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An accurate treatment of effective core potentials (ECPs) requires care in continuum quantum Monte Carlo
(QMC) methods. While most QMC studies have settled on the use of familiar non-local pseudopotentials
with additional localization approximations, these approaches have been shown to result in moderate residual
errors for some classes molecular and solid state applications. In this work, we revisit an idea proposed
early in the history of QMC ECPs that does not require localization approximations, namely a differential
class of potentials referred to as pseudo-Hamiltonians. We propose to hybridize non-local potentials and
pseudo-Hamiltonians to reduce residual non-locality of existing potentials. We derive an approach to recast
pseudopotentials for 3d elements as hybrid pseudo-Hamiltonians with optimally reduced non-local energy.
We demonstrate the fidelity of the hybrid potentials by studying atomic ionization potentials of Ti and Fe
and the binding properties of TiO and FeO molecules with diffusion Monte Carlo (DMC). We show that
localization errors have been reduced relative to potentials with the same non-local channels for Sc-Zn by
considering the DMC energy change with respect to the choice of approximate localization. While localization
error decreases proportionate to the reduced non-local energy without a Jastrow, with a Jastrow the degree
of reduction decreases at higher filling of the d-shell. Our results suggest a subset of existing ECPs may
be recast in this hybrid form to reduce DMC localization error. They also point to the prospect of further
reducing this error by generating effective core potentials within this hybrid form from the start.
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I. INTRODUCTION

The quest to predict the structural, electronic and
magnetic properties of materials with increasing accuracy
requires a balanced reduction of all errors sources while
still using computational time efficiently. The dominant
sources of errors in electronic structure calculations are
(1) how we treat the electronic interactions and (2) how
we simplify and account for the interactions of the elec-
trons with the atomic nuclei. We not only have to solve
the electronic problem accurately, we must provide an ac-
curate description of the problem. Most electronic struc-
ture methods either use frozen core or pseudo-potentials
approximations to describe the electron-nucleus interac-
tion.

Electronic structure calculations often exclude chemi-
cally inert core electrons for reasons of computational ef-
ficiency. For continuum quantum Monte Carlo1 (QMC)
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methods, the added cost incurred by core electrons be-
comes prohibitive for all but the lightest elements since
it scales like Z5.5−6.5, where Z is the nuclear charge2,3.
Similar to other electronic structure methods, pseudopo-
tentials are an attractive means to increase the efficiency
of QMC methods as they reduce the cost scaling to
Z3.4
eff , where Zeff is the effective core charge following

pseudization4. Use of pseudopotentials in QMC, partic-
ularly diffusion Monte Carlo5,6 (DMC), has opened the
door to accurate ground state calculations of realistic
energy materials, such as cuprates7–9, perovskites10,11,
iron-based superconductors12,13, and other transition
metal oxide systems14–19.

For most electronic structure methods, the accuracy
of the pseudopotential approximation is one of construc-
tion: if a pseudopotential can be made that reproduces
the all electron scattering properties of the theory, then
subsequent pseudopotential calculations faithfully repro-
duce all electron results, at least up to the intrinsic frozen
core approximation. Real-space projector QMC meth-
ods, such as DMC, require additional approximations to
admit non-local pseudopotentials. Without further ap-
proximation, use of non-local pseudopotentials in DMC
results in a sign problem: state transitions generated by
the projection operator develop negative weights and can
no longer be interpreted as probabilities20.

The typical approach used to circumvent this prob-
lem is to introduce localization approximations into
the projection algorithm. Partial localization of the
non-local pseudopotential is achieved by the T-moves
approach21,22, while full localization is used in the local-
ity approximation23. Over time, it has become clear that
the residual error following localization approximations is



2

not always sufficiently small. Recent observations for 3d
elements reveal residual errors in the vicinity of 0.2-0.3
eV for cohesive energies and related properties24,25. For
4d species, observed errors are sometimes even larger26.
These observations motivate a revisiting of the treatment
of effective core potentials within real space projector
QMC methods.

Pseudo-Hamiltonians were invented as an alterna-
tive avenue to circumvent the sign problem encountered
with non-local pseudopotentials in projector Monte Carlo
methods without introducing localization errors. It was
shown by Bachelet et al.27 that the most general differen-
tial Hamiltonian operator (the pseudo-Hamiltonian) that
results in a positive projector is at most quadratic in mo-
mentum, while admitting a position dependent effective
mass tensor for the electrons:

Ĥpseudo = ~p · ←→g (R) · ~p+ V (R). (1)

Imposing spherical symmetry around atomic centers and
restricting to a single particle form results in a per atom
pseudo-Hamiltonian of the form

ĥ(r) =
1

2
p̂(1 + a(r))p̂+

b(r)

2r2
L̂2 + v(r), (2)

with the a(r) and b(r) radial functions being required to
obey constraints of the form

a(r) > −1 (3)

a(r) + b(r) > −1 (4)

to ensure solutions remain bounded from below in en-
ergy. Provided pseudo-Hamiltonians are found that cap-
ture atomic scattering properties while obeying these
constraints, projector Monte Carlo calculations can be
performed without further approximation.

Pseudo-Hamiltonian development enabled the first ap-
plication of DMC to a realistic solid with elements heav-
ier than Li28. Beyond this initial application, however,
pseudo-Hamiltonians saw little further use in practice.
The original approach worked well for s-p bonded sys-
tems, but faced significant challenges for first row27,29

and 3d transition metals20,27,30–32. Development of
DFT-based pseudo-Hamiltonians continued into the mid-
1990’s29, but by that time the QMC community had
largely settled on the use of non-local pseudopotentials33

via localization approximations3,23,34 and was hopeful
about the development of pseudopotentials obtained di-
rectly from many-body theories35. Over the next few
years, pseudo-Hamiltonians were applied outside QMC
to the jellium model of metallic clusters in a series of
related studies36–41. The last application of pseudo-
Hamiltonians of which the authors are aware was to the
liquid-vapor transition of sodium via path integral Monte
Carlo simulations42.

In this work, we explore a possible route to reduc-
ing DMC pseudopotential localization errors by hybridiz-
ing non-local pseudopotentials and differential pseudo-
Hamiltonians. By allowing the differential portion of the

potential to carry the majority of the scattering prop-
erties, we reduce the amount of non-locality present in
the potential by a significant degree and reduce localiza-
tion error. We compare the results for Ti and Fe start-
ing from existing non-local pseudopotentials43, and us-
ing an analytical minimization procedure to optimally
reduce the residual non-local portion of the potential.
We demonstrate the fidelity of the derived hybrid pseudo-
Hamiltonians to the parent non-local pseudopotentials by
calculating atomic ionization potentials and metal-oxide
dimer binding curves in DMC. We further demonstrate
the reduction in localization error by direct calculation
in atoms.

The remainder of the paper is organized as follows.
In section II we outline the variational Monte Carlo44

(VMC) and diffusion Monte Carlo methods. There
we particularly focus on the methodological extensions
needed to treat the angular differential terms in pseudo-
Hamiltonians so as to enable the implementation of these
methods in current QMC codes. We review our approach
to deriving optimal hybrid pseudo-Hamiltonians from ex-
isting 3d pseudopotentials in section III. In section IV,
we briefly outline the set of technical choices made in
our demonstrative DMC calculations that are detailed in
sections V and VI. Section V contains the results of our
fidelity tests for atoms and dimers while section VI ex-
plores the impact on localization error for the 3d series
of atoms, Sc-Zn. We summarize our findings in section
VII and outline promising future directions to build upon
this work and further reduce localization error in future
applications.

