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We consider a system of charged one-dimensional spin- 1
2

fermions at low temperature. We study how the
energy of a highly-excited quasiparticle (or hole) relaxes toward the chemical potential in the regime of weak
interactions. The dominant relaxation processes involve collisions with two other fermions. We find a dramatic
enhancement of the relaxation rate at low energies, with the rate scaling as the inverse sixth power of the
excitation energy. This behavior is caused by the long-range nature of the Coulomb interaction.

The Tomonaga-Luttinger liquid theory is widely used to de-
scribe low-energy properties of interacting fermions in one di-
mension [1]. It is based on the model of interacting fermions
with linear dispersion, which admits an exact solution. The
resulting excitation spectrum is that of a system of nonin-
teracting bosons [2]. This idealization is appropriate in the
low-energy limit. Importantly, this model is free of inelastic
scattering and thus it cannot describe relaxation of the system
towards equilibrium.

Recent theoretical progress has shown the importance of
the nonlinear corrections to the spectrum, as they affect re-
sponse functions and enable quasiparticle relaxation [3, 4].
Experiments with one-dimensional conductors support these
findings. In particular, the behavior of the response functions
was probed in Refs. [5, 6], equilibration rates for hot electrons
and holes were measured in Ref. [7], while peculiar features of
the relaxation of very hot electrons were observed in Ref. [8].
These experiments have demonstrated the crucial role of the
curvature of the spectrum of electrons.

Significant theoretical progress has been achieved in the
case of weakly interacting fermions with quadratic spectrum
[3, 9]. In one dimension, pair collisions result in identical
sets of momenta before and after scattering. As a result, the
decay of quasiparticles is controlled by three-particle scatter-
ing processes [10]. For quasiparticles with energies near the
Fermi level, the two types of processes shown in Fig. 1 should
be considered. In the initial state, the scattering processes of
type (a) have one particle with the opposite sign of momen-
tum than the other two, while all three particles are near the
same Fermi point for the processes of type (b). Due to the
conservation laws, the final states of the three particles are in
the same configuration as the initial ones. It is worth noting
that the processes of type (b) are allowed only at finite temper-
ature T , whereas those of type (a) bring about the relaxation
of quasiparticles even at T = 0 [9].

Relaxation of quasiparticles in the system of spin- 1
2

fermions with weak Coulomb repulsion was considered in
Ref. [11]. At zero temperature, a quasiparticle with the energy
ε above the Fermi level decays with the rate τ−1 ∝ ε2 [12].
At finite temperatures this result applies as long as ε�

√
Tµ,

where µ is the chemical potential of the Fermi gas. At ener-
gies below

√
Tµ the quasiparticle relaxation rate was found to

have only a weak dependence on energy, τ−1 ∝ ln2(µ/ε)T .
Both rates are due to the processes shown in Fig. 1(a) [13].

It is important to note that in Ref. [11] the Coulomb in-
teraction was assumed to be screened at small momentum
transfers by a nearby gate, which enabled the authors to ne-
glect the contribution of type (b) processes to the relaxation
rate. In this paper we show that type (b) processes lead to
a dramatically different behavior in the unscreened case. We
found that at quasiparticle energies below

√
Tµ it gives the

dominant contribution to the relaxation rate, which behaves
as τ−1

b ∝ µ3T 4/ε6, see Fig. 2 [12]. This implies a drastic
enhancement of the rate as the quasiparticle excitation energy
ε drops below the characteristic energy

√
Tµ, in contrast to

weak energy dependence τ−1 ∝ ln2(µ/ε)T for the screened
case [11]. This behavior is qualitatively different from that of
quasiparticles in most other systems of fermions, where the
relaxation rate decreases at lower energies. For example, in
three-dimensional Fermi liquids τ−1 ∝ ε2 [19].

We study a one-dimensional system of fermions with
quadratic dispersion εp = p2/2m and weak two-body inter-
action. In second quantization, the latter is described by

V̂ =
1

2L

∑
p1,p2,q
σ1,σ2

V (q)â†p1+q,σ1
â†p2−q,σ2

âp2,σ2
âp1,σ1

. (1)

Here â and â† are the fermionic spin- 1
2 operators obeying

the standard anti-commutation relations, L is the system size,
while V (q) is the Fourier transform of the two body inter-

FIG. 1. Different scattering mechanisms that contribute to relaxation
of quasiparticles in a one-dimensional system of weakly-interacting
fermions. At T = 0, only the processes of type (a) are allowed. At
nonzero temperature, the processes of type (b) are responsible for the
dominant contribution to the relaxation rate at energies ε�

√
Tµ.
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FIG. 2. Sketch of the energy dependence of the quasiparticle re-
laxation rate for spin- 1

2
fermions with Coulomb (this work) and

screened Coulomb (Ref. [11]) interactions. In the former case there
is a rapid increase of the rate at energies below

√
Tµ as opposed to

a gradual logarithmic rise in the latter case. A similar sharp increase
of the relaxation rate at low energies also occurs for holes.

action potential. For electrons in a quantum wire the latter
has the Coulomb form U(x) = e2/|x| that should be cut off
at short distances by the width of the wire w. Here e de-
notes the electron charge. At small momenta |q| � ~/w,
the Fourier transform of the interaction potential is V (q) =
2e2 ln (~/|q|w).

Let us consider a right-moving quasiparticle well above the
Fermi level, i.e., with energy ε = εp − µ � T , where p de-
notes the quasiparticle momentum. Such an energetic quasi-
particle on average loses its energy due to collisions with other
quasiparticles and thus drifts towards the Fermi level. The
relaxation proceeds predominantly via three-particle scatter-
ing processes where the other two quasiparticles are near the
Fermi level. In this case the rate of energy change of the initial
quasiparticle is given by

ε̇ =
1

2

∑
p1>p2>p3
p′1>p

′
2>p
′
3

(
εp′1 − εp1

)
W

p′1,p
′
2,p
′
3

p1,p2,p3

× np2np3(1− np′1)(1− np′2)(1− np′3)δp,p1 . (2)

HereW p′1,p
′
2,p
′
3

p1,p2,p3 is the scattering rate of the three fermions with
momenta p1, p2, p3 into p′1, p

′
2, p
′
3 summed over all spin in-

dices, while np denotes the Fermi distribution function. The
prefactor 1/2 in Eq. (2) compensates for the summation over
the spin of the initial quasiparticle. The main focus of this pa-
per is the quasiparticle relaxation that arises due to processes
shown in Fig. 1(b). In this case all the momenta that partici-
pate in the sum of Eq. (2) are positive.

