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Highlights 

 Direct numerical simulations of dynamically compressed and/or sheared polycrystalline 

aluminum are carried out.  

 The magnitude of the scatter in observable point measurements due to the heterogeneous 

microstructure is characterized. 

 The grain size is shown to affect the inter and intra-granular distribution of state variables 

(e.g., velocity, plastic strain).  

 The scatter decreases to zero (i.e., point measurements become representative of the 

mean-field) with decreasing grain size. 

 The required number of grains per characteristic length for minimizing scatter is 

proposed. 
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ABSTRACT 

Normal and Pressure-shear plate impact (NPI and PSPI) experiments are popular experimental 

techniques for studying the mean-field macroscopic behavior of polycrystalline metals under 

high-rate dynamic loading. However, since both configurations rely upon geometry for 

subjecting the specimen to high strain rates, these experiments often involve a limited specimen 

size. Moreover, because of the inherent heterogeneities present within polycrystalline metals, it 

is difficult to ascertain if the size of the specimen and/or regions where measurements are made 

are sufficiently large for making representative inferences about the mean-field macroscopic 

properties from single-point velocity measurements. In the present study, we quantify the 

expected measurement variability on observable point measurements in NPI and PSPI 

experiments by carrying out direct numerical simulations (DNS) of statistically representative 
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polycrystalline microstructures subjected to dynamic compression and compression-shear 

loading. In particular, we consider the role of specific material heterogeneities (e.g. the grain-to-

grain difference in size, crystallographic orientation) on dispersion in the normal and transverse 

particle velocity records and on local fluctuations in key state variables (e.g. velocity, 

accumulated plastic strain) by incorporating these effects directly into a representative synthetic 

microstructure geometry and crystalline description of pure polycrystalline aluminum. The form 

of the present study is a large parametric investigation, consisting of ten ensembles of one 

hundred simulations.  Each of the thousand simulations reflects a randomly realized synthetic 

microstructure in one of five cases of decreasing average grain size for the two loading 

configurations.  Our analysis of the DNS results demonstrates that for both of these experimental 

configurations, the grain size directly correlates with the coefficient of variation (CV) in 

simulated point measurements, showing a convergent decrease in CV to zero (i.e. particle 

velocity record approaches the mean-field value) with decreasing grain size. Remarkably, the 

magnitude of variations in the particle velocity record is shown to be largest where the deviatoric 

stresses are most significant. In the case of NPI, this occurs at the elastic and plastic wavefront, 

whereas, in the case of PSPI, the magnitude of fluctuations are approximately constant 

throughout the experimental window time. The reasoning for the scatter in particle velocity due 

to the heterogeneous microstructure is demonstrated to be dependent on the mechanisms for 

accommodating deformation and on the interaction of reflection waves generated at sites of 

heterogeneities occurring at the scale of grains. Lastly, we develop a power-law description for 

the magnitude of scattering versus characteristic length, which provides a statistical framework 

for assessing the required number of grains per characteristic specimen dimension for 

minimizing scatter within these two experimental configurations (NPI, PSPI).  
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1. INTRODUCTION 

Understanding the mechanics and physics of solids under extreme loading conditions is a 

fundamentally important challenge within material science for its relevance to a broad range of 

engineering applications that involve high deformation rates and transient temperatures. These 

applications routinely employ materials that are inherently heterogeneous at multiple scales. For 

example, engineered materials comprise several phases and/or aggregates of crystals with 

varying grain size and orientation. At smaller scales, features of the microstructure (e.g., alloying 

elements and defects) within the grain may be non-uniformly distributed. However, the length 

scales associated with engineered material systems are often large enough that macroscale 

models can be used to capture the salient features of the response (i.e., the mean-field 

macroscopic response), for instance, by using physics-based relations that represent the 

culmination of governing effects occurring at smaller scales [1-4]. Homogenization is a 

theoretical process by which macroscale models can be developed, which relies upon the notion 

of a representative volume element (RVE). The RVE can be described as the smallest volume of 

material such that further increases in material volume do not affect the observed intrinsic 

responses. The minimum size for the RVE (MSRVE) has been demonstrated to vary with 

material property [5] and although it has been studied for a wide range of materials [6-9], 

properties, and boundary conditions [10, 11], the MSRVE for dynamic properties (e.g., the 

Hugoniot elastic limit (HEL) and dynamic shearing/compressive resistance) is still incompletely 

addressed in the literature. 

Experimental investigations aimed towards probing the mean-field macroscopic response of 

materials under high strain rates, pressures, and temperatures have also received significant 
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attention.  Two experimental configurations amongst the many that are often employed for 

studying the mean-field macroscopic response of polycrystalline metals at high-to-very-high 

strain rates are normal (NPI) [12-14] and combined Pressure-shear (PSPI) Plate Impact [15-17]. 

In NPI, the dynamic strength and rate sensitivity of the response at incipient plasticity are 

inferred from the measurement of the arrival-time, amplitude, and profile of a relaxing elastic 

precursor wave (i.e., from normal free surface velocimetry). Whereas, in PSPI experiments, the 

effective dynamic shearing resistance is inferred from the transverse free surface velocimetry on 

an anvil plate. Since both configurations rely upon geometry to impose simple wave dynamics 

while subjecting the specimen to high strain rates, these experiments most often involve a limited 

specimen size. Moreover, because the sample behavior is typically inferred from point 

measurements using diagnostics with narrow spatial resolution and field-of-view (e.g., PDV 

[18], VISAR [19], NDI/TDI [20-22]) the size of the specimen and/or region where 

measurements are made may not be sufficiently large for its observed response to be 

representative of the mean-field macroscopic properties. In other words, it is unclear if the 

typical notion of an RVE is sampled in these dynamic loading experiments, because it is difficult 

to ascertain if the size of the specimen and/or regions where measurements are made are 

sufficiently large for making representative inferences about the mean-field macroscopic 

properties from single-point velocity measurements. 

NPI experiments typically employ samples with a thickness on the order of millimeters. Other 

elastic precursor decay configurations, such as laser-driven shock compression, often employ 

samples with a sub-millimeter thickness [23-26]. On the other hand, PSPI experiments employ 

metallic foil samples of thickness on the order of few [27] to tens [15, 28, 29] of micrometers 

and a diameter on the order of tens of millimeters. In both configurations, velocimetry 
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measurements are typically obtained over a focused or collimated beam with a spot size on the order 

of tens to hundreds of micrometers. For measurements made at these scales, heterogeneities at 

scales smaller than the typical range of specimen size employed (e.g., from grain-to-grain 

differences in size, morphology, orientation) have been demonstrated to significantly affect the 

inferred macroscopic properties. For instance, NPI experiments have revealed that the dynamic 

yielding and spall properties of polycrystalline metals under planar shock loading are highly 

sensitive to grain size, morphology and orientation [30-33]. Modified VISAR techniques 

enabling particle velocity dispersion measurements to be made at the micro and mesoscale have 

revealed that the particle velocity profile is not uniform in experiments involving polycrystalline 

materials [34]. Planar shock studies on porous aluminum [34] high strength steel alloys [35] and 

aluminum alloys [36] conducted using this technique have revealed variance in the particle 

velocity profile of between 5 – 7% for measurements made over 70 – 100 micrometer spot size. 

Similar studies using line imaging and two-dimensional VISAR diagnostics have revealed non-

uniform particle velocity distribution in other materials, such as plastically bonded explosives 

[37], and single crystal silicon [38], which highlight the persistent shortcoming of using a single 

point velocity measurement in the interpretation of the data from these experiments. 

The reasoning for the non-uniformity of key variables (e.g. stress, velocity, temperature) in 

polycrystalline materials under normal shock compression have been studied theoretically and 

hypothesized to be due to the generation and interaction of multiple waves at sources of 

heterogeneities (e.g. from varying grain orientation,  non-uniform distribution of defects or 

alloying elements) that may have a significant effect on the local substructure evolution and on 

the characteristics of the shock front [39-41]. And, although the magnitude of these effects have 

been estimated theoretically, these investigations most often incorporated Gaussian distributions 
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representing the average fluctuations of key variables of the model from hypothetical material 

effects [40, 42] rather than attempting to simulate these effects directly. More recent 

investigations have also employed single crystal plasticity models and looked at perturbations in 

the initial dislocation density as initiators for plastic strain localization [43]. 

For the PSPI configuration, experiments on foil specimens of polycrystalline metals made via 

vapor-deposition have been shown to exhibit enhanced shearing resistance when compared to 

thicker foil specimens made via traditional methods of the same material [27, 44]. Moreover, 

discrepancies have been observed when attempting to compare material properties inferred from 

PSPI to other experimental platform at similar rates.  For example, micro Kolsky bar (µKB) 

experiments conducted at similar rates to PSPI experiments, have exhibited enhanced sample-to-

sample scatter in the data and smaller than expected shearing resistance than inferred in PSPI 

[45]. The explanation given for the discrepancy between the two experiments eluded to the 

possibility that µKB samples may not have contained sufficient grains for being representative. 

However, PSPI foil specimens often contain a single or few grains through the thickness, but are 

often assumed to be representative due to their large lateral dimensions. The assumption that a 

PSPI experiment employing a limited specimen size with few grains through thickness can 

recover the representative response of a polycrystalline metal has not been validated in the 

literature until now. This question is of particular importance to the authors in the present study 

for its paramount significance to the interpretation of experimental data from PSPI. 