II. QUANTUM MONTE CARLO METHODOLOGY

Quantum Monte Carlo methods have been covered ex-
tensively in several well written review articles1,45–48. For
the purposes of this study, we briefly revisit key portions
of variational and diffusion Monte Carlo algorithms with
the intent to highlight how an implementation involv-
ing pseudo-Hamiltonians differs from the typical treat-
ment. Issues specific to pseudo-Hamiltonians are covered
in sections II B-II D. Extensions needed to treat hybrid
pseudo-Hamiltonians (i.e. the addition of non-local pseu-
dopotential terms) is identical to the original treatment
as covered in section II E.

A. Trial Wavefunctions

Ground state continuum quantum Monte Carlo meth-
ods such as VMC and DMC make extensive use of an ed-
ucated and numerically optimized ansatz for the ground
state wavefunction. This ansatz, or trial, wavefunction
can take many forms but for the purposes of simplicity
and consistency with the calculations performed in this
study, we assume that the trial wavefunction takes the
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form of a simple Slater-Jastrow49,50 product,

ΨT (R) = eJT (R)ΦT (R), (5)

where R refers to all electronic coordinates, R =
[r1, . . . , rN ].

For many systems of interest, spin-dependent interac-
tions can be safely neglected, and for these systems a
particular spin permutation of the wavefunction is used1,
with the first N↑ electrons being spin-up and the last N↓
electrons being spin down:

ΨT (R↑, R↓) = eJT (R↑,R↓)ΦT (R↑, R↓). (6)

The Slater part of the wavefunction, ΦT , is antisym-
metric under the exchange of like spin particles, while
the Jastrow exponent, JT , is symmetric under the same
permutation:

ΦT (Pi→jR↑, R↓) = −ΦT (R↑, R↓) (7)

JT (Pi→jR↑, R↓) = JT (R↑, R↓) (8)

The Slater part of the wavefunction is written as a
product of spin-up and spin-down determinants,

ΦT (R↑, R↓) = D↑(R↑)D↓(R↓), (9)

which are each comprised of single particle Bloch or
molecular orbitals:

D↑/↓(R↑/↓) = det
(
{φi(rj)}

N↑/↓
i,j=1

)
. (10)

The Jastrow exponent, which represents dynamic cor-
relation, is often approximated as a sum of one-body and
two-body terms,

J(R↑, R↓) =

N↑∑
i=1

u↑1(r↑i ) +

N↓∑
j=1

u↓1(r↓j )

+
1

2

N↑∑
i1=1

N↑∑
i2 6=i1

u↑↑2 (r↑i1 , r
↑
i2

)

+
1

2

N↓∑
j1=1

N↓∑
j2 6=j1

u↓↓2 (r↓j1 , r
↓
j2

)

+

N↑∑
i=1

N↓∑
j=1

u↑↓2 (r↑i , r
↓
j ), (11)

though higher-order correlations can also be expressed in
a similar fashion.

The trial wavefunction serves two main purposes: 1) to
increase the accuracy of the results, and 2) to reduce the
statistical variance (increase the efficiency) of the Monte
Carlo calculation. In order to be effective in these goals,
the chosen wavefunction ansatz must closely mirror the
physics present in the many-body Hamiltonian.

B. The Many-Body Hamiltonian

The non-relativistic many-body Hamiltonian can be
written as a sum of kinetic and potential terms, includ-
ing electron-electron (ee), electron-ion (eI), and ion-ion
(II) terms. For the pure pseudo-Hamiltonians discussed

here, the electron-ion term consists of local (V̂ loceI ) and

differential (V̂ L
2

eI ) contributions. The addition of fully

non-local terms (V̂ NLeI ) is considered in detail in section
II E, as this is needed for hybrid pseudo-Hamiltonians
(see section III). The many-body Hamiltonian for pure
pseudo-Hamiltonians is:

Ĥ = T̂ + V̂ee + V̂ loceI + V̂ L
2

eI + V̂II . (12)

The kinetic term is differential, as it is just the sum of
the single-electron laplacians:

T̂ =
∑
i

−1

2
∇2
i . (13)

The electron-electron and ion-ion terms are pairwise
sums of functions that are local, or diagonal, in real-
space:

V̂ee =
∑
i<j

vee(rij) (14)

V̂II =
∑
I<J

vII(rIJ). (15)

The electron-ion term is also a pairwise sum, but in the
current context, each term represents an effective core
potential. Traditional effective core potentials are com-
prised of local and non-local portions which are adjusted
to reproduce the scattering properties of an all electron
atom in the energy range of valence electrons.

The pseudo-Hamiltonians treated here have the ulti-
mate goal of replacing the usual non-local potential V̂ NLeI
totally or partially by a differential operator:

V̂ loceI =
∑
i,I

vlocI (riI) (16)

V̂ L
2

eI =
∑
i,I

vL
2

I (riI)L̂
2
iI . (17)

The L̂2
iI operator is the angular momentum of electron

i about ion I. The presence of operators of this form
requires modifications to the standard VMC and DMC
algorithms, as covered below. Here and in what follows,
the subscipts i, j refer to electron indices, while I, J are
ion indices. Pair coordinates expressed as, e.g., riI refer
to the vector displacement of one particle from another,
or ri − rI .

Note that in equation 17 we retain only the b(r) term
of equation 2, with b(r) = 2r2vL2(r). As we will show
later, this choice allows for a direct extraction of a large
portion (∼ 75%) of the non-local energy present in a
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parent non-local pseudopotential. Future use of the a(r)
term may allow further reductions in the non-local en-
ergy, though equation 4 suggests that the improvements
have fundamental limits in general.

C. Variational Monte Carlo

In variational Monte Carlo, one measures the total en-
ergy, along with any other observables, directly from the
trial wavefunction. The standard expectation value is
recast as a many electron integral in real space,

EVMC =
〈ΨT |Ĥ|ΨT 〉
〈ΨT |ΨT 〉

(18)

=

∫
dR|ΨT (R)|2EL(R), (19)

with |ΨT (R)|2 sampled in Monte Carlo as a probability
distribution of all electron coordinates.

The term EL(R) is known as the local energy and is
defined as

EL(R) = ΨT (R)−1ĤΨT (R) (20)

= TL(R) + Vee(R)

+ V loceI (R) + V L
2

eIL(R) + VII .

Operators diagonal in real space, such as Vee, VII , and
V loceI are unaffected by the operation of ΨT while the dif-

ferential terms T̂ and V̂ L
2

eI act directly on the trial wave-
function and dominate the computational cost of energy
evaluations.

In order to evaluate the differential part arising from
the pseudo-Hamiltonian27, we first note the following
identity for the L̂2 operator:

L̂2
iI = −r2iI∇2

i + (riI · ∇i)2 + riI · ∇i (21)

= −r2iI∇2
i +

3∑
µ,ν=1

rµiIr
ν
iI∂

µ
i ∂

ν
i + riI · ∇i. (22)

Next, we define the trial gradient, or velocity, and Hes-
sian for electron i:

vTi(R) = Ψ−1T ∇iΨT (23)

HTi(R) = Ψ−1T ∇i∇
T
i ΨT (24)

Written this way, the local energy contributions from
the kinetic and pseudo-Hamiltonian terms can be com-
pactly expressed as

TL(R) =
∑
i

−1

2
Tr(HTi(R)) (25)

V L
2

eIL(R) =
∑
iI

vL
2

I (riI) (26)

×
[
−r2iITr(HTi) + rTiIHTiriI + 2rTiIvTi

]
.

These equations are used during the evaluation of the
local energy in exactly the same way for VMC and DMC.

