momentum po and thus are sufficient to express in ;4 ;4 x differential in po.
For example, the Lorentz-invariant momentum fractions defined in eq. (2.4) are given by

1 —ws 1 —w — wo + wiwax

¢ = z = . (2.17)

l—wl—w2+w1w2x’ 1—w1




2.3 Transverse momenta

In SIDS, two particular definitions of transverse momentum play a key role. These two
different definitions of transverse momentum are most naturally measured in two different
inertial frames. We define the infinite momentum frame (also referred to as Breit frame)
and the hadron frame as follows:

Infinite Momentum Frame Hadron Frame
q=(0,0,Q) q=(¢"qr.q.)
Py :E1(1767 1) Py :El(laaal) (218)

P, = (m, }32T,P2z) Py = E2(1>67_1)

Here, E1 and E» represent the energies of the initial and final state hadrons, respectively.

The explicit vectors in the above table are Euclidean vectors. The momentum component
|gr| of the momentum ¢ is orthogonal to the plane spanned by the momenta P; and P
of the hadrons and is most naturally measured in the hadron frame. The momentum
component \ﬁgT\ of the momentum P is orthogonal to the plane spanned by the momenta
g and P; and is most naturally measured in the infinite momentum frame. We express
both transverse momenta in terms of Lorentz invariant quantities by

Q? S wxp
2
=0 (1440, 2.1
|Gr| Q(Jrst (2.19)
Here,
S=(P+P)2=""Fg (2.20)
rp §

is the invariant mass of the dihadron system. Inserting the parametrisation in terms of wi,
wy and z as defined in eq. (2.8), the two transverse momenta of interest can be expressed
in a Lorentz-invariant fashion as

= 2 o Pwiwz(1 — 2)(1 — wy — we + wiwex)
|Por|” = x% 2 2 ’
(1 — wl) (1 — ’IUQ)

2
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Below, we will be mostly interested in the limit that |Pyp|2, or equivalently |gr|2, becomes
small. We will approach this limit by considering the limit wy — 0, for which one obtains
the simple relation

2
~ 1—2x)
li . P 2 2= 12 24 w1w2(
w;mo |Por|” = xp|qr| _xF—l—wl

(2.22)



3 Crossing from production to DIS cross sections

In the previous section, we introduced the SIDIS process P(Py)+h(q) — H(—P)+ X (—k)
for the scattering off an electroweak boson h off the proton P, thereby producing a detected
final-state hadron H in association with additional hadronic radiation. The associated
cross section is related by a factorization theorem to the partonic process i(p1) + h(q) —
J(=p2) + X(—k), which we describe by the partonic coefficient function 7;; where we are
fully differential in p; and p9, but integrate over k.

We now want to relate, i.e. cross, this partonic configuration to the one where both
partons are in the initial state and produce an outgoing electroweak boson h, which we
hence refer to as “production”. Concretely, we study the crossing relation

p(p1) + h(q) = p(—p2) + X(—k) — p(p1) +p(p2) — h(—q) + X(=k), (3.1)

where, as always, we choose all momenta as ingoing.
Recently, we have studied this production process refs. [62, 64, 65]. In particular,
in ref. [62] we showed that the corresponding partonic coefficient function is given by

production production
dn;; 1 N d®p iy

iJ 9
A02dw dw.dz &0 ij ) 2
dQ%dwidwodx 69 2Q2 ;/ dw,dwydz IMij—ht-x,| (3.2)

where the differential phase space for h + n partons is given by

_wiwag® 7€ 1— 7)€
dq)h+m o (l—wl—w2+w1w2w> ( JI)
dwidwedzr (4m)2=<(1 —¢)

Olz(l — 2)]0(wr) O(ws) AP (k). (3.3)

Here, all variables are identical to the ones introduced in section 2.2 for SIDIS. In particular,
note that the squared matrix elements are identical in the DIS and production case up to
the crossing of momenta py and ¢. Furthermore, in both cases, production and DIS, the
final state radiation is integrated over the phase space d®,,. The dependence of the cross
sections on the momenta ps and ¢ is fully retained.

In order to relate the partonic coefficient function of DIS to production, or vice versa,
we need to understand the analytic structure of the partonic coefficient function. Crossing
po and ¢ changes the sign of the numerical value of the invariants s and w1, and consequently
it is important to understand the analytic branch structure of the partonic coefficient
functions at s = 0 and w; = 0. Since s is the only variable with explicit mass dimension
in our choice of independent variables, it immediately follows that the partonic coefficient

function at O(a) depends on s only through the multiplicative factor s="

€. The analytic
dependence on w; was already hinted at in eq. (2.15), but needs to be investigated in
more detail.