Although these experiments have provided crucial insight into mechanisms governing the 

dynamic response of polycrystalline metals, the limited specimen size, spatial resolution, and 

field-of-view of the diagnostics employed render the contribution to the uncertainty of the 
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inferred macroscale properties ambiguous. These ambiguities in the inferred macroscale 

properties present clear challenges for both experimentalist attempting to measure a 

representative response of materials under extreme conditions and for modelers attempting to 

calibrate large parameter sets in more sophisticated models where scatter in the data could 

prevent the determination of unique parameter sets. Therefore, the present work aims to shed 

light on the expected measurement variability by explicitly investigating the role of 

heterogeneity (e.g., from the stochasticity of the microstructure and anisotropy of the crystal) on 

observable point measurements in NPI and PSPI experiments. In contrast to the theoretical 

studies discussed in the above, we study the role of specific material effects (e.g. grain-to-grain 

differences in crystal orientation creating both local elastic impedance mismatches, and local 

variations in plasticity associated with preferential orientations for accommodating slip) by 

incorporating these directly into the synthetic microstructure geometry and in the crystalline 

material description. The DNS results provide a statistical basis for assessing measurement 

variability within these two experimental configurations (NPI, PSPI).  For this, we make use of a 

crystalline thermoelastic-viscoplastic description of pure annealed aluminum to perform direct 

numerical simulations (DNS) of statistically representative microstructures within macroscale 

polycrystalline specimens subjected to dynamic compression and compression-shear loading.  

A few of the pertinent questions which we address in the present study are:  

 Does microstructure grain size cause appreciable variability of point measurements in NPI 

and PSPI experiments?  
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 Do point velocity measurements from NPI and PSPI show a convergent behavior towards 

a single mean-field value as the grain size is reduced for typical ranges of specimen size 

and microstructure? 

 Can we quantify the uncertainty of the inferred macroscale properties resulting from 

heterogeneities at smaller scales? 

The current manuscript is structured as follows. In Sec. 2, we provide details about the modeling 

approach, including a review of the continuum description of the material, generation of 

representative microstructure, and plane wave simulation schemes. The results from DNS are 

presented and discussed in Sec 3, showing the effect of grain size on the variability of point 

measurements in NPI and PSPI simulation schemes. Finally, we summarize the main points of 

our findings in Sec. 4.  
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2. MODELING METHODS 

The low number of impurities and defects present within pure annealed metals are expected to 

limit the contributions from sub-grain scale heterogeneity relative to intergranular fluctuations on 

observed variability at the macroscale. For this reason, we employ a continuum single crystal 

thermoelastic-viscoplastic model for describing the response of the individual pure aluminum 

grains. We further stipulate a uniform distribution of dislocations within each grain, which we 

believe to be a reasonable constitutive approximation for the case of pure annealed metals. 

Hence, the initial source of heterogeneity within these simulations are the grain-to-grain 

differences in crystal orientation which creates both i) local elastic impedance mismatches, and 

ii) local variations in plasticity associated with preferential orientations for accommodating slip. 

2.1 Review of the continuum description of the material 

We employ an extension of a previous isotropic viscoplastic model [3, 29] adapted to represent 

the anisotropic thermomechanical response of individual crystals during shock compression 

within simulations using our fully Lagrangian finite element code. It is derived from previous 

models of Austin and McDowell [3, 46] and Lloyd et al [47] for polycrystalline and single-

crystal aluminum, respectively. It is intended that the single-crystal model used here is consistent 

with the previous isotropic viscoplastic model of Zuanetti et al. [29]  in the isotropic limit. Thus, 

our model assumptions made here are not necessarily intended to achieve a close calibration to 

any specific set of single crystal aluminum measurements. 

Details of the relevant single crystal theory can be found in detail elsewhere [1, 47-49]  and are 

only briefly summarized in this section and in Appendix A. A finite-element based hydrocode 
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provides the total deformation gradient,   
  

  
, consistent with    ̇   . The total 

deformation gradient is decomposed into separate parts representing the elastic lattice 

deformation,   , and the cumulative effects of dislocation-accommodated crystalline slip,   , 

according to       . The plastic part of the deformation gradient is evolved via the 

conventional crystal plasticity expression 

 ̅  ∑  ̇ (  
    

 )

  

   

 ( )  

defined in the intermediate configuration.   
  and   

  are the vectors normal to the slip plane and 

along the slip direction for the  -th slip system, respectively, and the slip rate on the slip system 

is defined by the Orowan expression, i.e.,  ̇    
     . Here,   is the magnitude of the 

Burgers’ vector and   
  and    are the density of mobile dislocations and their mean velocity, 

respectively, for the  -th slip system. Expressions for the evolution of mobile dislocations and 

their corresponding velocity are those developed by Lloyd et al. [47], with the exception of the 

dislocation multiplication rate, which here is adapted from the relationship of Gilman [50] in 

order to maintain consistency with the previous model of Zuanetti et al. [29] in the isotropic 

limit. The rate of change of the density of mobile dislocations is given by 

 ̇ 
   ̇   

   ̇   
   ̇   

   ̇    
  ( )   

The density of mobile dislocations is taken to increase due to the nucleation of dislocations at 

heterogeneous sources , and dislocation multiplication, , associated with interactions of 

dislocations with forest dislocations (i.e., acting as Frank-Read sources). The rate of mobile 

                  



13 

 

dislocations is reduced by the rate of dislocation annihilation, , contained in the same plane 

and of opposite polarity and also by immobilization, , due to being trapped through 

interactions with forest dislocations. The rate of heterogeneous nucleation is given by 

 ̇         ( 
 )〈 ̇     (  )〉 ( )  

where 

        (  )  {
   

(     ) 
(
|  |    
     

)

 

        [     ]

                                            

 ( )  

The Macaulay brackets in the Eq. (3) are implemented to ensure that heterogeneous nucleation 

only takes place if the rate of stress acts to increase the magnitude of the resolved shear stress. 

The remaining terms for mobile dislocation evolution are taken to be as follows:  ̇   
  

    
 |  |,  ̇   

    (  
 ) |  |,  ̇    

    √  
   

 |  |, where   ,   ,  ,     ,   ,   , and    

are material specific model parameters.  

The expression for the evolution of immobile dislocations is  

 ̇  
     

  ̇    
  ( )  

The immobile dislocation density grows proportionally to the rate of trapping by a scalar 

function    
 , which has been adapted in order to maintain consistency with the previous model 

of Zuanetti et al. in the isotropic limit, and represents the effects of temperature/rate-dependent 

dynamic recovery [29].  Here, the dynamic recovery function is taken to be 
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Where,     ,    ,   ̇̅, and      are model parameters, and    
  is the effective immobile 

dislocation saturation limit, and is defined as 

    
  (    

     
 )

 
  ( )  

The form of Eq. (8) ensures that the immobile dislocation density never decreases below,   , the 

estimated dislocation density for a fully annealed sample. 

2.2.1Model Parameters 

The physical/thermal and single crystal elastic constants for aluminum for the thermoelastic free 

energy are provided in Table 1.  Isentropic second-order elastic constants are obtained from 

hydrostatic compression data on single crystal aluminum from the literature [47, 51, 52]. The 

differences between isentropic and isothermal elastic constants are negligible to the purposes of 

this investigation. The density, specific heat capacity, and volumetric thermal expansion 

coefficient were obtained from an experimental study performed by Raju [53]. We employ a 

Mie-Gruneisen equation of state (EOS) [54] to define the volume-pressure aspect of the 

Helmholtz free energy.  The parameters for the EOS were identified by fitting shock 
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compression data on commercial purity aluminum provided in the LASL shock Hugoniot 

handbook [55] and from Austin [56] for pure polycrystalline aluminum.  

Table 1. Relevant physical/thermal properties and modeling parameters for the elastic and purely 

volumetric response of polycrystalline aluminum. 

Parameter Value Units Description 
    106.8 x 10

9
 Pa Second order elastic constant 

    60.4 x 10
9
 Pa Second order elastic constant 

    28.3 x 10
9
 Pa Second order elastic constant 

   2700 Kg/m
3
 Initial Density 

  205 W/m·K Isotropic thermal conductivity 
   900 J/kg·K Initial specific heat capacity 
    69.9 x 10

-6
 1/K Volumetric thermal expansion coefficient 

   5386.0 m/s Bulk wavespeed 

a 1.49 --- Mie-Grüneisen EOS parameter, a 

   1.339 --- Mie-Grüneisen EOS parameter,    

   0.0 --- Mie-Grüneisen EOS parameter,    

   0.0 --- Mie-Grüneisen EOS parameter,    

   1.97 --- Grüneisen gamma 

 

The relevant parameters pertaining to the single crystal plasticity model are provided in Table 2. 

Values for most of these parameters were selected to be consistent with our previous modeling of 

polycrystalline aluminum [29], or obtained directly from literature on single crystal aluminum 

[46, 47, 56, 57]. For example, the parameters for the Kocks free enthalpy of activation (e.g., the 

effective shear modulus, thermal depinning parameters, dislocation energy barrier coefficient, 

athermal threshold stress), effective drag coefficient (Phonon drag fitting and normalization 

parameters), as well as the parameters contributing the heterogenous nucleation and recovery 

rates, are taken from our previous work on polycrystalline aluminum [29]. The remainder of the 

parameters, which contribute to the threshold stress for dislocations to overcome short-ranged 

barriers (barrier spacing, dislocation-dislocation interaction), and the evolution of mobile and 
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immobile dislocation populations (multiplication, immobilization, annihilation) are identified via 

a manual calibration procedure so that the mean response from an ensemble of DNS simulations 

reasonably agrees with NPI and PSPI experimental records on polycrystalline aluminum [29, 

58]. These parameters, (i.e., the barrier spacing scaling parameter, dislocation-dislocation 

interaction coefficient, dislocation multiplication, annihilation, immobilization coefficients) 

closely accord with values in the literature for single crystal aluminum. [46, 47, 59].  
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Table 2. Single crystal plasticity model parameters for pure aluminum. 

