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Dynamics of fast transient events are challenging to be analyzed with high time resolution. Such events can occur in
fusion plasmas such as the filaments during edge-localized modes (ELMs). In this paper we present a robust method,
the spatial displacement estimation (SDE), for estimating the displacements of structures with fast dynamics from high
spatial and time resolution imaging diagnostics (e.g., gas-puff imaging, GPI) with sampling time temporal resolution.
First a background suppression method is shown which suppresses the slowly time-evolving and spatially non-uniform
background in the signal. In the second step, a two-dimensional polynomial trend subtraction method is presented
to tackle the remaining polynomial order trend in the signal. After performing these pre-processing steps, the spatial
displacement of the propagating structure is estimated from the two-dimensional spatial cross-correlation coefficient
function calculated between consecutive frames. The method is tested for its robustness and accuracy by simulated
Gaussian events and spatially displaced random noise. An example application of the method is presented on propagat-

ing ELM filaments measured by the GPI system on the NSTX spherical tokamak.

s« I. INTRODUCTION

»  Fast transient events like edge localized modes (ELMs) and
s disruptions in fusion plasmas can cause irreversible damage
to the plasma facing components (PFCs)'. The occurrence of
10 these events lowers the life expectancy of future fusion reac-
1 tors (like ITER), and could render fusion energy production
12 economically a non-viable option?. Edge localized modes are
13 fast transient events, which cause quasi-periodic particle and
14 energy loss to the entire plasma, and deposit the loss on the
s PECs®. 1t is believed that the dynamics of these events are
16 connected to their associated heat and particle loads?, thus,
17 their analysis with high temporal resolution is crucial for fu-
1s ture fusion energy production.

10 In this paper we present a novel method for analysis of
20 the two-dimensional cross-field propagation of fast transient
21 events. First the time-dependent background emission is sup-
22 pressed, which is slowly evolving compared to the analyzed
23 phenomenon. Next any remaining two-dimensional polyno-
24 mial order trend is removed from the signal, and at the end,
2s the displacements of the propagating structures are estimated
26 from a two-dimensional cross-correlation coefficient function
27 based spatial displacement estimation method. The presented
2s method is not limited to fusion plasmas, as similar analy-
20 ses have been applied before on biological samples® and in
s0 geography®, as well. The presented method, however, is espe-
a1 cially effective for large samples of data, and when a slowly
32 changing background is present. Furthermore, the exact de-
33 tails of this technique are generally not discussed.

sa  The method presented in this paper was tested and utilized
3s on gas-puff imaging (GPI) data, hence we give a short sum-
se mary of it. The principles of the gas-puff imaging diagnostic
37 have already been described in earlier papers (e.g., in Refs. 7
3s (general GPI review) and 8 (NSTX GPI review)).

3o During GPI measurements, a puff of neutral gas (e.g., Deu-
0 terium or Helium) is injected into the scrape-off layer (SOL)
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41 and the edge plasma. The neutral gas increases the line emis-
42 sion due to the electron - neutral collisional atomic processes.
a3 The emitted light is typically measured by a fast camera after
42 band-pass filtering the light to the wavelength of the line emis-
s sion. In order to measure the radial-poloidal cross-section of
6 the fluctuations, the following two circumstances needs to be
+z met: the line of sight of the observation needs to be close to
s parallel to the magnetic field lines and the injected gas puff
40 should be quasi-two-dimensional perpendicular to the field
so lines. By satisfying these requirements, one can measure the
s1 response of the gas neutrals to the electron density and tem-
s2 perature fluctuations. The response to the ion fluctuations can
s3 be neglected during the measurements.

sa  BExample results in this paper are from the spherical toka-
ss mak called NSTX (National Spherical Torus Experiment)”.
se NSTX is a medium-sized, low-aspect ratio spherical tokamak
s7 with a major radius of R = 0.85 m, minor radius of a=0.67 m
ss (R/a > 1.26). Its highest toroidal field can be By = 0.6 T.
so The most significant heating methods are the NBI (Neutral
so Beam Injection) with 5 MW and radio frequency heating with
61 6 MW.

62 The rest of the paper is organized as follows. Sec. II pro-
e3 vides insight into existing velocimetry methods. Sec. III de-
ea scribes the three steps of the two-dimensional spatial displace-
es ment based velocity estimation method. Sec. IV presents the
es testing and validation of the method by applying it on Gaus-
7 sian shaped structures and displaced random frames. Sec.
es V shows an example velocity analysis on an ELM event on
eo NSTX and discusses the assumptions and limitations of the
7o method. At the end, Sec. VI summarizes the results of the
71 paper.

72 Il.  EXISTING VELOCIMETRY METHODS

73 In this paper a novel velocimetry method for the analysis of
7a transient events is presented. In order to put the new method
7s into the context of existing velocimetry methods a brief sum-
ze mery is presented. First, in Sec. Il A we show three exam-
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ples from different scientific disciplines where velocimetry
is widely utilized. In Sec. II B several velocimetry methods
are shown which were previously utilized in plasma measure-
ments.

A. Velocimetry

Velocimetry is widely utilized in different scientific disci-
plines, and in the industry, as well. Here we present a few
examples of its utilization in fluid mechanics, biology and ge-
ology.

