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ABSTRACT

Thermally stratified storage tank studies have spanned over 50 years to increase the thermal storage 
efficiency and accurate prediction of the outlet temperature particularly for solar applications. The studies 
have reviewed and modeled the jet and plume flow phenomena inside the tank due to the inlet mixing and 
stratification level. Kelvin–Helmholtz and Rayleigh–Taylor instabilities are the major drivers of the mixing 
in these tanks. Momentum jets deflecting off walls at the bottom of the tank also create significant mixing. 
Reviewing Richardson models shows that the categorization was based on the range of Reynolds numbers 
at the inlet. Unfortunately, the use of superficial velocity in calculating the Richardson number results in 
critical values in the literature ranging from below 0.25 to 100. The most used length scale associated with 
these flows is an inertial scale based on the tank height or diameter although the mixing can occur at a 
relatively smaller scale. The various inlet devices and a large span of flow rates experienced in thermally 
stratified storage tanks requisite the use of the Reynolds number in combination with a convection number 
for accurate one dimensional models for prediction of performance over long-term. The evaluation of peak 
shifting of electric loads leveraging from renewable sources for applications including residential hot-water 
tanks, commercial water tanks, and large-scale chilled water storage tanks require such models. This paper 
is focused on establishing the significance of the convection numbers in conjunction with the Reynolds 
number for modeling the thermal stratification in storage tanks.
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Highlights

 Reynolds and Richardson numbers characterize mixing in thermally stratified storage tanks.
 The Richardson number is related to other convection-based nondimensional numbers.
 The Richardson number has been inconsistently used in tank modeling.
 At Reynolds number < 3,300, many correlations exist in the literature. 
 Reynolds and Richardson relationship is robust over a range Reynolds number’s. 
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Nomenclature 
A  cross-sectional area (m2) or Atwood number
Ar Archimedes number
AR aspect ratio
Bi Biot number
D  diameter of a tank (m)
C Courant number
Cp  specific heat at constant pressure (W/kg K)
EDF Eddy conductivity factor
Fr  Froude number
g gravity (m/s2)
Gr Grashof number
Gr(I) stratification gradient number
H  vertical distance (m)
∆h local height difference (m)
𝐽𝑜 buoyancy flux (m4/s3)
k  thermal conductivity (W/m K)
𝐿  length scale (m)
𝑀𝑜  momentum flux (m4/s2) 
N wave number or Kelvin-Helmholtz frequency
P  perimeter (m)
Pe Peclet number
S  shear rate (1/s)
Str stratification number
Ra Rayleigh number
Ri Richardson number
Re Reynolds number
T  temperature (°C)
𝑢𝑎 horizontal cross-flow velocity (m/s)
U  horizontal average velocity (m/s)
𝑣  velocity in the vertical direction (m/s)
𝑉  volumetric flow rate (m3/s)
V  superficial velocity, perpendicular to thermocline (m/s)
y  height in vertical direction (m)
Greek
𝛼  thermal diffusivity (m2/s)
𝜀𝑑  dissipation rate of turbulence (m3)
𝜀𝐻  eddy conductivity (m2/s) 
𝜌  Density (kg/m3)
𝜌𝑇 density at the weighted average temperature (kg/m3)
𝜌′ reduced density ∆𝜌/𝜌𝑟𝑒𝑓
∂𝜌/∂𝑦 average density gradient (kg/m4)
𝜈  kinematic viscosity (m2/s)
Subscripts
c critical
C cold temperature 
H hot temperature or thermal eddy
o reference density
m mean
st strict and gradient definition of Ri
sf superficial velocity used for calculation of Ri 
tank horizontal cross-sectional area of the tank
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1. Introduction

The most critical component in the thermal stratification model of hot-water tanks is predicting the 
temperature of water delivered to the user for their hot-water needs. In hot-water systems for domestic 
use, delivery temperatures need to be hot enough to satisfy disinfection requirements, and cold enough to 
prevent scalding. Furthermore, thermally stratified storage tanks (TSSTs) in residential and commercial 
buildings are of growing interest for peak-shifting the electrical demand associated with hot-water loads. 
The control of the hot-water tank by utilities will increase the dynamics seen in hot-water tanks, and 
accurate modeling of the outlet temperature is critical. 

TSSTs typically have a region with a large thermal gradient present due to complex natural convection 
heating and gravity forces; this region is called the “thermocline.” The thermocline can reduce mixing in 
the upper portion of the tank, keeping the water delivery temperature higher than in a fully mixed tank. As 
a TSST is discharging, the incoming water, which is initially a momentum jet, can deflect off tank walls 
and form negatively buoyant plumes that interact with the thermocline region through Kelvin [1]–
Helmholtz [2] (KH) instabilities. When a TSST is recharged by an external heat source, the hot water 
entering the top of the tank also creates a negatively buoyant jet that causes Rayleigh [3]–Taylor [4] (RT) 
instabilities and sometimes also causes KH instabilities. “Entrainment mixing” is a phrase used in the 
literature to describe mixing when KH and RT instabilities are not readily identified, or it describes the 
combination of the instabilities. Correctly identifying the phenomenon is the first step to modeling a 
system, and much progress has been made in the area of TSSTs.