Parameter Value Units Description 

     0.01 x 10
9
 Pa Athermal threshold stress 

  2.86 x 10
-10

 m Burger’s vector 

   1.00 x 10
13

 s
-1
 Debye frequency 

   0.5 --- Energy barrier parameter 

 ̅ 0.4 --- Thermal depinning parameter 

 ̅ 2.5 --- Thermal depinning parameter 

 ̅ 0.064 --- Barrier spacing scaling parameter 

  0.6 --- Dislocation-dislocation interaction coefficient 

  230 K Phonon drag normalization factor 

   1.051 x 10
-5
 Pa·s Phonon drag normalization factor 

   0.0 --- Phonon drag fitting parameter 

   1.0 --- Phonon drag fitting parameter 

   0.0 --- Phonon drag fitting parameter 

   0.0 --- Phonon drag fitting parameter 

   9.50 x 10
-3
 --- Phonon drag fitting parameter 

     27.1 x 10
9
 Pa Steinberg-Guinan Shear Modulus P = 0, T = Tref 

      6.52 x 10
-11

 Pa
-1
 Pressure dependence parameter 

      -6.16 x 10
-4
 K

-1
 Temperature dependence parameter 

     1.2886 x 10
14

 m
-2
 Dislocation heterogeneous nucleation coefficient 

   0.85 --- Heterogeneous nucleation PDF parameter 

   20.0 x 10
6
 Pa Threshold for heterogeneous nucleation (lower) 

   1.80668 x 10
9
 Pa Threshold for heterogeneous nucleation (upper) 

   4.50 x 10
5
 m

-1
 Dislocation multiplication coefficient 

   0.5 --- Dislocation annihilation coefficient 

   2.1 x 10
-2
 --- Dislocation immobilization coefficient 

         1.00 x 10
11

 m
-2
 Initial dislocation density 

   0.50 --- Ratio of dislocation densities (mobile/immobile)  

       1.2 x 10
15

 m
-2

 Immobile saturation limit coefficient 

 ̅  5.0 x 10
6
 s

-1
 Recovery function normalization factor 

     0.9 --- Recovery function scaling parameter 

     1.0 --- Recovery function scaling parameter 
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2.2 Generation of polycrystalline microstructure geometry 

In order to realize the polycrystalline microstructures with uniformly random grain orientations 

and equiaxed grains of a desired size, we employ the open source python package MicrostructPy 

[60, 61] for statistical microstructure mesh generation. An example of a random polycrystalline 

geometry and the corresponding inverse pole figure is shown in Figure 1. The microstructure 

geometry depicted in Fig 1 was generated using a modified Laguerre-Voronoi tessellation within 

MicrostructPy. Seeds were randomly placed in a rectangular domain such that circles, whose 

diameter corresponds to the average grain size, associated with each seed are not allowed to 

overlap beyond a specified tolerance. The overlap tolerance is chosen automatically by the 

MicrostructPy for improving the correlation between the seed and grain volumes.  

   
Fig 1. An example of random polycrystalline microstructure geometry showing uniformly 

distributed equiaxed grains with no preferential orientation (left), and the corresponding inverse 

pole figure (IPF) (right). The color in the IPF represents the alignment of the crystal axis with the 

x-direction, which is chosen to be the wave propagation direction in all simulations presented in 

this manuscript. 
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Each Voronoi cell corresponds to a single crystal whose orientation is randomly drawn from a 

uniform distribution over SO(3) [62] yielding no preferential orientation within the domain. The 

resulting grains are relatively equiaxed, have no preferential orientation, and possess a size that is 

proximate to the user-specified seed diameter size. 

Continuum models of microstructure often use a conforming unstructured mesh in two- or three-

dimensions in order to align element boundaries with grain boundaries without much geometric 

approximation [63-65]. However, this approach can lead to complications including degenerate 

or poorly shaped elements in numerical simulations involving large deformations, such as in the 

case of PSPI. Simulations of impact response in microstructure using such meshes often suffer 

from numerical impedance mismatches and mesh imprinting [65]. To circumvent these potential 

issues, we employ a pixel approximation of the original microstructure geometry by a structured 

hexahedral mesh, as shown in Figure 2. This approach has been shown to provide adequate 

accuracy in reproducing stress distributions at the scales of interest with improved efficiency and 

simplicity over a smooth topological representation [66]. This approach has also been 

successfully employed in a similar DNS study performed by Bishop et al. [67] for investigating 

the macroscale effects of microstructural variability in structural applications. 
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Fig 2. Pixelization of a synthetic microstructure geometry in NPI simulations. The final pixel 

size of 1 µm was chosen after successive refinements until properties of interest (i.e., features of 

the normal free surface particle velocity record) converged within 2 percent for representative 

simulations. 

As shown in Fig 2 the final pixel approximation of the microstructure geometry was chosen after 

successive refinements until the rastered image adequately recovered the geometry of the grains 

and properties of interest (i.e., features of the normal free surface particle velocity record) 

converged within 2 percent for representative simulations. 

2.3 Plane wave simulation schemes 

The DNS of polycrystalline samples using the single-crystal material model (described in 

Section II a) are implemented within a total Lagrangian finite element code. A detailed 

description of the FEM code used in this work is provided in [29]. Briefly summarize here, the 

code employs fully three-dimensional reduced-integration eight-noded elements comprising of 

isoparametric shape functions for solving the global-level discrete algebraic equations of motion 
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and temperature evolution. The equation of motion is integrated in time using an explicit beta-

Newmark method [68] and the coupling between thermal and mechanical fields is performed via 

a staggered solution procedure [69]. To limit the errors accumulated due to large changes in 

deformation over a time step, a fully explicit fourth order Runge-Kutta scheme is employed for 

updating the plastic part of the deformation gradient and internal evolving state variables of the 

model in the hyperelastic stress update algorithm.  

For all simulations discussed here, the entire simulation domain is comprised of a three-

dimensional hexahedron and is filled using a structured mesh of eight-node hexahedral elements 

(bricks), as illustrated in Figure 3.  

  
Fig 3. The structured mesh is comprised of a hexahedron volume filled with A x B x 1 8-noded 

hexahedral elements (bricks) along the X, Y, Z directions, respectively. For all the simulations 

presented in this manuscript, a single element comprises the depth in the Z direction and periodic 

boundary conditions are applied in this direction to avoid boundary wave effects from the free 

surfaces along z-axis. The length, L and width, W are determined by the sample/anvil geometry.  
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The 2D geometry was discretized into a single layer of 3D elements with periodic boundary 

conditions applied on the extremal surfaces of z-axis. Subsequent illustrations of the simulation 

schemes/mesh are shown with a viewing direction coincident with the Z-direction. 

The model geometries for simulating normal and combined pressure-and-shear plate impact 

experiments are shown in Figure 4. The sample dimensions and boundary conditions for the NPI 

simulations (shown in Fig 4a) were selected to be consistent with work of Zuanetti et al. [29] to 

enable comparison with that previous work. Accordingly, the sample constitutes the entire grid, 

the normal particle velocity of 200 m/s is prescribed at the surface X = 0 for the duration of the 

simulation, while the remainder of the body is prescribed to be initially at rest and at a 

temperature of 296 K.  The specimen possesses a length, L, and width, W, of 0.5 mm and 1.5 

mm, respectively. Note that the Width of 1.5 mm is chosen such that boundary waves do not 

appear at the measurement point (taken to be at the center of the free surface at X = L, and Y = 

0.5D) through the duration of the simulation, 0.125 µs. In the PSPI simulations (shown in Fig 

4b), for comparison purposes, the sample dimensions and boundary conditions are selected 

consistent with the PSPI01 experiment presented previously [29]. The simulation domain 

comprises a thin rectangular region representing the polycrystalline aluminum sample and a thick 

WC anvil plate. The elastic behavior of the anvil plate is represented as linearly elastic and 

possess a density, first Lamé parameter, and shear modulus of 15,400 kg/m
3
, 150 GPa, and 287 

GPa, respectively [70]. The normal and transverse particle velocity of 97.35 and 39.33 m/s are 

prescribed at the surface X = 0 for the duration of the simulation, while the remainder of the grid 

is prescribed to be initially at rest and at a temperature of 296 K. The sample and anvil 

dimensions are 0.07 mm and 6.0 mm in length, respectively, and have a width of 40 mm such 
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that boundary waves do not appear at the measurement point through the duration of the 

simulation, 2.3 µs. 

