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Abstract The parameterization of cloud entrainment rate has been problematic for many years,
hindering the accurate representation of convective processes in large-scale models. Here, we extend

our previous work on individual shallow convection to ensemble deep convection. Entrainment rate is
estimated based on three-dimensional convective clouds from August 19 to 20, 1999, during the Kwajalein
Experiment, simulated using a high-resolution cloud-resolving model. They are found to be negatively
correlated with both vertical velocity and buoyancy, and positively correlated with the vertical divergence
of the vertical velocity and with the reciprocal of cloud radii. The physical mechanisms underlying these
relationships are interpreted. It is found that the parameterizations with multiple properties perform
better than those with a single property. Entrainment rate and relative humidity of entrained air are
positively correlated at temperature higher than 0°C, but negatively correlated at temperature lower than
0°C. Relative humidity is also included in the parameterization of entrainment rate, which differs from
our previous work on shallow cumulus clouds and other studies. Finally, two forms of parameterization
for entrainment rate are recommended. The first treats the entrainment rate as a function of the vertical
velocity and buoyancy for temperature higher than 0°C, but as a function of relative humidity and
buoyancy for temperature lower than 0°C. The second involves an equation that relates entrainment rate
to vertical velocity and buoyancy regardless of temperature.

1. Introduction

Convective clouds are important in shaping Earth's climate and weather; they affect the hydrological and
energy cycles through the transport of heat, moisture, and momentum (de Rooy et al., 2013; Igel, 2018; Li &
Zhang, 2017; Xue et al., 2008; Yang et al., 2017; Zhang et al., 2018a, 2018b; Zheng & Rosenfeld, 2015). The
entrainment-mixing process between clouds and their environments is one of the most sensitive and uncer-
tain processes in cumulus convection (Lu & Ren, 2016; Luo et al., 2010; Wang, 2020; Yang et al., 2013). The
fractional entrainment rate (1) is defined as the fractional air mass flux entrained into a volume of cloudy air
per unit height to quantitatively describe this process (Morton et al., 1956; Turner, 1962). Neale et al. (2008)
coupled entrainment dilution with the Zhang-McFarlane scheme (Zhang & McFarlane, 1995) and found a
striking improvement in the simulations of El Nifio-Southern Oscillation (ENSO) in the National Center
for Atmospheric Research (NCAR) Community Climate System Model, version 3 (CCSM3). Additionally,
Wang et al. (2007) showed that a larger A value in shallow convection parameterizations could improve sim-
ulations of the diurnal cycle of precipitation in a regional atmospheric model (RegCM). Klocke et al. (2011)
subsequently noted that climate sensitivity was mainly due to the value of 1.

How to parametrize A is one of the key questions in convection schemes and many efforts have been made
to accurately estimate A in the past few decades, and various mathematical relationships have been pro-
posed. Stommel (1947) first described the entrainment-mixing process and developed a method of evalu-
ating A based on the temperature and specific humidity inside and outside of a cloud. Yanai et al. (1973)
and Betts (1975) further developed a bulk-plume method to estimate A based on the budget of some con-
served tracers, such as total water, liquid water potential temperature, and moist static energy (k). The
bulk-plume method has been widely used in the estimation of A from aircraft observations (Betts, 1975;
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Gerber et al., 2008) and numerical simulations (Kuang & Bretherton, 2006). Zhang et al. (2015) used h as
a conserved tracer to estimate A based on the bulk-plume method and they considered the source and sink
terms of h due to phase changes above the freezing level into the bulk-plume equation. Romps (2010) and
Dawe and Austin (2011b) developed methods for directly estimating A and found that the bulk-plume meth-
od underestimated A by approximately a factor of 2, which could be explained by the influence of the humid
shells that form around cumulus clouds (Dawe & Austin, 2011a). Based on the definition of A, Lu, Liu, Yum,
et al. (2012) introduced a method that can eliminate the needs of some uncertain in-cloud properties in
current aircraft observations, such as temperature and the water vapor mixing ratio. More recently, Norgren
et al. (2016) developed a novel method to estimate the mass fraction of entrained air by solving equations
for three conserved variables: cloud mass, total water, and h, and suggested that this method could be used
for aircraft observations.

Many parameterizations of 4 have been proposed in previous studies. For the case of shallow convection,
Turner (1962) used the reciprocal of the cloud radius (1/r) to parameterize A based on a buoyant plume.
Simpson (1971) investigated this relationship with a one-dimensional model. Based on the large eddy simu-
lation (LES) results of shallow cumulus convection, Neggers et al. (2002) found that A was inversely propor-
tional to the vertical velocity (w). Dawe and Austin (2013) found that A in shallow cumulus clouds could be
best predicted by Bd6,, / dz using a power-law curve, where d@,, / dz is the lapse rate of the density potential

temperature (Qp) at a given level. Meanwhile, de Rooy and Siebesma (2010) related 1 to w™'dw / dz based
on a variety of shallow convection cases. Lu et al. (2016) used thermodynamic/dynamical properties that
were negatively correlated with 1 to develop parameterizations for shallow cumulus based on in-situ obser-
vations and LES results. Some studies focused on both shallow and deep convection. Lin (1999) developed a
negative power-law relationship between 4 and buoyancy (B) and Gregory (2001) subsequently related 4 to
B/w?. Jakob and Siebesma (2003) linked A to the reciprocal of cloud height (1/z) considering the distinction
between deep and shallow convection. Zhang et al. (2015) proposed that A could be best fitted by the recip-
rocal of w with a second-order polynomial with different coefficients for convection heights lower or higher
than 5 km. Hernandez-Deckers and Sherwood (2018) found that 1/r best parameterized 1 using LES of
shallow-to-deep convection, which has been confirmed using global CloudSat data (Takahashi et al., 2017).