Historically, mixed tank models, stratified tank models, and jet-entrainment models were developed to 
simulate this complex behavior in TSSTs with varying success. Two recent papers that quantify the 
success of modeling TSSTs include a sensitivity paper by Arias et al. for long-term studies [5] and a 
review by Chandra and Matuska [6]. The review showed approaches to modeling TSSTs that linearize the 
thermocline region with different numerical methods and these approaches are appropriate in for linear 
thermoclines – which is often not the case. Empirical factors are used to improve model accuracy as in the 
case of two calibration coefficient studies. Shen et al. calibrated section-wise in the tank energy balance 
[7]. Ref. [8] used nonsmoothed functions were represented by a log-sum-exp function and scaling factor. 
Empirical factors, often associated with nondimensional numbers, extend the applicability of the model to 
different of inlet diffusers, inlet velocities, and properties of the fluid in the tank, whereas the previously 
mentioned empirical factors can be applied for only a small range of values. These references to 
nondimensional numbers and models will be the focus of this paper. This review supports the findings of 
Oppel et al. [9] and Zurigat et al. [10] that the Reynolds (Re) and Richardson (Ri) numbers are most 
appropriate for modeling TSSTs. Recent studies in computational fluid dynamics (CFD) and exergy 
analysis will be briefly overviewed before diving into 1D nondimensional number modeling approaches.

Many CFD models have been created to study stratification in hot-water tanks. A novel design with a down-
spout inlet and heater at the bottom of a tank was studied by Abdelhak et al. [11] in which the mixing zone 
had a random mesh, and above the heater, a rectilinear mesh was used that matched the experimental results 
well. The impact of aspect ratio was examined by a CFD model and the resulted confirmed the aspect ratio 
ranging from 3 to 4 as optimal [12]. Stratification that occurs from heat loss at the walls of the tank was 
studied and quantified by Fan and Furbo [13]. The hydrodynamic flow in a wrapped heat pump water heater 
was modeled for typical domestic hot water flow rates by Elatar et al. [14]. The impact of internal structures 
on stratification was examined using a CFD model by Li et al. [15]. Shi et al. studied the effect of the use 
pattern on a heat pump water heater in a CFD model [16]. A rectangular tank was studied by CFD by 
Kaloudis et al. with a large eddy simulation turbulence model that incorporated gravity currents and reverse 
flow along the bottom of a rectangular tank [17]—all these CFD models use K-epsilon turbulence modeling. 

Exergy-based methods of modeling TSSTs have also been applied by many authors and although not the 
focus of this paper, a few papers are of note. Along with creating a CFD model, Bai et al. studied the entropy 
production rate and exergy efficiency of the tank and found that an aspect ratio of 1 gave the highest 
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efficiency, but an aspect ratio greater than 3 had little influence on the stratification [18]. Kalouis et al. also 
included exergy analysis in their study of a rectangular tank and found slot diffusers to create less entropy 
than circular diffusers common in hot-water tanks. The exergy generation of a novel diffuser that 
redistributed the flow from a circular diffuser to a larger circumference showed that the fastest and slowest 
charge rates (6 and 1 L/min, respectively) had the lowest exergy efficiency over time [19]. A system exergy 
model was created for air-source water heating heat pumps by Ju et al. [20]. The stratification in a phase 
change material (PCM) heat exchanger was studied by Wu et al. [21] in which the temperature difference 
between the PCM and the water was the largest contribution to exergy production. A CFD simulation that 
included exergy analysis of experimental data showed good agreement by Wang et al. [22]. In a novel 
design of floating PCM spheres, the exergy analysis showed the highest exergy efficiency with a PCM 
temperature near the hottest temperature where the spheres were located near the bottom of the tank [23]. 
Charging exergy performance was studied by Njoku et al. in which the Ri number and aspect ratio were 
found to have little impact on exergy generation, but the Peclet number (Pe) had a significant impact [24]. 
Lake and Rezaie studied the exergy efficiencies in cold-water storage in four tank sections where the 
charging and discharging exergy efficiency were calculated. They found that the basic models greatly 
overestimated the exergy efficiency of charging for their system and underestimated the exergy efficiency 
of discharging [25]. 

New research in the area of stratified tanks shows ongoing attempts to characterize the tanks. Many 
methods have been used to model the mixing dynamics in hot-water tanks, including empirical factors for 
mass flow [26] and calibration factors for heat transfer [7]. The interactions have been modeled by 3D 
CFD with limited success over a wide range of inlet Re numbers. Bai et al. studied a cylinder tank in 
which the heat loss over long periods of time was studied, and they determined correlations for the 
centerline temperature through experimentation and CFD [27]. Zhang et al. suggested a spatial 
temperature uniformity coefficient to define the performance of the stratified tank [28]. Chandra and 
Matuska [29] studied Ri number values between 0.6 to 110 and inlet Re number values up to 6,440 for 
horizontal inlet devices [29]. Stratification due to additional components in TSSTs has also been studied 
[30]. The use of neutrally buoyant spheres full of PCM and the impact on the thermocline was quantified 
by Ref. [22]. Shen et al. [7] studied a condenser coil on the outside of the tank, and Baeten et al. [30] 
modeled a condenser coil on the inside of the tank. Both these studies found that stratification is 
important to the performance of the heat pump. In a solar thermal system, Jadhav et al. reported the 
capital investment can reduce by 28% when stratification in maintained [31].

In this paper, we review nine nondimensional numbers that have been used to model stratified tanks, 
focusing on the convection- or mixing-based nondimensional numbers, specifically focusing on the Ri 
number. The Ri number has been used in oceanic studies to characterize mixing and predict whether bulk 
mixing will occur [32]. Jordan and Furbo found Ri could also characterize mixing in small solar domestic 
storage tanks [33]. Furthermore, nondimensional numbers, such as Ri and Re, quantify the phenomena of 
physics-based interactions with a few inputs such as property-based information about the fluid and 
information about the flow regime of the bulk fluid and surface temperature of solid bodies in interaction 
with the fluid. In the case of stratified tanks, it is important to capture the temperature range of the 
thermocline, the viscosity, and the inlet velocity (and direction) of the inlet fluid in the nondimensional 
numbers that are used to model TSSTs.