The partonic coefficient function comprises of amplitudes interfering with complex
conjugate amplitudes, integrated over the m-parton phase space. This can be further split
into interference of [-loop Feynman diagrams with conjugate k-loop Feynman diagrams, as

illustrated in figure 2. Similar to the decomposition of the partonic coefficient function in



Figure 2. Schematic picture of the interference of a I-loop Feynman diagram with a complex-
conjugate k-loop Feynman diagram.

eq. (2.15), the analytic structure of the depicted interference diagram can be decomposed as

l k
/ d®,, m(AlA,z):(swm)—mex{ SN fidni) () ws, z)

11,82=0 j1,j2=0

X 8%{ [(_5)(i1+i2—l)e(Swl)—ile(st)—i%}

5] . (3.4)

Here, the functions f(i17i27j1’j2)(w1, ws, z) do not contain any branch cuts at s =0, w; =0
or wo = 0. When performing a computation of analytic partonic coefficient functions, it
is easy and often useful to keep track of the individual functions f (il’iz’jl’jQ)(wl,wg,x).
The second line in eq. (3.4) differs between DIS and production kinematics due to the
different signs of s and w;. Explicit phases occur in a given loop amplitude depending on
the kinematic configuration of the external momenta. The phases are easily determined by
equipping the Lorentz-invariant scalar products s, sw; and swo with a definite Feynman
prescription,

(pi + pj)2 - (pi+ pj)2 + 0. (3.5)
Crossing from DIS to production kinematics then requires us to analytically continue the
second line of eq. (3.4). As an example, we consider the case i1 =iy = k = j; = jo =0,

Rl(—s—i0)7] = cos(ime) R [(s+i0)7] . (3.6)

DIS production
The same analytic structure as outlined above for the interference of two Feynman diagrams
naturally holds for the entire partonic coefficient function as well,

(m+1+k) l k (m+l+k,i1,4i2,51,)2)
—dmj = (swiwg)” ™ x Z Z dnij
dQ2dw dwedz ~ 2 dQ2dw dwsdz

11,12=0 j1,j2=0

x %{ [(—8)(“”271)6(8101)*ile(swg)*m]

% [(_S)(g‘mg—k)e(swl)—jle(st)—jQE}*}} : (3.7)



Once the universal functions m(;n+ Hhiyiz.0.52)

analytic continuation between DIS and production kinematics. The above was observed

are identified, it is easy to perform the

and explicitly verified for the computation of the ingredients of Higgs and DY production
up to N3LO in refs. [65-69] and holds in particular for the interference of amplitudes for
massless QCD corrections for the processes under consideration. We note that it is of course
also possible to relate DIS or production kinematics to partonic cross sections where only
the electroweak gauge boson is in the initial state and all partons are in the final state, for
example e* e~ annihilation.

In addition to the analytic continuation from DIS to production kinematics there are
some other, trivial differences in the partonic coefficient functions. First, the overall nor-

malisation factor A; and ./\/;?mdumon differ, which can be trivially accounted for. Second,

production
hym

the phase space measure d®,, and d® differ by factors depending on the kine-
matic variables. However, this difference is accounted for by a simple multiplicative factor
that does not require any additional analytic continuation. With this we have identified all
differences between DIS and production kinematics in bare, partonic coefficient functions
and can relate one to the other as long as the required analytic information is retained in
the computation of one of them.

Analytic continuation of processes and universal anomalous dimensions, such as split-
ting functions appearing in the evolution of parton densities and fragmentation function
have a long history [70-84]. The fact that our setup is differential in all four momenta that
are crossed from one kinematic configuration to another allows us to frame crossing purely

in terms of analytic continuation.

4 Collinear limit of partonic coefficient functions

In this section we briefly review the method introduced in ref. [62] to expand cross sections
in the kinematic limit where all final-state radiation becomes collinear to the parton with
momentum p; or p2. In order to illustrate this, it is instructive to decompose the momentum
k into its components along these directions,

kH = p’fkl —l—pgkg + ki (4.1)

Here, the k| component is chosen orthogonal to p; and ps. In order to illustrate the
collinear limit with respect to either massless parton we introduce an auxiliary rescaling
parameter A and indicate the collinear limit by

p1—collinear : k' — phky + N2phke + AEY
pa—collinear : kF— Nplkr + phks + MK (4.2)

The respective limit is then achieved by taking A — 0. The variables wy, wo and x defined
in eq. (2.8) were chosen such that the action of either collinear rescaling transformation
in eq. (4.2) on the partonic coefficient function simply amounts to a rescaling of wy 2.
Specifically, in the pj-collinear limit only w; is rescaled, while in the ps-collinear limit only



wy is rescaled, while the other variables are not affected,

p1—collinear : wy — Ny , Wy — way, Tr— T,

po—collinear : w1 — Wy, wy — Nwy, x>z, (4.3)

An expansion of our partonic coefficient function in the py o-collinear limit is thus equivalent
to an expansion in wy 2. More details on how such an expansion can be performed for multi-
loop partonic coefficient functions can be found in ref. [62].

A key difference between the pi- and ps-collinear limit is that the former corresponds
to a collinear initial-state singularity, which were already discussed in refs. [60, 62, 63],
while the latter corresponds to collinear final-state singularity. Here, we only briefly look
at the impact of the pj-collinear limit on the more familiar variables given in eqs. (2.17)
and (2.19),

]ﬁzTP _ WT|2 _ q2w1w2(1 —x)

2

p1—collinear : ,
L% 1—ws

E—=1, z—=1—ws. (4.4)
Note, that the pi-collinear limit of the phase space is identical for DIS and production
kinematics up to the domain of the variables,

dq)l—‘rm o T dq)h—i—m

_— _— 4.5
p1 1—coll dwld’wgdl’ p1l—coll dwldwgdx ( )

Furthermore, in the strict pi-collinear limit, which is defined by only retaining momentum
modes in loop integrals where the loop momentum itself is collinear to p; [62], none of the
partonic coefficient functions require any analytic continuation when crossing between DIS
and production kinematics. Thus, up to overall normalization factors the strict p;-collinear
limit agrees between production and DIS kinematics. Of course, this is an immediate
consequence of the universality of collinear dynamics of QCD and the factorization of
collinear initial-state singularities.