In fluid-mechanics particle image velocimetry (PIV) is used
to analyze velocity fields of complex flows'?. This measure-
ment utilizes small tracing particles illuminated by a bright
light source and imaged by a camera synchronized with the
light flashes. The flow field is then calculated with a velocime-
try technique, e.g., the optical flow, the ODP (orthogonal dy-
namic programming, see Sec. 1l B) technique or with convo-
lutional neural networks'!.

A correlation based displacement and rotation estimation
algorithm was applied on moving biological cells by Wil-
son et al’>. The translational displacement is estimated with
a phase correlation based method, while the rotation angle is
estimated from cross-correlation of two frame’s polar trans-
formed Fourier-spectra.

A sub-pixel resolution displacement estimation method is
shown by Debella-Gilo et al applied on geological imaging
samples®. The authors show that by over-sampling the origi-
nal images to at least 4 times the original resolution, the accu-
racy of the displacement estimation can be enhanced to sub-
pixel levels.

B. Velocimetry in plasma measurements

Velocity estimation techniques have been previously uti-
lized in analysis of plasma measurements, as well. Here only
a short overview of these methods is given, further details can
be found in their corresponding references.

In the time-delay estimation (TDE) method two time-series
from different spatial locations are cross-correlated'>!3. The
time-lag of the maximum of the temporal cross-correlation
function divided by the distance between the two measure-
ment locations results in the estimated velocity. This method
has a time resolution of about 40-50 times the sampling time,
while its spatial resolution can equal to the optical resolution
of the measurement.

Another technique based on cross-correlations was utilized
by Zweben et al'*!3. In this method the velocity was esti-
mated by cross-correlating a short time series from a given
pixel in the 2D image with time-delayed time series at all
neighboring pixels. The location of the maximum of this time-
delayed cross-correlation was used to determine the move-
ment of the turbulence in the GPI image plane, i.e., the 2D ve-
locity was evaluated from the displacement of the maximum
of this time-delayed correlation over one time frame. This
method needs about 10 time samples for the cross-correlation,
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but can identify the location of the peak correlation to within
one pixel in space.

Spatially and temporally resolved velocimetry could in
principle provide high temporal and spatial resolution. Sev-
eral methods have been utilized for analysis of plasmas in the
past such as the optical flow (originally developed by Horn et
al'®) and pattern matching technique used by Munsat et al'’
and Sechrest et al'®, or the orthogonal dynamic programming
(ODP) based velocimetry introduced by Quénot!® and utilized
by Banerjee et al’?, Diallo et al*! and Kriete et al*>. However,
these methods are difficult to implement and can be impracti-
cal for analyzing a large database. Furthermore, during a large
transient event such as the ELM crash, the shape and intensity
of the structures can evolve so rapidly that these velocimetry
techniques cannot resolve their motion.

The spatial displacement estimation method presented in
this paper has frame-by-frame temporal resolution, while its
spatial resolution is about 30-40 pixels depending on the diag-
nostic setup. Its main advantage over the previously utilized
velocimetry methods is its robustness against large transient
changes in the signal, i.e., it provides accurate results at large
changes in shape and signal intensity. These advantageous
properties are discussed later in the paper.

1. METHODOLOGY: SPATIAL DISPLACEMENT
ESTIMATION (SDE)

In this section we present a novel method for estimating
the two-dimensional spatial displacement of structures with
frame-to-frame varying dynamics. The temporal resolution of
the presented method is the highest achievable, i.e., the sam-
pling time. However, the presented method is limited in spa-
tial resolution as the lower characteristic frame size limit is
approximately 40pix by 40pix (see Sec. IV). To provide spa-
tial resolution for the analysis, the measured frames can be
split up to 40pix by 40pix sub-frames, and the method can be
applied to them.

This section is organized as follows. In Sec. IITA
the pre-processing steps are presented along with the data-
handling library called FLAP (Fusion Library of Analy-
sis Programs), and a time-dependent background subtraction
method is shown, as well. In Sec. IIIB the traditionally
used least-mean square fit based one-dimensional polynomial
fit method is enhanced to a two-dimensional fitting method.
Utilizing this step is crucial for the velocity estimation step,
shown in Sec. III C, to perform accurately. In Sec. III C the
two-dimensional spatial cross-correlation coefficient function
(2D CCCEF) is defined. The displacement of the maximum of
the 2D CCCF provides a good estimate of the displacement of
the governing structure between two consecutive frames.

A. Pre-processing

Before the velocity estimation is performed, the data is read
into a data framework written in Python 3.7 called FLAP?.
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versal coordinates. The data can be filtered, sliced, or plot-
ted along the coordinates, even if they are not equidistantly
placed. The 2D spatial CCCF calculation method presented
in the followings has been integrated into FLAP. It has to be
noted here that the presented method can only be utilized if
the sensitivities of the pixels are equal or they have been cal-
ibrated. This needs to be performed before any of the further
steps are done.