2. Mixing phenomena

Before describing the dynamics of mixing phenomena inside a tank, a quiescent tank will be briefly 
described. A tank full of water left in an ambient environment will eventually approach a uniform 
temperature because of conduction through the water and convection in the tank due to heat lost to the 
ambient environment. The losses to the ambient convection through the tank walls typically decreases the 
strength of the thermocline [13]. In some cases, the thermocline increases in thickness without 
significantly decreasing the overall temperature difference between the hottest and coldest parts of the 
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tank when the heat loss is minimized and the ambient temperature of the storage matches a temperature in 
the thermocline [18]. These convection and conduction effects occur on a long time scale. 

The dynamics during a cold-water draw create significant RT and KH mixing on a short time scale. RT 
mixing is due to gravitational accelerations for a cold-heavier fluid through lighter fluid or a hot-lighter 
fluid through a heavier fluid—these can be considered a vertical mixing phenomenon for TSSTs. KH 
mixing is due to internal waves between layers of stratification. Waves that break when colliding with the 
tank wall can be considered entrainment (ET). ET can also be a combination of KH and RT mixing. 
These three types of mixing, on a short–time scale, are the mixing phenomena during inlet and outlet 
flows of a TSST. 

During the water draw from the tank (discharge), the cold water entering the tank through the inlet device 
is often a momentum jet with significantly higher velocity than the bulk flow of water in the tank. This 
higher-velocity water traveling through the bulk water in the tank creates entrainment mixing (ET Figure 
1). The layering of similar density water also creates internal waves (KH1 Figure 1). Horizontal jets from 
vertical inlet devices with perforations also create internal waves (enlargement Figure 1). Contact with the 
bottom of the tank will also cause buckling when the density of the incoming fluid is different from that of 
the storage (enlargement Figure 1) [34]. In the literature reviewed, only Cole and Bellinger mentioned that 
dip-tubes (vertical tube inlets - VTI) reduce thermal stratification [35]. 

Figure 1 Mixing in TSSTs due to RT or KH instabilities and entrainment mixing (ET) for vertical inlets when (A) delivering cold 
water below the thermocline, (B) delivering water in the thermocline region, and (C) delivering hot water above the thermocline. 

The instability within the fluid is the root cause for turbulence generation [36]. The instability generated in 
fluids is mainly due to buoyancy forces, instability, and/or fluctuations in shear flow [36]. The fluid 
characteristics inside TSSTs suggest the potential generation of turbulence due to any of the aforementioned 
sources, as well as turbulence from the inlet device. During charging and discharging, instability between 
the shear layers is possible. On the other hand, the heating process inside the tank generates buoyancy 
driven currents, which can lead to instability and turbulence in the fluid (not pictured because there are 
multiple heating designs). The importance of the instability characteristic inside TSSTs relates to local 
mixing, which is most significant in the bottom of the tank. The fluid inside most of the tank will have 
distinct characteristics in the mean flow domain, which has a large length scale, and the turbulent flow 
domain, which is associated with small length scales (either at the tank inlet/outlet or internal/external 
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heaters). In the mean flow domain, vortices and convective cells are formed and can be easily identified 
during the heating process. These characteristics contribute to mixing. The fluctuating/turbulent flow 
domain includes vortices, which can contribute to mixing. The length scale in the turbulent flow field plays 
a significant role in the vortices dynamics and dictates the flow energy transfer at these length scales. If the 
length scale is larger than Taylor microscale, the viscosity has minor effects on vortices. Taylor microscale 
is the intermediate length scale at which fluid viscosity significantly affects the dynamics of turbulent eddies 
[36]. If the length scale is smaller than Taylor microscale, flow viscosity dominates turbulence motion and 
works on dissipating the kinetic energy into heat. Therefore, turbulent characterization is recommended in 
TSSTs to understand the physical processes that might occur and have noticeable effects. Elatar et al. [14] 
conducted a detailed investigation on fluid mean and turbulent behavior inside TSSTs and found the 
turbulence kinetic energy production in the lower (inlet) region is 0.9 m2/S3, the middle (stratified) region 
is around 0.2 m2/S3, and the upper (outlet) region is around 0.5 m2/S3 for discharges.

Furthermore, momentum jets can also trigger KH instability when water is directed vertically through a 
thermocline by a short vertical tube inlet and create waves along the stratified region like a rock dropped in 
water (KH2 Figure 1). Waves created by momentum jets can deflect off the tank walls and at the right 
wavelength may amplify and cause large scale mixing. KH1 instabilities in Figure 1 are easier to measure 
than KH2 because KH2 can appear as noise in the temperature measurement. Similarly, RT instabilities in 
Figure 1 and Figure 2 can be seen as temporarily hotter or colder recordings of temperature. 

Figure 2 Horizontal inlet mixing in TSSTs due to RT or KH instabilities and entrainment mixing (ET) for vertical inlets when (A) 
delivering cold water below the thermocline, (B) delivering warm water below the thermocline region, (C) delivering warm 
water above the thermocline, and (D) delivering hot water in the thermocline region.