Besides the aforementioned properties, the relative humidity in the environment is also critical to 1. A
positive correlation was found between relative humidity and A in shallow cumulus (Axelsen, 2005; Lu
et al., 2018). For shallow-to-deep convection, positive (Bera & Prabha, 2019; Stanfield et al., 2019; Stirling
& Stratton, 2012), negative (Bechtold et al., 2008; Zhao et al., 2018), or weak (Boing et al., 2012; Stan-
field et al., 2019) correlations between relative humidity and 4 have been found with simulations and
observations.

Different parameterizations of 1 have indicated that no consensus has been reached regarding which varia-
bles are the best for describing the entrainment-mixing process. Hence, more studies are needed to examine
the factors affecting 4 in different types of clouds and understand why some parameters are better corre-
lated with A than others. This study is based on the simulation of convective clouds during the Kwajalein
Experiment (KWAJEX) with the Weather Research and Forecasting (WRF) model. We first parameterize 1
by expanding upon previous work focused on individual shallow convection (Lu et al., 2016) to ensemble
deep convection. The investigation based on ensemble clouds is expected to be more appropriate for param-
eterizing A in large-scale models. Moreover, in contrast to the study of Lu et al. (2016), the effects of w™'dw/
dz, 1/r, and relative humidity of entrained air (RH,) on A are analyzed in detail to determine whether or
not there is a monotonic relationship between 4 and RH,, as found in previous studies (e.g., Lu et al., 2018).
Finally, RH, is further added to the parameterizations, and we then assess whether or not this is reasonable.

The rest of the study is organized as follows. Section 2 describes the model simulations and methods. In
Section 3, the main results and discussions are presented, including cloud identification, factors affecting
entrainment rate, and effects of relative humidity. The concluding remarks are given in Section 4.
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2. Simulations and Methods
2.1. Model Setup

The WRF model version 3.8.1 (Skamarock et al., 2008) is used to simulate
a convective cloud system over the Marshall Islands from August 19 to 20,
1999 during KWAJEX (Yuter et al., 2005). Our simulation consists of three
one-way nested domains (d01, d02, and d03) with horizontal resolutions
of 12, 2.4, and 0.48 km, respectively, following the resolution set by Chen
et al. (2017) for the same case. Horizontally, the grid points (longitude by
latitude) are 110 X 90, 250 X 200, and 625 X 625 for domains d01, d02, and
do3, respectively (Figure 1); vertically, there are 60 layers. The WRF runs
are driven by 6-h National Centers for Environmental Prediction (NCEP)
operational global analysis data. The d01 and d02 runs span from 00:00
UTC on August 19 to 00:00 UTC on August 20, 1999, with a spin-up time
of 12 h to allow meteorological conditions to develop. The d03 runs then
168°E  170°E 172°E span from 12:00 UTC on August 19 to 00:00 UTC on August 20, 1999,
with a spin-up time of 4 h. The model results from d03 for the last 8 h

Figure 1. Three one-way nested domains over the Marshall Islands with are the periods when the convection develops vigorously and are used

horizontal resolutions of 12 km (d01), 2.4 km (d02), and 0.48 km (d03).
The black dot represents the location of the Kwajalein S-band radar.

to estimate A with 10-min interval. The physical schemes in the model
include the Noah land surface scheme (Chen & Dudhia, 2001), the Rapid
Radiative Transfer Model for General Circulation Models (RRTMG) long-
wave and shortwave radiation schemes (Iacono et al., 2008), the Yonsei
University (YSU) planetary boundary layer scheme (Hong et al., 2006), the Kain-Fritsch cumulus parame-
terization (Kain, 2004), and the Morrison double-moment microphysics scheme (Morrison et al., 2009). The
cumulus parameterization of both deep and shallow convection is used only in the outermost domain, d01.
The Morrison microphysics scheme is used to simulate clouds in the domains d02 and d03.

A horizontal model resolution of 0.48 km should be sufficient for estimating A. Zhang et al. (2015) com-
pared A estimated for deep convection simulated by a cloud-resolving model (CRM) at a horizontal resolu-
tion of 1 km and an LES model at a horizontal resolution of 0.1 km. They further averaged the 0.1 km LES
results to a 1 km resolution and found that the LES and CRM results were comparable.

2.2. Cloud Identification and Estimation of Entrainment Rate

Before estimating the entrainment rate, we first identify convective clouds. Different researchers have used
different criteria to define convective clouds. Romps (2010) and Del Genio and Wu (2010) used the thresh-
oldsof w>1ms™ and w> 0 m s/, respectively. Lu, Liu, Niu, and Vogelmann (2012) found that 80% of all
data points in an individual cloud must have a positive w for their aircraft observations. In this study, a grid
point is defined as a convective core grid point if the total cloud water and ice mixing ratio, q. + q; exceeds
0.01 gkg™'andw > 0.5 m s™". Zhang et al. (2015) proposed a method that takes two-dimensional (2-D) slices
in the x-z direction of a three-dimensional (3-D) convective cloud along the y direction to estimate A for 2-D
clouds. This method is similar to how aircraft observations are made at different heights within 3-D clouds.
To more comprehensively explore the relationship between entrainment rate and related physical quanti-
ties, a method called “six-connected segmentation” in Tsai and Wu (2017) is used here to identify each 3-D
convective cloud. In this method, the model grid points are scanned both vertically and horizontally in the
3-D space. Two cloudy grid points are identified as belonging to the same cloud if they are adjacent either
vertically or horizontally, but not diagonally (see more details in Tsai and Wu (2017)). The total number of
each cloud category with cloud top heights varying from <1 to >10 km with the interval of 1 km after iden-
tifying 3-D convective clouds over the entire period is shown in Figure 2. The cloud number decreases as the
height of cloud top height increases. Considering that a horizontal cross section of a cloud is not circular in
shape, we approximate it with an equivalent circle of the same area and calculate its radii as cloud radii for
the following discussion.

After identifying 3-D convective clouds, entrainment rate A is estimated using the bulk-plume method based
on Equation 6a in Zhang et al. (2015):
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Figure 2. The total number of each cloud category with cloud top heights varying from <1 to >10 km with the interval of 1 km after identifying three-
dimensional (3-D) convective clouds over the entire period. Note the multiplication factor at the upper left corner.