A cross-correlation based method requires a zero back-
ground zero offset (trend) signal, otherwise the estimated dis-
placement in space would be biased based on the integrated
intensity of the background and the structure. Since the back-
ground typically has close to zero velocity and the velocity of
the structure is finite, this bias introduces underestimation.2

A measurement signal can have either a time dependent or
time independent background signal. Time independent back-
ground light emission can be subtracted from the signal by
averaging a sequence of frames in time to average the ran-
dom fluctuations and noise out from the signal. If the signal
originating from the background plasma evolves on a slower
timescale than the investigated phenomenon, the background
signal can be filtered out and suppressed. This condition needs
to be checked manually during the analysis.

In case of GPI measurements, the background signal is
originating from the response of the stationary gas neutrals
to the scrape-off layer and edge density and temperature pro-
files. If these profiles are non-stationary, the background GPI
signal is time dependent. In case of the ELM filaments, the
ELMs evolve on a ~ ms time scale, while the background sig-
nal was found to be evolving on a ~ ms time scale. In the
followings a method is presented which subtracts the time de-
pendent background emission without introducing phase-shift
in the process.

In the first step of the method the [tg — 10tgjer, t1 + 10tgier]
time range of the investigated sequence is temporally filtered
pixel-by-pixel with an Elliptic IIR (Infinite Impulse Response)
low-pass filter>> with a cutoff frequency of 1 /thiler- to and t
denote the time range of the measurement where the velocity
is estimated. A tenth fold extension of the time range provided
suppression of the spurious effects of the filtering (e.g., oscil-
lations) down to a negligible level in the [ty,t;] time range.
IIR filters are recursive and they carry information from the
"past" to the "future". Hence, they introduce phase shift dur-
ing the filtering process. In order to correctly suppress a time
evolving background, zero phase shift is needed. In the sec-
ond step the phase shift is corrected for by filtering the signal
a second time, but in reversed direction. One could argue that
forwards-backwards filtering introduces non-causality into the
analysis. However, as long as the analyzed phenomenon is in-
dependent of the background plasma evolution, this effect can
be neglected. In case of certain measurements (e.g., GPI),
the sensitivity in the frame depends on the background inten-
sity (due to the gas neutral distribution for GPI). In this case
the background is suppressed by division of the original sig-
nal with the filtered one. If the sensitivity distribution in the
frame is constant, the filtered signal can be subtracted from
the original.
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Trend subtraction is a crucial step in the cross-correlation
function estimation as an offset in the signal introduces false
bias in the calculation. Furthermore, spatial trend subtraction
can subtract the non-suppressed background plasma response
from the frames further enhancing the accuracy of the velocity
estimation.

One dimensional ng, order polynomial fit is readily avail-
able in most data analysis environments (e.g. Scipy®).
In the outlined velocity estimation method, however, two-
dimensional polynomial trend subtraction is necessary. The
number of dimensions in an imaging measurement can be be-
tween either 1 or 2, thus here only the latter is discussed. It
has to be noted, that in the followings we assume that the num-
ber of pixels in each direction is larger than the order of the
polynomial fit plus one. The two-dimensional '"-order poly-
nomial can be written as

n n—i ;
F(thjaa): ak,lx{'(ij
k=01=0

(D

where F(xj,yj,a) is the n't order polynomial at [x;, yjl pixel
location, and ay are the coefficients to be found.

During the polynomial subtraction F(x,y) has to be fit onto
each frame of the measured video and subtracted from it. Each
pixel of a frame determines an equation where the correspond-
ing coefficients need to be found. The number of coefficients
(unknowns) is lower than the number of pixels (equations) re-
sulting in an over-determined system. The number of free pa-
rameters is reduced by fitting the polynomial with the least
squares minimization method?®. The system can be rewritten
into a matrix equation

f=Xa, )

where f is a vector created from the reordering (flattening)
of each pixel intensity of frame F into a vector. The order
of reordering the frame pixels can be arbitrary as long as the
corresponding coordinates in X are matching the intensities
in f. The elements in the i’ row of matrix X equal the terms
x}‘y% in the polynomial. The number of columns of the matrix
equals the number of coefficients in the polynomial, while the
number of rows equals the total number of pixels in the frame.
One line of the matrix X can be written as

2 .3 4 2
XO-,* = [1)xO7x07x07x07y07x0y07x()y05

3)
X0Y0: Y05 X0Y5, X005 ¥, ¥0Y0: Yo
where X . is the first line of matrix X, and x¢ and yy are the
X, y coordinates of the first pixel in the reordered frame. The
same method can be followed for construction of the matrix
for arbitrary number of dimensions and polynomial orders.
The goal is to find the a vector constructed from the coeffi-
cients ay j, which is found by minimizing
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with the least squares minimization method. In Eqn. 4
N is the number of pixels, fj is the intensity of the iy, pixel,
f(xi,yi,a) is the fitted polynomial evaluated at the location
of the iy, pixel, and S; is the uncertainty (standard deviation)
of the pixel intensity fi. S; needs to be estimated from the
measurement, e.g., from the photon and electronic noise. The
uncertainty of the intensity sets the weighting of each pixel
during the fit and influences the uncertainty of the fitted pa-
rameters. If no interest is taken in weighting the pixels or
estimating the uncertainty of the fitted parameters, S; can be
setto 1.

Eqn. 4 can be written into a matrix equation if we introduce
the [b; = f;/s; vector and the [A];; = Xj/S; matrix as

c*(a) = (5)

The minimum of c?(a) is found by differentiating it with
each coefficient and setting each equation to zero resulting in

(b—Aa)" (b—Aa).