The limit of all final-state radiation becoming collinear to the momentum py corre-
sponds to collinear final-state singularities, which were not discussed in ref. [62] and are
the main focus of this article. In this limit, the familiar variables in egs. (2.17) and (2.19)
become
]132T]2 R Pwiws(1 — )

=l = —7—"—

_>
z% 1—wy € 1—w;’

pa—collinear :

z—1.  (4.6)

Note, that £ in the pa-collinear limit behaves reciprocal to z in the p;-collinear limit, which
is a consequence of their definition in eq. (2.4). In contrast to the pj-collinear limit, in the
pa-collinear limit the phase space for DIS and production kinematics differ slightly by

dq)l+m

do
. —342¢ 1i h+m 4
P2 1—12)11 dwldwgdx ) T ( 7)

~ (1 — .
( e p2—coll dwldwgd:z

Furthermore, in order to cross from production to DIS kinematics it is necessary to ana-
lytically continue parts of the partonic coefficient function, as outlined in section 3.
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5 Calculation of the TMD fragmentation functions

In this section we calculate the TMDFFs at N3LO from a perturbative calculation of the
SIDIS process P(P1) + h(q) — H(—P) + X(—k). We will briefly review the required
factorization for SIDIS in the limit of small transverse momentum in section 5.1, before
showing in section 5.2 how it relates to the kinematic limit where the final-state momenta
P, and k are collinear to each other. In section 5.3, we discuss our results for the TMDFFs.

In this section, it will be useful to introduce lightcone coordinates, which we define in
terms of two lightlike reference vectors

n* =(1,0,0,1),  @*=(1,0,0,—1), (5.1)

which obey n? = 72 = 0 and n-n = 2. Any four momentum p* can then be decomposed as

nk nH

P=p 5 +p P =0T ), (5.2)
where p~ =7 -p and p™ = n - p. We will always denote transverse vectors in Minkowski
space as p/| = (0, pr,0) where pr is a Euclidean two vector, such that pf_ = —132T = —p?p.

5.1 SIDIS factorization at small transverse momentum

We consider the unpolarized SIDIS process in eq. (2.1) in a frame where the incoming
proton P and outgoing hadron H are aligned along the lightcone vectors in eq. (5.1), i.e.

I Ik
pr=prt PPyl (5.3)
2 2
In this frame, the momentum ¢* of the electroweak boson h is given by
¢ =(¢"q",q1) with -Q*=¢"=q¢"¢ —qf. (5.4)

In particular, it has a nonvanishing transverse momentum ¢r. Note, that the above coor-
dinates correspond to the hadron frame introduced in section 2.3.

The factorization of the SIDIS cross section in the limit of small transverse momentum,
gr < Q, was first derived in [11] and elaborated on in refs. [85, 86]. We follow the notation
established in the treatment of TMD factorization within Soft-Collinear Effective Theory
(SCET) [87-90] in the formalism of the rapidity renormalization group equation [91, 92].
For Drell-Yan like processes, the factorized cross section is given by

do r ) /d%’T -~,g~( - y>~ ( - u)
g 19> HZ ) r TBi 7b s My —/ D j 7b s by T
dzp 2Gr 00 TF sz: (a1 (27T)2€ TB, 0T, 1 o H/j\ TF, 0T, { o

x Sy(br, m,v) x [1+0(a3/Q) ], (5.5)

see appendix A for more details. In eq. (5.5), 6¢ is the same Born cross section as before,
the sum runs over all parton flavors i, j contributing to the Born process i + h — j, and
the hard function H;; encodes virtual corrections to the Born process. As is common,
the factorization in eq. (5.5) is expressed in Fourier space, with I;T Fourier conjugate to

- 11 -



¢r. The TMD beam and fragmentation functions Bi(xB, I;T) and DH/j(mF, I;T) encode the
effect of radiation collinear to the incoming proton and outgoing hadron, respectively, and
are defined below. They depend on ET and the momentum fractions xp r as defined in
eq. (2.3). The soft function S,;(br) encodes the transverse recoil due to soft radiation, and
is independent of the quark flavors i and j. Eq. (5.5) depends not only on the common
renormalization scale j, which we take as usual as the MS scale, but also on the scale v
that arises from the regularization of so-called rapidity divergences [5, 86, 91-98], for which
we employ the exponential regulator of ref. [92]. The momentum fractions w, in eq. (5.5)
are defined as the lightcone components
- Py >
we =apP; , wp=——=, = Wawp = Q° . (5.6)
rr
They are closely related to the Collins-Soper scale &, ; o< w(ib [5, 6].
For gluon-induced processes, the factorized cross section reads

do
dzr d2gr

d2g io P~ — 14 ~ 1 — 1%

A 2 2 T igr-b o po

= 2H ;o (q°, ar-oT BP S,y — | D b, 1, —

o0 TR pop (q M)/Qﬂ_)ze g (xB T, U Q) H/g(xF T, W Q)

x Sy(br, ) x 14 0(a3/Q?)] . (5.7)