L ~(op 1 M, )(0h, | ét)+ 5(h, —hy)—(0h, | z) - (60‘p(w'h')c /Mcé’z) +(op 1 MC)SC’ (12)
h, —h,

where M, is the cloud mass flux and calculated as gpw, o is the fractional convective cloud area and p is
the air density; z is the height, ¢ is the detrainment rate, /_ is the in-cloud mean h, h, is the mean h of the
detrained air, h, is the mean h of the entrained air, and S, is the source and sink term for h due to ice-phase
(ice crystals, snow, and graupel particles) changes, like freezing, melting, sublimation, and deposition. A
steady state is assumed, following many previous studies (Arakawa & Schubert, 1974; de Rooy et al., 2013;
Siebesma & Cuijpers, 1995; Zhang et al., 2015). Then, the air mass continuity can be written as

oM,
0z

=(A-0o)M,, (1b)

Combining Equations 1a and 1b, and neglecting the local tendency term ((op / M, )(dh, / ét)) and the

perturbation correlation term (—(60‘p(w’h’) / Mcﬁz)) due to their small contributions (Zhang et al., 2015),
c
the final expression for estimating A is

. —(oM, 1 &z)(h, — hy) = M, (0h, | z) + opS, . o
M c (hd - he )

Assumptions about the properties of entrained air have been controversial, with different ideas supported
by different researchers. Lu, Liu, Niu, and Vogelmann (2012) studied the sensitivity of 4 to the distance
between the source of entrained air and the edge of the cloud core and found that the estimated 1 decreased
when the distance increased. Here, it is assumed that the entrained air is from the points just outside the
3-D cloud boundaries because the air at these points has the highest probability of being entrained into
clouds. The mean property of these points is then taken as the entrained air property 4,. Similarly, the mean
property of grid points just inside the cloud edges is taken as the property of detrained air h,. Then, i, and
hy are used in Equation 1c to estimate 4.
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5, 10° " 3. Results and Discussion
g = MO 3.1. Comparison of Simulations With Observations
o 10-1 i —Observed | |
:I,' Similar to Chen et al. (2017), the observations from the surface-based
102 Kwajalein S-band radar, with a wavelength of 10.71 cm and a coverage
Lo} radius of 150 km, are used for model validation in this study. The black
_g 1073 dot in Figure 1 denotes the location of the radar apparatus, whose de-
© tails were previously summarized by Yuter et al. (2005). Figure 3 shows a
§ 1074 comparison of the normalized frequency of the radar-estimated rain and
§ simulated rain. Relevant descriptions of radar-based estimation were pro-
107 . . vided by Houze et al. (2004). The normalized frequency of the simulated
0 10 20 30 40 50 precipitation (rain) rate is slightly larger than that observed between 2
Rain Rate (mm h'1) and 25 mm h™". For rain rates of <2 or >25 mm h™', the normalized
frequency of the simulated rain is smaller than that observed. Given the
Figure 3. Normalized frequency of radar-estimated rain rate and uncertainties of radar-estimated rain rates, the WRF simulation generally

simulated rain rate from August 19 16:00 UTC to August 20 00:00 UTC
1999. Grids with significant rainfall (>0.15 mm h™") are considered.

captures the main distribution of rainfall. Therefore, the model exhibits a
reasonable performance in simulating such convective cloud systems, as
concluded by Chen et al. (2017).

3.2. Thermodynamic/Dynamical/Macrophysical Properties and Entrainment Rate

3.2.1. Vertical Distributions

Figure 4 shows the vertical profiles of M, w, B, h, r, and RH, above the cloud bases for different cloud cat-
egories with different cloud top heights varying from <1 to >10 km with the interval of 1 km; RH, refers
to the mean relative humidity at the points just outside the 3-D cloud boundaries. For each category, M.
increases rapidly above the cloud base to its maximum, an indication of cumulus growth, while the decrease
in M, with the increasing height near the cloud top is related to decreases in w and B. The large values of
M, for low-level clouds are related to large o because of large cloud numbers. Both w and B increase above
the cloud base and then decrease near cloud top. Although B is a driver of w (Lu et al., 2016, 2018; Zheng
et al., 2015), the relationship between w and B is not simple and the decline of w lags behind that of B es-
pecially near the cloud tops. When the cloud top is lower than 5 km, the maximum B in the deeper cloud
types is larger than that in the shallower cloud types; with the further increase of the cloud top height, the
maximum B slightly decreases. A similar phenomenon was also found in Del Genio and Wu (2010). It is
interesting that although the maximum B slightly decreases when the cloud top is higher than 5 km, the ver-
tical gradient of B from the height of maximum B to the cloud top becomes smaller than that for the cloud
top lower than 5 km. This could be the reason why deeper clouds have larger w except for the deepest cloud
type. The exception of the deepest cloud type could be ascribed to the smallest cloud number of 8 (Figure 2).
Note that there are several negative B near the cloud top and bottom for the deep cloud types because the
criterion of Bis not involved in the 3-D cloud identification. Figure 4d shows that h. decreases sharply from
the cloud base to 4.5 km. In the warm region of cumulus clouds below 4.5 km, air entrained into a cloud
is the primary reason why the h. decreases with the increasing height. Above 4.5 km, h, increases with the
increasing height. Zhang et al. (2015) noted two reasons for this pattern: (a) the release of latent heat due to
ice-phase changes and (b) the detrainment of less buoyant air. As expected, the values of h, and h, fall be-
tween h. and the domain-mean moist static energy hy,,, as determined in previous CRM simulations (Zhang
et al., 2015) and assumed in large-scale models (Tiedtke, 1989; Zhang & McFarlane, 1995). The cloud width
(r) first increases and then decreases with the increasing height of the convective cores. The increase in r at
low altitudes could be due to the entrainment of environmental air. Detrainment could be one reason for
the observed decrease in r at high altitudes of convective cores, as the detrainment rate is often large near
the cloud top (Boing et al., 2012; Romps, 2010). To maintain consistency for different cloud categories, RH,
is calculated only with respect to liquid. Therefore, RH, sharply decreases when clouds are higher than
4 km where ice-phase particles occur. Additionally, RH, monotonically decreases and is larger than the
domain-mean relative humidity (RHyp,,).
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Figure 4. Vertical profiles of physical properties above the cloud base for different cloud categories averaged over 8 h:
(a) Total mass flux (M,), (b) Vertical velocity (w), (c) Buoyancy (B), (d) Moisture static energy in cloud (represented as
h¢/c, in temperature units, ¢, is specific heat capacity), (e) Cloud radius (r) and (f) relative humidity of entrained air
(RH,). Different colors and line styles represent different cloud categories with cloud top heights varying from <1 to
>10 km with the interval of 1 km. The legends in (a) denote the cloud top heights for different cloud categories. The
black lines in (d) and (f) denote the domain-mean moisture static energy h,, and relative humidity RHy,,, respectively;
the purple line and orange line in (d) denote the mean moisture static energy of entrained air /. and the mean moisture
static energy of detrained air hq, respectively.