206 ATAa = ATh (for proof see the Appendix at Sec. Al). This
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can be solved for a by inverting ATA arriving at

(6)

where C = (ATA)~! is the covariance matrix of the fitted pa-
rameters (for proof of C being the covariance matrix, see the
Appendix at Sec. A2). The uncertainty of the coefficients is
given by the diagonal elements of C.

To get the reordered fitted polynomial frame, fg, Eqn. 6 is
substituted into Eqn. 2 resulting in

a=(ATA)"'ATb =CA"b,

frie=XATA)'ATb ©)
In the last step the fit frame vector is reordered into a 2D
frame.

The method was tested on data measured by the NSTX gas-
puff imaging diagnostic. The results of a fourth order polyno-
mial fit on a previously normalized frame can be seen in Fig.
1. The normalization was done with the division method de-
scribed in Sec. IIT A. The resulting trend subtracted frame has
amean intensity of —1.32-10~'!, while the original frame had
an average intensity of 2.19. In order to prevent over-fitting of
the structures, the order of the polynomial should be below
Nihres = 2Npix /Pehar, Where Ny is the order threshold, npiy is
the number of pixels in either x or y direction, and p¢p,y is the
characteristic size of the structure in the corresponding direc-
tion. The multiplication factor of 2 is necessary, because, e.g.,
a 4th order polynomial can have only 4/2=2 positive peaks.
This threshold needs to be calculated for both directions, and
the lowest resulting threshold needs to be considered. If mul-
tiple structures are present in the frame, e.g., multiple blobs,
then the largest structure’s characteristic size needs to be con-
sidered for the subtraction.
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FIG. 1. Process of the 2D polynomial subtraction. The frames fea-
ture the same color bar. a) Normalized GPI frame of shot 141319 at
552.497ms; b) Fitted two-dimensional fourth order polynomial spa-
tial trend; ¢) GPI frame after the 2D spatial trend subtraction.

C.

2D spatial displacement estimation

As it was mentioned before the goal of this development
is to provide a good estimate of the velocity of the largest,
most intense structure propagating between two consecutive
frames. If there are multiple structures propagating between
the frames, the presented method will provide a weight av-
eraged velocity where the weights are the integrated intensi-
ties of each structure (see Sec. V C). In order to achieve this
we define the two-dimensional spatial cross-correlation coef-
ficient function (denoted by 2D CCCEF for conciseness). Then
we show a Fast-Fourier Transform based algorithm for speed-
up and at the end we find the spatial displacement on a sub-
pixel resolution by fitting the maximum of the 2D CCCF. For
the method to work properly, the previously described back-
ground suppression and trend subtraction methods need to be
performed first.

1. Two-dimensional spatial cross-correlation coe [cieht
function

The definition of the 2D CCCF between two consecutive
frames is given by

Ry, , (K, ky)
Rfa £0,0)-" Ry, £,0,0)’

where I, 11 (Kx,Ky) is the 2D spatial cross-correlation co-
efficient function at spatial displacement Ky and ky in the
x and y direction, respectively. R, is the spatial cross-
correlation function estimate between the temporally consec-
utive frames f, and f,, given by Eqn. 9. Ry r,(0,0) and
Ry, 1,(0,0) are the 2D spatial auto-correlation function esti-
mates of frame f, and fy, respectively, given by Eqn. 9 with
kx = 0 and ky = 0. The 2D spatial cross-correlation function
can be written as

L h(kxa k )

®)

Ra,b(km ky) =

ky)'fb(xian>7 (9)

Ckx,k o Ja (xi -
y
ij

kx7yj_
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where i = 0...Ny and j = 0...Ny (i.e., summation for all pix-
els), where Ny and Ny are the number of pixels in the x and
y direction, respectively. C, k, is a normalization factor and
equals the reciprocal of the overlapping number of pixels.

It has to be noted that the difference between the cross-
correlation function and the cross-correlation coefficient func-
tion is that the latter is normalized with the auto-correlation
function at zero lag and can only have values in the range of
[-1,1]. The 2D CCCEF is thus independent of the intensities of
the frame pairs. This feature also allows establishment of a
correlation threshold, which can be used to tackle low corre-
lating frames, e.g., when a structure leaves the frame and an-
other one enters or when the shape of the structures changes
on a faster time scale than the sampling time.

2. Fast Fourier transformation based cross-correlation
coe [cieht function estimation

The expression of the 2D CCCF in Sec. IIIC1 is the di-
rect form of the function. The computational cost of the
method scales linearly with the total number of pixels. This
number can reach several million in two-dimensional imag-
ing systems which ultimately renders the method slow and
computationally expensive. In order to mitigate this caveat,
the 2D CCCF can be estimated with Fast-Fourier Transform
(FFT) which can be performed with log(n) cost. The calcu-
lation presented here is an extension of the one dimensional
auto-correlation calculation shown in Ref. 27 in Sec. 11.4.2
to two-dimensional and cross-correlation coefficient function
calculation. The detailed derivation of the 2D CCCF can be
found in the Appendix, here, only the results are given.