D. Diffusion Monte Carlo

Diffusion Monte Carlo solves an approximate
Schrödinger equation in imaginary time to obtain
an asymptotic solution for the ground state. The
imaginary time evolution is expressed as a product of
imaginary time Green’s functions evaluated as a path
integral over the many-body electron coordinates. The
diffusive nature of the Green’s function arises from the
kinetic energy term. As we review here, the inclusion
of pseudo-Hamiltonians alters the angular diffusion in
the ionic core region in a non-trivial way. Here we
follow closely the discussion laid out by Bosin51, while
expanding the results to include multiple ionic sites and
species.

We first write the differential part of the electron-ion
potential operator with derivatives acting on the left:

V̂ PHeI =
∑
i

[
−1

2

∑
µν

∂µi ∂
ν
i Dµν(ri)−

∑
µ

∂µi Kµ(ri)

]
.

(27)

The derivative placement within the operator implies ac-
tion via the chain rule on any function, e.g. (∂K)(f) =
f∂K +K∂f . In the above expression, µ, ν index the 3D
Euclidean coordinates, x, y, z. The single particle matrix
and vector functions, D and K, are given by

D(ri) =
∑
I

2(r2iI1i − riIrTiI)vL
2

I (riI) (28)

K(ri) =
∑
I

2riIv
L2

I (riI), (29)

where the sums are over all ion centers in the physical
system.

From these components, we define the diffusion matrix
and drift velocity as

d(ri) = 1i +D(ri) (30)

vi(R) = d(ri)vTi(R)−K(ri). (31)

The drift velocity carries the same meaning as in the
original algorithm, while the original diffusion constant
now becomes a matrix in the core region, accounting for
suppressed diffusion in the angular directions, depending

on the radial potential strength, vL
2

I (riI). This change
is evident in the modified imaginary time Schrödinger
equation which governs the diffusion:

∂tf(R, t) =
1

2

∑
i

∑
µν

∂µi ∂
ν
i [dµν(ri)f(R, t)]

−
∑
i

∇i · [vi(R)f(R, t)]

− EL(R)f(R, t). (32)

As usual, f(R, t) represents the sampled probability dis-
tribution at time t and its evolution in imaginary time
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can be described by the action of an imaginary time
Green’s function

f(R′, t) =

∫
dRG(R′, R, t)f(R, 0) (33)

where the initial distribution is given by f(R, 0) =
|ΨT (R)|2.

A short time approximation to the DMC Green’s func-
tion can then be written as

G(R′,R, τ) ≈ (2πτ)−3N/2
∏
i

det (d(ri + τvi))
−1/2

× exp

(
− 1

2τ

∑
i

‖d(ri + τvi)
− 1

2 (r′i − ri − τvi)‖2
)

× exp
(
−τ

2
(EL(R′) + EL(R))

)
, (34)

where d(·)−1/2 is the Cholesky factor of the diffusion ma-
trix and vi ≡ vi(R). From this form, the constraints
on vL2 are clear. As 2r2vL2(r) approaches −1 from
above, the angular diffusion rate approaches zero. If
2r2vL2(r) < −1, the angular diffusion rate becomes imag-
inary, corresponding to the energy being unbounded from
below. As expected, the standard short-time Green’s

function can be obtained by setting vL
2

I = 0, leading
to isotropic diffusion (d(ri) = 1i) and the original drift
velocity (vi = Ψ−1T ∇iΨT ).

To sample the drift-diffusion portion of the Green’s
function, the coordinate of each electron in each random
walker is updated as:

r′i = ri + τvi(R) + chol(d(ri + τvi(R)))η (35)

where η represents a vector of Gaussian random numbers
and chol(·) denotes Cholesky factorization.

E. DMC Pseudopotential Localization Approximations

The addition of non-local pseudopotential terms to
form hybrid pseudo-Hamiltonians is identical to the
pseudo-Hamiltonian free case. We consider a non-local
contribution to the electron-ion potential

V̂ NLeI =
∑
i,I

v̂NLi,I . (36)

where each one-body operator can be written as

v̂NL =

Lmax∑
`=0

|`〉v`(r)〈`|. (37)

The radial potentials v`(r) are zero beyond a cutoff radius
rc and also vanish for ` > Lmax. The angular non-locality
is understood to be along the polar angle, as is appro-
priate for non-local potentials, and hence the spherical
harmonic basis for angular nonlocality is labeled only by

the quantum number ` with azimuthal dependence sup-
pressed.

The importance sampled Green’s function5,52 can be
equivalently expressed as

G(R′, R, t) = ΨT (R′)〈R′|e−tĤ |R〉/ΨT (R). (38)

Separating the Hamiltonian into local/differential (L)
and non-local (NL) parts, the short-time projection op-
erator can be written as

e−τĤ = e−τ(Ĥ
L+V̂ NL

eI ) (39)

≈ e−τĤ
L
(

1− τ V̂ NLeI

)
(40)

prior to applying the importance sampling similarity
transformation. The non-local potential can be further
factorized into strictly positive and strictly negative por-
tions,

V̂ NLeI = V̂ NL,+eI + V̂ NL,−eI , (41)

with each respective term defined as

〈R|V̂ NL,±eI |R′〉 = ±max
(
±〈R|V̂ NLeI |R′〉, 0

)
. (42)

Represented this way, it is clear that G(R′, R, τ) can be-

come negative due to V̂ NL,+eI , and in general can no longer
be interpreted as a probabilistic transition matrix.

One solution is to approximate V̂ NL,+eI as a local po-
tential

V̂ TMeI =
V̂ NL,+eI ΨT

ΨT
+ V̂ NL,−eI (43)

and then directly sample the transition matrix relating

to V̂ NL,−eI . This is known as T-moves22. The T-moves
algorithm preserves the variational nature of the energy,
but the zero-variance property of the branching energy
is lost.

An alternative approach is to approximate both terms
as local potentials:

V̂ LAeI =
V̂ NL,+eI ΨT

ΨT
+
V̂ NL,−eI ΨT

ΨT
. (44)

This is known as the locality approximation23. The local-
ity approximation preserves the zero-variance property of
the branching energy, but the energy is no longer strictly
variational.

Each of these approximations becomes exact as the
trial wavefunction becomes exact. If these approxima-
tions are somehow reduced, such as by hybridizing with
pseudo-Hamiltonians, one would expect the total energy
from either choice of localization approximation to agree
more closely. We will make use of this fact later on.
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FIG. 1: Radial scattering potential experienced by an
electron in each of the angular momentum channels
about an Fe ion. Radial potentials for the original

non-local Troullier-Martins pseudopotential are
depicted as solid lines, showing s (green), p (red), and d
and higher (blue) potentials. Radial potentials for the
optimal two-component hybrid pseudo-Hamiltonian

(HPH2) are shown as dashed black lines for comparison.

III. HYBRID PSEUDO-HAMILTONIAN
CONSTRUCTION

In this section, we review our approach to constructing
hybrid pseudo-Hamiltonians. Our objective is to reduce
the impact of the localization approximations outlined in
section II E for existing pseudopotentials to demonstrate
the value of the approach.

For simplicity of discussion, we focus on the scatter-
ing of a single electron from a single ion. A non-local
pseudopotential describing the scattering can be written

v̂PP = vloc(r) +

Lmax∑
`=0

|`〉v`(r)〈`|, (45)

where vloc(r) is a local radial potential, often referred to
as the local channel, and the v`(r) are radial potentials
that vanish beyond a cutoff radius rc. This form of ef-
fective core potential has been successfully used across a
variety of electronic structure methods to accurately de-
scribe the electron-ion interaction. As we have outlined
above, this form has some drawbacks for DMC, specifi-
cially an added loss of accuracy that comes from requisite
localization approximations.