The conservation laws of momentum and energy enable us
to estimate the momentum change of the initial quasiparticle
in a three-particle collision. For quadratic dispersion we find

p1 − p′1 =
(p′3 − p3)(p′3 − p2)

p1 − p′2
. (3)

For the typical processes shown in Fig. 1(b), the momenta p2,
p3, and p′3 are near the Fermi point, and |p′3− p3|, |p′3− p2| ∼

T/vF , where vF is the Fermi velocity. In combination with
the momentum conservation law, this yields

vF |p1 − p′1| ∼
T 2

ε
� ε. (4)

Thus, for type (b) processes, both the initial and final states
have one highly excited quasiparticle, while the other two are
always near the Fermi level. This enables us to identify the
fermion at p′1 as a new state of the initial quasiparticle after
the scattering event. Equation (2) shows how the energy of
this quasiparticle changes with time. We define

1

τ
= − ε̇

ε
(5)

as the energy relaxation rate. In this paper we distinguish it
from the quasiparticle decay rate, which is obtained by omit-
ting (εp′1 − εp1) in Eq. (2).

For the processes shown in Fig. 1(a), after the scattering
event the two right-moving quasiparticles have energies on
the order of ε [11]. This is qualitatively different from the
case of type (b) processes, where only one quasiparticle in the
final state has energy well above T . In Ref. [11] the defini-
tion of the energy relaxation rate equivalent to Eqs. (2) and
(5) was applied to account for the effect of finite temperature
on the relaxation due to the processes of type (a). This means
that out of the two right-moving quasiparticles with energies
much greater than T , the one with the higher momentum was
identified as a new state of the initial quasiparticle.

The scattering rate entering Eq. (2) can be found using
Fermi’s golden rule, where the matrix element is obtained in
the second-order perturbation theory in the interaction given
by Eq. (1) [10, 20]. In order to take advantage of the conser-
vation laws, we express the momenta p1, p2, and p3 in terms
of the new variables P , E , and α as

pj =
1

3
P − 2

√
mE
3

cos

(
α− 2πj

3

)
, j = 1, 2, 3. (6)

Here P = p1 + p2 + p3 is the total momentum of three parti-
cles, while E = εp1 + εp2 + εp3 −P 2/6m is their total energy
in the center-of-mass frame [21]. There are analogous formu-
las for the primed momenta. The conservation laws dictate
that collisions do not affect P and E , thus only changing the
angle variable, α → α′. This observation dictates the general
form of the three-particle scattering matrix element

W
p′1,p

′
2,p
′
3

p1,p2,p3 = Θ(E , α, α′)δ(E − E ′)δP,P ′ . (7)

Starting with a general expression forW p′1,p
′
2,p
′
3

p1,p2,p3 [10, 20], after
a somewhat tedious calculation we obtain Eq. (7) with

Θ =
2592πe8

~L4E2
ln2

(
~2

mw2E

)
f(α+ α′) + f(α− α′)
[cos(3α)− cos(3α′)]2

, (8)

f(θ) =

[
3∑
j=1

sin

(
θ

2
+

2πj

3

)
ln

∣∣∣∣sin(θ2 +
2πj

3

)∣∣∣∣
]2

. (9)
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This result applies to any three-particle scattering process,
provided that ln(~2/mw2E) � 1. The latter condition takes
the forms ~/wpF � 1 and ~vF /wε� 1 for the processes of
types (a) and (b), respectively. Here pF =

√
2mµ is the Fermi

momentum.
We begin our evaluation of the relaxation rate of a quasi-

particle with the energy ε = εp − µ via type (b) processes by
analyzing Eq. (2). The distribution functions at low tempera-
ture severely constrain the configurations of momenta which
give significant contribution to ε̇. In the zero temperature limit
we have p2, p3 → pF corresponding to E∗ = ε2/6µ and
α∗ = 5π/3, see Eq. (6). We account for the deviations of p2,
p3, p′2, and p′3 from pF and of p′1 from p1 at finite temperature
in the leading order in small parameters % = (E − E∗)/E∗,
σ = α − α∗, and σ′ = α′ − α∗. The function (8) is only
weakly dependent on %, which we can therefore neglect, lead-
ing to

Θ =
4608πe8µ2

~L4ε4
ln2

(
~vF
wε

)[
ln2 |σ − σ′|
(σ + σ′)2

+
ln2 |σ + σ′|
(σ − σ′)2

]
.

(10)

Equation (10) is singular at σ = ±σ′, which corresponds to
the nullification of the energy denominators in the initial ex-
pression of the second-order perturbation theory for the scat-
tering rate (7). For type (b) processes, these singularities lead
to a divergent quasiparticle decay rate, defined by omitting the
energy difference (εp′1 − εp) in the right-hand side of Eq. (2).
However, the energy relaxation rate given by Eqs. (5) and (2)
is well defined.

We are now in a position to evaluate the rate of quasiparticle
energy change ε̇ using Eq. (2). Converting the sum into an in-
tegral over the variables P, %, σ, and their primed versions, we
first perform the integrations that involve the δ-functions and
then integrate over %. The remaining integral over σ and σ′

is an antisymmetric function and thus nullifies the rate if one
approximates np′1 by np. Accounting for the leading-order
deviation in the distribution function of p′1 results in a term
proportional to σ2− σ′2 [22]. In combination with the energy
difference in Eq. (2), also proportional to σ2 − σ′2, it regular-
izes the singularities arising from Eq. (10). For the resulting
relaxation rate we eventually obtain [22]

1

τb
=

64π

5~

(
e2

~vF

)4

ln2

(
~vF
wε

)
ln2
( ε
T

) µ3T 4

ε6
. (11)

Equation (11) is our main result. We now compare it with the
energy relaxation rate due to the competing type (a) processes
[11].

Unlike the processes shown in Fig. 1(b), the ones of
Fig. 1(a) contribute to quasiparticle relaxation even at T = 0.
In this case the quasiparticle decay rate is well defined despite
the singularities in Eq. (10). It is given by [11]

1

τa
∼ 1

~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2
(µ
ε

) ε2
µ
. (12)

FIG. 3. The dominant scattering mechanism that contributes to the
relaxation of a deep hole, i.e., at εh �

√
Tµ.

The evaluation of the decay rate at finite temperatures is
plagued by the singularities of Eq. (10). Instead, the energy
relaxation rate (5) can be studied. At T � ε2/µ the result

1

τa
∼ 1

~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2
(µ
ε

)
T (13)

was found in Ref. [11]. It is worth mentioning that at T = 0
the energy relaxation rate has the same form as the quasiparti-
cle decay rate (12), albeit with a different numerical prefactor
[22, 23]. A comparison of Eqs. (11) – (13) shows that the
quasiparticles with energies ε �

√
Tµ decay with the rate

(12), while at T � ε �
√
Tµ our result (11) gives the dom-

inant contribution [12]. For unscreened Coulomb interaction
we conclude that the contribution (13) is always subdominant.