The optimal number of elements and time step size for computational efficacy were determined 

via a mesh convergence analysis involving successive mesh refinements until properties of 

interest (i.e., features of the normal and transverse free surface particle velocity record) 

converged within 2 percent for representative simulations. Accordingly, the X and Y element 

dimensions of 1 µm and a time step of 30 picoseconds were selected for NPI simulation 

schemes. For the PSPI simulation scheme, due to the much larger Y dimension of the grid and 

lower strain-rates involved. The Y dimension of the element was selected to be 40 µm while the 

X dimension was maintained at 1 µm for the sample. Also, a pixel size of approximately 10 µm 

was chosen for the anvil plate. This size was chosen after successive refinements to prevent 

artificial impedance mismatch, wave dispersion, and/or the introduction of numerical waves. A 

timestep size of 90 picoseconds was used for the PSPI simulation. 
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Fig 4. Planar wave simulation schemes for a) Normal shock compression, and b) combined 

pressure-shear simulations. In a) the sample is represented by the entire grid, whereas for b) the 

sample is a thin rectangular region on the front surface of a fully elastic anvil plate). In both 

configurations, the bodies are initially at rest and at a temperature of 296 K, and the particle 

velocities at x = 0 are specified as boundary conditions. Free surface particle velocity records 

reported herein are obtained at the center of the free surface denoted by the red circle (i.e., at x = 

L, and y = 0.5W, where L and W are the length, and width of the grid respectively). In NPI 

simulations, the entire grid is comprised of the sample, hence, L = 0.5 mm and W = 1.5 mm. In 

                  



25 

 

PSPI simulations, the grid is comprised of the sample and anvil, hence, L = 6.07 mm and W = 40 

mm.  
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3. RESULTS AND DISCUSSION 

In the current study, two series of simulations were carried out and are reported (i.e., one series 

for NPI and for PSPI, respectively). For each series, there are several simulation cases (A-D for 

NPI and A-E for PSPI) containing an ensemble of one-hundred realizations per case. Each case 

has a different average grain size, refined successively with increasing alphabetical order. Each 

simulation employs a different random microstructure geometry and associated random uniform 

distribution of grain orientations. Moreover, the sample/target configuration and dimensions for 

all cases are consistent with their respective description provided in Section 2.3. These 

dimensions were chosen primarily for comparative purposes with the NPI and PSPI experiments 

presented in our previous work [29]. In the following sections we discuss the results of these 

simulations in the context of the effects of microstructure on the variability of observable 

measurements in NPI and PSPI experiments.    

3.1 Normal shock compression of synthetic polycrystalline aluminum 

In NPI experiments, at impact, an infinitesimally small volume of material at the load interface is 

subjected to extremely high strain-rate compressive uniaxial strain loading. During the loading 

process, this infinitesimal volume of material initially deforms elastically, however, due to the 

extremely high deviatoric stresses the material subsequently flows. Plastic flow relaxes the 

deviatoric stresses which evolves the state of stress towards a nearly hydrostatic state (i.e., a state 

in which the deviatoric stresses become insufficient to cause continued plastic flow). If the wave 

speed associated with the characteristic line joining the initial and final Hugoniot (pressure, 

particle velocity) states under the particular impact conditions is lower than the longitudinal 
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wave speed at incipient plastic flow, then the process will result in propagation of two waves 

including an elastic precursor wave traveling at the longitudinal wave speed, followed by a 

subsequent shock wave traveling at a lower speed determined by the jump from HEL to final 

Hugoniot states. As the elastic precursor wave continues to propagate through the sample, its 

amplitude is proportional to the deviatoric stress component and continues to decrease due to the 

ongoing plastic flow behind the precursor front. The rate of attenuation is proportional to the 

amplitude of the resolved shear stress; hence, the elastic precursor decreases at an exponentially 

decaying rate. After a sufficiently large propagation time/distance the precursor amplitude 

becomes nearly steady.  

Previous work has focused on the rate of relaxation of the elastic precursor amplitude over a 

wide range of propagation lengths as a characteristic response of a material [23-25, 29, 71]. For 

NPI experiments involving polycrystalline specimens, this observed rate of relaxation has 

contributions from multiple uniquely deforming grains which are sampled at different 

lengths/times as the wave propagates across the sample. The simulations presented below are 

designed to reveal i) the effect of grain size on the dispersion in the normal particle velocity 

history, ii) if the rate of relaxation after a relatively short length/time (i.e., prior to reaching a 

quasi-steady wave profile) becomes representative of a mean-field value as the grain size is 

reduced.  

For NPI simulations, the representative microstructure geometries for cases A through D are 

provided in Figure 5 along with its corresponding inverse pole figure. The color and position of 

a point on the IPF indicates the alignment of the global X-direction, which is coincident with the 

predominant wave propagation direction, with respect to crystallographic lattice plane normal. 
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These inverse pole figures confirm that there is no preferred orientation for grains. The average, 

 ̅, and standard deviation,  , of grain size for cases A, B, C, D are 191.8 ± 52.9 µm, 94.3 ± 32.4 

µm, 47.3 ± 17.1  µm, 32.9 ± 12.5 µm, respectively. 

 

 

Fig 5. A representative microstructure geometry and corresponding inverse pole figure for the 

four simulation cases of NPI experiments. The average grain size for case A, B, C, D are 191.8 

µm, 94.3 µm, 50 µm, 35 µm, respectively. The color and position of the point on the IPF indicate 

the alignment of the respective crystallographic direction of the grain with the global X-

direction. There is no preferred orientation for these simulations. 

3.1.1 The effect of grain size on dispersion in the normal particle velocity history 

The particle velocity records at the center of the free surface, depicted as a red circle in Fig 4a, 

for all cases are presented in Figure 6. Here, light gray curves represent individual realizations, 

and the solid black curve is the ensemble average. The inlay provides a clear view of the region 

surrounding the HEL. In every simulation, the normal free surface particle velocity record 

                  



29 

 

reveals a two-wave structure, comprising of the arrival of the elastic precursor wave followed by 

the trailing shock wave. Later, the profile becomes nearly steady reaching the shock plateau. The 

figure shows noticeable variations in the particle velocity record in each of these regions. In 

particular, there are variations in the arrival time, upper and lower values of the HEL, post-HEL 

particle velocity rise, and in the shock plateau. The magnitude of these variations decreases with 

decreasing grain size. 

  

Fig 6. Particle velocity history at the center of the free surface of the sample (i.e., X = L, Y = 

0.5D) for each case A-D in the normal shock compression series. The semi-transparent colored 

curves represent individual realizations for each case and the solid black curve is the average of 
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the ensemble of simulations for the respective case. The inlay shows a zoomed in region around 

the HEL. 

We plot the mean and coefficient of variation (CV) (taken as the ratio between the standard 

deviation and the mean) at all times for each ensemble in Figure 7 to quantify the evolution and 

significance of this scatter in the free surface particle velocity history.  

  

Fig 7. The mean A) and coefficient of variation B) (i.e., the ratio between the standard deviation 

and the mean) for the ensemble of simulations of each respective case versus time after impact. 
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A) shows that the mean for all cases is nearly identical, with its largest difference (of less than 

1%) being just prior to the shock plateau. B) Shows that the CV decreases successively with 

decreasing grain size,  ̅. 

Fig 7a shows that the ensemble average response for each case is nearly coincident, showing its 

largest discernable difference (less than 2%) in the narrow region prior to the shock plateau. Fig 

7b shows that the CV successively decreases with decreasing average grain size. Two 

particularly striking features of Fig 7b are that i) the CV after the arrival of the elastic precursor 

wave is largest across the shock front, and ii) the CV continues to decrease with time reaching its 

smallest value (below 1%) at the end of the experimental window. A physical explanation for 

these observations is that the CV depicting the scatter due to heterogeneous microstructure is 

largest where the deviatoric stresses are most significant. This suggests that the CV is less 

significant at the shock plateau because i) most deviatoric stress has been relaxed and the 

Hugoniot state is largely dependent on the hydrostatic equation of state, and ii) the particle 

velocity is large relative to the fluctuations due to the heterogeneous microstructure.  

To demonstrate this effect, we plot the history of the standard deviation,  , in Fig 8a and 

compare this to the history of the equivalent deviatoric stress,  ̅, in Fig 8b obtained from a 

comparable simulation using the isotropic model of Zuanetti et al. [29].  It can be observed in 

Figure 8, that the two histories are concurrent. This result can be easily explained within the 

context of the present material model, since the anisotropy in the crystalline material description 

is captured in Helmholtz free energy through the coupled volumetric/deviatoric term and energy 

stored within the lattice associate with slip (i.e. the two rightmost terms in A.13). Hence, the 

conditions i) and ii) can also be expressed in terms of the Helmholtz free energy in the model, as 

the condition when the purely volumetric contribution (i.e., coming solely from EOS, A.14) to 

the total free energy is much larger than the remaining terms. This result is significant because it 
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implies that the scatter associated with the heterogeneous microstructure would become less 

significant with increasing hydrostatic pressure for shocked aluminum.  

  
Fig 8. The standard deviation A) in the free surface particle velocity history for ensembles of 

each respective case of decreasing grain size. And, B) the history of the equivalent deviatoric 

stress obtained from a comparable simulation using the isotropic model of Zuanetti et al. [29]. 
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The plot reveals that the standard deviation depicting the scatter due to the heterogeneous 

microstructure is largest where the deviatoric stresses are largest. 

It is noteworthy to mention that the standard deviation history obtained in the present simulations 

are remarkably similar in magnitude and shape in comparison to the particle velocity dispersion 

curves (i.e. proportional to the standard deviation) of a shocked D-16 aluminum alloy measured 

experimentally by Divakov et al. [36], giving credence to the simulation results. The reasoning 

for the shape of these curves can be readily explained by considering the time evolution of key 

variables in the plasticity model contributing to the strength of the material. This have been 

discussed in detail in our previous work [29] so we only succinctly review them here. In a typical 

NPI experiment, at the arrival of the longitudinal wave, the mechanical threshold stress (i.e., the 

stress required for dislocations to overcome an opposing obstacle strength associated with short-

range obstacles and athermal stress) is lower than the deviatoric stress provided by the loading 

conditions. Under these conditions, dislocations are provided enough energy to easily overcome 

short-range obstacles, hence, the major contribution to the flow stress comes from the opposition 

to dislocation glide due to the phonon viscosity. The initially high drag stress opposing 

dislocation glide are enabled by the relatively high initial dislocation velocity and low density. 