Let the two dimensional spatial Fourier-transforms of frame
a(x,y) and b(x,y) be A(ky,ky) and B(ky,ky), respectively.
The circular cross-correlation coefficient function calculated
between frames a and b, Rgb, can be written as

R (ke ky) =F'(A-BY), (10)

where F~! denotes the inverse two-dimensional Fourier-
transform and the asterisk denotes complex conjugation. The
equality in Eqn. 10 can be proven by utilizing the convolution
theorem’s proof (see the Appendix). By substituting the ex-
pressions of the Fourier-transformed signals into Eqn. 10 one
can arrive at the expression for the circular cross-correlation
function expressed with the regular cross-correlation function
(CCF). The calculation is relatively straightforward. It in-
volves several steps of variable changes, and changes in the
integration order. The details of the calculation are shown in
the Appendix. The circular 2D CCF can be written as
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. Ky — Ny ky — N,
nlkssk) = S S R ko) +

. Ky, —N,

LS N’Rab(kx Ny, ky)+

Ny N,

k,—N, k an

X X 'y

N NyRab(kx,ky Ny)+

Ky Ky

= 2Ry (Ke — Ne, Ky — N,).

NxNy b( Y y)

In Egn. 11 R, is the circular 2D cross-correlation function,
Ryp is the 2D cross-correlation function, and Ny and Ny are the
number of pixels in the respective directions.

Several caveats arise with the circular 2D CCF due to its
form. Firstly, if the 2D CCF was not a rapidly decaying func-
tion (e.g., if the size of the structures is comparable to the
frame size), then every term in Eqn. 10 could have an over-
lap with the other terms resulting in a mixed 2D CCF, which
cannot be separated. This caveat is overcome with a method
called zero padding. The data array of every frame is extended
from a size of Nx X Ny to 2Ny x 2Ny. This is done in a way
where the original frame is placed in the middle of the ex-
tended frame, while all other data points are zero. If one cal-
culates the 2D CCF of this extended frame, no overlap is going
to occur between the positive and negative lags of the terms in
Eqn. 11, because the correlation length limits of the frame are
Ny and Ny in the respective directions. By performing this
step, the circular 2D CCF can be written as

Rap(Kes Ky) = Rap 11+ Rop 12+ Rop 21 + Rap 22, (12)
where the terms are
Ky — 2Ny ky — 2N,
ftb,ll = szx : 2Ny Rab(k)mky)a
k, k, —2N.
chzb,12 = iyiyRab(kx — 2Ny, ky),
2N, 2N, 13
. Ke — 2N, K,
Rupo1 = WTM}Rab(kxa Ky —2Ny),

. ke ky
ab22 = TZ\Z TNyR”h(kx — 2Ny, ky —

2Ny).

In order to extract the 2D CCF from Eqn. 13, the circu-
lar cross-correlation function needs to be shifted by —Ny and
—Ny in the ks and Ky directions, respectively. This ensures
that positive and negative lags are represented, as well. The
circularity of 13 means that it is periodic in both ks and Ky
directions with a periodicity of Ny and Ny in the respective
direction.

The velocity estimation method requires the 2D cross-
correlation coefficient function, which is the 2D CCF normal-
ized by the zero lag value of the 2D spatial auto-correlation
functions (2D ACF) of the two frames. The 2D ACF can be
calculated with the same method as the 2D CCF shown pre-
viously. In the last step the 2D CCF is divided by the square-
root of the product of the zero lag values of the two 2D ACFs.



430 This results in the required two-dimensional cross-correlation aza
431 coefficient function: 478

476

k- Ru(kk)
Fap(KesKy) = 4 Raa(0,0)i Rys(0,0)

(14)

In a nutshell, the following steps need to be performed in
3 order to ultimately arrive at the two-dimensional spatial cross-
. correlation coefficient function (not including the two pre-
s processing steps):
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* Perform the zero padding of the data to arrive at a frame
two times larger in both directions.
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* Calculate the 2D FFT of each zero-padded frame.

438

* Calculate the zero lag ACF values for both frames from
Eqn. 8.

e Calculate the inverse-Fourier transform of A - B* (the
numerator of Eqn. 14).

441

442

¢ Reorder the corners of the 2D CCF function.

443

¢ Divide the 2D CCF with the square root of the product
of the zero lag 2D ACF values.

444
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The resulting 2D CCCEF is statistically equivalent to the one
a7 presented in Sec. IIIC 1. However, the FFT based method
is computationally cheaper compared to the direct method.
The speed ratio (SR) of the two methods can be calculated by
SR = N?/4(N -4)p where N is the number of data points and
as1 p = logsa(N), where N’>N and is the closest power of two?’.
The factor of 4 in the denominator is due to the zero padding
step. In case of a 64 x 80 image as shown in the examples, the
speedup ratio is SR =N/4p=753-80/(4-4-10g2(8192)) ~ 25.

It has to be noted, that the FFT based method is only com-
putationally faster if the entirety of the 2D CCCF is evalu-
ated. If the displacements are restricted to a relatively small
area, e.g. 10pix by 10pix, the SR would only be SR =
1007 /(4 % 64 + 80 % 4 * -log2(8192)) = 0.01.
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3. Spatial displacement calculation

The displacement of the 2D CCCF’s maximum from the
origin can be utilized to estimate the characteristic displace-
ment of the structures between two frames. This statement
can be proven by calculating the 2D CCCF between a 2D si-
nusoidal wave and a displaced one (see Ref. 27, Sec. 5.1.4 for
1D time delay). The statement is only valid if the axes of the
frame are independent, otherwise the coordinate system needs
to be transformed into a linearly independent one.