We now briefly discuss the relaxation of a hole, which rep-
resents the absence of a fermion in the Fermi sea. Because
they propagate at speeds below the Fermi velocity, holes are
stable excitations at zero temperature. At nonzero tempera-
tures they drift toward the Fermi level as a result of scattering
off other excitations. At εh � T , where εh = µ − εp de-
notes the energy of the hole, the corresponding rate of energy
change and the relaxation rate can be obtained from the ex-
pressions analogous to Eqs. (2) and (5). In Eq. (2) one should
properly order the summation indices and replace the quasi-
particle distribution function np, the dispersion εp, and ε, re-
spectively, by the corresponding quantities for holes, 1 − np,
−εp, and εh. For type (b) processes, the evaluation parallels
the one for particles and results in the relaxation rate (11),
with ε replaced by εh.

Holes can also relax due to processes that involve quasipar-
ticles near both Fermi points, see Fig. 3. Since the left-moving
pair has a characteristic momentum |p3 − p′3| <∼ T/vF , from
Eq. (3) we find the energy change of the hole

∆εh =
p′1 + p

2m
(p′1 − p1) <∼ min

(
εh,

Tµ

εh

)
. (14)

At εh �
√
Tµ, we have ∆εh � εh, i.e., the hole loses a

small fraction of its energy in a three-particle collision. For
such deep holes we can define the rate of energy change ε̇h
and the relaxation rate τ−1

h using the approach analogous to
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that of Eqs. (2) and (5) for particle-like excitations. The rate
of energy change of a hole is given by [22]

ε̇h = − 1

~

(
e2

~vF

)4

ln2

(
~

wpF

)
T 2F

(
p

pF

)
, (15)

where

F (a) =
2

π

(
ln

1− a2

4
+ a ln

1 + a

1− a

)2
a2

(1− a2)3
. (16)

Equation (15) is valid for deep holes, i.e., for εh = µ− εp �√
Tµ. In the special case

√
Tµ � εh � µ corresponding

to deep holes near the Fermi level, from Eq. (15) we find
τ−1
h ∝ µT 2/ε2h [12]. This result is consistent with the corre-

sponding expression given in Ref. [11]. We note that Eq. (15)
was obtained to leading order in low temperature, which lim-
its its applicability to p�

√
mT . An accurate expression for

smaller p is obtained by multiplying Eq. (15) by 1 + mT/p2

[22].
Equation (13) for the energy relaxation rate due to the pro-

cesses shown in Fig. 1(a) [11] and our Eq. (11) for relaxation
due to the processes of Fig. 1(b) are applicable to both parti-
cles and holes. In particular, they apply to shallow holes with
energies in the range T � εh �

√
Tµ [22]. Comparing the

obtained results, we find that the relaxation of deep holes oc-
curs primarily due to processes shown in Fig. 3. In this case
Eq. (15) gives the dominant contribution to their rate of en-
ergy change. In contrast, the relaxation of shallow holes with
energies in the range T � εh �

√
Tµ is controlled by pro-

cesses shown in Fig. 1(b). Their relaxation rate is given by
Eq. (11) with ε replaced by εh, while the corresponding rate
of energy change follows from Eq. (5).

In this paper we studied quasiparticles with energies ε� T .
This condition was important for the applicability of the ap-
proach based on Eq. (2), which assumes that the initial state
of momentum p is not thermally populated. At ε ∼ T one
must account for the effect of thermal population of the state
p, which can be achieved in a Boltzmann equation descrip-
tion. An order of magnitude estimate of the typical relaxation
rate of the distribution function in the latter approach can be
obtained by extrapolating the rate (11) to ε ∼ T ,

1

τb
∼ 1

~

(
e2

~vF

)4

ln2

(
~vF
wT

)
µ3

T 2
. (17)

Unlike most other systems of fermions, in our case the re-
laxation rate increases at lower temperatures. This can be
attributed to the long-range nature of Coulomb interaction,
which results in a singularity of the interaction potential at
zero momentum and thus enhances scattering at small mo-
mentum transfer [20].

The fact that the relaxation rate (17) increases at T → 0
raises an important question of the applicability of the picture
of fermionic quasiparticles and holes used in this paper. In-
deed, at sufficiently low temperature one may expect to reach
the regime where the standard assumption ~/τb � T is vio-
lated. In this case the uncertainty of the energy of a typical

quasiparticle δε ∼ ~/τb is comparable to or larger than the
energy itself, ε ∼ T , and the quasiparticles are no longer well
defined. In addition, in systems of weakly interacting spin- 1

2
fermions the well-known phenomenon of spin-charge separa-
tion [1, 24] results in breakdown of the fermionic quasiparticle
description. As a result, only the excitations with sufficiently
high energies can be treated as quasiparticles [11]. For an ex-
citation with energy ε ∼ T in a system with long-range inter-
actions the condition of Ref. [11] can be presented in the form
T � pFV (T/vF )/~. For Coulomb interactions this yields

T � T ∗ = µ
e2

~vF
ln

(
~2vF
wpF e2

)
. (18)

Our results are obtained under the assumptions that the inter-
actions are weak, e2/~vF � 1, and the width of the channel
is small, wpF /~ � 1. In this case Eq. (18) ensures that the
condition ~/τb � T is also satisfied.

A promising experimental setup to test our results is that of
Ref. [7]. It consists of a grounded quantum wire connected to
two spatially separated electrodes. One electrode is used to in-
ject the current of particles within a band of momenta, while
the other collects the current in the same band. In the ex-
periment [7] the collected current of particle-like excitations
was greater than the injected one. This was interpreted to oc-
cur due to relatively fast relaxation of quasiparticles, creat-
ing more excitations in the energy window of the collected
current, which enabled one to estimate the quasiparticle re-
laxation rate [3, 11]. For a similar setup with unscreened
Coulomb interactions, we expect the experimentally observed
relaxation rate to be dramatically enhanced in the energy win-
dow between T and

√
Tµ.

The relaxation rate (11) was derived for pure Coulomb in-
teraction. The effect of screening of the interaction by a gate
will not modify Eq. (11) in the range of energies εd � ε �√
Tµ, where εd = ~vF /d and d is the distance to the gate. At

ε� εd �
√
Tµ, the relaxation rate still rises with decreasing

ε as [22]

1

τb
=

576π

5~

(
e2

~vF

)4

ln2

(
d

w

)
ln2
(εd
ε

) µ3T 4

ε2ε4d
. (19)

Up to the numerical coefficient and logarithmic factors,
Eq. (19) is consistent with the estimate of Ref. [11]. It is im-
portant to note that the rate (19) is much larger than the rate
controlled by the processes of Fig. 1(a). Therefore our con-
clusions do not change qualitatively in the case of interaction
screened by a gate.