Figure 5 shows the vertical profiles of A calculated with Equation 1c for different cloud categories above the
cloud bases. The purple dots correspond to the cloud heights with B < 0, likely due to overshooting at the
cloud tops and cold pools near cloud base. The A value is large near the cloud base, ~7.2 km™. As the height
increases, A becomes relatively small in the middle part of the clouds; while near the cloud top, 4 increases
rapidly with the increasing height. All cloud types generally have the “C-shaped” vertical profiles and the
vertical profiles also depend on cloud types. Similar vertical distributions of 4 for convective cores were
found in previous studies (e.g., Dawe & Austin, 2013; Del Genio & Wu, 2010; Gerber et al., 2008; Masunaga
& Luo, 2016; Lu, Liu, Yum, et al., 2012; Romps, 2010; Zhang et al., 2015).

There are several possible explanations, each of which can partially explain the “C-shaped” vertical profiles
of A. First, the vertical profile of 1 should be inversely related to that of M. According to the definition of
A (Morton et al., 1956; Turner, 1962), the value of 1 represents the mass flux per unit height of entrained
environmental air, considering the mass flux of the cloud itself. The initial increase and then decrease
of M, with increasing height is responsible for the vertical profile of 1. Second, the vertical profile of 4 is
related to that of r. Stommel (1947) proposed a simple plume model that treated cumulus clouds as cumu-
lus towers. This model assumed that homogenous mixing occurred along the lateral boundaries of clouds
and that A was positively correlated with the reciprocal of r because of the surface-to-volume ratio of the
cumulus towers (Simpson, 1971). The results from Takahashi et al. (2017) lent observational evidence to a
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Height (km)

long-standing assumption in convection models concerning the negative
correlation between r and A. Third, as shown in Figures 4b and 4c, the
shapes of the vertical profiles of w and B are opposite to that of 1. The ef-
fects of w on 4 could be complex. For example, a larger w may correspond
to a larger A because it creates a large pressure perturbation which pulls
in the air behind the rising toroidal vortex at the cloud top. On the other
hand, a possible reason for a larger w to correspond with a smaller 4 is
that a cloud with a larger w has a shorter amount of time to rise a unit
of height, and within a shorter time, less environmental air is entrained
(Neggers et al., 2002). Previous studies have shown good negative corre-
lations between B and 4 (e.g., Dawe & Austin, 2013; Hernandez-Deck-
ers & Sherwood, 2018; Lin, 1999; Lu et al., 2016), because a smaller B
manifests a smaller difference between cloudy air and environmental air,
which indicates a larger A (Dawe & Austin, 2013; Hernandez-Deckers
1 & Sherwood, 2018). The negative correlation between B and A can well
explain the variation of entrainment rate with cloud type at the height
immediately above the cloud base. Therefore, 4 is not determined by one

Figure 5. Vertical profiles of time-averaged mass flux weighted
entrainment rate (1) above the cloud base for each cloud category.
Different colors and line styles represent different cloud categories with
cloud top heights varying from <1 to >10 km with the interval of 1 km. ofw>0.5ms”

Entrainment Rate X (km™)

single cloud property, but determined by the combined effects of cloud
thermodynamic/dynamical/macrophysical properties.

Note that with the criterion of w > 0.5 m s™*, the upper-level anvils are

eliminated. Figure S1 shows the vertical profiles of cloud radius and 4
without the restriction of w. Compared with the results with the criterion
!, the deepest and the second-deepest cloud categories are

The legends denote the cloud top heights for different cloud categories. added; the radii of all cloud categories become larger, and 4 also increases
The purple dots represent the heights with buoyancy are negative. due to the smaller difference (h. — h.) in Equation 1a, which was also

found in Siebesma (1998). For the two deepest cloud categories, cloud

radii increase rapidly under the cloud tops. Correspondingly, 4 becomes
very large (>20 km™) or even negative because of too small or even negative h. — h.. These results indicate
that the upper-level stratiform anvils are very different from the convective cores, which need to be investi-
gated separately, and therefore, the criterion of w > 0.5 m s7! for the convective cores is applied. Besides, the
fixed criterion of q. + g; > 0.01 g kg™ may also lead to some uncertainties. Xu and Krueger (1991) proposed
an alternative criterion: q. + g; exceeds 1% of the saturation water vapor mixing ratio over water (0.01 g*).
Similar to Xu and Krueger (1991), the criterion of q. + gq; > 0.01 g* has smaller cloud fraction in the lower
troposphere and larger cloud fraction in the upper troposphere than the criterion of g. + q; > 0.01 g kg™*
without the restriction of w. However, under the criterion of w > 0.5 m s™" for the convective cores, the two
criteria of q. + g; have very similar distributions of cloud fraction (Figure S2), cloud numbers of different
cloud categories (Figure S3), and A (Figure S4). Therefore, the criterion of q. + g; only has very small effects
on our results because we focus on the convective cores. If scientific objectives are about upper-level strati-
form anvils, however, the criterion of q. + g; should be very important.