The only difference to eq. (5.7) is the Lorentz structure of ng" and [)?;/g, which arises due
to the helicity structure of the gluon field, One can decompose the gluon TMDFF as

5t iy E D iy o (£ Vi

>D;I/g(xF, br), (5.8)

where we suppressed the scales for brevity. The decomposition of ng" has the same struc-
ture as eq. (5.8). We will only consider Higgs production, where due to the scalar nature
of the Higgs boson

HP' (%, 1) = H(q% 1)g"" 977, (5.9)
and thus we only require the combination
2Hp0‘p/U’B50—D§{7g = H(BgDH/g + B;D,I{/g) s (510)

where we suppressed all arguments for brevity. Since this structure is very similar to the
combination in eq. (5.5), in the following we will always use the form in eq. (5.5), with
the implicit understanding that the B;D; term has to be added for Higgs production.
Furthermore, since B, = O(a;) and D = O(as), their NNLO results are sufficient to
describe Higgs production at N3LO. They have already been calculated in ref. [53], and we
will not consider them in our calculation of the N3LO TMDFFs.

Before proceeding, we remark that the precise form of the beam, fragmentation and
soft functions in egs. (5.5) and (5.7) depends on the chosen rapidity regulator. In our work,
we will use the exponential regulator of ref. [92], and the ensuing rapidity renormalization

scale is denoted as v, but many other rapidity regularization schemes are known in the
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literature [86, 91, 93-95, 98]. The scheme ambiguity can be eliminated by combining the
beam and fragmentation functions with the soft function, which in our case reads
. v
fz'TMD(xBabT7M7 Ca) - (.’L‘B,bT,,U,, ) S(bT7ILL7 V)a

DH/j <$F,5T,/L,Cb) :DH/j(:EF’ETv/J?%) S(anqu)' (511)

These combinations are manifestly v independent, reflecting the independence of the ra-
pidity regulator. As is common, we have introduced the so-called Collins-Soper scale
Cap = a »» @ remnant of the rapidity regularization. Note that while there is an estab-
lished notation distinguishing TMD beam functions B; and TMDPDFs f;, so far no such
notation exists for the TMDFF. To make clear which function we refer to, we will label
the TMDFF including the soft function by an explicit superscript “TMD?”.

Similar combinations as in eq. (5.11) can be constructed in all viable rapidity regula-
tors (often, these functions are combined at the bare level prior to renormalization, with
UV renormalization applied to the product). To calculate the TMDFF itself, one has to
calculate collinear and soft matrix elements separately, and hence it is natural to separate
the fragmentation functions from the soft function. Thus, we will provide results both for
the scheme-dependent D 1/ before and the scheme-independent D};%D after combination
with the soft function.

The TMDFFs in egs. (5.5) and (5.7) are well-defined QCD hadronic matrix ele-
ments [99]. Using SCET notation, the bare fragmentation functions are defined as

DH/q(acF, br, €, T)

4N 5 Z e BT (Ol (D)X (X [ (0)10)

DY (@i br,e7) = — 2 / TV CeE) (0|8 | ()| HX) (HX|BY 1 (0)[0) . (5.12)
F X

Here, we make explicit that we regulate UV divergences by working in d = 4—2¢ dimensions
and regulate rapidity divergences using the exponential regulator of ref. [92]. In eq. (5.12),
the sum is over all additional hadronic final states X, the trace is over color and spin,
and P is the momentum of the hadron H. The fields x5z and BE | are collinear quark and
gluon fields in SCET, with the pair of fields in each equation separated by b* = (0,b7,b, ).
The matrix elements in eq. (5.12) are defined in the hadron frame as specified in eq. (5.3),
i.e. the outgoing hadron H defines the lightcone direction n#, and br is transverse to it.
For perturbative by 2 AQéD, the TMDFF can be matched perturbatively onto the

~

collinear FF. For the renormalized TMDFF, this relation reads [85, 86]
dz Tp - v
DH/] (xFbenU'a ) Z/ dh/] z :U)CJJ <Z7bTaM7 Q)
dz Tp 22 . - v
- a ( )c 2 b s 2, 5.13
%:AF h/5' z/‘m%ﬁ( TNQ) (5.13)

where the matching coefficients éjj/ are perturbatively calculable. In the second line in
eq. (5.13) we have replaced z — zr/z, which will be more convenient for our extraction
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of Cjjr. Corrections to eq. (5.13) are suppressed as O(brAqcp). With this we may rewrite
the TMDEFF of eq. (5.13) in terms of the Mellin convolution

- - v _ - v
25Dy ($F7bT7M, Wb) =Y K (xF,bT,/h Wb) @z dpyjr(TF, 1)
j/

~ - v
= Z |:33%7ij/ (xF, bT, L, w())] ®$F dh/j’ (.%’F, M). (514)
Above, we implicitly defined the perturbative matching kernel
_ - v ~ - v
Kii <§,bT,u, ) = &2Cjy (5, br, 1, ) (5.15)
Wy wp