In summary, we have studied the rate of energy relax-
ation for quasiparticles and holes in a weakly-interacting one-
dimensional system of fermions with Coulomb repulsion.
Compared to the case of screened interaction, we have found
that scattering processes shown in Fig. 1(b) lead to a dramatic
enhancement of the quasiparticle relaxation rate at low ener-
gies, τ−1 ∝ ε−6 at T � ε �

√
Tµ, see Fig. 2. A similar

enhancement also holds for shallow holes. For deep holes we
have obtained their energy relaxation at arbitrary momenta,
see Eq. (15).
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I. EVALUATION OF THE RELAXATION RATE (11) CONTROLLED BY TYPE (B) PROCESSES

Here we provide the details of the evaluation of the relaxation rate (5) for the processes shown in Fig. 1(b). Substituting
Eq. (2) expressed in the symmetric form in the definition (5) yields

1

τ
=

1

24

∑
p1,p2,p3
p′1,p
′
2,p
′
3

εp −max(εp′1 , εp′2 , εp′3)

ε
W

p′1,p
′
2,p
′
3

p1,p2,p3 np2np3(1− np′1)(1− np′2)(1− np′3)δp,p1 . (S1)

We have transformed the restricted summation of Eq. (2) into the unrestricted one accounting for the combinatorial factor 1/12
to compensate the summation over nondistinct quantum states. We then transform the sum (S1) into an integral and convert to
the new variables introduced by Eq. (6) using

dp1dp2dp3 =
m√

3
dPdEdα. (S2)

After performing the trivial integrations over the δ-functions, we find

1

τ
=

L4m2

384π4~4

gp
np

∫ ∞
0

dE
∫ 2π

0

dα

∫ 2π

0

dα′
εp −max(εp′1 , εp′2 , εp′3)

ε
Θ(E , α, α′)gp2gp3gp′1gp′2gp′3 . (S3)

Here gp =
√
np(1− np) = [2 cosh ((εp − µ)/2T )]−1, while the momenta are

pj = p+ 2

√
mE
3

[cos(α− 2π/3)− cos(α− 2πj/3)] , (S4a)

p′j = p+ 2

√
mE
3

[cos(α− 2π/3)− cos(α′ − 2πj/3)] , j = 1, 2, 3. (S4b)

In the limit of small temperature, both |p2−pF | and |p3−pF | should be small due to gp2gp3 . At T → 0 this occurs at α = 5π/3,
corresponding to p2 = p3 = pF . On the contrary, out of three terms |p′j − pF |, only two can vanish simultaneously. This occurs
at three values α′ = π/3, π, 5π/3, corresponding to different exchanges of the primed momenta. For the purpose of further
evaluation of the rate we select one configuration, e.g., α′ = 5π/3 and multiply the rate by 3. Accounting for small fluctuations
in the arguments of g-functions (controlled by the temperature), we use the expressions

p2,3 = pF −
ε

2vF
%± ε√

3vF
σ, p′2,3 = pF −

ε

2vF
%± ε√

3vF
σ′, p′1 = p+

ε

3vF
(σ2 − σ′2). (S5)

Here vF = pF /m is the Fermi velocity, and we introduced new variables σ, σ′, and % via

α = α∗ + σ, α′ = α∗ + σ′, E = E∗(1 + %). (S6)

For the scattering processes of type (b), at T � ε and the above choice of α′ we should use εp −max(εp′1 , εp′2 , εp′3) ' εp − εp′1 .
Linearization of the spectrum εp − εp′1 = vF (p − p′1) together with the leading-order term gp1′ = gp substituted into Eq. (S3)
produces zero after integration, since the integrand is antisymmetric to the exchange of σ and σ′. We thus need the subleading
term, which is proportional to σ2 − σ′2. It can arise either from nonlinearity of the spectrum, leading to a multiplicative term on
the order of T 2/µε or the Taylor expansion gp′1 = gp + g′p(p

′
1 − p) + . . ., where the analogous term is on the order of T/ε. We

keep the latter contribution since it is parametrically larger. Using the matrix element given in Eq. (10) we find

1

τb
= − 8

3π3

(
e2

~vF

)4
µ3

~vF ε
gpg
′
p

np
ln2

(
~vF
wε

)∫∫∫ +∞

−∞
d%dσdσ′(σ2 − σ′2)2

[
ln2 |σ − σ′|
(σ + σ′)2

+
ln2 |σ + σ′|
(σ − σ′)2

]
gp2gp3gp′2gp′3 ,

(S7)
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where we should eventually substitute Eq. (S5). The integral in Eq. (S7) can be evaluated analytically with logarithmic accuracy,
resulting in (48π4/5)(T/ε)5 ln2(ε/T ). Using gpg′p/np = −vF /2T at p→ p+

F in the low-temperature regime T � εp−µ, from
Eq. (S7) we then obtain Eq. (11).

It is worth mentioning that the scaling in Eq. (11) can be schematically understood from Eq. (S3) as

1

τb
∝ E∗

(
T

ε

)3

︸ ︷︷ ︸∫
dEdαdα′

× 1

T 2ε2︸ ︷︷ ︸
from Θ

× T 2

ε2︸︷︷︸
εp1
−ε
p′1

ε

× T

ε︸︷︷︸
expansion of gp′1

∝ T 4

ε6
. (S8)

We note that our evaluation of τ−1
b also applies for the relaxation of holes due to type (b) processes after the transformation where

we replace in Eq. (S3) the quasiparticle distribution function np, the dispersion εp, and ε, respectively, by the corresponding
quantities for holes, 1− np, −εp, and εh.

II. EVALUATION OF THE RELAXATION RATES (12) AND (13) CONTROLLED BY TYPE (A) PROCESSES

In this section we evaluate the relaxation rate as well as the decay rate of a quasiparticle with energy ε due to the processes
shown in Fig. 1(a) at T = 0. We demonstrate that up to numerical coefficients both rates are given by Eq. (12). We also
reproduce the result for the relaxation rate at finite temperature (13), first obtained in Ref. [11].