The phenomena in Figure 1 are shown when the discharge and charge temperatures are equal to the coldest 
and hottest temperature in the tank, respectively, which is not always the case. The effect of gravity (inlet 
jet curving up or down) on the inlet jet is secondary to the momentum at higher velocities, and the impact 
is more clearly shown in the cases of horizontal inlets in Figure 2. As the inlet jet carries higher horizontal 
velocity, the KH1 instabilities are greater in the case of horizontal inlets. The type of mixing and the level 
of mixing in the cases shown in Figure 1 and Figure 2 depend on geometry, temperatures, and velocities.

The first type of KH instability (KH1) is due to horizontal velocity difference between the inlet water and 
tank water. This velocity difference can occur directly in the case of horizontal inlet (not shown), or after 
deflection against walls in the case of vertical inlets. Vertical inlet devices with horizontal jets create KH 
instability and bulk mixing directly. This type of bulk mixing is most noticeable in the first couple of 
seconds of a draw as a measurable difference in the temperature between the inlet and the coldest portion 

https://en.wikipedia.org/wiki/Viscosity
https://en.wikipedia.org/wiki/Dynamics_(physics)
https://en.wikipedia.org/wiki/Eddy_(fluid_dynamics)
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of the tank. This temperature difference is carried throughout long draws because the temperature at the 
bottom of a TSST is always warmer than the cold inlet temperature. 

Under the right circumstances, the major instabilities in TSSTs during a draw can be localized and a 
thermocline can be created by the inflowing water. The creation of a thermocline in TSSTs takes place 
when the momentum in the inlet jet has been dissipated, the major KH mixing is complete, and similar 
temperature fluid is arranged in a layer by gravity forces. A thermocline will be created in either hot water 
entering the top of the tank or cold water entering near the bottom of the tank when adequate conditions are 
present. These conditions are described by the critical Ri number (Ric) as Ri is ratio of the buoyancy forces 
to the shearing velocity in stratified flows. Bulk mixing ceases when the buoyancy forces are larger than 
the shearing forces and the Ric for stratified flows is Ri = 0.25 as found in oceanic studies [32]. The optimal 
mixing was studied by Camassa et al., who showed that stabile and sharp or step-wise thermoclines were 
the most efficient. They also characterized the effect of walls on negatively buoyant plumes [37]. Park, et 
al. showed that the Re number of a rod vibrating in a stratified tank was also critical to mixing characterized 
by the Ri number [38]. The turbulence level of the incoming cold fluid in a vertical tube inlet was correlated 
by the authors in another paper to Re/Ri [39].

Without describing the initial bulk mixing in a tank, models that assume full tank mixing initially 
underpredict the outlet temperature and as they progress in time, overpredict the outlet temperature. Some 
other models describe the thermocline as the linear temperature difference between the hot- and cold-water 
temperatures. These models overpredict the outlet temperature when the thermocline is too close to the 
bottom of the tank and a large flow rate of hot water is demanded. To compensate for these discrepancies, 
correction factors are applied to the inlet, the outlet, or both to account for the major type of instabilities 
under at least one tank flowrate. Models that have inlet and outlet mixing efficiencies that are not based on 
flow velocities will not describe the thermocline thickness at high or low flow rates. A high flow rate case 
creates bulk mixing in a larger quantity than predicted, and a low flow rate case can create two thermoclines 
in a tank [40]. These complexities are often not represented in simple models [41]. The Re/Ri relationship 
can be applied as a function of height and add to thermal diffusivity in the conduction equation based on 
the flow rate of the inlet fluid to capture the complex dynamics in the bottom and top of the tank

Although Re/Ri was determined to adequately describe turbulent inlets in the early 1990s, many other 
numbers have been used before and after this discovery for laminar cases, uninsulated tanks, and so on. The 
nondimensional numbers used to characterize the stratified tanks are based on the convection or advection, 
conduction, quiescent (initially stagnate) fluid, geometry, and efficiency of TSSTs. Describing the 
convective flow in a TSST involves combining fast dynamics in the inlet mixing zone and slow dynamics 
of the bulk flow. The complexity of a model using Ri and Re compared with models that consider 
conduction is minimal because the second derivative of temperature with regard to height is already in the 
model [9]. 

To model the convective mixing in one dimension with nondimensional numbers, authors typically use the 
Re number, Ri number, Froude number (Fr), Grashof number (Gr), Rayleigh number (Ra), or Pe number. 
Ten nondimensional numbers will be reviewed in the next sections, with eight being convection-based and 
two quiescent fluid-based numbers used to model TSSTs.

3. Convection numbers

Convection-based nondimensional numbers characterize the heat transfer of a moving fluid with another 
surface or fluid. For modeling convection in hot-water tanks, different nondimensional numbers can be 
chosen in which some are mathematically related to the Gr number, Ri number, and Fr number. All three 
numbers will be discussed in this section, plus a few others, but the flow-based Re must be addressed first. 
A full list nondimensional numbers reviewed for TSSTs is shown in Table 1.



Table 1 Dimensionless groupings used in literature and their definitions.