The pixel displacement of the maximum can be calculated
in several ways. The most straightforward method is to find
the pixel position of the maximum within the 2D CCF. How-
ever, this is constrained by the pixel resolution, thus, limits the
displacement resolution to the pixel resolution.

514

In order to overcome this limitation, the area around the
peak of the 2D CCF is fitted with a 2D second order parabola.
This polynomial is defined as

fxy) =ao+ai-y+ay-y* +as-x+as-xy+as-x*, (15)

where a; are the fit coefficients, and x and y are the pixel
coordinates. The fitting is done for the £5 pix x £5 pix area
around the peak. This £5pix range was found to provide ac-
curate results during preliminary testing, However, it needs to
be lowered if the correlation length of the structures (as seen
in, e.g., Fig. 6) is smaller than 5 pix. The fitting is done
with the method described in Sec. III B. From the fitted co-
efficients, the position of the maximum can be calculated by
partially differentiating the polynomial both with x and y and
by setting the derivatives to zero. Then, the resulting system
is solved for x and y giving the position of the maximum cor-
relation. The results of this calculation are the followings:

- 2(1203 —dajas
Xmax = 61421 —dayas ,
2aias — asas (16)
Fmax ai —daras

By utilizing this method, one can achieve sub-pixel resolu-
tion enhancing the resolution of the displacement calculation
which allows more accurate assessment of the velocity. Other
sub-pixel estimation techniques are also available like the bi-
cubic up-sampling method discussed in Ref. 6. However, after
performing the same tests shown in Sec. IV, inferior accuracy
was found, thus, this technique was not applied.

In the last step of the velocity estimation, the pixel displace-
ment is converted to spatial displacement by using the spatial
calibration of the diagnostic. The velocity is then given by
the ratio of the spatial displacement and the sampling time.
Following the naming convention of the time delay estima-
tion method, the 2D CCCF based velocity estimation method
is called two-dimensional spatial displacement estimation (2D
SDE).

An example 2D SDE based velocity estimation result is
shown in Fig. 2. These two frames were measured during
an ELM burst on NSTX in shot 141319. The previously de-
scribed steps of background suppression, polynomial back-
ground subtraction and finally the FFT based 2D CCCF cal-
culation were applied to the two frames. This shot was taken
from an NSTX ELM crash database, which was discussed in
Ref. 28. Here the 2D SDE method was applied to a large
database of ELM events measured by GPI in order to charac-
terize the dynamics of the ELM filaments on NSTX.

4. Post-processing

The presented method can estimate the 2D spatial displace-
ment from the position of the 2D CCCF’s maximum. How-
ever, certain effects in the measurement can distort the out-
come of the method and produce physically unrealistic results.
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FIG. 2. a) Raw frame of 141319 at 552.497ms; b) Consecutive raw
frame; ¢) The 2D cross-correlation coefficient function between the
normalized, trend subtracted frame of a and b with the red cross
showing the displacement of [3.3pix, —7.7pix]. The location of the
peak of the 2D CCCEF is highlighted with red. Displacement in the
x and y direction is implying propagation radially and poloidally, re-
spectively.

E.g., a structure exits the frame while another similar struc-
ture enters it, the estimated displacement can be as large as
the frame size.

In these cases the presented method cannot provide a reli-
able displacement estimate and the results need to be filtered
based on certain criteria. This filtering is measurement and
phenomenon dependent and can be done multiple ways. One
way can be to limit the amount of displacement based on a
physics limitation, e.g., a maximum highest velocity. The
amount of change between the subsequent frames can be lim-
ited, as well, by setting a threshold on the zero lag cross-
correlation coefficient.

During the analysis shown in Ref. 28 another method was
used, where a correlation threshold was set for the peak value
of the 2D CCCEF. Under this threshold the result was consid-
ered to be invalid. If the threshold is set to Fyes = 0., then
no filtering is done, while if s = 1.0, no result is accepted.
By plotting the results between a threshold of 0.4 and 1.0 with
0.1 increments one can visualize the erroneous displacements
and set the threshold. A finer increment can be used when a
course threshold range has been identified. A set of displace-
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Radial velocity vs.
correlation threshold

pthres=0 9

0.3473 0.3474 0.3475 0.3476 0.3477
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FIG. 3. Velocity results in the radial (x) direction at different corre-
lation thresholds (Fgpres) for NSTX shot 139901. The data points not
reaching the threshold are treated as invalid and are left out from the
plot. The subsequent results at different Iy, levels are shifted in
velocity by 10km/s.

ment results are depicted in Fig. 3.

Based on the results a threshold of 0.6 was chosen since be-
low that the result is oscillating too rapidly around the peak
compared to what is visible in the video. For thresholds over
0.6 the result is over-filtered. The results can be further con-
firmed by cross-checking them manually by comparing the
visible structure displacements to the automatic ones in a few
subsequent frames.