We consider a three-particle process involving a quasiparticle with momentum p = p1 near pF and two additional fermions
at p2 and p3 near pF and −pF , respectively, see Fig. 1(a). The deviations of p2 and p3 from ±pF are controlled by the small
parameter ε/µ� 1. Here ε = εp − µ ' vF (p− pF )� T . We begin with Eq. (S3) rewritten as

1

τ
=

L4m2

384π4~4

∫ +∞

0

dE
∫ 2π

0

dα

∫ 2π

0

dα′
εp −max(εp′1 , εp′2 , εp′3)

ε
Θ(E , α, α′)np2np3(1− np′1)(1− np′2)(1− np′3), (S9)

where the momenta are given by Eqs. (S4). Unlike the case of type (b) processes, where all three particles in the final state are
near the same Fermi point, this is not the case in Eq. (S9), leading to a minor ambiguity in the meaning of max(εp′1 , εp′2 , εp′3).
Normally one would require all the momenta in the arguments of max to be on the same branch as p. The error introduced here
is negligible as the Fermi sea prevents the left-moving particle from being more than T above the Fermi level, which is smaller
than the typical energies of the right-moving particles in the final state. Since p2 and p3 are near ±pF , we can consider the
configuration p3 < 0 < p2 multiplying the rate (S9) by 2. The configuration p2 = −p3 = pF corresponds to

E∗ =
p2 + 3p2

F

3m
' 8µ

3
, cos(α∗) =

p+ 3pF

2
√

3mE∗
, sin(α∗) =

pF − p
2
√
mE∗

. (S10)

Each of the three primed momenta in the integrand of Eq. (S9) can be near −pF , but only one is allowed by the conservation
laws. We select p′3 near−pF and multiply the rate (S9) by 3. Accounting for the deviations around α∗ ' −

√
3ε/8µ via Eq. (S6),

to leading order in small %, σ, and σ′, we find

p1 = p, p′1 = p+
2pF√

3
(σ − σ′) + . . . , (S11a)

p2 = pF +
4pF√

3
σ + . . . , p′2 = pF +

2pF√
3

(σ + σ′) + . . . , (S11b)

p3 = − pF − pF %+
3pF − p√

3
σ + pFσ

2 + . . . , p′3 = p3 −
pF − p√

3
(σ − σ′)− 2pF

3
(σ2 − σ′2) + . . . . (S11c)

We notice that unlike p3 and p′3, to leading order in ε/µ� 1 the momenta p′1, p2, and p′2 do not depend on %. This enables us
to rewrite Eq. (S9) as

1

τa
' L4m2E∗

64π4~4

∫∫ +π/3

−π/3
dσdσ′

εp −max(εp′1 , εp′2 , εp′3)

ε
Θ(E∗, α∗ + σ, α∗ + σ′)np2(1− np′1)(1− np′2)

∫ +∞

−1

d%np3(1− np′3).

(S12)

Notice that in the latter integral we can extend the integration over the whole real axis, resulting in∫ +∞

−∞
d%np3(1− np′3) ' 4

3E∗
×

{
∆θ(∆), T � ∆,

T, ∆� T,
where ∆ = vF (p3 − p′3). (S13)
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Since the characteristic energy change of the right-moving pairs is on the order of ε, while it is parametrically smaller, ∆ ∼
ε2/µ� ε, for the left-moving pair, we can neglect the temperature effects on the right movers as long as T � ε. We thus use

np2(1− np′1)(1− np′2) = θ(−σ)θ (σ − σ′ − 2α∗) θ(σ + σ′). (S14)

The Heaviside functions impose for the integration boundaries α∗ < σ < 0 and −σ < σ′ < −2α∗ + σ in Eq. (S12). Since
in the present case the deviations σ and σ′ can be on the order of α∗, it is convenient to change variables and use α and α′ in
Eq. (S12). In this case the integration boundaries are

2α∗ < α < α∗, −(α− 2α∗) < α′ < α− 2α∗. (S15)

Since α ∼ α′ � 1, we should consider Eq. (8) in this regime. It is given by

Θ(E∗, α, α′) =
25π

~L4

e8

(E∗)2
ln2

(
~2

mw2E∗

)[
ln2 |α− α′|
(α+ α′)2

+
ln2 |α+ α′|
(α− α′)2

]
, E∗ =

8µ

3
. (S16)

The remaining terms in Eq. (S12) are

∆ ' 4µ

3
(α′ − α)(−α′ − α) > 0, (S17)

εp −max(εp′1 , εp′2 , εp′3)

ε
' p−max(p′1, p

′
2)

p− pF
' 4µ√

3ε
[α′ − α− 2α′θ(α′)] . (S18)

In the latter expression we have used θ(p′1 − p′2) = θ(−α′). Using∫ α∗

2α∗
dα

∫ α−2α∗

−(α−2α∗)

dα′[α′ − α− 2α′θ(α′)](α′ − α)(−α− α′)
[

ln2(α′ − α)

(α+ α′)2
+

ln2(−α′ − α)

(α′ − α)2

]
' 53− 12 ln 2

256
√

3

ε3

µ3
ln2
(µ
ε

)
,

(S19)

at T � ε2/µ we find the relaxation rate

1

τa
=

53− 12 ln 2

96π3~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2
(µ
ε

) ε2
µ
, (S20)

corresponding to Eq. (12). As mentioned in the main text, at T = 0 the quasiparticle decay rate is well defined. Omitting the
factor [εp −max(εp′1 , εp′2 , εp′3)]/ε in Eq. (S9) and using∫ α∗

2α∗
dα

∫ α−2α∗

−(α−2α∗)

dα′(α′ − α)(−α− α′)
[

ln2(α′ − α)

(α+ α′)2
+

ln2(−α′ − α)

(α′ − α)2

]
' 9

64

ε2

µ2
ln2
(µ
ε

)
, (S21)

we obtain the quasiparticle decay rate in the form of Eq. (S20) with the numerical prefactor 9/32π3. This is in agreement with
Eq. (1) of Ref. [11].

At ε2/µ � T � ε, one can still take the zero-temperature limit in the distribution functions of the right movers in the initial
expression (S12). Using∫ α∗

2α∗
dα

∫ α−2α∗

−(α−2α∗)

dα′[α′ − α− 2α′θ(α′)]

[
ln2(α′ − α)

(α+ α′)2
+

ln2(−α′ − α)

(α′ − α)2

]
'
√

3(4 ln 2− 1)

8

ε

µ
ln2
(µ
ε

)
, (S22)

we find the relaxation rate

1

τa
=

3(4 ln 2− 1)

4π3

1

~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2
(µ
ε

)
T, (S23)

in agreement with Eq. (2) of Ref. [11]. Omitting the numerical coefficient, we obtain Eq. (13).
The results (S20) and (S23) can be interpreted as follows. The three-body scattering matrix element is obtained from the

two-particle interaction in second-order perturbation theory. For spin- 1
2 fermions, the result contains an energy denominator

proportional to ε. In the decay rate, the corresponding scattering probability, which is proportional to 1/ε2, enters multiplied by
the available phase space volume for the three-particle scattering, ν. For type (a) processes, the typical energy of the counter-
propagating particle-hole pair is ε2/µ, while it is ε for the other two pairs. This yields ν ∝ ε4/µ and the decay rate τ−1 ∝ ε2/µ.
For temperatures in the range ε2/µ � T � ε the phase space contribution of the counter-propagating particle-hole pair is
replaced by T , leading to ν ∝ ε2T and τ−1 ∝ T . To obtain the logarithmic energy dependence in the latter result, a careful
calculation is required.
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III. PHASE-SPACE EXPECTATION VALUES

In this section we study the phase space expectation values of various quantities that describe the three particle scattering of
hole excitations. We find two characteristic regimes that represent shallow and deep holes. In the former case the scattering
matrix element is the same as for the particles, see Eq. (S16); for deep holes it is evaluated below, see Eq. (S46).