The reasoning for the subsequent relaxation in the deviatoric stress, is due to a high rate of 

generation of mobile dislocations at sources of heterogeneous nucleation and multiplication, 

which enable a rise in rate of plastic deformation by a larger number of new dislocations 

traveling at lower velocity and therefore lower opposing stress. The second rise in material 

strength is caused by a sudden decrease in the rate of heterogeneous nucleation, in concert with a 

steadily increasing rate of immobilization, which ultimately hinders the continued rate of 

generation of mobile dislocations. Higher equivalent deviatoric stress is required for continued 
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glide motion of these mobile dislocations at higher velocities. Later, the effective strain-rate 

decreases sufficiently as the material tends to a hydrostatic state, and the deviatoric stress 

continuously decreases until it is insufficient for continued flow. 

The standard deviation in the particle velocity curve (i.e., depicting the scatter due to the 

heterogeneous microstructure) in the present simulations arise entirely as a result of differences 

in orientation of the crystal aggregates relative to the propagation direction. These differences 

coming solely from the coupled deviatoric/volumetric terms and energy stored in the lattice 

associated with dislocation slip, result in differences in the impedance and permissible elastic 

and plastic rate of deformation. The relationship between the standard deviation in the DNS 

realizations are plotted against the equivalent deviatoric stress in Figure 9, to enable a discussion 

regarding the significance of this effect for different deformation regions during NPI. 
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Fig 9. The standard deviation in the free surface particle velocity history for ensembles of each 

respective case of decreasing grain size versus the equivalent deviatoric stress in a comparable 

simulation employing our isotropic plasticity model.  

Initially, in region 1 – 2, the standard deviation is proportional to the equivalent deviatoric stress, 

and the slope of the curve (i.e., the sensitivity of the scatter to deviatoric stress) increases with 

grain size. In this region, the scatter is primarily due to the differences in the elastic constants for 

different crystallographic orientations, resulting in the generation of elastic waves due to 

mismatching impedance and higher deviatoric stress levels at interfaces between grains due to 

the differences in their permissible rate of deformation. The relationship between the standard 

deviation with grain size can be explained physically by the considering this to be a function of 

grains per area with favorable misorientation for near compatibility[72], therefore, one would 

expect that the deviatoric stress levels over a region of fixed size becomes more uniform when 

more grains are available. 

 In region 2 – 3 (i.e., corresponding to incipient plasticity) the standard deviation in the particle 

velocity decreases without much decrease in the deviatoric stress. This occurs because a 

significant portion of the total deformation gradient becomes accommodated by plastic 

deformation. Plastic deformation under these conditions is primarily governed by the rate at 

which crystals can deform plastically by the glide motion of geometrically permissible slip 

systems opposed by phonon drag. The relatively low standard deviation in this region is 

explained by the sufficiently large numbers of permissible slip systems and the stipulation of an 

initially uniform density of dislocations, which allows differently oriented crystals to 

accommodate plastic deformation by slip at similar rates and deviatoric stress levels. 

Consequently, the effect of grain size on the scatter is significantly reduced.   
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However, as plastic deformation continues (region 3 – 4), the standard deviation and differences 

in the curves due to the varying grain sizes re-emerges. The rise in standard deviation and the 

pronounced effect of grain size on the curves indicates that differently oriented grains are no 

longer able to accommodate plastic deformation at similar rates and deviatoric stress levels. We 

explain this effect by considering the role of grain size on the localization of the effective plastic 

strain (i.e., proportional to the total dislocation density). 

3.1.2 The effect of grain size on the evolution of the effective plastic strain 

At incipient stages of plasticity, (i.e., region 2 – 3) the sufficiently large numbers of permissible 

slip systems and the stipulation of an initially uniform density of dislocations, permits the 

uniaxial strain conditions imposed by the shock to be accommodated by differently oriented 

crystals without much variations in the stress, however, as plasticity continues we observe an 

increase in the variations in the stress. This is caused by an alteration in the initially uniform 

dislocation density promoting localization at regions of high deviatoric stress. 
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Fig 10. A) Shows the transverse particle record for an NPI simulation (Case A) at t = 18 ns after 

impact superimposed onto the microstructure geometry. The color map on the right of A) 

corresponds to the transverse particle velocity, whereas the color of the grains correspond to the 

colors on the standard IPF. B) – D) shows the evolution of the effective plastic strain in the mesh 

for the same simulation at increasing times. 

 

In the present simulations, as the longitudinal wave propagates through the specimen, the 

differences in impedance and rate of deformation between neighboring grains cause regions of 

high deviatoric stress at the grain boundaries, resulting in i) a region of high localization of the 

effective plastic strain, and ii) the propagation of a re-compressive or release wave, which further 

modulates the strain fields within its reach. Figure 10a) shows the transverse particle velocity 

field (i.e. Y – component) superimposed onto the microstructure for a particular simulation of 

approximately 191.8 µm average grain size. Note that the colors of the grains correspond to the 

standard IPF, and the colors of the tranverse particle velocity field correspond to the colormap to 

the right of A). Figure 10 B-D) shows the evolution of the effective plastic strain field as the 
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longitudinal wave propagates across the sample. The colors on this plot correspond to the 

colormap on the right of D). It can be observed in Fig 10a), that waves having transverse particle 

velocity components are generated at multiple grain boundaries bisecting the wavefront forming 

chevron like patterns pointing towards the instantaneous origin. For viewing convenience, we 

mark the evolution of the wave front of a particular wave by black arrows. Fig 10 B) – D) shows 

an enhanced effective plastic strain in regions for which this wave has traversed. We believe that 

the effect of grain size in the localization of various state variables and in the generation, 

propagation and interaction of these re-compressive and/or release waves can explain the scatter 

in the present simulations. 

As an example, we plot the transverse particle velocity and effective plastic strain fields in a 

representative case for each average grain size in Figure 11. Fig 11 A-D) shows the effect of 

grain size on the resulting magnitude of the transverse particle velocity and effective plastic 

strain fields at the time of arrival of the longitudinal wave at the free surface. It can be clearly 

seen that the regions depicting a high magnitude in transverse particle velocity and low effective 

plastic strain are reduced in size with decreasing average grain size. The net effect is a more 

homogeneous strain and particle velocity field with decreasing grain size. This occurs because 

regions of the grains interior to the grain boundaries become more proximate to the grain 

boundaries, hence, re-compressive and release waves generated at grain boundaries are able to 

reach the entire grain, resulting in more uniform intra-granular distribution of various state 

variables. Additionally, the decreasing grain size seems to restrict the areas of intergranular 

fluctuations in the state variables to regions proportional to the average grain size. 
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Fig 11. Shows the effect of grain size on the resulting magnitude of the transverse particle 

velocity and effective plastic strain fields at the time of arrival of the longitudinal wave at the 

free surface. It can be clearly seen that the regions depicting a high magnitude in transverse 

particle velocity and low effective plastic strain are reduced in size with decreasing average grain 

size. 

3.1.3 Criteria for obtaining a representative value at the HEL from point measurements  

An important application of the present DNS results is that they may be used in generation of a 

criteria for obtaining representative values from key locations in point measurements. As an 

example, we perform an analysis of the upper and lower values of the HEL. The mean value of 

the upper and lower HEL and the corresponding CV are plotted in Figure 12. Here, the upper 
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value of the HEL is denoted by a cross, and the lower value of the HEL is denoted by a filled 

circle.  Fig 12a) shows that the ensemble average of the upper and lower values of the HEL are 

nearly identical in the range of simulated grain sizes. Moreover, the CV at the upper and lower 

values of the HEL decrease monotonically from 7 % and 9 % to 3 % and 4 % as grain size is 

reduced from approximately 192 to 33 µm. The small differences in the mean values and 

decreasing CV allow us to conclude that at smaller average grain size, the CV is expected to 

converge to zero, coincidentally the upper and lower HEL values are expected to converge to 

their respective mean-field value. In order to demonstrate this asymptotic convergent behavior, 

we assume a power-law form to describe CV versus average grain size, i.e.,           , 

the power law fit to the simulated data is shown as red and black dashed curves in Fig 12b. The 

values of    ,  , and  , were found to be -12.1, 10.7, 0.11, respectively, for the upper HEL 

values, and -18.9, 15.7, 0.11 for the lower HEL values. The results show that the random 

uniform distribution of grain orientations and equiaxed grains present within the synthetic 

microstructure geometry average the effects from local heterogeneity, such that, the point 

measurements are convergent to their respective mean-field values for small enough average 

grain sizes.  
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Fig 12. The mean A) and coefficient of variation, CV B) for the upper and lower values of the 

HEL all cases. Here the upper value of the HEL is denoted by a cross, and the lower value of the 

HEL is denoted by a filled circle. In B) the convergent behavior of the CV vs grain size is fitted 

to a power law asymptotic convergence. The estimated order of convergence, p, is approximately 

0.11.  
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The minimum size for a representative element is often normalized by the characteristic length. 

For demonstrative purposes, we normalize the power law shown previously by dividing by the 

propagation length,  , i.e. becoming           (
 

 ̅
)
  

. Next, we plot the CV for the upper 

value of the HEL versus the normalized length,  / ̅ obtained from the same DNS simulations at 

range of propagation distances interior and on the free surface and compare this to the power law 

with the same parameters from those obtained in Fig 12 (i.e.   = 0.5 mm), this is shown in 

Figure 13. 