The TMDFFs in eq. (5.12) are defined in a coordinate system where P§ = Py n# /2
defines the lightcone direction and has vanishing transverse momentum, and hence b, is
Fourier-conjugate to the transverse momentum of the parton that initiates the fragmenta-
tion process. Alternatively we may consider the transverse momentum of the final state
hadron Pop which is naturally defined in the infinite momentum frame, see section 2.3, and
following ref. [54] we denotes this definition of the TMDFF F, /- Since the two transverse
momenta in these two frames are related as Pro = —zpq@r, see eq. (2.22), the two TMDFFs
are related by

Fryi(xr, By = Dyyi(wr, —Pyy JzF),
Fryj(@p,br/zr) = 25 Dy (wp, —br) . (5.16)
The first relation is an immediate consequence of eq. (2.22). The second equation imme-

diately follows upon Fourier transform in d — 2 dimensions.
In ref. [54], the matching relation for the F, H/j Was written as

~ BT 1% 1 df rr 5[54] BT v
j - -] = e i\ i’ s T oM T ] 1
Fap (o g om ) 21, e (E) G (e F D) 6

and thus our kernels K are identical to their kernels with rescaled arguments,
o - v _ 5054] gT v
K:JJ, (fv bTa M, wb) - Cj/j (57 ?7 1, w) . (518)

5.2 TMD fragmentation functions from the collinear limit

The TMDFF can be obtained from the collinear limit of SIDIS following the same strategy
applied in refs. [60, 62] to calculate the TMDPDF from the collinear limit of proton-proton
scattering. We start from the cross section differential in the transverse momentum gr,
which in the limit of small ¢r < @ is given by the factorization theorem in eq. (5.5),

do o ) /dng _~g‘~~( - u>~ < - 1/)
5 19- H’L P quTB’L' 7b s oy T D j 7b s My T
dep 2q, ~ OF Zz]: A1) (2m)2° BRI A C AN

x Sy(br, i v) x [1+0(a3/Q%)] (5.19)
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The key insight is that the hard, beam, fragmentation and soft function in eq. (5.19)
encode different dynamics. The hard function H arises from hard virtual corrections to
the Born process, while B, D and S are constructed such that they only arise from pi-
collinear, po-collinear and soft momenta in loop integral and real emissions, respectively.
It follows that by calculating the strict po-collinear limit, defined such that both loop
and real momenta are expanded in the ps-collinear limit, only the fragmentation function
contributes to eq. (5.19),

lim do
1 e —
strict pa—coll. dz g dd- 2qT

_2b . _ .
=6oah Z/ 25" fy(@p) Dy, br)

—U()J}F Zfz DH/z(xF7qT) (5.20)

Here we used that the hard and soft functlons are normalized to unity at tree level, while
the TMD beam function reduces to the PDF itself. Note that eq. (5.20) is to be understood
at the bare level, as only combining it with all other limits will cancel all appearing infrared
divergences, and thus ¢r and ET are treated in d — 2 dimensions. We also used that both
photon and Higgs exchange are flavor diagonal to fix j = 1.

We want to relate eq. (5.20) to the SIDIS cross section defined in collinear factorization.
Combining egs. (2.5) and (2.14), we obtain

s % [ (2o ()

drpdgy
ANiphsjrx
X /dwldwgdx m&@ — &(wr, wa, )] 0[gF — ¢ (w1, wa, )] ,
where the expressions for £ and ¢2 are given by eqgs. (2.17) and (2.21). In the limit that all
final state radiation becomes collinear to Py, i.e. wo — 0, all required variables becomes

wiwe(l — x 1
pa—collinear : @ — QM ’ £

— 1. 5.22
. (5.22)

Note that in this limit, the partonic coefficient function scales as §(1—2z), see eq. (2.11), and

thus renders the convolution in z trivial. Furthermore, we fix w; = —(1 — &) /¢, and obtain
d
lim O'P+h—>h;+X
strict pa—coll. dl’quT
. b dg TP
= UOZfi(-TB 3dH/] (5.23)
i S 3

. dfith—sjrx
x /dw?dx 5[(]% B Q2(1 B f)wg(l N 1‘)] stricthprgn—coll. dw:d;;gx '

Comparing egs. (5.20) and (5.23), we can immediately read off the relation between the
perturbative matching kernel and take the Fourier transform with respect to ¢r,

xF dd- 2qT —lgT'(TT
DH/Z(CL'FabT Z/:EF dry/; /Qd S )V 2/2 (5.24)

. 1 Ay x
% /dedxd[q% B QQ(l B §)w2(1 B l’)] strlcthpz coll. 52 dwde;Jcrlx .
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The perturbative matching kernel as defined in egs. (5.13) — (5.15) is then given by

d— o
lar}%ive(g bT / d 2 e—ibT'fTT (5 25)
J3 Qu_s(q )d/2 2/2 :

dA_
X /dw2d$5[q% — Q2(1 — §)w2(1 — x)] strlcthpg ol ;2 7;75232}25; .
The superscript “naive” in eq. (5.25) indicates that this is not yet the final result for the
(bare) matching coefficient.