We begin by considering the expectation value defined by

〈M(. . .)〉 =

∑
δp,p1δ(E − E ′)δP,P ′M(. . .)(1− np2)(1− np3)np′1np′2np′3∑

δp,p1δ(E − E ′)δP,P ′(1− np2)(1− np3)np′1np′2np′3
, (S24)

where the summation is over p1, p2, p3, p′1, p′2, and p′3, while M(. . .) is an arbitrary function of the summation indices.
Converting the sum into an integral and expressing the Fermi distribution functions in terms of gp =

√
np(1− np) (which

requires T > 0), we obtain

〈M(. . .)〉 =

∫∞
0
dE
∫∫ 2π

0
dαdα′M(. . .)gp2gp3gp′1gp′2gp′3∫∞

0
dE
∫∫ 2π

0
dαdα′gp2gp3gp′1gp′2gp′3

, (S25)

where the momenta are given by Eq. (S4). We now concentrate on the configuration of momenta describing the processes shown
in Fig. 3 with a hole of momentum p in the initial state and the two holes on the opposite sides that are in the vicinity of ±pF .
Out of two configurations that at T = 0 are p2 = ±pF and p3 = ∓pF , we select, e.g., the case p3 < 0 < p2 multiplying
the integrands in the numerator and the denominator of Eq. (S25) by 2. While the latter multiplicative factor is irrelevant for
Eq. (S25), it will become important for Eq. (S48). For p3 = −pF and p2 = pF we have

E∗ =
p2 + 3p2

F

3m
, cos(α∗) =

p+ 3pF

2
√
p2 + 3p2

F

, sin(α∗) =

√
3(pF − p)

2
√
p2 + 3p2

F

. (S26)

Equation (S26) is very similar to Eq. (S10), but in the present case p covers a wider range −pF < p < pF . At T > 0 we should
account for small deviations of α, α′, and E from their values (S26) via Eq. (S6). Due to the specific choice of σ′ out of three
equivalent ones, we multiply the integrands in the numerator and the denominator of Eq. (S25) by 3. Again, this is irrelevant
here, but needed for the evaluation of Eq. (S48). We then have

p1 = p, p′1 = p+
2√
3
pF (σ − σ′), (S27a)

p2 = pF +
pF − p

2
%+

3pF + p√
3

σ, p′2 = p2 −
pF + p√

3
(σ − σ′), (S27b)

p3 = − pF −
pF + p

2
%+

3pF − p√
3

σ, p′3 = p3 −
pF − p√

3
(σ − σ′). (S27c)

We now simplify g-functions by linearizing the spectrum around the Fermi points in Eq. (S25). We note that for p near ±pF we
can use

gp '
1

2
sech

(
vF (p∓ pF )

2T

)
. (S28)

The approximation done in Eq. (S28) is justified provided vF |p±pF | �
√
Tµ, since in that case the subleading terms are small.

We use the expression (S28) for all g-functions except gp′1 . This yields

〈M(. . .)〉 =

∫∫∫ +∞
−∞ dxdydzM(. . .) sech(x) sech (x− (1 + p/pF ) z) sech(y) sech (y − (1− p/pF ) z)gp+4Tz/vF∫∫∫ +∞
−∞ dxdydz sech(x) sech (x− (1 + p/pF ) z) sech(y) sech (y − (1− p/pF ) z)gp+4Tz/vF

, (S29)

where instead of the original variables %, σ, σ′ we have introduced

x =
vF
2T

(p2 − pF ), y =
vF
2T

(p3 + pF ), z =
vF
4T

(p′1 − p). (S30)

The corresponding transformation is

σ =
T√
3E∗

[(
1 +

p

pF

)
x+

(
1− p

pF

)
y

]
, σ′ = σ −

√
3T

µ
z, % =

2T

3E∗

[(
3− p

pF

)
x−

(
3 +

p

pF

)
y

]
, (S31a)

d%dσdσ′ =
2T 3

µ2E∗
dxdydz. (S31b)
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In order to find average values 〈p2〉, . . . , 〈p′3〉 it is thus sufficient to evaluate 〈x〉, 〈y〉, and 〈z〉. We use Eq. (S29) and∫ +∞

−∞
dx sech(x) sech(x− az) =

2az

sinh(az)
,

∫ +∞

−∞
dxx sech(x) sech(x− az) =

a2z2

sinh(az)
, (S32)

to find

〈x〉 =
1

2

(
1 +

p

pF

)
L3

L2
, 〈y〉 =

1

2

(
1− p

pF

)
L3

L2
, 〈z〉 =

L3

L2
, (S33)

〈σ〉 =
T√
3E∗

(
1 +

p2

p2
F

)
L3

L2
, 〈σ′〉 =

T√
3E∗

(
1 +

p2

p2
F

− 3E∗

µ

)
L3

L2
, 〈%〉 =

4T

3E∗
p

pF

L3

L2
. (S34)

Here we have introduced

Lj(p) =
1

gp

∫ +∞

−∞
dz

zjgp+4Tz/vF

sinh ((1 + p/pF )z) sinh ((1− p/pF )z)
, (S35a)

where

gp+4Tz/vF

gp
=

1

cosh
(

2p
pF
z + 2T

µ z
2
)
− tanh

(
εh
2T

)
sinh

(
2p
pF
z + 2T

µ z
2
) . (S35b)

The integral (S35a) is non-singular because for the holes the momentum is assumed to be in the range −pF < p < pF . We can
evaluate analytically Lj(p) in two regimes of interest, (i) shallow hole, T � εh �

√
Tµ, and (ii) deep hole,

√
Tµ� εh < µ.