IV. TESTING AND VALIDATION

In order to assess the accuracy of the above presented spa-
tial displacement estimation method, it was tested against sev-
eral propagating patterns with known displacements. In Sec.
IV A the method is tested with 2D Gaussian structures, which
resemble the ones typically observed in fusion plasmas. In
Sec. IV B the method is tested on frames filled with random
noise which is displaced with a known number of pixels.

A. Testing with Gaussian structures

The presented velocity estimation method was tested with
spatially displaced Gaussian structures. A single Gaussian
structure was generated in the middle of the frame and it was
displaced in a range of pixels in both x and y directions. The
2D cross-correlation coefficient function was then calculated
with the method shown above. An example displaced struc-
ture and the resulting 2D CCCF are shown in Fig. 4.

Fig. 4 (a) and (b) depict an un-shifted and a 10pix y-axis
displaced Gaussian structure, respectively. The x and y size
(FWHM) of the Gaussian was set to 15 pix. In Fig. 4 the
maximum of the CCCF is at [x,y]=[0,10] pix, which equals
the set displacement.
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FIG. 4. Example result for an y-axis shifted Gaussian-structure. (a)
Un-shifted Gaussian with 15pix FWHM; (b) 10pix y-axis displaced
Gaussian structure; (c) The cross-correlation coef cient function cal-
culated between (a) and (b), the dashed red line depicts the displace-
ment.

In order to assess the inaccuracy of the spatial displacement
estimation method generally, the frame size dependence on
the displacement and the structure size was analyzed. ThRG. 5. Inaccuracy of the SDE method with different frame sizes.
frame was set to a square shaped one and its size was setNntice the different color scales. (a) Inaccuracy of the 2D SDE
the range of [8,200] pix with 8 pix increments. In case of method at different relative displacements at a xed structure size
rectangular frames, the frame size in the direction of the disof 0.2 times the frame size. (b) Inaccuracy of the 2D SDE method
placement should be considered as the characteristic one. Tﬁbdifferent relative st(ucture sizes at a xed relative displacement of
displacements and the structure sizes were set relative to tfe? imes the frame size.)
frame size. The results of this analysis are shown in Fig. 5.

Fig. 5 (a) depicts the relative inaccuracy of the 2D SDE
method calculated on a displaced Gaussian as a functien gfitation for the maximum determinable displacement. Be-
relative displacement and frame size. The structure sizeswdgW 0.5 relative displacement and over 30pix by 30pix frame
xed to 0.2 times the frame size. In this way one can analyzeSize the relative inaccuracy of the method is in the range of
the effect of the frame size on the same "imaged" structur&0.12,0].
, but at different resolutions. A cross-correlation basedslag Fig. 5 (b) shows the relative inaccuracy of the 2D SDE
estimation method can only be applied on data which havenethod as a function of the relative structure size and at xed
a minimum number of samples. A general rule of thumladsdisplacement of 0.2 times the frame size. One can see that the
to have 40 data points in each direction. Below this valuemethod is more sensitive to the relative structure size than the
random correlation can become signi cant and the result&amlisplacement. This is because the relative error at 0.5 relative
be skewed. The results show that this threshold is at 30pixstructure size is -0.34 at frame size over 40pix by 40pix while
els under which the accuracy is inconsistent and frame sizit is only -0.12 at 0.5 relative displacement. Over 0.5 relative
dependent. The inaccuracy vs relative displacement depestructure size the relative inaccuracy is frame size dependent
dence stays relatively constant until the relative displacemerdver 40pix by 40pix frame sizes. Over 40pix by 40pix frame
reaches 0.5. At this point the structure is at the border okthsize, and under 0.5 relative structure size the relative inaccu-
frame and about to exit it. The frame of imaging thus poses @acy is in the range of [-0.34,0]. The method generally pro-
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FIG. 7. Relative uncertainty of the displacement estimation of a ran-
dom structure (a) for displacement in the x direction and (b) for dis-
placement in the y direction.

e20 for all displacement values. The results of the calculation are
s depicted in Fig. 7.
e Fig. 7 (@) depicts the result of the x direction displace-
s ment estimation for random frames. The relative inaccu-
s racy of the displacement estimation has an expectancy around
e 0.001. This shows that the displacement estimation method
635 IS expected to return the real displacement on displaced ran-
s dom data. The standard deviation of the relative inaccuracy is
637 0:025 which decreases to  0:005 for the displacement
ess Of 16.
FIG. 6. (a) Randomly generated frame; (b) The previous framedfis- Fig. 7 (b) depicts the result of the y direction displacement
placed 20pix in the x direction with the void area lled by randdff estimation fqr random frames. The _result IS S_'m'la_‘r to the one
signal; (c) The cross-correlation coef cient function calculated tse-Where the displacement was done in the x direction. The ex-
tween frame (a) and (b). Notice the single pixel with the elevatedoected estimated displacement is the one previously set for the
correlation which indicates a correlation length of 1pix in the dis-random signal. The standard deviation shows the same trend
placed signal (The red dashed line indicates the location of the maxas before.
imum, i.e., the displacement.)

ess V. DISCUSSION
vides an underestimate of the displacement since the relative

inaccuracies are mostly negative. «s  This section discusses the presented spatial displacement

s7 €Stimation method. Sec. V A presents an example 2D SDE
es calculation on an edge localized mode event measured on
B. Testing with spatially displaced random noise ss NSTX by the GPI diagnostic. Sec. V B discusses the uncer-
eso tainty of the 2D SDE displacement estimation method. Sec.