 

Fig 13. The CV versus the ratio between the propagation distance,   and the average grain size, 

 ̅ for the upper value of the HEL at a range of propagation distances. The plot shows that the 

behavior of the CV versus normalized length for a wide range of propagation lengths fits the 

power law description. 

Remarkably, the CV versus  / ̅  for a wide range of propagation distances (e.g. 0.2 – 0.5 mm) is 

observed to correlated well with the powerlaw description shown in the above. Demonstrating 
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that the powerlaw fit may be used as a criterion for designing an experiment to minimize CV. 

For example, using this, we calculate that for a CV of about 5% and 3%, the minimum required 

number of grains per propagation length is approximately 7-8, and 20-22, respectively. At 

smaller propagation distances of less than 0.2 mm, the CV is less than the predicted CV for 

larger propagation distances for the same  / ̅. However, caution should be employed when using 

the same powerlaw fit in designing experiments of very short propagation distances because the 

presently employed material model was calibrated to experiments of between 0.1 – 2 mm. 

Hence, at smaller propagation distances, the results would reflect predictions rather than 

interpolations. 

3.1.4 Comparison of DNS results to our isotropic plasticity model 

The results suggest that point measurements in analogous NPI experiments involving 

polycrystalline aluminum can also be expected to demonstrate a convergent behavior towards a 

mean-field macroscale value. The DNS framework outlined in this section can be used to 

estimate the measurement uncertainties due to the material variability. For example, for 

experiments employing pure annealed polycrystalline aluminum [29, 73] with no preferential 

orientation and equiaxed grains we estimate uncertainty bounds by considering the distribution 

of the ensemble with a grain geometry similar to those employed in experiments. Figure 14 

superimposes the distribution of outcomes (of a 50-micron average grain size ensemble) against 

the predictions of our isotropic plasticity model [29].  
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Fig 14. A comparison of simulation results using a macroscale, isotropic model with those from 

ensemble D containing equiaxed grains of average grain size of 50 µm. Shows the simulated free 

surface profiles from the ensemble (light gray curves) and the isotropic plasticity model from 

[17] (dashed). Also, shown are the mean of the ensemble with red error bars of approximately 

three times the standard deviation. The error bars are shown to closely envelop the realizations of 

the ensemble. 

Fig 14 shows the realizations as light gray colored curves, against the deterministic simulation 

employing our isotropic model in the dashed black curve, moreover, we superimpose the mean 

of the ensemble with red error bars of approximately three times the standard deviation. This 

choice of error bars closely envelops all of the realizations in the ensemble. These results 

characterize possible deviations of any single microstructure realization from the true ensemble 

average response, which highlights the need for careful consideration when fitting an isotropic 

model to the measurements from a single realization or experimental shot. In other words, given 

a finite specimen size and characteristic grain size, the corresponding experiments would be 

expected to exhibit variability on the same order of magnitude (or larger) as these microstructure 
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simulation results, thus, results from any specific experimental shot may be biased away from a 

representative macroscale behavior. For the grain sizes considered, the upper and lower values of 

the HEL of a single realization can deviate from the mean by up to about 12% (approximately 

three standard deviations). However, the NPI experiments [73] considered when calibrating the 

isotropic model involved samples with a finer  average grain size of approximately 10 µm. At 

these fine grain sizes, the deviation from the true mean in the measurements will likely become 

limited by errors in the experimental method and diagnostics involved rather than by 

microstructural heterogeneity. An estimate of the CV for a 10-micron average grain size yields a 

value of less than 2% for the upper and lower HEL values at the 0.5 mm and even lower for 

larger propagation distances, hence, we expect there to be good agreement between an isotropic 

model and NPI experiments.   
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3.2 Combined compression-shear of synthetic polycrystalline aluminum 

In PSPI experiments, the oblique impact of a foil sample between two anvil plates results in the 

propagation of longitudinal and transverse wave modes. Moreover, the thickness of the sample is 

chosen such that the normal stress quickly rings up in the specimen and reaches a nearly uniform 

hydrostatic state within a few reverberations of the longitudinal wave (i.e., after the ring up 

period). The high compressive stresses enable the anvil/sample interfaces to support considerable 

shear stress through contact friction [74]. The shear stress in the specimen also quickly rings up, 

resulting in the uniform shearing deformation of the sandwiched sample under combined 

compression shear. The subject of our past study [29] has been to determine the dynamic 

shearing resistance of polycrystalline aluminum at large values of strain. For PSPI experiments 

involving polycrystalline specimens, although the entire specimen is subjected to uniform 

shearing deformation through its thickness, it is unclear if the point measurements at the free 

surface are representative of the macroscopic deformation of the sample. This concern is 

exacerbated in PSPI experiments since the samples are thin and often only contain a single grain 

through its thickness but multiple grains along their radial dimensions, as illustrated in Fig 4b. 

This question serves as one primary motivation for the present investigation. Hence, the present 

PSPI simulations are designed primarily to reveal if the transverse particle velocity history 

demonstrates a convergent behavior towards a mean-field value as the grain size is reduced along 

the shearing direction.  

For the PSPI series, the IPFs for cases A through E are provided in Figure 15. Similarly, to the 

previous DNS case, the position of a point on the IPF reveals the alignment of the respective 

crystallographic direction of the grains to the global X-direction and indicates that there is no 
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preferred orientation for grains. In contrast to the previous case, our estimate of the grain size,  , 

corresponds to a one-dimensional length of a grain along the shearing direction (i.e., the global 

y-direction). This is because of the limited 50 µm specimen thickness, which limits the size of 

the grains along the global X-direction. The approximate one-dimensional grain size for cases A, 

B, C, D, E are found to be about 1758 ± 1037 µm, 440 ± 256 µm, 277 ± 156 µm, 175 ± 93 µm, 

117 ± 62 µm, respectively.  

  

 

Fig 15. The inverse pole figures for the four simulation cases employing the PSPI series. The 

average grain sizes for case A, B, C, D, and E are 1758 µm, 440 µm, 277 µm, 175 µm, 117 µm, 

respectively. The position of the point on the IPF reveal the alignment of the respective 

crystallographic direction of the grain to the global X-direction. Moreover, the IPF shows that 

the micrograph displays no texture in all cases. 
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3.2.1 The effect of grain size on dispersion in the transverse particle velocity history 

The transverse particle velocity records at the center of the free surface (i.e., at the red circle in 

the Fig 4b) for all cases are presented in Figure 16.  

  

 

Fig 16. Transverse particle velocity history at the center of the free surface of the sample (X = L, 

Y = 0.5D) for each case A-E in the PSPI series. The semi-transparent colored curves represent 

individual realizations for each case and the solid black curve is the average of the ensemble of 

simulations for the respective case.  

The gray curves represent individual realizations, and the solid black curve represents the 

average of the ensemble. In every simulation, the transverse particle velocity history shows an 

initial gradual rise in particle velocity, which is mostly governed by the elastic response as the 
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shear stress in the specimen rings up until it exceeds the flow stress. Subsequently, the plot 

shows a more gradual rise in particle velocity, which is governed by the strain hardening in the 

plastic deformation regime.  Fig 16 shows noticeable variations in the particle velocity record at 

all times after the arrival of the transverse wave. The magnitude of these variations and how they 

change with successive grain refinement (from case A through E) are generally consistent with 

the series of NPI microstructure simulations. It can be clearly seen that the magnitude of the 

variations in the transverse particle velocity record decrease with decreasing grain size. In PSPI 

configurations, our particular interest is in the variations after the ring-up period, which have 

been reported to last less than 100 ns in analogous experiments employing pure polycrystalline 

aluminum [29]. 

The mean and CV for the ensemble of simulations versus time are plotted in Figure 17. Fig 17a 

shows that the mean of the ensemble is nearly identical in the range of simulated grain sizes, 

exhibiting negligible changes in the magnitude of the flow stress and strain hardening at higher 

levels of strain. And again, Fig 17b shows that the CV monotonically decreases from case A to E 

(i.e., with grain refinement). The time dependence of the CV is also generally consistent with the 

case of NPI, decreasing with time reaching the smallest value at the end of the simulation 

window. The CV of the transverse free surface particle velocity history, after the ring-up period, 

decreases from approximately 12 - 9 % to 2 - 1 % when the approximate grain size along the 

shearing direction is reduced from about 1758 µm to 117 µm. At smaller average grain size, the 

CV is expected to converge to zero, such that point measurements of transverse free surface 

particle velocity are expected to converge to their respective mean-field value.  However, the 

reasoning for this decrease is unique to PSPI.  
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Fig 17. The mean A) and coefficient of variation B) (i.e., the ratio between the standard 

deviation and the mean) for the ensemble of simulations of each case versus time after impact. 

A) shows that the mean for all cases is nearly identical, with its largest difference (of less than 

1%) being just prior to the shock plateau. B) Shows that the CV decreases with successively with 

decreasing grain size. 
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The standard deviation,   of the transverse particle velocity with time (i.e., depicting the scatter 

due to the heterogeneous microstructure) is plotted in Fig 18. As mentioned in the above, in the 

first hundred nanoseconds, the deviatoric stress in the specimen is ringing-up. The initially high 

and/or oscillatory standard deviation early in time is attributed to this the ring-up period. After 

the ring-up period, the standard deviation is observed to remain relatively constant throughout 

the experimental window. This accords well with the previous observations that the standard 

deviation is proportional to the deviatoric stress level, since these levels are also nearly constant 

throughout the PSPI experiment. Hence, the decrease in the CV with time is primarily attributed 

to the decreasing ratio of the constant standard deviation with increasing mean transverse free 

surface particle velocity.  