In the regime (i), the linearization sinh ((1 − p/pF )z) ' εhz/2µ is justified since the integrand is appreciable only at
|z| <∼ εh/T ; otherwise it decays very rapidly. The same condition enabled us to neglect the terms proportional to z2 in Eq. (S35b).
We then find

Lj(p) '
pF

pF − p

∫ +∞

−∞
dz

zj−1

sinh(2z)

1

cosh(2z)− tanh
(
εh
2T

)
sinh(2z)

. (S36)

The latter integral can be evaluated exactly. In the cases of interest we obtain

L2(p) ' 1

8

µ

εh

[
π2 +

(εh
T

)2
]
, (S37)

L3(p) ' L2(p)
εh
6T

, (S38)

which will be useful for our study of the hole near the Fermi points.
In the regime (ii)

√
Tµ� εh < µ we can approximate tanh(εh/T ) ' 1, leading to

gp+4Tz/vF

gp
' e2pz/pF e2Tz2/µ. (S39)

It is useful to introduce

Lj(a) = 2

∫ +∞

0

dz
zj sinh(2az)

sinh ((1 + a)z) sinh ((1− a)z)
=
j!ζ(j + 1)

2j−1

[
1

(1− a)j+1
− 1

(1 + a)j+1

]
, (S40a)

L̄j(a) = 2

∫ +∞

0

dz
zj cosh(2az)

sinh ((1 + a)z) sinh ((1− a)z)
= Lj(a) + 8

∫ ∞
0

dz
zj[

e2(1+a)z − 1
] [

1− e−2(1−a)z
] . (S40b)

The former integral is evaluated using sinh(2az) = sinh ((1 + a)z − (1 − a)z), which enabled us to simplify the integrand
and then perform the integration. We note that the integrand in Eq. (S40) is considerable at z <∼ 1/(1 ∓ a) <∼ µ/εh. Even
at such large z the exponent of the second exponential function in Eq. (S39) is at most on the order of Tµ/ε2h � 1. It can
be therefore neglected in the leading order result. In the regime (ii) we have thus obtained Lj(p) ' Lj(p/pF ) for odd j and
Lj(p) ' L̄j(p/pF ) for even j. For εh � µ we have L̄j(a) ' Lj(a). A comparison of the expressions for Lj(p) in the regime
(i) given by Eq. (S36) and for the regime (ii) given by Eq. (S40) enables us to find that at εh ∼

√
Tµ they are of the same order,

as expected.
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For p → p−F and εh �
√
Tµ, we have E∗ = 8µ/3 and L3(p)/L2(p) ∼ µ/εh. This leads to 〈x〉 ' 〈z〉 ∼ µ/εh, 〈y〉 ∼ 1, and

therefore

〈p′1 − p〉 ∼
Tµ

vF εh
, 〈p2 − pF 〉 =

〈p2 − p′2〉
2

∼ Tµ

vF εh
, 〈pF + p3〉 =

〈p3 − p′3〉
2

∼ T

vF
, (S41)

〈σ〉 ∼ 〈σ′〉 ∼ 〈%〉 ∼ T

εh
. (S42)

In the case of p → p−F and εh �
√
Tµ, we have obtained L3(p)/L2(p) = εh/6T . This leads to 〈x〉 ' 〈z〉 ∼ εh/T ,

〈y〉 ∼ ε2h/Tµ, and therefore

〈p′1 − p〉 ∼
εh
vF
, 〈p2 − pF 〉 =

〈p2 − p′2〉
2

∼ εh
vF
, 〈pF + p3〉 =

〈p3 − p′3〉
2

∼ ε2h
vFµ

, (S43)

〈σ〉 ∼ 〈σ′〉 ∼ 〈%〉 ∼ εh
µ
. (S44)

We can now see that the linearization of the g-functions [cf. Eq. (S28)] for the momenta p2, p′2, p3, and p′3 was indeed justified.
The average energy change of the hole in a single scattering event is

∆εh = 〈εp′1 − εp〉 '
p

m
〈p′1 − p〉 = 4T

p

pF

L3(p)

L2(p)
=


8π2

5
p2

p2F
T, p� pF ,

2π4

15ζ(3)
µ
εh
T,
√
Tµ� εh � µ,

2εh
3 , T � εh �

√
Tµ.

(S45)

The latter expression is consistent with the estimate made in Eq. (14). Equation (S45) shows that ∆εh increases as its momentum
p increases from small values toward pF . It also justifies the definition introduced after Eq. (S35) of a shallow hole, with
T � εh �

√
Tµ, and a deep hole, for which εh �

√
Tµ. For shallow holes ∆εh ∼ εh, whereas for deep ones ∆εh � εh.

For p→ p−F , from Eq. (S26) we obtain α∗ =
√

3εh/8µ. Since 〈σ〉 ∼ 〈σ′〉 ∼ εh/µ, the deviations of α and α′ from α∗ are on
the same order as α∗ for shallow holes, εh �

√
Tµ. This has an important consequence for the evaluation of Θ(E∗, α, α′) [see

Eq. (8)] that controls the relaxation rate. In the case a shallow hole one should use the expression given by Eq. (S16). However,
in the case of a deep hole, εh �

√
Tµ, one should expand Eq. (8) in the small deviations σ ∼ σ′ � α∗. This yields

Θ(E∗, α = α∗ + σ, α′ = α∗ + σ′) =
18π

~L4
e8 ln2

(
~2

mw2E∗

) (ln
p2F−p

2

4p2F
+ p

pF
ln pF+p

pF−p

)2

(µ− εp)2(σ − σ′)2
, E∗ =

p2 + 3p2
F

3m
. (S46)

The result (S46) applies at arbitrary p such that εh �
√
Tµ. It is obtained from Eq. (8) using

cos(3α∗ + 3σ)− cos(3α∗ + 3σ′) = −3pF (p2
F − p2)

(mE∗)3/2
(σ − σ′) +O(σ2 − σ′2), (S47a)

f(α+ α′) + f(α− α′) = f(2α∗) +O(σ + σ′), f(2α∗) =
p2
F

4mE∗

(
ln
p2
F − p2

4p2
F

+
p

pF
ln
pF + p

pF − p

)2

. (S47b)

The neglected terms in Eqs. (S47) are subleading at εh �
√
Tµ.

IV. EVALUATION OF THE ENERGY RELAXATION OF HOLES

In this section we study the energy relaxation of holes. For deep holes we obtain the rate of energy change (15) at arbitrary
momenta. For shallow holes we show that the rate corresponding to the process shown in Fig. 1(a) is given by Eq. (S23) for
quasiparticle relaxation, with ε replaced with εh.