First, we note that we still have to regulate rapidity divergences that arise as wy — 0, or
equivalently & — 1. In our approach, this regulator must only act on the total momentum
k. The only known regulator in the literature that fulfills this constraint is the exponential
regulator [92], which amounts to inserting a factor exp[27e~72k"] into the integral. In our
parameterization, this regulating factor reads

T@‘“’Eq%
wp(1 =& —2) ]

where in the last step we neglect the w; term that is not required to regulate the ws — 0

exp(21e EkY) = exp|—Te 7E (wipg + wapy )] — exp|— (5.26)

limit and use the momentum fraction wy, of eq. (5.6). Since eq. (5.26) vanishes exponentially
as £ - 1 and x — 1, it regulates all rapidity divergences in the ps-collinear sector. We
identify the rapidity regularisation scale as

1
V=, (5.27)
as 7 has inverse mass dimensions.

Secondly, the TMDFF is defined as the purely collinear limit of the cross section, but
the above matrix element still contains overlap with the soft factor. Its subtraction is
referred to as zero-bin subtraction [100]. In the case of the exponential regulator, this is
equivalent to dividing by the bare soft function. The soft function was calculated at N3LO
in ref. [101] and confirmed by us in ref. [60] from which we take its bare expression.

With the above manipulations, we obtain the actual bare matching coefficient as

(o)

d4- 2QT e—lth'gT 1 ) )
Qa_s(q2)/22)2 /0 dw dws 0[g7 — Q*(1 — wa(1 — )] (5.28)
exp{——e Eq3 %} di-
x lim 1 Ta-ou-e) i Llj+hjr+ X
7—0 {2 S(bT; €, T) strict pa—coll. dwjdwsodx oy 1= 5

where we already take the limit 7 — 0 which must be taken before ¢ — 0.
The last step is to relate the above partonic coefficient function to its counterpart in
production kinematics. As outlined in section 3, the two are related by

dﬁi+h—>j+X _ £3-2¢ M dﬁi+h—>j+X (5 29)
dw;dwsadz j\[il;mduc“on dw;dwsdz '

analyt.cont.
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To perform the analytic continuation in the above equation the necessary information on
the original partonic coefficient function must however be retained as explained in section 3.

Since all other ingredients in eq. (5.28) agree with the corresponding calculation of the
matching kernel Z;; of the TMDPDF in refs. [60, 62], the relation between the two can be
written compactly as

(5.30)
wy

. - v N ~ 1 - v
_ ¢1-2¢ ? Y = 7
Ky <£’bT’€’ w > =¢ NproductionIJ]/<€?bTa€7 >
b ij analyt.cont.

It only remains to absorb all leftover UV and IR singularities into suitable counterterms,
which we perform in the MS scheme. This yields the renormalized matching kernel as

~ — 14 1 dZ/ N\ i - % Z/ N v
ICij <£abT7:U'7 Wb) = Z/{ 7FJ]/(Z )ZB(:u’u TvQ)Zas(lu’)]Cij' <£7bTa€’ wb) ) (531)
]/

where the factor ZA% (11, €) implements the UV renormalization of the strong coupling con-
stant, I';;» absorbs all IR poles and corresponds to the redefinition of the bare fragmentation
function dp/; in terms of its renormalized counterpart, and the TMDFF counterterm Z}é
absorbs all leftover UV divergences. I'j;» can be obtained from the time-like splitting func-
tions, while Z}é can be predicted from the renormalization group equation governing the
TMDEFF. These steps are identical to the ones for the TMDPDF, and all required details
can be found in appendix A of ref. [62], up to replacing the spacelike splitting functions
P;; by their timelike counterparts Pf; [74-76, 80].

The perturbative matching kernel for the manifestly scheme-independent TMDFF of
eq. (5.11) is simply obtained by

- - ~ - v
K:;FJMD <§75T7M7W13) = ij' (é? br, wb) S(bTaua V)a : (532)

where ( = wl? is the Collins-Soper scale.

5.3 Results

We expand the renormalized matching kernels perturbatively as

00 0 20 7/
~ > 14 g = (L, m,n nrm
K (z,bT,u, ) -3 () S SRS ) LpLn (5.33)
“o/ =0 N/ nZom=0
The logarithms in eq. (5.33) are defined as
b2Tu2 v
Lb - ln 46_2'YE 3 LOJ - ln ;b . (534)

The logarithmic structure of eq. (5.33) is entirely governed by the renormalization group
equations of the TMDFF, which we have verified as an important check of our results. The
key new result of this article is the nonlogarithmic boundary term in eq. (5.33),

K\(2) = K50 (2) . (5.35)
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Figure 3. The N3LO TMD fragmentation function boundary term ICS) (z) as a function of z. The
matching kernels in all channels entering the quark fragmentation (left) and the gluon fragmentation
(right) are displayed. For illustration purposes the kernels have been rescaled as indicated.

These coefficients have already been calculated at NNLO in refs. [53-55, 102], with which
we find perfect agreement, while our result at N3LO is new. As in the case of the TMDPDF,
we find that it can be entirely expressed in terms of harmonic poly logarithms (HPLs) [103]
up to weight five. We provide the full result for eq. (5.33), and the corresponding result
including the soft factor as defined in eq. (5.32), in the supplementary material of this
submission. We also provide the expansion of the kernels both in z as wellasin z=1—z
up to 40 orders in the expansion. These expansions can be patched together to obtain a
fast and precise numerical evaluation of the kernels.