 

Fig 18. The standard deviation in the transverse free surface particle velocity history for 

ensembles of each respective case of decreasing grain size. 

The reasoning for the effect of average grain size on the observed scatter in the DNS realizations 

are again explained within the context of dislocation glide kinetics. However, the mechanisms 
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contributing to dislocation glide are limited by thermally-assisted glide passed short-range 

obstacles rather than hindered by phonon drag. This has been described in detail in our previous 

work, and is owed primarily to the much higher levels of effective plastic strains (i.e. higher 

dislocation density) achieved quickly in PSPI, which enhance the mechanical threshold stress 

associated with short-range barriers by the taylor hardening relationship [29]. Under these 

conditions, the main differences in the rate of deformation of crystals of different 

crystallographic orientations are owed to the critically resolved shear stress on the permissible 

slip systems. The anisotropy in the response of the crystals are expected to be initially low, 

however, quickly rises due to the preferential accumulation of dislocations in regions of high 

deviatoric stress (i.e. grain boundaries) due to the differences in the permissible shearing rate for 

differently oriented crystals. The decrease in the grain size reduces the scatter in the shearing 

resistance of the polycrystalline specimen, by the generation of shearing and release waves at 

grain boundaries, which result in more uniform intragranular distribution of state variables (i.e. 

stress, particle velocity) and restrict the fluctuations in the intergranular variable fields 

proportionally to the scale of the grains. It is also possible to discuss the effect of pressure in the 

context of the present model. Increasing hydrostatic pressure would likely only play a limited 

role on the scatter in these experiments, since the compressive wave quickly rings up and the 

plastic deformation associated with compression is orders smaller than that caused by in-plane 

shearing. Moreover, even though hydrostatic pressure could have a pronounced effect on the 

dynamic shearing resistance, the pressure dependence of the effective elastic constants in the 

present model would increase the shearing resistance proportionally for different crystallographic 

orientations, hence, this would not affect the CV.  
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3.2.2 Criteria for obtaining a representative measurements of shearing resistance from point 

measurements  

In order to create a criteria for obtaining a representative measurements of shearing resistance 

from point measurements, we again assume a power-law form to describe CV versus average 

grain size. The power law fits to the simulated data at    = 1.7 µs and    = 2.3 µs are shown in 

Figure 19 as black and red dashed curves, respectively. The values of  , and  , were found to be 

0.375, 0.445, at   , and 0.1711, 0.514 at   , and the values of     were negligible. For PSPI, we 

do not normalize the grain size by a characteristic length, but provide guidance by specifying the 

grain size rather than the number of grains per characteristic length. E.g., if the desired CV is 

below 3%, the average grain size should be below about 100 microns.  

  

Figure 19. Shows a power law fit to the simulated coefficient of variation at times    = 1.7 µs 

and    = 2.3 µs.  
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3.2.3 Comparison of DNS results to our isotropic plasticity model and discussion of the 

implications of finite specimen size in PSPI experiments 

An important result from the present DNS simulations, is that the point measurements in PSPI 

are indeed expected to be convergent to their respective mean-field values for small enough grain 

sizes along their lateral dimensions (i.e., as more grains become available along the shearing 

direction) despite only containing a single or few grains through thickness. The assumption that a 

PSPI experiment employing a limited specimen size with few grains through thickness could 

recover the representative response of a polycrystalline metal had not yet been validated in the 

literature until now. However, the uncertainties involved motivate a discussion regarding the 

implications of making inferences of dynamic shearing resistance from single point velocity 

measurement.  

The DNS framework outlined in this section can be used to simulate the variance due to the grain 

geometry in the context of a typical PSPI experiment. For example, we provide an estimate for 

the uncertainty bounds in our previous PSPI investigation [29] by considering the grain size of 

the sample employed. Figure 20 superimposes the distribution of outcomes (of Case C 

employing 250-micron average grain size) against a simulation of our isotropic plasticity model 

[19], which has been calibrated to experiments employing approximately 150 – 200-micron grain 

size. Figure 20 shows the realizations in light gray colored curves along with previously 

reported [29] simulation results from the isotropic macroscale model represented by the dashed 

black curve. The results characterize the possible deviation of any single microstructure 

realization (analogous to a single experiment) from the true ensemble average response. In other 

words, given a finite specimen size and characteristic grain size, the corresponding experiments 

would be expected to exhibit variability on the same order of magnitude (or larger) as these 
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microstructure simulation results, thus, results from any specific experimental shot may be 

biased away from a representative macroscale behavior. 

  

Figure 20. Comparison of the macroscale model results and those from ensemble C containing 

equiaxed grains with average grain size of 277 µm. shows the simulated free surface velocity 

profiles from the ensemble (gray) in comparison to results from the isotropic plasticity model 

from [29] (dashed).  

Although there is adequate agreement between the simulations in that the isotropic plasticity 

model lies within range of possible realizations from DNS, these results highlight the need for 

careful consideration when fitting an isotropic model to a single shot employing finite specimen 

size and a polycrystalline geometry. This is illustrated by the deviation of the isotropic model 

from the true mean of the ensemble in Fig 20. To further illustrate the possible bias of any 
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specific experimental shot from the representative macroscale behavior (i.e., the mean of the 

ensemble), we provide some examples in Fig 21 showing the possible deviation of individual 

realizations from the mean of the ensemble due to the local grain geometry. 

 

Fig 21. Illustrates the possible bias of any specific experimental shot from the representative 

macroscale behavior (i.e., the mean of the ensemble), showing a range of possible deviations of 

individual realizations from the mean of the ensemble due to the local grain geometry. 

Figures 21 A) – C) show scenarios in which the strain hardening behavior of a single realization 

may significantly differ from the expected mean response, e.g., A) shows abrupt changes in the 

strain hardening occurring at discrete time intervals, B) exhibits a response similar to a bilinear 

hardening, and C) initially overshoots the flow stress and then subsequently plateaus and softens, 
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whereas the mean response is expected to gradually soften with increasing plastic strains. 

Moreover, D) – F) show that the level of the flow stress of a single realization may initially 

overshot or undershot the mean response and later reverse. e.g., E) initially overshoots the flow 

stress of the mean response but softens quickly and later falls below the expected mean response, 

while F) initially undershoots the flow stress, but later quickly hardens and overshoots the flow 

stress at larger plastic strains.  

The results demonstrate that the transverse particle velocity history in PSPI experiments with a 

single grain through thickness but several grains along the shearing direction shows a convergent 

behavior towards a single mean-field value for the typical range of specimen dimensions and 

grain sizes. However, careful considerations must be taken when interpreting the results and 

calibrating isotropic plasticity models, because individual realizations will likely exhibit 

variability due to the local grain geometry that significantly differ from the expected mean 

response. The extent to which an individual realization may differ from the mean response is 

expected to decrease with decreasing average grain size, hence, if the grain size is further 

refined, such as in Case E, the transverse particle velocity record can be expected to deviate from 

the mean by only a few percent. In these cases, involving fine grain sizes, the deviation from the 

true mean in the measurements will likely be limited by errors in the experimental method and 

the diagnostics rather than by microstructural heterogeneity.  

One primary motivation of the present work was to investigate the source of  localized 

fluctuations in the particle velocity record that were observed experimentally in our previous 

PSPI experiments [29], but were not reproduced numerically. Based on the results from the 

present DNS, we conclude these fluctuations in particle velocity were likely due to the effects of 
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the heterogeneous microstructure, which were not captured in the isotropic plasticity model. An 

interesting avenue of future work would be to use a laser diagnostic capable of measuring 

dispersion in the transverse particle velocity record similar that of Asay and Barker [34] for the 

normal particle velocity, which could then be compared to DNS simulations and allow for a 

more thorough investigation on the effect of the heterogeneous microstructure. Certainly, this 

type of investigation can already be conducted for the case of NPI, and will be the subject of our 

future work. This will provide crucial validation for the present DNS framework for minimizing 

scatter in NPI and PSPI experiments.   
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4. CONCLUDING REMARKS 

In summary, we employed a continuum crystalline plasticity model to perform direct numerical 

simulations (DNS) of statistically representative microstructures of polycrystalline aluminum 

within experimental specimens subjected to dynamic compression and compression-shear 

loading. Our aim was to study the magnitude of variations of point measurements in dynamic 

experiments on polycrystalline aluminum involving a finite specimen size, where the source of 

the scatter due to the polycrystalline microstructure was a result of grain-to-grain differences in 

size and crystallographic orientation. Two series of simulations were carried out and are reported 

(i.e., one series for NPI and for PSPI, respectively). For each series, there were several 

simulation cases (A-D for NPI, and A-E for PSPI) containing an ensemble of one-hundred 

realizations per case. Each case had a different average grain size, which was refined 

successively with increasing alphabetical order. Each simulation employed a different randomly 

generated microstructure geometry and associated random uniform distribution of grain size and 

orientations. 