The 2D SDE method was tested against spatially displa%e}fc discusses the present assumptions and limitations of the
random frames. The geometry in this case is similar to®thdn€thod. Atthe end Sec. VD compares the presented and the
NSTX GPI (64 80 frame size). In the rst frame eack most commonly utilized velocimetry methods.
pixel's value was randomly chosen between [0,4095]. Then
this frame was displaced with a set number of pixels in the x
or y direction. The void pixels were lled with uniform rarfs¢ A. Analysis of an edge localized mode (ELM) event
dom numbers from the same range. An example frame pair
and the resulting 2D CCCF can be seen in Fig. 6. It has tasbe One of the possible applications of the presented SDE
noted that the increased cross-correlation coef cient is limigedmethod is velocity estimation of structures emerging during
to a single pixel which indicates that the correlation lengthsinELM crashes. A comprehensive article was previously pub-
a randomly generated frame is one pixel (see Fig. 6 (C)). s lished on this topi€®. This paper presents only one ELM

The 2D SDE method was tested against whole numbersdisevent to demonstrate the capability of the 2D SDE method
placements between [1,16] in the x direction and [1,20] in¢heon a real measurement.

y direction (a quarter of the frame size in the respective disec- The edge localized mode event was chosen from a dis-
tion). The frames were generated 100 times and the displaceharge on NSTX, #141319 from the 2010 measurement cam-
ment was estimated for each case. The average and thesstgraign. The presented ELM event is the rst crash of a gi-
dard deviation of the results were calculated for each directiomant ELM event which includes three crashes without signi -
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FIG. 8. Example frames around the giant ELM crash at 552.497ms in
shot 141319. The red line indicates the separatrix in each frame. The
ELM time was determined from the largest change between the two
subsequent frames. The magenta arrow indicates the location of the
ELM lament which propagates outwards radially and downwards
poloidally.

cant pedestal recovery in between. It causes an overall totgf(é'sg'g;dia' ?”dhp‘:'(l)fféfg“?#re Ve'?fitie_?hdt’r:i”gggEL'\fhe‘ée”t
plasma energy decrease of about 30%. The discharge lastd <9 /MS 1N Sho | Ne results with the methoa are
for 800 ms, the at top plasma current was660 kA and the shown in .blue. The results calcglated with a frgme-by-frame strgc-
. ’ . . ture tracking method are shown in red. (a) Radial structure velocity;
line averaged density at the time of the GPI measurement W) poloidal structure velocity.

6 10°°m 3. The GPI measurement was available between
510 and 650 ms. Four ELMs occurred in this time range from

which the one at 552.497 ms is analyzed. 9 GPI frames of this

ELM event are depicted in Fig. 8. The results of the velogityissue since it doesn't rely on identi cation of the structures
analysis of this giant ELM event are depicted in Fig. 9. ¢ and is robust against changes in shape and velocity, as well.
The poloidal and radial velocities of the governing strig-This robustness is provided by application of the aforemen-
tures (partially shown in Fig. 9) were analyzed with both thetioned correlation threshold, which eliminates false displace-
2D SDE method and the structure tracking method descrieghents from the result.
in Ref. 28. This latter method identi es structures in each . . .
frame and ts an ellipse onto them. The center of the ellif8e The peak poloidal velocity eSt'mfited. by the 2D SDE
is then tracked between frames. In order to arrive at the p%dpethod Is-12.2km/s, where the negative sign stands for down-
agation velocity, the displacement of the ellipse's centret zigvards (|pn-d!amagnet|c) direction. The structure tracking
divided by the sampling time. The ELM lament is the mo&t method is noisy both before and afte_:r the ELM, however, the
intense structure in the frames, thus, only those structure&‘af nd of the red plot (structure tracking) follows the trend of
tracked. The 2D SDE method was applied on the frames 4fidPe blue plot (2D SDE).
having the background suppressed by the method describedlt has to be noted that during an ELM crash the amount of
in Sec. IlIA and tting and subtracting the offset with &'4.; ejected heat and particles can be substantial enough to signif-
order 2D polynomial with the method shown in Sec. 11 B. s icantly deplete the gas neutrals of the gas puff. In extreme
The peak radial velocity estimated by the 2D SDE methedcases a dip can be formed in the neutral density by the ELM
is 6.2 km/s outwards. The result from the structure trackinglament resulting in decreased line emission. This effect can
method follows the trend of the 2D CCF before the ELM. in principle in uence the outcome of the analysis. However,
However, right before the ELM the red plot becomes and-#ethus far no signi cant effect was found during the investiga-
mains noisy for the rest of the time range. This is due to-thaion. Detailed discussion of this effect on NSTX could be
inherent feature of the structure tracking where a structuregadone by utilizing numerical simulations, however, this is out-
be identi ed as one contour in one frame and an adjacent eerside the scope of this paper. Further discussion of this effect
tour in the subsequent frame. The 2D SDE method lacks:thisan be found in Refs. 29 and 30.