3.2.2. Relationships Between Entrainment Rate and Thermodynamic/Dynamical/
Macrophysical Properties

Parameterizations of A are often developed by relating A to thermodynamic/dynamical and/or macro-
physical properties. We examine the relationships between A and the commonly used properties (w, B,
IW" dw / dz’, 1/r, and RH,) (e.g., Hernandez-Deckers & Sherwood, 2018; Lin, 1999; Stanfield et al., 2019).
As shown in Figures 6a and 6b, 4 is negatively correlated with w and B, with the coefficients of correlation
(R) of —0.83 and —0.80, respectively. The negative relationships between A and w, and between 1 and B, are
consistent with previous conclusions of other researchers (Dawe & Austin, 2013; Lin, 1999; Lu et al., 2016;
Neggers et al., 2002; Turner, 1962), and may be interpreted from two perspectives. From the perspective of
the impacts of entrainment on the vertical motion of convective clouds, the increase in 1 suppresses the
vertical motion of such clouds; that is, a larger 4 results in smaller w and B values. A larger A also means
that more environmental air is entrained into the clouds. As a result, the temperature in the cloud is lower
because of evaporative cooling and B is also smaller. A smaller B results in a smaller w because of Newton's
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Figure 6. Relationships between entrainment rate (1) and (a) vertical velocity (w), (b) buoyancy (B), (c) |w"dw /dz
(d) reciprocal of cloud radius (1/r) for different cloud categories. z is height. The red line in each panel denotes the
fitting curve. Each legend provides correlation coefficient (R), the fitting function, the determination coefficient (R),

significant level p-value, and the root of mean square error (RMSE). The blue dots represent the data with B is positive
while the purple dots represent the data with B is negative.

>

second law of motion (Lu et al., 2016). From the perspective of the impacts of the vertical motion of con-
vective clouds on entrainment, clouds with larger B and w values have less time per unit height interval to
interact with the environment, thus leading to a smaller 1 (Neggers et al., 2002), as noted previously. As can

be seen from Figure 6c, 4 is positively correlated with Iw_ldW / dzl. Nordeng (1994) found that w™'dw / dz can

be used directly to describe A. Since w™'dw / dz may be negative, its absolute value is taken here. Figure 6d
shows a positive correlation between A and 1/r, which is consistent with the results of previous studies (e.g.,
Hernandez-Deckers & Sherwood, 2018; Simpson, 1971; Turner, 1962). However, the correlation coefficient
of the function with 1/r is very low and may not be suitable for parameterization. Note that the data with
B < 0 are also shown in Figure 6 with purple dots. These points are not involved in the fitting because the
power-law function needs B > 0, which is detailed in the next section.

In addition to the aforementioned four properties, relative humidity is another commonly used factor to
parameterize A; different studies have yielded varying and even opposite conclusions on the relationship
between A and relative humidity (Lu et al., 2018). Figure 7a shows that a negative correlation exists between
A and RH; for clouds with tops higher than ~4 km, with temperature (T) < 0°C and RH, < ~95%, while
a positive correlation is found for clouds lower than ~4 km with T > 0°C and RH, > ~95%. This unique
phenomenon differs from the previous findings of monotonically positive (Stanfield et al., 2019; Stirling
& Stratton, 2012), negative (Bechtold et al., 2008; Zhao et al., 2018), or weak (Bding et al., 2012; Stanfield
et al., 2019) correlations. The transition in the relationship near T = 0°C corresponds well to the phase

XU ET AL.

8of 16



V od |
AGU

Journal of Geophysical Research: Atmospheres 10.1029/2021JD034881
AND SPACE SCIENCE
< 8 10 T Height (km)
E | @] ——T=0,=12.70RH'®"¢R?=0.62,p<0.01,RMSE=0.84 o (b)
<6} |70, A=0.32RH>*",R?=0.53,p<0.01,RMSE=0.44 3 10
& < 5f "
© o
4 <
E * % of * 3 o ° ® e %o ® b} o
£ =, Of : ]
2t o
£ % Y
w 0 = L 1 MR EEES ). -5 L M " N 3
0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1
Relative Humidity of Entrained Air RHe Relative Humidity of Entrained Air RH 1,
10 T T T - 10 T T T T T
(c) (d)
° 6
’:t‘\_, St Eo 5F
=, e o
£ : 9 (g. L . . . . . °
L T R “ & of* M - 15
. b L
-5 i i " " " -5 L " " L i <44 0C
0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1
Relative Humidity of Entrained Air RH_ (d) Relative Humidity of Entrained Air RH_
10 : 3 T 3
(e) )
8t o 25} 133
. N X 2
g 6 J:w 2F . °
I * l_u ° ® . 2
: | , d : :
(= ° & 1
° L) . 'Y ° '.
2F o % ° 1F & ° %
4 . ° o 4 . ;
0 i . > is SV AN 0.5 R \ A . at
0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1

Relative Humidity of Entrained Air RH,

Relative Humidity of Entrained Air RHe

Figure 7. Relationships between (a) entrainment rate (1) and relative humidity of entrained air (RH,), (b), (c), (d), and (e) the numerator of Equation 1c and
RH,, and (f) the denominator of Equation 1c and RH.. The color bar denotes the heights above the cloud base and the mean height of 0°C isotherm is about
4 km. The lines in (a) denote the fitting curves.