Dimensionless 
number Relationship Reference(s) Article’s Remarks

Convection-based
External forcesArchimedes

Internal viscous forces
[33], [42] 2 Similar to the Richardson number and successfully used in 

purely laminar cases
Fluid surface 
convectionBiot

Conductivity of solid
[25], [43], [44] 3 Typically used for uninsulated tanks or tanks with high 

conductivity fluids (i.e., thermal oils)

Inertial forcesFroude Gravitational forces [45]–[51] 7 Mathematically related to the Richardson number and only 
smaller in scale

Buoyancy force
Grashof

Viscous force
[25], [52]–[56] 6

Typically used to quantify heat loss on the walls of the tank or 
as an intermediate step to calculating the Richardson number 

for stratification analysis
Heat transfer 
convectionPeclet Heat transfer 
conduction

[17], [24], [42], [57]–[62] 9 Used when the fluid has a high thermal conduction or for 
diffusion of chemical species (e.g., salt)

Thermal diffusion
Rayleigh

Thermal convection
[17], [63], [64] 2 Criteria to determine laminar flow or critical value for mixing 

using a characteristic length (e.g., 1 cm [63])

Inertial force [9], [17], [39], [44], [49], [50], 
[55], [58], [60], [65]–[78] 22 Describes the bulk flow within the tankReynolds < 

3,300
Reynolds > 

3,300 Viscous force [14], [33], [42], [45], [73], [76], 
[79] 7 Describes turbulence in the inlet device

Buoyancy forceRichardson Momentum
[9], [10], [14], [34], [46], [62], 

[68], [78], [80]–[86] 15 Stability of stratification in TSSTs based on buoyancy flows 
within the tank

Quiescent fluid-based
Fluid density 

differenceAtwood
Sum of fluid densities

[49], [87] 2 Used to identify the strength of the thermocline based on 
density difference

Local thermal gradient
Stratification

Total thermal gradient
[13], [49], [88], [89] 4 Used to identify the strength of the thermocline based on 

temperature difference



3.1 Reynolds number

Re characterizes if the flow is turbulent or laminar. A round jet is turbulent at a Re greater than around 200 
[78]. Although 200 is the applicable definition for turbulence from an inlet device, it is almost always 
exceeded in the domestic use of TSSTs [40]. Re values in vertical-tube inlets are often greater than 5,000 
(~1 GPM) through a ¾ in. tube; sometimes, Re values reach 40,000 (~3 GPM) for small-diameter tubes 
(5/8 in.) and therefore, turbulent inlet models should be atleast used for the inlet area. 

For the piping or tube before an inlet, the flow regime is laminar flow for Re below approximately 2,300. 
Numerous articles were found for TSSTs with inlet Re’s in the laminar or Re’s just in the transition flow 
regime. The earliest of these studies was by Lavan and Thompson, in which flow rates just entered in the 
turbulent regime. The results developed a correlation for extraction efficiency that used the aspect ratio, Gr 
number, and Re number (Eq. 20, Table 2) [90]. 

Cornelius et al. pilot-tested a passive thermal solar array at laminar flow rates and found the stratification 
in the tank significantly impacted the flow rate and performance of the passive system [65]. In a dissertation, 
Abdoly created a model for laminar flows in insulated and uninsulated tanks [66]. In two papers, Oppel et 
al. used the Re/Ri relationship to characterize vertical and horizontal inlets at Re below 3,300 [67],[9]. Later, 
Zurigat et al. improved on these studies with additional inlet configurations at these same flow rates [10], 
[68], [69]. Hariharan et al. developed a correlation (equation similar to that from Lavan and Thompson [55] 
for horizontal inlets) and noticed the Re number had a higher impact at lower temperatures [70]. This finding 
suggests the physical parameter viscosity and turbulence level described by the Re term is important to 
internal mixing within TSSTs. 

Spall studied chilled water tanks with laminar inlet values and found that for Re between 30 and 3,000, the 
Archimedes number should be greater than 2 for stable stratification [74]. Hahne and Chen studied charging 
of solar thermal storage and found the Ri number and Pe number able to describe the laminar system—
when Ri was greater than 0.25, the charging efficiency was >97% [75]. Nelson et al. created mixing 
parameters for sections of the tank at laminar flow rates and included the Biot and Pe numbers [58]. Van 
Berkel et al. studied laminar flows inside a rectangular tank with visualization techniques and confirmed 
the Ric of 0.25 when and a superficial Ri of 15 (using inlet velocity) as adequate for design of these 
geometries and laminar flow rates. The cycle thermal efficiency increased from 95% to near 99% at higher 
Ris [60]. Shah and Furbo tested and modeled three inlet types for laminar flow rates and found the Ri to 
relate to the exergy changes [71]. Panthalookaran et al. characterized TSSTs with the first and second laws 
of thermodynamics, and they suggested their model could be incorporated into CFD [72]. Kaloudis et al. 
modeled flow in a rectangular tank with large-eddy CFD for laminar flow rates [17]. Njoku et al. reviewed 
many laminar modeling methods and suggested the entropy generation number for modeling TSSTs [76]. 
Padovan et al. created a model for a tank with a coil at the bottom of the tank for seasonal storage modeling 
[77]. Tinaikar et al. studied the injection of a negative buoyant jet through a cone at the top of a TSST and 
how eddies affected the thermocline region while using the Ri to characterize the thermocline [49]. Kaloudis 
et al. studied cold laminar currents in a rectangular space that ran along the bottom of the wall and crashed 
into the far-side container wall [50]. Most recently, Capocelli et al. [44] studied a tank with stratified thermal 
oil at Res associated with the laminar flow or transitioning to turbulent flow in the pipe or tube before the 
inlet due to the high thermal diffusivity of the oil; the Pe number was also chosen.

These laminar studies are all valid for the geometry studied and the thermocline described within the 
specific study. Most cold-water flows into a tank are turbulent in a round-tube or pipe before entering the 
tank. These features significantly affect the possibility of an analytical solution, and most tank bottoms are 
round; the cold water takes a radial path before hitting an opposing wall.