The pure pseudo-Hamiltonian approach does not re-
quire additional approximation in the DMC Green’s func-
tion as the potential is differential. Here, we hybridize the
two approaches by adding a pseudo-Hamiltonian L̂2 type
potential to the standard non-local pseudopotential, with
the aim of reducing the magnitude of the non-local terms

and hence the ultimate DMC localization error. We con-
sider only the b(r) term in equation 2 as it provides a
direct connection to existing non-local pseudopotentials
that are represented in terms of purely angular terms.
Future reintroduction of the a(r) term might provide an
avenue to reduce DMC pseudopotential localization error
further.

The hybrid pseudo-Hamiltonian we utilize here is then

v̂PH = ṽloc(r) +

L̃max∑
`=0

|`〉ṽ`(r)〈`|+ ṽL2(r)L̂2 (46)

= ṽloc(r) +

L̃max∑
`=0

|`〉ṽ`(r)〈`| (47)

+

∞∑
`=1

|`〉`(`+ 1)ṽL2(r)〈`|

where in the last line we have explicitly expanded the L̂2

operator in the angular basis to make the connection to
scattering clearer.

A basic condition we impose when constructing an
analogous hybrid pseudo-Hamiltonian from an existing
non-local pseudopotential is that the potential felt by an
electron in the low angular momentum scattering chan-
nels remain unchanged, or

〈`|v̂PH |`〉 = 〈`|v̂PP |`〉 ` ∈ [0, Lmax], (48)

while reserving the possibility to add non-local potentials
at higher angular momenta than originally. An example
of these matching conditions is shown for Fe in figure 1.

In the context of non-local pseudopotentials, it is of-
ten observed that beyond some Lmax the non-local chan-
nel potentials may be chosen to be identical without
penalty53, which is expressed by the presence of the local
component of the potential. One reason this truncation
represents only a small approximation is that the compo-
nents of the wavefunction rapidly decrease in magnitude
at higher angular momentum values, and hence the total
energy and other properties are relatively insensitive to
the choice of the potential at these higher angular mo-
mentum values.

In the context of pseudo-Hamiltonians, no such trun-
cation can effectively be made, as the L̂2 has components
on all angular channels, with the effective potential ac-
tually increasing rapidly with `. Thus in the context of
recasting an existing potential, we rely to a greater degree
on the vanishing rate of wavefunction components with
increasing angular momentum than in the Lmax trun-
cation made with ordinary non-local potentials. This
is not a fundamental obstacle however, as pure pseudo-
Hamiltonians with very good scattering properties have
been made in the past. In the current context however,
the scattering at high angular momentum values for the
derived hybrid pseudo-Hamiltonians differs from that of
the original non-local potentials, and so we must measure
the impact of such a choice.
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FIG. 2: a) Original non-local radial component potentials for Fe (NLPP, solid lines) compared to the residual
non-local components (dashed lines) for the two-component optimial hybrid pseudo-Hamiltonian (HPH2). b) Cost

function landscape for optimal three-component hybrid pseudo-Hamiltonian (HPH3) for Fe following the first
variational minimization. The blue line represents the variational minimum, or unconstrained optimal potential. The
dashed green line shows a minimally deformed potential needed to satisfy the boundedness constraint, shown in red.

The impact of this approximation in the context of re-
casting existing pseudopotentials is explored in section V
in our chosen test cases of the Ti and Fe atoms as well as
TiO and FeO molecules. In the next two subsections, we
describe our procedure for constructing hybrid pseudo-
Hamiltonians for 3d transition metals while reducing as
much as possible the non-local potential terms.

A. Optimal Two Non-Local Component Potential

Here we aim to construct hybrid pseudo-Hamiltonians
for 3d transition metal species with two residual non-
local potentials (for s and p), which is identical to the
number present in the parent non-local pseudopotential.
Potentials of this type are referred to as HPH2 below.
Imposing the matching condition of equation 48 to the s,
p, and d channels, we have

vloc(r) + vs(r) = ṽloc(r) + ṽs(r)

vloc(r) + vp(r) = ṽloc(r) + ṽp(r) + 2ṽL2(r) (49)

vloc(r) + vd(r) = ṽloc(r) + 6ṽL2(r).

Rearranging slightly, we can consolidate all of the remain-
ing variational freedom in the L̂2 part of the potential:

ṽloc(r) = vloc(r) + vd(r)− 6ṽL2(r)

ṽs(r) = vs(r)− vd(r) + 6ṽL2(r) (50)

ṽp(r) = vp(r)− vd(r) + 4ṽL2(r).

Next, we seek to exploit this variational freedom to min-
imize the residual non-local components. We do this by
defining a least-squares type cost function for the radial

non-local potentials,

C =

∫ ∞
0

drr2
[
wsṽs(r)

2 + wpṽp(r)
2
]
, (51)

where the introduced weights must sum to one:

ws + wp = 1. (52)

Clearly, if one can reduce both non-local potentials, ṽs
and ṽp, to zero, then one has reached the global minimum
of the cost function. In practice, the variational freedom
available is not large enough completely accomplish this
and we are left with a small residual non-local part.

We minimize the cost function by taking its variational,
or functional, derivative and find the condition that re-
sults from setting it to zero:

δC
δṽL2(r)

= 0. (53)

From the result, we isolate the optimal ṽL2(r) as

ṽL2(r) = −3wsvs(r) + 2wpvp(r)− (3ws + 2wp)vd(r)

18ws + 8wp
.

(54)

The combination of matching and variational minimiza-
tion procedures adjusts ṽL2(r) to take on the character
of vs and vp as much as possible. Since the resulting

L̂2 potential is a linear combination of the original non-
local channels, it also naturally vanishes beyond the same
cutoff radius. Thus we have a total potential that closely
resembles the original, but with a mixed differential/non-
local treatment of the core region.
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The residual non-local potential components following
this optimization procedure are shown in figure 2a as
dashed lines. Compared to the original non-local poten-
tials (solid lines), the residual non-local components have
been significantly reduced. The reduction is evident at
all radii and as a result of the reduction, the non-local
cutoff radius has also been effectively reduced.

B. Optimal Three Non-Local Component Potential

We follow a very similar procedure as above to find an
optimal hybrid pseudo-Hamiltonian with three non-local
component potentials. We refer to these potentials as
HPH3 below. As before, we enforce matching conditions
for the s, p, and d channels, but now with an explicit
non-local radial potential for d:

vloc(r) + vs(r) = ṽloc(r) + ṽs(r)

vloc(r) + vp(r) = ṽloc(r) + ṽp(r) + 2ṽL2(r) (55)

vloc(r) + vd(r) = ṽloc(r) + ṽd(r) + 6ṽL2(r).

Rearranging slightly, we can relegate all of the variational
freedom into ṽL2(r) and the non-local s component:

ṽloc(r) = vloc(r) + vs(r)− ṽs(r)
ṽp(r) = vp(r)− vs(r) + ṽs(r)− 2ṽL2(r) (56)

ṽd(r) = vd(r)− vs(r) + ṽs(r)− 6ṽL2(r).