change that affected A through S, in Equation 1c. To explain this phenomenon, the relationship between
RH, and the factors used to calculate A in Equation 1c are also plotted (Figures 7b-7f). The nonmonotonic-
ity shown in Figure 7a is determined by the combined effects from both the numerator (Figure 7e) and
the denominator (Figure 7f). The positive correlation below ~4 km is due to a decrease in the numerator
and an increase in the denominator with increasing height. The increase in the denominator is expected
because the differences between hy and h. in Figure 4d are increased below ~4 km, while the decrease in
the numerator is related to the competition from increasing M, and decreasing h. with the increasing height
(Figures 7b and 7c). In contrast, the negative correlation above ~4 km is due to an increase in the numerator
and a decrease in the denominator with the increasing height. The increase in the numerator is dominated
by ice-related phase changes (opS, / M), whereas the changes of the other two terms are small. The de-
crease in the denominator is caused by a significant decline in the water vapor mixing ratio both within and
outside of the cloud. It is noted that, although opS, / M_ decreases near cloud top because of the reduction
of ice-phase particles, the decrease in the numerator is less than the decrease in the denominator, which still
leads to the negative correlation between 1 and RH.. Considering that the relationship between 1 and RH,
does not change monotonically, only the four aforementioned factors (w, B, wldw / dz
to parameterize A at first, with the effects of RH, being considered subsequently.

, and 1/r) are used
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Figure 8. The fitted entrainment rate (1) as a function of the calculated
entrainment rate. The fitted entrainment rate is obtained by the fitting
functions with vertical velocity (w), buoyancy (B), vertical wind divergence
(|w’1dw / dz|), and reciprocal of cloud radius (1/r), respectively. The
calculated entrainment rate is obtained from Equation 1c. The fitting
functions, the determination coefficient (R?), significant level p-value, and
the root of mean square error (RMSE) are provided in the legend. The
black line denotes the 1:1 line.

3.3. Entrainment Rate Parameterization

3.3.1. Parameterization of Entrainment Rate Based on a Single
Property

Based on the relationships between 1 and the four physical properties (w,
B, |w’ldw / dz|, and 1/r) shown in Figure 6, 4 is fitted by each of the four
physical properties using a power-law function, as has been done in many
previous studies (Dawe & Austin, 2013; Lin, 1999; Lu et al., 2016; Neggers
et al., 2002; Zhang et al., 2015). The pairwise fitting functions, the deter-
mination coefficient (R?), significant level p-value, and the root of mean
square error (RMSE) are summarized below:

A =599 R?* = 0.68,p < 0.0L,LRMSE = 0.71, )
2 =0.078B7"%° R? = 0.61,p < 0.01,RMSE = 0.80, 3)
d 0.67
A= 2.96‘w"1d—w ,R? = 0.33,p < 0.0L,RMSE = 1.03, (4)
74
1 0.61
A= 2.10(-} ,R? =0.085,p < 0.01,RMSE = 1.21. (5)
r

Figure 8 shows a comparison of the A fitted with Equations 2-5 to the
results calculated using Equation 1c. It is evident that the fitting of 1 with
w and B (R? of 0.68 and 0.61, respectively) performs better than that with

‘w’[dw / dz‘ or 1/r. Also, the fitting of 4 with w and B has smaller RMSE.

The A data points estimated via Equations 2 and 3 versus the 1 values

calculated using Equation 1c essentially fall along the 1:1 line, although
some scatters are observed. Meanwhile, the results from using Equations 4 and 5 depart substantially from
the 1:1 line. Therefore, either w or B is more suitable for the parameterization of 1 if only one property is
used. Similarly, Zhang et al. (2015) and Lu et al. (2016) found that w was the best choice for parameterizing
A based on simulations and observations, respectively.

3.3.2. Parameterization of Entrainment Rate Based on Multiple Properties

In previous studies, parameterizations have been developed with different combinations of properties.
Dawe and Austin (2013) used B and d@ / dz to parameterize A, while Lu et al. (2016) developed a parame-
terization of 1 by relating 4 to w, B, and dissipation rate. Here, the properties (w, B, |w"'dw / dz|, and 1/r) are
combined to develop multivariate parameterizations. Considering the larger R* value in the equations for w
and B and the smaller R for 1/r, we relate A to three combinations of multiple properties: (a) w and B; (b)
w, B, and ‘w’ldw /dz
and RMSE are summarized as follows:

; (c) all four properties, w, B, |w’ldw / dz|, and 1/r. The specific equations, R?, p-values,

A =071w 7B 036 g2 = 0.78,p < 0.01,RMSE = 0.59, (6)
d 0.04
A =0.80w 2B 034 w*ld—w ,R* =0.78,p < 0.01,RMSE = 0.59, 7
v4
d 0.04 1 -0.09
A =077w 2B 0¥ w*‘d—w (—} ,R*> =0.78,p < 0.01,RMSE = 0.59. (8)
Z r
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T T T Figure 9 shows the comparison of the A values fitted by Equations 6-8
) with those calculated from Equation 1c. The data points mainly fall along

© A=0.71w 178036, R?=0.78, p<0.01,RMSE=0.59
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. the 1:1 line, which means that the multivariate parameterizations de-
scribe 4 well. Compared with the A values calculated using Equations 2
_ and 3 (Figure 8), those obtained from Equations 6-8 are closer to those ob-

(3,

w

Fitted Entrainment Rate (km'1)
N =

N

tained via Equation 1c. Furthermore, the R? values 0.78 of Equations 6-8
are larger and the RMSE values 0.59 are smaller than those of Equa-
tions 2 and 3. Compared to Equation 6, the improvements in Equations 7
and 8 for fitting A are minimal because of the relatively weak correlations
between A and [w™' dw / dz| and between A and 1/r. Separate panels are
§ also provided as Figure S5. In general, Equation 6 is recommended for
parameterizing A in large-scale models because it has the same strength
of correlation and deviation with fewer numbers of variables compared
to Equations 7 and 8.