Few articles were found in which the tube-inlet flow regimes in the transition to the turbulent range (e.g., 
Re values greater than 2,300 for round tube geometry). Zurigat et al. expanded on Oppel’s and his earlier 
studies to study the impact of Re > 2,300 on vertical inlets that impinged the top of the tank to have a 
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perforated inlet and a side inlet. These were correlated to a function of Re/Ri, and the impinging inlet had 
the highest performance at these turbulent levels. Furthermore, to expand the research apparatus use and 
increase the density gradient, saline water was used for larger Ri’s [73]. An early CFD model was created 
by Mo and Miyatake using the k-epsilon turbulence model in an upwind scheme at turbulent inlet values 
[42]. Jordan and Furbo modeled a solar thermal stratified storage tank system with a half-circle baffle to 
redistribute the cold-water inlet jet at the bottom of a tank. Besides this novel inlet, two coiled heat 
exchangers in the tank delivered heat from the solar thermal array; the results were dependent on geometry 
and initial tank conditions [33]. Jordan and Furbo iteratively solved for a distance from the source in which 
mixing occurred called a mixing height, which is a volume of water in which the incoming water is perfectly 
mixed by using a jet width from a 2D CFD model as its characteristic length; the authors concluded this 
was analogous to using the Ri [33]. Their work further suggests the need for empirical factors based on inlet 
type and property-based factor for the initial conditions of the TSST. Gao used a 3D CFD model to 
determine the mixing height and applied and entrainment factor to the energy balance for the capture 
(mixed) volume near the inlet for different velocities [79]. Baeten et al., in a 2D CFD model, found the 
mixing to be linearly related to Re and height of mixing related to the aspect ratio, Re number, and Fr 
number [45]. The inverse square relates to the convection-based Froude number and Ri number, and the 
choice of using this or other convection numbers in tandem with the Re number is discussed in later sections. 
Njoku et al., in an overview, also examined models with turbulence levels in the inlet tube in which the 
eddy conductivity factor or eddy diffusion or mixing number was used to model the turbulence [76]. Most 
recently, Elatar et al.—in a 3D k-epsilon CFD model at high Re values associated with cold-inlet flows 
greater than 3 GPM—mapped the initial mixing velocity profiles, which created circulation at various levels 
within the whole in the tank [91]. Zurigrat et al. used the Re and Ri in a Re/Ri relationship to identify an 
eddy diffusivity factor that was an exponential function of height, with the larger values being close to the 
tank inlet in a 1D empirical model [73].

3.2 Convection and conduction numbers

The Pe number has been used to relate the advection to conductive diffusion in the water in a few articles. 
Kaloudis et al. used Pe in a laminar rectangular tank study and 3D simulation [17]. Nelson et al. used Pe to 
represent the conduction through the thermocline region as a ratio of the energy passing through the 
thermocline [58]. Tarawneh and Homan found an effective-diffusivity ratio for salt water that scaled on the 
Pe for a horizontal slot inlet at the bottom of a rectangular TSST [59]. Mo and Miyatake used Pe in their 
CFD model to represent the conduction effects in the water to that of the convection of the flowing water 
[42]. Homan’s integral solution for TSST modeling included combining the thermal and eddy diffusivity 
into a thermal-mixing factor and then dividing it by Pe, in which appropriate laminar and turbulent 
conditions of the eddy diffusivity could be identified [61]. Brown et al. create a novel cylindrical porous 
inlet manifold and at small inlet velocities modeled and found Pe and Ri to be the most important factors 
in the control and formation of TSSTs for this inlet [62]. Njoku et al. used a 2D CFD model that spanned 
highly laminar to transition-turbulent Re values to quantify the effect of Pe and Ri on entropy generation 
[24]. The study analyzed a negatively buoyant hot-water inlet creating RT instabilities at the top of a tank 
and found the highest entropy generation was due to the stratified region for the laminar and near-laminar 
cases. The trend suggests a reversal of their findings at highly turbulent values and low Pe (e.g., Pe = 5 or 
less) [24]. Other authors also noted in studies in which the flow in the tube was laminar that at higher flow 
rates, the 1D and computational models started diverging from experimental results [58], [60]. 

Many papers used the Fr to characterize TSSTs [45]–[51]. Park et al. chose the Ri for analysis in oceanic 
studies and noted other authors using the overturn Fr, which is the square root of the inverse of the Ri 
[38]. The difference in Ri and this version of Fr is only scale, which can be advantageous in similitude 
studies. Tinaikar et al. introduced the use of Fr in literature and quantified the effects of a round nozzle 
injecting slugs of water that impacted the thermocline region in a CFD study. Although discussing Fr, 
Atwood, and Re numbers, they reported their findings in the form of Ri alone [49]. Kaloudis et al. varied 
the what they called the “inlet Fr” from 0.05 to 2.00 (Ri = 14.1 to 0.71) in a 2D CFD simulation of cold 
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water running along the bottom of a rectangular tank before the inlet wave crashed into the opposing wall 
[50]. Baeten et al. used the characteristic length of the tank diameter instead of the inlet diameter when 
using Fr in eight CFD studies that found the mixing rate was a function of Re number only. Baeten et al. 
developed a three-coefficient correlation (Eq. 25) for horizontal inlet into a round tank. In many models, 
the error in the initial state or final state is significant (e.g., >20°C) at the hottest or coldest temperature—
this model suffered from significantly underrepresenting the initial mixing. However, at times >150 s, the 
reported normalized root mean square errors were between 1% and 7% (~0.35°C to 2.45°C) [45]. For 
comparison, recent studies with empirical Re/Ri 1D models reported root mean square errors no lower 
than 2.9% (1°C) [92] but compute in a fractions of seconds [41] compared with the days of calculations 
required for the 3D CFD models. In a chilled water TSST, Karim tested a novel large octagonal diffuser 
(that included small round holes along its perimeter) at laminar flow rates in a rectangular tank and 
concluded that diffusers should be designed based on a Fr value = 1 (Ri = 1) and equal pressure drop [46], 
which creates evenly distributed flow to the small holes. The Ri value of unity is sometimes used as a 
transition to significant mixing that occurs at the strict definition of 0.25 (Fr = 16); it is uncertain how the 
translation of this geometry and superficial use of velocity translates to the strict definition of the Ri 
number. In a seminal work in two parts by Jirka, turbulent buoyant jets into stratified media were 
modeled using Fr [93]. Similarly, Frick et al. closed one form of the plume equations using Fr for 
atmospheric studies [94]. These model could be converted to using Ri, but tanks are bounded, and these 
models are very limited in their applicability for TSSTs and especially for nonstandard inlet geometries 
and impinging jets on round surfaces commonly found in TSSTs. 