As before, we define a cost function to penalize the non-
local components,

C =

∫ ∞
0

drr2C(r) (57)

=

∫ ∞
0

drr2
[
wsṽs(r)

2 + wpṽp(r)
2 + wdṽd(r)

2
]
, (58)

while maintaining a normalized set of weights,

ws + wp + wd = 1. (59)

The effective degrees of freedom in the cost function is
greater than before, since we can vary both ṽL2(r) and
ṽs(r). To find the minimum, we take two successive vari-
ational derivatives as

δC
δṽs(r)

=
δC

δṽL2(r)
= 0. (60)

The resolution of the variational minimization with re-
spect to ṽs(r) gives ṽs(r) as a function of ṽL2(r):

ṽs(r) = (wp + wd)vs(r)− wpvp(r)− wdvd(r) (61)

+ (2wp + 6wd)ṽL2(r).

Minimizing again, now with respect to ṽL2(r), gives

ṽL2(r) = −wsgvs(r) + wp(g − 2)vp(r) + wd(g − 6)vd(r)

wsg2 + wp(g − 2)2 + wd(g − 6)2
,

(62)

with

g ≡ 2wp + 6wd. (63)

Figure 2b shows the result of this minimization along
with the local value of the cost function, after the first
minimization is performed, as a function of ṽL2(r).

C. Applying Smooth Boundedness Constraints

As shown in figure 2b, the unconstrained optimal solu-
tion for ṽL2(r) violates the condition required to obtain
an energy that is bounded from below:

2r2ṽL2(r) > −1. (64)

This problem is generic to both the two- and three-
component hybrid pseudo-Hamiltonians. We rectify this
situation by applying a continuous deformation to vL2(r)
to exactly preserve the local structure of the potential
away from the constraint boundary while moving the po-
tential in a controlled way in the vicinity of the boundary.

This is achieved by passing the unconstrained optimal
potential through a smooth2, shifted ramp function:

ṽ′L2(r) = RS(2r2ṽL2(r))/(2r2). (65)

Greater detail about the functional form of the transfor-
mation can be found in the appendix. This transforma-
tion imposes strict equality outside a smoothly connected
transition region to a flat boundary that is shifted a fixed
distance away from the constraint boundary. This allows
for a small degree angular diffusion in the intermediate
radial region while coming at the cost of a modest in-
crease in the non-local energy there. However, even in
these regions the non-local potentials are significantly re-
duced (at least 3×) relative to their original values. The
residual non-local potentials shown in figure 2a include
these adjustments.

IV. TEST SYSTEM CALCULATION DETAILS

Prior to discussing test results for our derived hy-
brid pseudo-Hamiltonians, we pause briefly to outline the
technical details of the QMC calculations performed. All
calculation workflows were driven by the Nexus work-
flow automation system54. The trial wavefunction was
restricted to the standard Slater-Jastrow form. Single
particle orbitals used in the Slater determinants were ob-
tained from density functional theory55,56 (DFT) calcu-
lations performed with the Quantum Espresso57 package.

2 Imposing smoothness is not a general requirement on the poten-
tial. However within QMCPACK the potentials are represented
by cubic splines, which require continuity in value and the first
two derivatives.
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FIG. 3: Change in DMC ionization potentials (eV) for Ti (a) and Fe (b) hybrid pseudo-Hamiltonians relative to the
parent non-local pseudpotentials. Results for the two-component (HPH2) and three-component (HPH3) hybrid

pseudo-Hamiltonians are shown in blue and green, respectively.

The DFT calculations were performed with the PBE058

functional, which has been shown to provide good nodal
structures for DMC. Troullier-Martins59 pseudpotentials
developed specifically for QMC43 were used in both the
DFT and some of the QMC calculations. The hard na-
ture of these potentials required the use of a high plane-
wave energy cutoff (500 Ry). QMC calculations were
performed with the QMCPACK60 code. The Jastrow fac-
tor included atom centered one- and isotropic two-body
terms approximated as radial functions represented by
cubic splines. Variational parameters in the Jastrow fac-
tor were optimized via the linear method61 by energy
minimization. Fixed node diffusion Monte Carlo calcula-
tions were performed using a population of 1600 random
walkers and the imaginary timestep was set to 0.01/Ha.
The T-moves approximation was used for the accuracy
studies discussed in section V, while both T-moves and
the locality approximation were used in the comparative
calculations detailed in section VI.

DMC total energy calculations were performed for the
Ti and Fe atoms in charge states ranging from neutral to
4+. Ground state calculations were also performed for
the TiO and FeO molecules at a large number of sepa-
ration distances ranging from at least 20% compressed
to 20% extended for both molecules. Calculations were
first performed using the original non-local pseudopoten-
tials. Hybrid pseudo-Hamiltonians for Ti and Fe were
derived from from the non-local potentials following the
procedures outlined in section III, including potentials
with two (HPH2) and three (HPH3) non-local compo-
nents. DMC calculations were then performed for these
potentials using a version of QMCPACK that had been
modified to include the necessary adjustments to VMC
and DMC to accommodate the L̂2 contributions to the
potentials, as discussed in sections II C and II D. In
these calculations, the same orbitals and Jastrow fac-

tors were used as in the non-local pseudopotential cal-
culations. The variance to energy ratio was compara-
ble for both the non-local pseudopotential and hybrid
pseudo-Hamiltonian calculations indicating that the trial
wavefunction was of good quality for both sets of poten-
tials. A modest increase in variance was observed for the
hybrid pseudo-Hamitonians, which suggests that direct
optimization of the wavefunction would still yield some
improvement.

V. IMPACT OF ADDITIONAL ANGULAR
COMPONENTS

In this section we review the performance of the de-
rived hybrid pseudo-Hamiltonians in comparison with
the parent non-local pseudopotentials. While we expect
that enforcing the low angular momentum matching con-
ditions of Eq. 48 will produce similar behavior in relevant
chemical environments, it is important to quantitatively
evaluate the impact of the high angular momentum com-
ponents introduced by hybrid pseudo-Hamiltonians on
computed quantities of physical interest.

Here we compare atomic ionization potentials and
metal-oxide dimer molecular binding properties for the
derived two- and three- component hybrid pseudo-
Hamiltonians for Ti and Fe with the parent Troullier-
Martins non-local pseudopotentials. As mentioned
above, for the purpose of discussion we refer to these
hybrid pseudo-Hamiltonians as HPH2 and HPH3 below,
while the parent pseudopotential is denoted NLPP. In
the case of the molecules, the oxygen ion is modeled by a
non-local pseudopotential, which shows the compatibil-
ity of the approaches as long as key scattering properties
are well represented for all species.
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A. Atomic Ionization Potentials

We computed ground state total energies with DMC
for the Ti and Fe atoms in various charge states for
the parent non-local pseudopotentials and the derived
hybrid pseudo-Hamiltonians. The charge states ranged
from neutral to 4+, which span a large range of total
angular momentum states for the atoms. From the total
energies, we computed the first through fourth ionization
potentials (IP’s) as

IPXq = EXq − EXq−1 , q ∈ [1, 4] (66)

where EXq denotes the DMC ground state energy for
charge state q for potentialX, withX being one of NLPP,
HPH2, or HPH3.

To evaluate the impact of the additional approximation
made at high angular momentum for the derived hybrid
pseudo-Hamiltonians, we assess the change in ionization
potential relative to the parent pseudopotential as

δIPq = IPHPHq − IPNLPPq . (67)

Results for this quantity are shown in figure 3. The
left panel contains results for the Ti atom and results for
Fe are shown on the right. Both versions of the derived
hybrid pseudo-Hamiltonians, HPH2 and HPH3, behave
very similarly. Even at the higher ionization potentials,
the difference between HPH2 and HPH3 is less that 0.05
eV, with a slight advantage in accuracy uniformly ob-
served for the 3-component potential.