The relaxation rate of a hole of momentum p in the one-dimensional Fermi gas can be obtained from an expression similar
to Eq. (2) where one should replace np, εp, and ε, respectively, by the corresponding quantities for holes, 1 − np, −εp, and εh.
Analogously to Eq. (S3) we then find

ε̇h = − L4m2

384π4~4

gp
1− np

∫ +∞

0

dE
∫ 2π

0

dα

∫ 2π

0

dα′
[
min(εp′1 , εp′2 , εp′3)− εp

]
Θ(E , α, α′)gp2gp3gp′1gp′2gp′3 , (S48)
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where the momenta are given by Eqs. (S4). As usual, we assume that εh = µ− εp � T .
The evaluation of Eq. (S48) for scattering processes with quasiparticles near both Fermi points closely follows the one of

Eq. (S25). For the states near the Fermi points, we linearize the dispersion that enters into the occupation numbers, which enter
through gp =

√
np(1− np), see Eq. (S28). We must keep the full form of gp′1 in the case of a deep hole. This leads to

ε̇h = − m2L4

1024π4~4

g2
p

1− np
E∗
∫ +∞

−1

d%

∫∫ +π/3

−π/3
dσdσ′

[
min(εp′1 , εp′2 , εp′3)− εp

]
Θ(E∗(1 + %), α∗ + σ, α∗ + σ′)

× sech

(
vF (p2 − pF )

2T

)
sech

(
vF (p′2 − pF )

2T

)
sech

(
vF (p3 + pF )

2T

)
sech

(
vF (p′3 + pF )

2T

)
gp1
gp
. (S49)

We notice that g2
p/(1 − np) = np ' 1 at T � εh. In the following we evaluate Eq. (S49) for the cases of deep and shallow

holes.
In the case of a deep hole, εh �

√
Tµ, we use min(εp′1 , εp′2 , εp′3) − εp ' εp′1 − εp since |µ − εp′2 |, |µ − εp′3 | <∼ T , while

|µ − εp′1 | ∼ εh � T . We then substitute Eq. (S46) in the expression (S49) and use the variables (S30), with the corresponding
transformation (S31). It leads to

ε̇h = − 3

4π3

1

~

(
e2

~vF

)4

ln2

(
~2

mw2E∗

)(
ln
p2
F − p2

4p2
F

+
p

pF
ln
pF + p

pF − p

)2
T 2µ

εh

[
p

pF
L1(p) +

T

µ
L2(p)

]
, (S50)

where Lj(p) is defined by Eq. (S35). The second term in the expression in brackets of Eq. (S50) is smaller by a factor T/εh for p
near pF , as follows from Eq. (S40). However, for small p the bracket becomes π2(2εp +T )/3µ. At p�

√
mT , Eq. (S50) leads

to Eq. (15), where we use ln2(~2/mw2E∗) ' 4 ln2(~/wpF ). At p → p−F , the expression in parentheses in Eq. (S50) becomes
asymptotically equal (1− p/pF ) ln(1− p/pF ), while L1(p) ' π2/6(1− p/pF )2. The corresponding relaxation rate (5) of the
deep hole then becomes

1

τh
=

1

2π~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2

(
µ

εh

)
T 2µ

ε2h
. (S51)

We now consider the energy relaxation of a shallow hole, T � εh �
√
Tµ, with the momentum p near pF . In the variables

introduced by Eq. (S30) we obtain

min(εp′1 , εp′2 , εp′3)− εp ' 4T min
(
z,
εh
4T

+
x

2
− z
)
. (S52)

Substituting Eq. (S16) in the expression (S49) we then obtain within the logarithmic accuracy

ε̇h = − 3J

16π3~

(
e2

~vF

)4

ln2

(
~

wpF

)
ln2

(
µ

εh

)
Tεh, (S53a)

where we have introduced

J =
T

εh

∫∫∫ +∞

−∞
dxdydzmin

(
z,
εh
4T

+
x

2
− z
)[ 1

z2
+

1(
εh
4T + x

2 − z
)2
]

sech(x) sech(x− 2z) sech2(y)
gp+4Tz/vF

gp
.

(S53b)

The integration over y is straightforward. In the remaining integral we linearize the argument in g-functions, which is allowed
for shallow holes, as discussed near Eq. (S28). After introducing the new variables u = 4Tx/εh and w = 4Tz/εh, we find

J =
1

2

∫
dudwmin

(
w, 1 +

u

2
− w

)[ 1

w2
+

1(
1 + u

2 − w
)2
]

sech
( εh

4T
u
)

sech
( εh

4T
(u− 2w)

) cosh
(
εh
2T

)
cosh

(
εh
2T (1− w)

) . (S54)

In the regime T � εh the product of the hyperbolic functions simplifies into 4 at 0 < u < 2w, 0 < w < 1, and 0 otherwise.
The integral then becomes elementary with the result J = 4(4 ln 2 − 1). The relaxation rate τ−1

h = −ε̇h/εh for shallow holes
due to type (a) processes that follows from Eq. (S53a) then becomes identical to our previous expression (S23) (as well as the
corresponding one of Ref. [11]) that was derived for particles, provided one replaces ε by εh. However, it is a subdominant
contribution since type (b) processes lead to a larger rate that is given by Eq. (11), with ε replaced by εh.
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V. RELAXATION RATE FOR THE SCREENED COULOMB INTERACTION

In the cases when the quantum wire is surrounded by the gates, the Coulomb interaction becomes screened. We model it
via the pairwise potential U(x) = e2/|x| − e2/

√
x2 + 4d2, where d is the distance between the wire and the conducting plane

representing the gates. At |p| � ~/d� ~/w, its Fourier transform is [15]

V (q) = 2e2 ln

(
d

w

)
− 2e2 q

2d2

~2
ln

(
~
|q|d

)
. (S55)

The corresponding three-particle scattering matrix element for the processes shown in Fig. 1(b) has the form (7), where

Θ(E , α, α′) =
1458πm2

~L4

[
V (0)V ′′

(√
mE
)]2 1− cos(3α) cos(3α′)

[cos(3α)− cos(3α′)]2
. (S56)

The latter expression has a form very similar to the general expression given by Eq. (12) of Ref. [20], which applies for the
interaction potentials decaying at large distances as 1/|x|γ with γ > 3. Instead of V ′′(0) in Eq. (12) that is finite, Eq. (S56)
contains V ′′

(√
mE
)

, where the small momentum
√
mE cuts off the singularity. Following the procedure leading to Eq. (10)

we find

Θ =
41472πe8µ2

~L4ε4d
ln2

(
d

w

)
ln2

(
εd√
µE∗

)[
1

(σ + σ′)2
+

1

(σ − σ′)2

]
, E∗ =

ε2

6µ
. (S57)

Here εd = ~vF /d. Equation (S57) applies for the screened interaction and parallels the expression (10) in the unscreened case.
The evaluation of the relaxation rate in the former case closely follows the one of Eq. (11), leading to Eq. (19).
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