3.4. Parameterizations Including Relative Humidity

6 . . ; i ; ;

o+ 2z 3 4 5 5 7T ¥ pRelative humidi dt terize the dynamic entrainment
Calculated Entrainment Rate (k™) e a'1ve umidity was use o.parame érlze e. ynan.uc en ralnmel.n

rate in Bechtold et al. (2008). It is a good idea to distinguish the dynamic

Figure 9. The fitted entrainment rate (1) as a function of the calculated and turbulent entrainment rate, and parameterize them separately. How-

entrainment rate. The fitted entrainment rate is obtained by Equations 6-8.  ever, there have been also several studies that did not distinguish dynam-
The calculated entrainment rate is obtained from Equation 1c. The fitting ic and turbulent entrainment rate, and related entrainment rate to rela-
functions, the determination coefficient (R?), significant level p-value, and tive humidity (Axelsen, 2005; Bera & Prabha, 2019; Stanfield et al., 2019;

the root of mean square error (RMSE) are provided in the legend. The

black line denotes the 1:1 line.

Stirling & Stratton, 2012; Zhao et al., 2018). Since separating dynamic
entrainment from turbulent entrainment in a cloud-resolving simulation
is not a straightforward process and it involves how to define systematic
inflow into clouds, here we follow the latter to consider the total entrain-
ment rate that includes both dynamic and turbulent entrainment.

In the preceding analyses and parameterizations, RH, is not included because the correlations between 4
and RH, are positive for T > 0°C and negative for T < 0°C (Figure 7a). Therefore, to consider RH, in our
parameterizations, the simulation results are divided into two parts (T > 0°C and T < 0°C). Besides, because
the large-scale model cannot provide RH,, we recalculate RH, based on relative humidity of cloud RH, and
mean relative humidity of domain RHy,, as RH, = 0.41RHy,, + 0.59RH, + 0.025 with R*=0.94 (Figure S6).
Similar to the analyses presented in Section 3.3, the relationships between A and the five properties (w, B,

‘w_' dw / dz
then compared (Figure 10). Note that the relationships between A and recalculated RH, are slightly weaker
than before for both T > 0°C and T < 0°C.

, 1/r, and RH,) are examined (figures not shown). The parameterizations with each property are

For T > 0°C, the parameterizations with w and B have R? values of 0.73 and 0.65, respectively, higher than
the other parameterizations, which are similar to the results mentioned before (see separate panels of Fig-
ure S7). Besides w and B, the parameterization with RH, has the third-largest R*>. However, RH, has already
been used implicitly in selecting the cloud boundary, which leads to the small relative change of RH, (in
the range of 0.95-1.0). Such a small variation of RH,, however, corresponds to the large variation of en-
trainment rate (~0-7.5 km™). Then, the exponent of RH, in Figure 10a is too large to be a good parame-

terization indicator. For T < 0°C, the R? values of the relationships between A and w, B, |w’ldw / dz|, and
1/r are much lower than those for T > 0°C, especially for w and |w’ldw / dz|. The relationship between 14
and RH, has the highest R? = 0.48 and smallest RMSE = 0.47 for T < 0°C. The variation of RH, becomes
large (0.5-0.97) and A becomes sensitive to RH. Except for RH,, the fitted function with B has the largest
R? = 0.32 but much smaller than that of RH,. The poor performance of w and ‘w‘ldw / dz‘ are mainly due

to the points distributed near cloud top in Figure 8 (also see separate panels of Figure S8). Furthermore,
multivariate parameterizations are employed to fit A for the cloud data points with T > 0°C and T < 0°C,
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10 A=6.16w2%, R?=0.73, p<0.01,RMSE=0.72 respectively (Figure 11). Here, we provide five fitting functions with the
(a) A=0.097B0%3, R=0.65, p<0.01,RMSE=0.81 largest R” and the smallest RMSE for each temperature range:
T20 A=2.93|w™ dw/dz|**¢, R?=0.30, p<0.01,RMSE=1.14
sl A=2.12(1/r)°35, R?=0.042, p>0.01,RMSE=1.34 A =1.04w B0 RZ = 0.82, p < 0.0, RMSE = 0.59, 9)
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Figure 10. The fitted entrainment rate (1) as a function of the calculated
entrainment rate. The fitted entrainment rate is obtained by the fitting

1.13
A= o.ss(lj RH, " R* = 0.57,p < 0.0L,RMSE = 042, (17)

r

functions with vertical velocity (w), buoyancy (B), vertical wind divergence

(|w’1dw / dz|), reciprocal of cloud radius (1/r), and relative humidity (RHe,),

respectively, with (a) T > 0°C and (b) T < 0°C. The calculated entrainment 1= 0.47w70'38RH674‘39, R* =049,p < 0.0L,LRMSE = 0.46. (18)
rate is obtained from Equation 1c. The fitting functions, the determination

coefficient (R?), significant level p-value, and the root of mean square error for T < 0°C.

(RMSE) are provided in the legend. The black line denotes the one-by-one

line.

For T > 0°C, the parameterization with w and B has a large R* of 0.82
and a small RMSE of 0.59. The additions of other properties do not
create stronger correlations, because the relationships between A and
‘wildw /dz
variation in RH, weakens its ability to increase the correlations of parameterizations when RH, is added.
For T < 0°C, the multivariate parameterization with B, 1/r, and RH, has the largest R?0f 0.61 and smallest
RMSE of 0.40, which indicates that these three factors may better fit A near the top of convective cores than
other factors. What's more, considering that it is difficult to obtain cloud radius information in large-scale
models, Equation 16 fitted by B and RH, is another suitable function to represent A for T < 0°C, which
has very close R* but fewer variables compared to the best fitting parameterization (Equation 15). In each

, 1/r are relatively weak. In particular, the narrow range of

temperature range, Figures S9 and S10 show that these five fitting functions are similar to each other and
have very close distributions. Therefore, under the principle of higher R? lower RMSE, and fewer variables,
we have two recommendations for parameterizing entrainment rate: (a) use Equation 10 fitted by w and
Bfor T > 0°C and Equation 16 fitted by B and RH, for T < 0°C; (b) use Equation 6 fitted by w and B for all
temperature ranges, as discussed in Section 3.3.
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Figure 11. The fitted entrainment rate (1) as a function of the calculated
entrainment rate. The fitted entrainment rate is obtained by (a) T > 0°C

with Equations 10-14 and (b) T < 0°C with Equations 15-18. The
calculated entrainment rate is obtained from Equation 1c. The fitting

functions, the determination coefficient (R%), significant level p-value, and

the root of mean square error (RMSE) are provided in the legend. The
black line denotes the 1:1 line.