As expected, the most pronounced changes occur in
the highest ionization potentials (the third and fourth).
These involve ionization of the 3d levels as opposed to
the 4s shell, and so the relevant orbitals are highly con-
tracted and have a larger component near or within the
differential/non-local cutoff radius. For the lower IP’s
the agreement is quite close, with the first and second
IP’s agreeing to within 0.1 eV relative to the NLPP ref-
erence. The agreement in this region is more indicative
of the expected behavior in solid state oxides, where the
degree of charge transfer off of the metal sites is typically
less than a single unit of charge. We therefore also expect
the properties of metal-oxide dimers to be little affected
by the hybrid pseudo-Hamiltonian transformation, which
provide a better analogues to the solid state than atoms.

B. Dimer Binding Properties

In order to test the new hybrid pseudo-Hamiltonians
in representative bonding environments, we calculated
the binding curves of two heteronuclear dimers, TiO and
FeO, with DMC. DMC total energies were computed over
a wide range of separation distances at high spatial reso-
lution using both hybrid pseudo-Hamiltonian versions as
well as the parent non-local pseudopotential. A non-local
pseudopotential was used for oxygen in all cases.

The set of energies obtained in this way was fitted to
a Morse potential of the form

VMorse(r) = De

[(
1− e−a(r−re)

)2
− 1

]
+ E∞ (68)

over a subset of the separation range. Points most dis-
tant from the bottom of the well were excluded in or-
der to more accurately capture equilibrium and near-
equilibrium properties.

DMC energies and the resulting fits are shown in fig-
ure 4 for the FeO molecule. In the left panel, the binding
curves for NLPP, HPH2, and HPH3 are shown with to-
tal energies referenced to the NLPP minimum. As can
be seen there, the dominant effect of introducing the L̂2

potential in the hybrid pseudo-Hamiltonians is to lower
the total energy while maintaining the overall shape of
the NLPP curve. This effect is largely due to the pres-
ence of strong dynamic correlation in DMC, which has
components on all angular momenta in the electron-ion
frame of reference due to the contribution of the Jastrow
factor. The energy is lowered because all higher angular
momentum components of vL2(r)L̂2 are attractive.

The role of dynamic correlation can also be seen by
examining more approximate trial wavefunctions. The
effect is diminished at the VMC level where a fixed
form trial Jastrow factor is used to approximate dynamic
correlation. When the Jastrow factor is removed alto-
gether and a bare Slater determinant is used as the trial
wavefunction, the energy remains essentially unchanged
between the hybrid pseudo-Hamiltonians and the non-
local pseudopotential. For the HPH3 curve, this effect
is slightly less pronounced than for HPH2, similar to the
reduced change observed for HPH3 relative to HPH2 in
the atomic ionization potentials.

In the right panel of figure 4, each of the curves is
shifted relative to appropriate atomic references. Even
by simple inspection, we can see that the curves are quite
close in shape, with the hybrid pseudo-Hamiltonians
faithfully reproducing the PES found with the non-local
pseudopotential. Referencing to the atomic states, we
see that the relative energy is essentially unchanged, and
the large energy shift is confined to the atomic cores,

TiO FeO
re ωe re ωe

NLPP 1.613(1) 1030(2) 1.617(1) 887(2)
HPH2 1.609(1) 1026(2) 1.615(1) 887(2)
HPH3 1.610(1) 1027(2) 1.616(1) 887(2)
Expt. 1.62062,63 1009.1862,63 1.61964 88265

TABLE I: Equilibrium bond lengths (Å) and vibration
frequencies (cm−1) for TiO and FeO from DMC and
experiment. DMC values are shown with one sigma

error bars calculated by performing hundreds of
independent fits with gaussian distributed random noise

proportional to the DMC energy error bars added to
the mean values.
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FIG. 4: DMC computed binding curves for the FeO molecule. In a) the zero of energy has been set to the NLPP
minimum. In b), each binding curve has been referenced to the corresponding atomic energies. The vertical dashed

line marks the experimental equilibrium bond length.

similar to using two different sets of non-local pseudopo-
tentials which also typically have different zeros of en-
ergy. A small downward shift in relative energy can be
seen under compression, which likely results from a larger
component of the probability density impinging upon the
differential/non-local core region. This is the leading or-
der effect due to the approximation made at higher an-
gular momentum due to our recasting approach. This
effect can be diminished in the future by utilizing the
full hybrid pseudo-Hamiltonian form when generating an
effective core potential rather than recasting an existing
non-local potential.

Equilibrium bond lengths and vibrational frequencies
were derived from the Morse fits, as shown in Table I.
Statistical error bars on the derived quantities were ob-
tained by averaging over Gaussian noise centered at the
DMC mean values with standard deviation equal to the
DMC error bar. As shown there, the derived quantities
agree quite closely with the parent non-local pseudopo-
tential and with experiment. A small effect visible in the
results is a slight contraction of the bond length of HPH2
and HPH3 relative to NLPP. This results directly from
the slightly lowered energies in the compressed region, as
discussed above.

Overall the observed structural properties are very
good, and we can expect these properties to carry over
to calculations of larger molecules and solids. These re-
sults demonstrate that hybridizing pseudo-Hamiltonians
and pseudopotentials can be realized without a loss of
performance. In the next section, we assess whether our
hybridization approach is also effective at reducing the
localization errors incurred in DMC when non-local po-
tentials are used.

VI. HYBRID PSEUDO-HAMILTONIANS AND
LOCALIZATION ERROR

An effective means of quantifying the degree of pseu-
dopotential localization error present in DMC calcula-
tions is to observe the change in the DMC energy as the
choice of localization approximation is varied. As dis-
cussed in section II E, the difference in the DMC wave-
function between the T-moves and locality approxima-
tions is driven directly by the difference in the approxi-
mation to the non-local potential that is used during the
imaginary time projection.

In the T-moves approximation, the non-local potential
is modeled as

V̂ TMeI =
V̂ NL,+eI ΨT

ΨT
+ V̂ NL,−eI (69)

while for the locality approximation it is replaced by the
local potential

V̂ LAeI =
V̂ NL,+eI ΨT

ΨT
+
V̂ NL,−eI ΨT

ΨT
. (70)

The DMC total energy obtained with either approxima-
tion in general does not agree, or ETMDMC 6= ELADMC .

In the limit of vanishing non-local potential, that

is V̂ NL,+eI = V̂ NL,−eI = 0, there is no approximation
made at all and in that limit the two energies must
agree (ETMDMC = ELADMC). This is precisely the limit
we approach as we construct optimal hybrid pseudo-
Hamiltonians. Here we consider the energy difference

∆ETM/LA ≡ ETMDMC − ELADMC (71)

for the original non-local pseudopotentials as well as the
corresponding derived two- and three- component hy-
brid pseudo-Hamiltonians in the context of the Ti and
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FIG. 5: Differences in DMC atomic total energies computed with T-moves (TM) and the locality approximation
(LA) for NLPP (black), HPH2 (blue), and HPH3 (green) potentials. Results are shown for various atomic charge

states. Panels a) and b) contain results without a trial Jastrow factor for the Ti and Fe atoms, respectively. Similar
results are shown in panels c) and d), but now with a two-body trial Jastrow.

Fe atoms in the same set of charge states used to calcu-
late the ionization potentials in section V A.