The results from DNS revealed that in both loading configurations, the mean response of the 

ensemble was nearly coincident for the range of simulated grain sizes. Moreover, the grain size 

directly correlated with the coefficient of variation in the expected point measurements, i.e. in 

the dispersion of the normal and transverse free surface particle velocity history, showing a 

monotonic decrease as the sample grain size was reduced. These findings suggested that the 

point measurements have a convergent behavior toward the ensemble average value. The 

magnitude and significance of the scatter in the particle velocity record was shown to be largest 

where the deviatoric stresses were most significant, also suggesting that the effect would 
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decrease in significance at very high hydrostatic pressures. In the case of NPI, this occured at the 

elastic and plastic wavefront, whereas, in the case of PSPI, the magnitude of fluctuations were 

approximately constant throughout the experimental window time. The main reasoning for the 

scatter was identified as being due to varying deviatoric stress levels arising from differences in 

the permissible rate of deformation of grains with varying orientation with respect to the loading 

configuration. The net affect was a localization of the elastic and plastic strain at the grain 

boundaries, resulting in inter and intra-granular variations in the distribution of several pertinent 

variable fields. The decreasing grain size limited the regions of fluctuations in the distribution of 

states variables proportionally with the average grain size. 

In the case of normal shock compression simulations, after propagating over one millimeter, the 

CV of the elastic precursor amplitude was observed to monotonically decrease from 

approximately 7 and 9 % to 3 and 4 % (for upper and lower values of the HEL) when the grain 

size was reduced from 192 µm down to 33 µm. An important result of the DNS simulations was 

that the decrease in CV versus normalized length (i.e, propagation distance by average grain 

size) for a range of propagation distances between 0.2 – 0.5 mm was shown to fit well to a 

powerlaw form. We concluded that this powerlaw could be used in designing NPI experiments 

involving polycrystalline aluminum for minimizing dispersion in the normal particle velocity 

record. In combined pressure-shear dynamic loading, the CV, after an initial ring-up period, the 

transverse free surface particle velocity history was shown to decrease from approximately 12 - 9 

% to 2 - 1 % as the average grain size (along the shearing or global Y-direction) was reduced 

from about 1758 µm down to 117 µm. The decrease in the CV with grain size was also shown to 

fit well to a powerlaw. For these reasons, it was concluded that at smaller average grain size, the 

CV is expected to converge to zero and point measurements of normal and transverse particle 
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velocity history are expected to converge to their respective mean-field value if the grain size is 

sufficiently small. It should be noted, however, that in the limit of small grain sizes (e.g. in 

nanocrystalline materials), other hardening effects (e.g. grain boundary strengthening) may 

eventually begin to dominate the response. The mean-field response of such materials may no 

longer be comparable to the mean-field response of the same material with larger average grain 

size. Hence, one important consideration in the analysis for determining the appropriate size for a 

representative measurement is the comparison between the predicted ensemble averages. The 

convergence analysis will only be valid in the range of grain sizes for which the mean response 

is approximately coincident. 

Finally, the results from DNS were summarized into a framework for assessing the variance due 

to grain geometry in the context of typical NPI and PSPI simulations. The realizations from DNS 

were compared to simulation results using a previously developed dislocation kinetics-based 

isotropic plasticity model [29]. The goal of this comparison was to ascertain the limits of 

agreement that could be reasonably expected between the isotropic model, which does not 

account for grain scale heterogeneity associated with crystal orientations and local anisotropy, 

versus dynamic experiments with a finite specimen size. The main conclusions from this analysis 

included:  

 The limits on what constitutes reasonable agreement between experimental 

measurements and isotropic models depends upon grain size with respect to specimen 

size.  

 Careful consideration is required when using such experiments to develop and calibrate 

isotropic plasticity models, because individual realizations (e.g., individual experiments) 
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will likely exhibit variability due to the local grain geometry that may bias the observed 

response away from a representative macroscale behavior.  

 The agreement between the two is expected to improve if a sufficient number of grains is 

available. Moreover, the experiments should be carefully designed in accordance to the 

present DNS framework for minimizing dispersion in the particle velocity history. 

 The CV in NPI and PSPI experiments can be estimated using the powerlaw description 

provided by the present DNS framework. 
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APPENDIX A. SUMMARY OF THE THERMOELASTIC MATERIAL 

DESCRIPTION 

Kinematics 

Following the arguments from Luscher et al. [75], the deformation gradient is multiplicatively 

decomposed by 

       (   )  

where    is the typical plastic part of the deformation gradient associated with crystallographic 

slip, and the elastic deformation gradient,   , is further decomposed into volumetric and 

isochoric parts (i.e.,      ̂  
̅̅ ̅). The volumetric part of the deformation gradient,   

̅̅ ̅, is given 

by   
̅̅ ̅    

   
 , where   

  is the determinant of the deformation gradient.  

The Green-Lagrange, and the isochoric and volumetric measures of the Green-Lagrange are 

given by 

   
 

 
(    ) (   )  

 ̂  
 

 
( ̂   ) (   )  
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(  

 
   )   

 

 
   (   )  

The isochoric Green-Lagrange strain defined with respect to the reference configuration is given 

by the volumetric pull-back of  ̂  by   ̅  (i.e.,  ̂̂   ̅ 
  ̂  ̅   ) facilitating the additive 
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decomposition of the total elastic Green-Lagrange strain with respect to the reference 

configuration (i.e.,     ̅   ̂̂ ). 

The pull back of the spatial gradient of the velocity field to the intermediate configuration can be 

expressed as  ̃    
     , where     ̅   ̇   , is the spatial velocity gradient. Hence, 

 ̃    
   ̇ ⏟  
 ̃ 

  ̇   
  

⏟  
 ̃ 

. 

Thermodynamics 

The nonlinear thermoelastic Helmholtz free energy,    (      ), is defined as a state 

function of the Green-Lagrange strain,   , temperature T, and internal state variables,  , 

representing the several aspects of dislocation population from the single crystal plasticity 

model, leading to the typical thermodynamic state relations  (i.e., 

 ̃   ̃
  

   
         

  

  
            ̃

  

  
 ) where  ̃ is the stress measure in the intermediate 

configuration,   is the entropy per unit mass,   represents stress-like terms conjugate to the 

microstructural state variables, and the density  ̃ in the intermediate configuration. 

We decompose the Helmholtz free energy into  

 (      )   ̂      (    )   ̂   ( ) (   )  

where  ̂          is the nonlinear thermoelastic part and  ̂    represents the energy stored due the 

evolving state variables of the plasticity model. The free energy corresponding to the nonlinear 

thermoelastic behavior is defined as 
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 ̃ ̂       
 

 
                           

 

 
                   

 
 

 
                    ̂ ( )  ( ) 

Where   is a second-rank tensor of stress-free thermal expansion, moreover, for the purposes of 

this investigation on pure aluminum, it is assumed that the thermal strains only contain a 

volumetric part (i.e.,   
 

 
   ), where    is the volumetric thermal expansion coefficient. 

Consequently, the     is directly analogous to the     in Clayton [76] (i.e.,         ̅  

    ). Moreover, the free energy stored within the microstructure during the evolution of the 

dislocation field is assumed to evolve at a fixed fraction of the rate of plastic work in accordance 

with a constant Taylor-Quinney parameter,  , such that  ̂ 
̇
   

 (   )( ̃  ̃ )  ̃. The value of 

unity is adopted in all the simulations in the current work. This approximation of the evolution of 

stored free energy combined with an expression for the conservation of energy leads to the 

common relationship for the evolution of temperature[29, 76, 77], i.e., 

 ̃  ̇   ̃       ̃    ̃        (   )  

where 

 ̃   
  ̃

  
     ̅    (   )  

and 

 ̃      ̃  ̃   ̃ ̂ 
̇
   

   ̃  ̃  (   )  

For the current simulations, involving ambient initial test temperatures (i.e., T(t = 0) =     ) and 

small changes in temperature, we adopt a form the reference state of the free energy of  ̂ ( )  

                  



66 

 

      (
 

    
), which leads to a constant specific heat capacity at constant volume (i.e.,   

  
   

   
   

   ̂ 

   
   ). 

Next, from Eqs. (A.2 - 4) and the additive decomposition of the Green-Lagrange strain in the 

reference configuration we decompose the nonlinear thermoelastic part into a term   ̂    that 

depends solely on the volumetric part of the deformation, and  ̂   , having contributions from 

both the volumetric and isochoric parts of the deformation. I.e., 
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Where,   
 

 
      ,   

 

 
   ,  ̅  

 

  
(     )   and   ̅  

 

 
      are adopted for the sake of 

compact notation. For simplicity, the nonlinear coupled term can be written as 
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 ̅    ]  (    )  

This decomposition allows for the incorporation of a pressure, volume, temperature equation of 

state for capturing the volumetric part of the free energy, by replacing the volumetric part with 

the one from the EOS, (i.e.,  ̃ ̂   (   )   ̃ ̂   (   )) such that the free energy is given by 

 ̂ (      )   ̂   (   )   ̂   (  ̂̂     )   ̂   (   ) (    )  

The contribution to the stress in the intermediate configuration from the volumetric and coupled 

terms of the free energy are given from the state relations, leading to its additive decomposition 

(i.e.,   ̃           ), where the contribution from the EOS is given by 

      ̃
  ̂   

   
          

   (    )  

and the contribution from the coupled volumetric and isochoric term is given by 

      ̃
  ̂   

   
   (    )  
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      )]   
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The corresponding thermomechanical coupling tensor,  ̃ , containing the contribution from the 

EOS is given by 

 ̃   
  ̃

  
    

     

  
  
       ̅      

 
 (     ̅   )  
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Finally, the stress measure can be pulled back to the reference configuration via     
   ̃  

   

from which the first Piola Kirchhoff stress (used in our total-Lagrangian semi-discretization of 

the conservation of momentum[29]), is computed as         ̃  
  , and, the true Cauchy 

stress is             
     ̃  

  .  
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