Shin used the Fr and Re for laminar flows below Re = 800 and Fr < 2 (Ri > 14.4) to study perforated 
diffusers in the top and bottom of the tank [47]. In a chilled water system, Bahnfleth et al. chose both Ri 
and the Fr to represent a large octagonal distributor with slot diffusers and showed that the superficial Ri 
number and Archimedes number were equivalent in this case [51]. In a similar application, Tang et al. 
studied large octagonal diffusers with nozzles at Fr = 0.45 (Ri = 1.5) instead of holes at laminar flow rates 
and found an improvement in storage efficiency from 80% to 90% with use of the nozzles on the 
distributor [48]. 

When flow measurements are a large source of error in the system, choosing the Fr will reduce the error 
in velocity. The Gr number is a popular choice for modeling the effects of heat loss through the tank walls 
and convection in the tank—notably, Gr is related to Re and Ri (equation 1).

Gr is typically used when a surface is heated to determine heat transfer based on forced and free 
convection. The development of correlations for heated walls has been developed [52] and extended in 
recent CFD studies [56]. Gr can be related to Ri number by 

𝐺𝑟 = 𝑅𝑖𝑅𝑒2 (1)

and was used [90] to characterize the extraction efficiency of TSSTs in the laminar and early transition 
Re’s (Eq. 15). In a TSST with a mantle heat exchanger wrapped around the tank, a high Gr in the mantle 
heat exchanger was found to preserve stratification in the tank [53]. In a chilled water study, Lake and 
Rezaie [25] used Gr as an intermediate calculation for Ri without considering the inlet geometry. Gr was 
used to identify the flow regime (turbulent or laminar) due to heat loss to the ambient for 10 geometrical 
shapes for a TSST [54]. Many articles use Gr in modeling the convection inside TSSTs. Notably, Gr is 
commonly used to identify heat loss or as an intermediate step to calculate Ri (Eq. 1). Other correlations 
based on Re and Ri are discussed in Section 3.1. 

The Archimedes number (Ar) defines the relationship of the gravitational forces to the viscous forces in 
fluid dynamics, and it can be equivalent to Ri for rectangular-slot diffusers using an inlet flow rate per 
unit length assumption [51]. Ar was used by Spall in a 2D model and is listed as a critical value when the 
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value is greater than unity, and a strong contribution from buoyancy can be expected for laminar flow 
regime [74]. Jordan and Furbo used Ar as an intermediate step to calculate Ri [33]. Conversely, in a CFD 
k-epsilon model, Mo and Miyatake studied turbulent inlet flows at Re = 5,000 for different Ar values and 
found no relationship between Ar to Re in a 2D k-epsilon model. Mo and Miyatake concluded that a 1D 
plug-flow model was valid at high Ar and invalid at low Ar [42]. For TSSTs, a low Ar corresponds to 
high turbulence. 

The Biot number was used early in modeling stratification in tanks when thermal conduction through the 
walls results in significant temperature drops. Typically, the Biot number can be used to determine if 
lumped capacitance methods are appropriate for a system. The conduction in water is usually much slower 
than what it allows for the application of lumped capacitance solutions. Nelson et al. showed that the degree 
of thermal stratification can be expressed in terms of modified Biot number, which relates to the convection 
at the wall and to the axial conduction and longitudinal conduction down the wall; the study compared the 
length of the wall with thickness ratios for fiberglass, steel, and aluminum tanks [84]. Other CFD studies 
include the Biot number to model the conductivity in the water but the size of the term associated with the 
uber was not quantified. 

The Ra number is commonly used for free convection and can also be an appropriate choice for convection 
modeling. When the Gr is used with Pr, the multiplication of these numbers is the definition of Ra, and the 
effect of fluid properties based on temperature can be studied. Kaloudis et al. found that in TSSTs, Ra varies 
from about 3.5 to 8 [17]. Ra is the combination of all numbers required to describe the individual 
phenomenon in TSSTs and typically characterizes the onset of natural convection. This number appears to 
be the best choice for TSSTs but does not directly include critical numbers for the different types of mixing 
involved in TSSTs. Fan and Furbo used Ra to describe the heat loss from a tank due to ambient conditions 
[100]. In a dissertation, Newton used Ra in the classic fashion to quantify the heated natural convection to 
that of the thermal conduction [101]. 

3.2 Quiescent fluid numbers

The Atwood number is the heavier fluid subtracted from the lighter fluid divided by the sum of the densities 
and is used to characterize the strength (ability to reduce horizontal velocities) of the interface between two 
fluids. Tinaikar et al. used the Atwood number to characterize the strength of the thermocline and shot slugs 
of water through the thermocline creating vortexes, which were then related by Ri by adding in gravity and 
a characteristic length [49]. 