Figure 5 shows these energy differences for NLPP,
HPH2, and HPH3. The top two panels, (a) and (b), con-
tain DMC results computed without a Jastrow factor.
In this case, the error incurred by either approximation
should be large, since the bare Slater determinant is a
poor approximation to the full many-body wavefunction,
and the difference between the TM and LA approxima-
tions should be very significant. For both Ti and Fe, we
see that this is indeed the case with the TM/LA energy
difference coming close to 1 eV for Ti and 2 eV for Fe
with the NLPP (black triangles) regardless of the atomic
charge state. For the hybrid pseudo-Hamiltonians, the
TM/LA energy difference is reduced by about a factor of
four in all cases, which is a clear indication that localiza-
tion errors have been similarly reduced. In all cases, the
two-component potential (HPH2), slightly outperforms
the three-component one (HPH3), indicating that the
additional variational freedom introduced along with a
residual non-local d potential is largely offset by the ad-
ditional non-local energy incurred by that term.

The bottom two panels, (c) and (d), of figure 5 con-
tain similar results, but now with a two-body Jastrow

included in the trial wavefunction, which reduces the lo-
calization error. The Jastrow factor is optimized in the
presence of the original NLPP and used without modifi-
cation in the hybrid pseudo-Hamiltonian cases. Because
of this, the trial Jastrow is not optimal for the hybrid
pseudo-Hamiltonians and so a weaker reduction of local-
ization errors is expected. As anticipated, the TM/LA
energy difference for NLPP is significantly reduced with
respect to the Jastrow-free case, maintaining a value near
0.2 eV for Ti and 0.1 eV for Fe. In the case of Ti (c),
a reduction of localization error for HPH2 and HPH3
over NLPP is apparent despite the sub-optimal Jastrow.
Each hybrid pseudo-Hamiltonian reduces the measured
localization error by 2-4x, with HPH2 giving the best
performance at about 0.05 eV.

For Fe (d) a reduction in localization error for the hy-
brid pseudo-Hamiltonians is not observed. Fe is more
strongly non-local than Ti, resulting in a larger differ-
ence in potential at high angular momentum between
the non-local pseudopotential and the derived hybrid
pseudo-Hamiltonians. In this case, the trial Jastrow op-
timized for NLPP is expected to be less performant for
HPH2/HPH3 than it is for Ti, which may artificially in-
flate the observed localization error. In addition to this
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FIG. 6: Differences in DMC neutral atomic total energies computed with T-moves (TM) and the locality
approximation (LA) for NLPP-p (black), NLPP-d (cyan), and HPH2 (blue) potentials. Results are shown for the 3d

series from Sc-Zn without a trial Jastrow factor in panel (a) and with a Jastrow in panel (b).

effect, the DMC projection process may also play a role in
the observed behavior. The addition of an L̂2 term to the
potential changes the angular diffusion in the non-local
region, and thus may impact pseudopotential localization
errors in a non-linear fashion through the projection.

We investigate this possibility by expanding the set of
atoms considered to include Sc, Ti, V, Cr, Mn, Fe, Co,
Ni, Cu, and Zn in the charge neutral state. The above
non-local potential (NLPP) calculations for Ti and Fe
were performed with p as the local channel. Since the
non-linear coupling with the trial Jastrow factor (with

or without an added L̂2 term) should in general depend
on detailed angular structure of the non-local part, we
considered both p- and d-local forms of the non-local po-
tential and we denote this distinction as NLPP-p and
NLPP-d. The latter has only s and p non-local chan-
nels and so its angular structure is most comparable to
the HPH2 hybrid pseudo-Hamiltonian. HPH2 is a sin-
gle step modification of NLPP-d since the reduced non-
local energy is confined to the same two channels. We
constructed HPH2 potentials for Sc-Zn and performed
DMC calculations using both T-moves and the locality
approximation for all neutral atoms with each non-local
potential (NLPP-p and NLPP-d) and HPH2 both with
and without a Jastrow factor.

Figure 6a contains results for the DMC TM-LA energy
difference without a Jastrow factor for all atoms for the
NLPP-p, NLPP-d, and HPH2 potentials. Here, the lo-
cality error grows steadily from Sc-Zn, in concert with
increasing non-local energy. The selection of the local
channel (NLPP-p vs NLPP-d) does not affect the trend,
but it does have a significant effect on the overall magni-
tude of localization error, with NLPP-d showing smaller
localization errors than NLPP-p. In all cases without a
Jastrow, the hybrid pseudo-Hamiltonian HPH2 shows a
consistently large decrease in localization error across the

entire 3d series.
We next consider the effect of additional non-linear

coupling in the projection with the introduction of of
a trial Jastrow factor. DMC TM-LA energy differences
now with a Jastrow factor for all atoms are shown in
figure 6b. For the non-local potentials, the choice of non-
local channel again has a large impact on the localization
error, except now the behavior of the localization error
qualitatively differs for NLPP-p and NLPP-d. Instead of
trending together, a crossover in localization error is seen
from Cr to Mn with NLPP-d showing reduced localiza-
tion error for Sc-Cr and NLPP-p having smaller local-
ization errors for Mn-Zn. As in figure 5d, HPH2 shows
an improvement in localization error relative to NLPP-
p for Ti but not for Fe, but it is clear that this is due
to the choice of the local channel as the same is true for
NLPP-d which has s and p as non-local channels just like
HPH2. Keeping the local channel the same and compar-
ing HPH2 and NLPP-d across the series shows that an
improvement in locality error remains across the series
due to the addition of an L̂2 term to NLPP-d, however
it is not as large as in the Jastrow free case, possibly due
to non-linear coupling effects.

In order to quantify the non-linear coupling effect rel-
ative to expectations based on the reduction of non-local
energy alone, we compare the fraction of reduction of
localization error to the fraction of reduction of non-
local energy achieved by HPH2 both with and without a
Jastrow in figure 7. The non-local energy is calculated
as the sum of unsigned energy contributions from each
non-local channel separately, which we estimate based on
LDA atomic orbitals:

ENL =

Lmax∑
`=0

∣∣∣∣∫ drr2n`|φLDA` (r)|2v`(r)
∣∣∣∣ . (72)

The estimated signed non-local energies determined in
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FIG. 7: Fractional reduction in absolute non-local
energy (fNL, solid red) and localization error with

(dashed blue) and without (solid blue) as measured by
the T-moves/locality approximation energy difference

for HPH2 relative to NLPP-d. The fractional reductions
are defined in equations 73 and 74 in the main text. A
value of one corresponds to complete elimination and a

value of zero corresponds to no reduction in the
respective quantity. Reductions in HPH2 locality error
without a Jastrow are proportional to the reduction of
non-local energy, while with a Jastrow the relationship

is non-linear.

a similar way agree with the signed non-local energy ob-
tained in VMC and DMC to a few percent, validating this
approach for the unsigned energies. In figure 7, the frac-
tional reduction of local energy is shown in red, while the
fractional reduction in localization error with and with-
out a Jastrow is shown in dashed and solid blue lines,
respectively. The fractional reductions are defined as

fNL =
ENLPP−dNL − EHPH2

NL

ENLPP−dNL

(73)

and

fTM/LA =
∆ENLPP−dTM/LA −∆EHPH2

TM/LA

∆ENLPP−dTM/LA

(74)

respectively. On the plot, a value of one corresponds to
complete elimination of non-local energy and locality er-
ror, while a value of zero corresponds to no reduction
relative to NLPP-d. In general, once the non-local en-
ergy is completely removed, the localization error must
completely vanish regardless of Jastrow, however the ap-
proach to the elimination of the error does not have to
be uniform. For all atoms, the reduction in non-local
energy (red line) is large, ranging between 75 and 80%.
The reduction of localization error for the Jastrow free
case (solid blue) remains quantitatively similar to the re-
duction of non-local energy across the series, indicating

that reduction of non-local energy and reduction of local-
ization error trend nearly linearly when no trial Jastrow
factor is present. With a Jastrow factor (dashed blue),
we see that the relationship becomes non-linear as it now
varies across the series, which suggests a non-linear cou-
pling with the Jastrow factor in the projection process.
For the lighter elements (Sc, Ti, V) the reduction of lo-
calization error is only slightly below the Jastrow-free
case, with a 50-60% improvement observed. As the d
shell is populated, a reduction in locality error remains,
but declines to about 20-25% for Mn-Zn which is about a
factor of three lower than what might be expected from
a reduction in the non-local energy alone.