4. Concluding Remarks

The objectives of this study are to develop new means of parameterizing
the entrainment rate (1) of convective cloud cores in climate models, and
especially, to discuss the effects of relative humidity near cloud bounda-
ries on A parameterizations. A convective cloud system over the Marshall
Islands during the Kwajalein Experiment (KWAJEX) is simulated using
the WRF model and the relationships between A and thermodynamic/dy-
namical/macrophysical properties, including vertical velocity (w), buoy-
ancy (B), vertical wind divergence (‘w"dw / dz‘), the reciprocal of cloud
radii (1/r), and the relative humidity of entrained air (RH,) are examined.
The results show negative correlations between 4 and w, and B, positive
correlations between A and |w'1dw / dz|, and 1/r, and a nonmonotonic
correlation between 4 and RH..

To develop A parameterizations with a single property, power-law func-
tions are used to fit the relationships between A and the four monotoni-

cally related physical properties (w, B, |w’1dw / dz|, and 1/r). We find that

w and B are more suitable for parameterization than either |w’1dw / dz| or
1/r. For the parameterizations with multiple properties, the parameteri-
zation based on w and B has the strongest correlation coefficient. In these
parameterizations, the relative humidity of entrained air is not included
because the correlation between A and relative humidity is positive for
temperature higher than 0°C and negative for temperature lower than
0°C. The data are therefore divided into two parts by the 0°C isotherm
and A is further parameterized, including RH,, in addition to the afore-
mentioned physical properties.

As a result of this work, we have two recommendations for parameter-
izing A. The first is to use piecewise functions, wherein 4 is a function of
w and B for temperature higher than 0°C and is a function of B and RH,
for temperature lower than 0°C. Second, we propose using the equation
relating A to w and B for temperature both higher and lower than 0°C.

Several points are noteworthy. First, the calculation of entrainment rate
in Equation 1c involves temperature, water vapor, ice-phase conversion
rate, etc. Since the hydrometeor particle concentrations are not included

in Equation 1c, sedimentation is expected to have no direct effect on entrainment rate, but may still have in-
direct effects. The reason is that hydrometeor particles may carry heat downward during the sedimentation
process, and decrease temperature. The decrease of temperature leads to a smaller difference of moist static
energy between cloudy air and environment, which causes an increase in entrainment rate (Equation 1a).
However, this effect is expected to be rather small, according to the pseudo-adiabatic process (Wallace &
Hobbs, 2006). If assuming a moist adiabatic process, the hydrometeors remain in the cloud and there is
no sedimentation effect. The reality is somewhere in between, so the effect of sedimentation should be
rather small. To the authors’ knowledge, this effect is not considered in the microphysics scheme used here.
Therefore, in the current simulations, sedimentation does not affect the calculation of entrainment rate.
If the effects of sedimentation on temperature distribution are included in future microphysics schemes,
entrainment rate may increase slightly.

Second, the relatively coarse resolution could cause small buoyancy and vertical velocity (Lebo & Morri-
son, 2015; Song & Zhang, 2018), and also that different microphysics schemes may produce different clouds
and cause different fitting relationships between entrainment rate and other cloud properties. In future
studies, simulations with different resolutions and microphysics schemes are needed to further explore
their impacts on cloud properties and entrainment rate. Relative humidity in entrained air has different ef-
fects on entrainment rate above and below 0°C. Even for the same absolute humidity, the relative humidity
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of an air parcel is different with respect to ice particles versus liquid drops, and this difference may be
realized as different microphysical-dynamic interactions, which lead to different relationships between en-
trainment rate and relative humidity. Besides, while entrainment rate is diagnosed here, it is not confined to
diagnostic convection parameterizations per se. They can also be used in prognostic convection parametri-
zation schemes or prognostic equations for updraft properties such as moist static energy and water vapor
mixing ratio.

Third, most global climate models rely on the parameterization of convection. As Arakawa and Schu-
bert (1974) pointed out, “the purpose of cumulus parameterization is to relate the statistical properties of
a cumulus cloud ensemble to the large-scale variables, and thereby to obtain a closed system of prognostic
equations for the large-scale variables.” Our next goal is to couple the new entrainment rate parameteriza-
tion obtained in this study with convection parameterizations in climate models and evaluate their impacts
on the simulation of precipitation, monsoons, and other phenomena. It is noted that representing entrain-
ment in terms of grid-scale variables is very difficult without invoking cloud properties, because physically,
entrainment is a process of the interaction between convection and its environment. Therefore, cloud verti-
cal velocity and buoyancy are involved in the entrainment rate parameterization. Such a parameterization
relating entrainment rate to other model variables can be used in a convection scheme. For example, at a
time step, convection is triggered according to grid-scale variables; the combination of the entrainment rate
parameterization and the Simpson and Wiggert (1969) equation which connects cloud vertical velocity,
buoyancy, and entrainment rate (Wang & Zhang, 2014) can improve the representation of entrainment
rate in models. In this study, although entrainment rate is fitted with other cloud properties statistically, we
provide physical interpretation behind the statistical relationships.

Data Availability Statement

The National Centers for Environmental Prediction (NCEP) operational global analysis data can be down-
loaded from https://rda.ucar.edu/datasets/ds083.2/. The KWAJEX radar data used for validation of the
model results can be downloaded from the Goddard Earth Sciences Data and Information Services Center
(GES DISC): https://disc2.gesdisc.eosdis.nasa.gov/data/TRMM_GV_L2/TRMM_2A55UW.7/1999/231/
(Yuter et al., 2005).
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