We have performed several checks on ours results. First, in eq. (5.31), we have used
counterterms predicted from known anomalous dimensions, rather than simply absorbing
all appearing divergences in counterterms. As consequence, divergences up to 1/e% had
to cancel in the process. In this manner, we also confirm the result of ref. [80] for the
timelike splitting functions at three loops, which noted a discrepancy for P(;‘Z,’(z) compared
to the previous results of ref. [76], but otherwise agree with previous determinations of the
timelike splitting functions [74-76].

We have also checked that the TMDFF obeys the same eikonal limit as the TMD-
PDF [55, 104, 105],

= ﬁ&jﬁo(l —Z),

2 (3)
lim KC;° = 51

tim K52 (5.36)
where 75 is the three-loop coeflicient of the rapidity anomalous dimension in the appropriate
color representation r. Explicit expressions for it can be found in eq. (9) in ref. [101].
Concerning the partonic coefficient function 7);;, we had already verified in refs. [60, 63]
that the inclusive integral over all final state kinematics for the soft limit of the coefficient
function yields the first term in the threshold expansion of the corresponding inclusive cross
section [106-110]. Furthermore, in refs. [64, 111] a threshold expansion of the differential
perturbative coefficient function for Higgs boson production was performed. We checked
that the first four terms in the threshold expansion of the collinear limit of the limit of #;;

used here matches the collinear expansion of the threshold expansion of refs. [64, 111].
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In figure 3 we illustrate our results by showing the three-loop matching kernel ICZ(?) (2)
in all quark channels (left) and gluon channels (right). The different channels have been
rescaled as indicated in the figure to account for their different magnitudes.

For completeness, in appendix B we present the & — 0 limit of the kernels, both for the
quark and the gluon TMD fragmentation functions. These results are interesting for the
study of the high energy behavior of TMDFFs, similar to studies of the small-z behavior
of TMDPDEFs in refs. [53, 60, 112-115]. Note that the timelike TMDFF shows a double-
logarithmic series in In &, such that the N3LO coefficient contains up to o2 In® £, in contrast
to the single-logarithmic series observed for the spacelike TMDPDF, where one encounters
at most a2 In?¢ at this order.

6 Conclusions

We have computed the perturbative matching kernel relating transverse-momentum de-
pendent fragmentation functions (TMDFFs) with longitudinal fragmentation functions at
N3LO in QCD, obtaining analytic results for all partonic channels contributing to the
quark and unpolarized gluon TMDFF. These results for this matching kernel, defined in
eq. (5.15), are provided as supplementary material together with the arXiv submission of
this article.

Our calculation is based on a simple extension of a framework recently developed by
us, that allows to expand differential hadronic cross sections efficiently in the collinear
limit [62]. This method was developed in detail in ref. [62] for the collinear expansion of
differential hadron collider production cross sections. We have demonstrated explicitly how
they are related to DIS cross sections via analytic continuation. By analytically continuing
our recent computation of the collinear limit of the gluon fusion Higgs boson and DY
production cross section to DIS kinematics, we have obtained the TMDFFs in similar
fashion as the N-jettiness beam functions and TMDPDFs calculated in refs. [60, 62, 63].
Our new results demonstrate once more the potency of this method obtaining universal
ingredients arising in the infrared and collinear limits of QCD to an unprecedented level of
precision in perturbation theory.

An important check on our calculation lies in the cancellation of all infrared and ultra-
violet poles against suitable counterterms. Since these counterterms can be fully predicted
using known anomalous dimension, this provides a highly nontrivial check. In particular, it
involves the cancellation of infrared divergences against the QCD mass factorisation coun-
terterm comprised of time-like splitting functions. Thus, as a by product, our calculation
confirms the recent results for the NNLO timelike splitting function refs. [74-76, 80], in
particular the correct result in the gg channel first obtained in ref. [80].

There are several phenomenological applications of our results. Firstly, the TMDFFs
obtained in this paper constitute the last missing ingredient to describe the singular struc-
ture of the transverse momentum distribution of QCD radiation in color-singlet decays at
N3LO. They also enable the resummation of transverse momentum distributions at N3LL/
accuracy, both in eTe™ annihilation and Higgs decay to quarks or gluons as well as in SIDIS.
In particular they allow for the calculation of the jet functions for the Energy-Energy Cor-
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relator (EEC) and the Transverse EEC jet functions in the back-to-back limit [41, 43] at
N3LO. For the case of the EEC this allows to push the resummation accuracy to N3LL/
which constitutes the most accurate resummation carried for an event shape to date. We
carry out this calculation in ref. [42].

Our method to expand cross sections around the collinear limit in the final state can
be used to calculate higher order terms in the collinear expansion. Such higher order terms
would allow one to study the structure of factorization beyond leading power for IRC safe
observables in eTe™ annihilation and Higgs decay [116-131] as well as the appearance of
subleading power rapidity divergences [98, 132, 133]. Furthermore, they would provide
data to validate the resummation of power suppressed logarithms [130, 134]. It would also
be interesting to explore the application of the methods developed here and in ref. [62] to
TMDFFs involving a jet measurement [58, 135, 136].