The results discussed above strongly suggest the pres-
ence of a competing non-linear effect in addition to the
changes in performance expected based on variable Jas-
trow quality. This leads us to conclude that while the
non-local components have been reduced in magnitude
by 4 − 5×, non-linear effects in the projection process
can compete to reduce the impact of this change on lo-
calization error. Further, for the current degree of re-
duction of non-local energy achieved here, the degree of
the reduction of the localization error reached by hybrid
pseudo-Hamiltonians in the presence of trial Jastrow fac-
tors is similar in magnitude to changes in localization
error induced by the choice of the local channel in non-
local pseudopotentials, as shown in figure 6b.

For the lighter elements in the 3d series (Sc-Cr), the
current hybrid pseudo-Hamiltonians reach the lowest de-
gree of localization error overall, improving over the best
non-local potentials by about a factor of two. Extend-
ing these gains to the heavier elements in the 3d series
will require further reductions in the non-local energy,
which might be achieved by direct construction of hybrid
pseudo-Hamiltonians rather than refitting to existing po-
tentials.

VII. CONCLUSIONS

In this work we have revisited the pseudo-Hamiltonian
idea, which has remained dormant in the QMC com-
munity for over a decade. In light of non-negligible
errors arising from standard localization based treat-
ments of non-local pseudopotentials, we have proposed
a hybridization between non-local pseudopotentials and
pseudo-Hamiltonians. The aim of this hybridization is
to transfer the bulk of the scattering properties to the
L̂2 portion of the hybrid potential, while leaving a small
residual non-local portion with reduced DMC localiza-
tion errors.

We have outlined a procedure to effectively recast ex-
isting non-local potentials into optimal hybrid pseudo-
Hamiltonians via analytic variational minimization. Us-
ing Ti and Fe as case studies, we have demonstrated that
hybrid pseudo-Hamiltonians derived from an established
set of non-local potentials show high fidelity to the origi-
nal potentials. This was shown through as study of both
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atomic ionization potentials and the binding properties
of metal-oxide dimers.

We further investigated the change in DMC localiza-
tion error explicitly, by considering energy differences
among alternative choices for localization in the context
of atomic ground states for Sc-Zn. The results show that
while a large reduction of localization error is achieved in
the Jastrow-free case, the impact of minimizing the non-
local channels is sensitive to d-shell filling in the presence
of a Jastrow. A detailed analysis shows that localization
errors can be significantly reduced in some cases, namely
for Sc-Cr, but that for Mn-Zn the reduction in localiza-
tion error declines and instead becomes competitive in
magnitude to changes induced by the selection of the lo-
cal channel.

While our approach has achieved a large reduction in
the non-local energy, on the order of 75-80%, further
minimization of the non-local energy is needed to fully
control DMC localization errors with this approach. A
goal of future work will be to create potentials within
this hybrid form directly from within quantum chemistry
methods, with an aim to simultaneously preserve many
body scattering properties to high angular momentum
while maximally penalizing residual non-local contribu-
tions. A promising approach has recently been developed
to design non-local pseudopotentials with highly accu-
rate many body scattering properties66–69. We antici-
pate that an extension of this method applied to hybrid
pseudo-Hamiltonians could provide a useful path toward
realizing this goal. Therefore, the recasting approach
presented here should be taken as an upper bound of
the error reduction introduced by this hybrid non-local
pseudo-Hamiltonian approach.

The reduction of localization errors largely reduces the
dependence of the DMC results on the quality of the
trial wavefunction. In the eventual case that the non-
local component is reduced to zero, the dependence of
the DMC result would theoretically be reduced to the
nodal error alone. In addition, the total removal of the
non-local components of the pseudopotential would have
the added benefit of reducing the computational time
currently spent on numerous wavefunction ratio calcu-
lations that are needed for the evaluation of non-local
energies.

SUPPLEMENTARY MATERIAL

Supplementary data corresponding to the values plot-
ted in the figures of this work may be found at the fol-
lowing link: [insert link here].

ACKNOWLEDGEMENTS

This material is based upon work supported by the
U.S. Department of Energy (DOE), Office of Science, Ba-
sic Energy Sciences, Materials Sciences and Engineering

Division. This research used resources of the Compute
and Data Environment for Science (CADES) at the Oak
Ridge National Laboratory, which is supported by the
Office of Science of the U.S. Department of Energy un-
der Contract No. DE-AC05-00OR22725.

VIII. DATA AVAILABILITY

The data that supports the findings of this study are
available within the article and its supplementary mate-
rial.

APPENDIX: SMOOTH RAMP v̂L2 CONSTRAINTS

As discussed in section III C, a smooth ramp function
is used to continuously deform the L̂2 potential to obey
the boundedness constraint. Here we present the details
of this continuous deformation.

We begin by defining a smooth approximation to the
max function, denoted R(x, δx):

R(x, δx) =


0, x ≤ −δx
p7(x), −δx < x < δx

x, x ≥ δx
(75)

This function is exactly the max function outside a small
interval of width 2δx about zero. In between, we desire
to smoothly interpolate between the lines of zero and
unit slope on either side of zero that comprise the max
function.

We accomplish this by defining a seventh order inter-
polating polynomial in the transition region,

p7(x) =

7∑
n=0

cnx
n, (76)

and demanding that its first through third derivatives
match the max function at ±δx:

p7|δx = δx (77)

∂xp7|δx = 1 (78)

∂nxp7|δx = 0 n ∈ [2, 3] (79)

∂nxp7|−δx = 0 n ∈ [0, 3]. (80)

These conditions fully determine the polynomial. They
lead to a set of linear equations for the coefficients,

Ac = b, (81)

where the elements of the matrix A are given by

Ai,j = ∂ixx
j |δx i ∈ [0, 3] j ∈ [0, 7] (82)

Ai,j = ∂i−4x xj |−δx i ∈ [4, 7] j ∈ [0, 7] (83)
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FIG. 8: Smooth ramp function used to constrain vL2(r).
The section of the curve between the red circles

corresponds to p7(x).

and the elements of the vector b by

b0 = δx (84)

b1 = 1 (85)

bi = 0 i ∈ [2, 7]. (86)

The resulting smooth ramp function is monotone and has
the property of preserving the value and first through
third derivatives at δx of a function associated by com-
postion through the ramp, while setting the value and
derivatives to zero at −δx:

∂nxR(f(x), δx)|δx = ∂nxf(x)|δx n ∈ [0, 3] (87)

∂nxR(f(x), δx)|−δx = 0 n ∈ [0, 3]. (88)

For the purposes of deforming the L̂2 potential term
about −1, we shift the smooth ramp function in the x
and y directions by an amount s to obtain a new func-
tion RS(x, δx):

RS(x, δx, s) = R(x+ 1− s)− (1− s). (89)

The modified potential is given by

ṽ′L2(r) = RS(2r2ṽL2(r), δb, δbs)/(2r
2). (90)

In all practical applications, the value of δb and δbs have
been set to 0.4 a.u. and 0.05 a.u. respectively. The result-
ing smooth ramp function is shown in figure 8.
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