Note: while this article was under completion, an independent calculation was made
available on the arXiv in ref. [137] based on the method proposed in ref. [80]. The authors
of ref. [137] provided an important cross check on intermediary results for genuine two loop
contributions in the Ky, channel that allowed us to track an error in a routine related to
the analytic continuation of the partonic coefficient functions. The initial discrepancy was
a non-logarithmically enhanced finite and rational term proportional to (C4 — Cp)(2(3 in
the Ky4q and Kyy channel. After this was resolved, we find perfect agreement among all
analytic results.
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A SIDIS factorization at small transverse momentum

In this appendix we provide more information on the factorization theorem for SIDIS at
small gr. For concreteness, we focus on the unpolarized photon process

P(P1) + y(q) = H(=P2) + X(=F). (A1)

The extension to a scattering with a scalar Higgs boson is trivial. The corresponding matrix
element is given by

Mpqiix = eulq) (HX|J'|P) (A:2)
where €,(q) is the polarization vector of the incoming photon, and J* the QCD current it

couples to. The resulting cross section for this process is given by

™ d3P2

do = ik
7T 4P ¢ 2B,

(=g )WH (q, P1, Py), (A.3)
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where following ref. [86] we have defined the hadronic tensor as

WH(q, P, Po) = ' (Pr+ ¢+ P+ k) (P|J*|HX) (HX|J"|P) , (A.4)
X

and the —g,,, in eq. (A.3) arises from averaging over the photon polarizations. Working in
the Breit frame as specified by eq. (2.18), the hadron momentum P, can be parameterized as

P = (\/1322T+(5UFQ/2)2ﬂ Por, _Q;F>

where ﬁgT is the Euclidean transverse momentum of the outgoing hadron, and zp =
—2P, - q/q* was defined in eq. (2.3). This immediately yields

3P,  d?Pypdap +O(P§T>'
2F, 2 p

_ o

Suppressing the power corrections and using eq. (2.3), we obtain the differential cross

(A.6)

section as

do T TR
—— = ——WHq, P, P). A7
dx pd2Pyr 4(]2 rp M (q ! 2) ( )

The factorized hadronic tensor is typically given in the frame where the outgoing
hadron has no transverse momentum, but the photon momentum g¢* acquires a transverse
component gr. At small transverse momentum, the two are related by (see e.g. eq. (2.22))

ﬁQT = —iL'Fq_'T . (AS)
The cross section differential in small g7 thus follows from eq. (A.7) as

depd2gr 4 —q?

do TIBYXE

(=W, Pr, ). (A.9)
The factorized hadronic tensor is given by [86]

W (q, Py, Py) = 8Taem xr y_(—g" ) H ;1 7(¢%, 1°) (A.10)
;

27 -
X / ((12:;2 eldrbr FIMD (g, br, i, Ca)[)E%D(ﬂ?F, by, 11, Gy)
where e, is the electromagnetic coupling constant, and (,; are the Collins-Soper scales
such that (,(, = Q*. Compared to the formulation in ref. [86], we have defined the scalar
hard function normalized such that Hff-(qQ, p?) = Q?c[l + O(ay)], where Qy is the charge
of the quark the photon couples to. The overall factor of zr in eq. (A.10) compensates for
the factor of 1/xp in the definition of the TMDFF, see eq. (5.12). Also note that ref. [86]
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uses a different variable z for the momentum fraction of the outgoing hadron, which at
small gr reduces to

_ P1'P2_ 2
4] = g = OF +O(Q2) (A.11)

The TMDPDF f and TMDFF D in eq. (A.10) are defined with absorbing the soft factor.
For our purpose, it will be more convenient to disentangle the soft from the collinear sectors,
which is easily achieved by using eq. (5.11). Together with egs. (A.10) and (A.9), we obtain
the desired result

do meF

= (2 om H (a2, 12 A.12

2B )
X/(271_)TQQIQTbTBf(xBbeuu’aV/wa)DH/JF(.%'F,bT,V/Wb (bT,M7 V).

B High-energy limit of the TMD fragmentation function kernels

In this appendix, we provide the asymptotic behaviour in the high-energy limit of the
boundary term, i.e. the L; and L, independent term in 5T—space, of the TMDFFs kernels.
Here we report only the new results for the small-z limit of the O(a?) kernels, normalized
by (%)3. In the high-energy limit, the kernels are enhanced by a double logarithmic series.
This is peculiar of the timelike nature of the TMDFF kernels, as their spacelike analog,
the TMD beam function kernels, are only single logarithmically enhanced in the small-z
limit [53, 60]. Note that also splitting functions are single logarithmically enhanced in
the spacelike case, while they obey a double logarithmic series at small-z in the timelike
case [74-76, 80, 138, 139]. Therefore, this different behavior in the high-energy limit be-
tween spacelike and timelike TMD functions is similar to the small-x behavior of timelike
vs spacelike splitting functions. The high-energy limit z — 0 of the kernels l@é{j})(z) and
l@é‘z)(z) contributing to the gluon TMD fragmentation function is given by
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(B.2)

For the quark channels, the high-energy limit z — 0 of the kernels Ial(;’)(z) contributing to
the quark TMD fragmentation function is given by

hmle(S)( ) = hmle( )( ) = hmle( )( )= hmleQ( )
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The expressions for the high energy limit z — 0 up to O(z%°), as well as that for the
threshold limit z — 1 up to O((1 — 2)4%), can be found for all channels in electronic form
in the supplementary material of this work.
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