Levels of stratification quality are not often specified directly as a vertical height of a thermocline and can 
more generally be characterized by a stratification number (Str) that relates thermal vertical gradient (at a 
location, time, or weighted average for the tank) to the maximum vertical gradient.

𝑆𝑡𝑟 =  
∂𝑇/𝑑𝑦

(∂𝑇/𝑑𝑦) 𝑇𝐻𝑡𝑜 𝑇𝑐

(2)

The Str helps quantify the stratification strength (at the location, time, or tank average evaluation) to the 
maximum stratified region (∂𝑇/𝑑𝑦) 𝑇𝐻 𝑡𝑜 𝑇𝑐, which is often applied for the tank height between the inlet 
and outlet (𝑇𝐻 or 𝑇𝐶). Tinaikar et al. reported that the Str increases with increasing Ri [49]. Kumar et al. 
used this Str while including PCM spheres inside a hot water tank to determine the effect on stratification 
and found the over time, both the Str and Ri showed differences between the PCM and non-PCM system 
[88]. Fan and Furbo correlated the heat loss at the wall for each stratified node to the gradient Gr(I) in 

𝐿𝑜𝑠𝑠𝑖 = 0.25𝐺𝑟(𝐼)―0.6 (3)
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which has the same numerator as the Str but is the distance between two nodes in the denominator [13]. In 
later studies, Fan and Furbo found that when the tank is poorly stratified, the temperature gradient is < 
2 K/m, and the downward fluid velocity is 0.003 to 0.015 m/s on the side wall and is related to gradient by

𝑣 = 0.0021𝐺𝑟(𝐼)―0.838 (4)

for 100 to 500 L tanks and aspect ratios (tank height to diameter) ranging from 1 to 5 [64], [89]. Most 
domestic TSSTs have aspect ratios ranging from 1 to 4, and these correlations need to be used carefully 
because determining the gradient in the thermocline region is nontrivial in modeling TSSTs. 

Stratification due to additional components in TSSTs has also been studied. The use of neutrally buoyant 
spheres full of PCMs [22] and tanks with a heating coil to heat the water [7], [45] are areas of interest for 
thermally stratified thermal storage. In a solar thermal system, Jadhav et al. reported the capital 
investment can reduce by 28% by stratifying the tank [31].

Many dimensionless numbers have been used to characterize stratified tanks. Ri has been studied 
extensively in stratified media such as salt water in the ocean or air in the atmosphere and in stability studies 
of thermoclines [32], [38]. Ri is reviewed in more detail in the following section for use in TSST modeling. 

3.3 The Richardson number

Many authors also use Ri (Table 1). The literature on using Ri is more expansive than literature found for 
Fr for quantifying inlet mixing phenomena in the thermocline region. Ri number also has many forms 
represented in tank water research, such as gradient local and semi-local (overall) discussed in a series of 
publications by Van Berkel et al. [60], [85]. The Archimedes, Atwood, Gr, and Fr numbers can be 
mathematically related to the Ri number. Ri describes the effect of buoyancy forces on a fluid flow that is 
at a different density than that of the quiescent fluid. The strict definition (gradient form) of Ri 
characterizes the buoyancy forces, or potential energy, to the density gradient and characterizes the flow 
shearing forces, or kinetic energy, by the velocity gradient of the fluid [78]. The characteristic velocity is 
that which is perpendicular to the gravity forces (Figure 3, A). Whitehead et al. discussed continuously 
stratified experiments in which the Ri can be defined as a critical number for stability analysis (𝑅𝑖𝑐),

𝑅𝑖𝑐 =
𝑁𝑑
𝑢∗

2 (5)

where N is the wave number, d is the distance of the stratification and 𝑢* is the velocity scale of the 
turbulence [32]. N is often unmeasured in TSST studies, and the horizontal velocity causes internal waves 
at the boundary layers between two fluids (KH1). The Ri number has been used in a large eddy simulation 
with the Kronecker delta to follow the path of an internal wave and quantify the impact on this mixing on 
thermocline height in a rectangular tank [82].
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Figure 3 Common uses of Ri in tank stratification modeling from (A) the strictest definition to (B) superficial use for inflow from 
below the thermocline and (C) arbitrary inlet flow direction with right being a quasi-local Ri evaluated in the thermocline.

The strict definition can use different length scales (Table 3) to identify the mixing along a horizontal 
plane due to shearing forces by eddies at the top and bottom of the thermocline. In many 1D models, the 
strict definition is relaxed, and the average inlet velocity, or superficial velocity, is often used in Figure 2 
(B) and (C). 

Figure 3, (B) has been studied with flow visualization by Van Berkel et al. using the strict Ri definition and 
a slot diffuser [85], [86]. Velocities, locations of parameter evaluations, and thermocline location for Ri are 
shown in Table 2 with the corresponding equations and reference(s).

The different uses of velocity in the literature and location of property evaluation makes it difficult to 
compare a study with a horizontal inlet (Figure 3 (A)) with one with a vertical inlet (Figure 3 (B), (C)) by 
a Ric alone, and the internal waves are often uncategorized. Most authors using Ri for TSSTs use the inlet 
temperature and the closest temperature sensing device as the location for property evaluation, whereas 
some use a local Ri between two sensors in a tank such as h1 and h2 in Figure 3(C). In Table 2, the various 
uses of Ri are compared, and the characterization relationship developed is shown. With flow visualization 
techniques, the strict definition can be directly measured [86]. In models, it can also be computed if the 
inlet jet is characterized well in terms of momentum and buoyancy flux [93].

The used of Ri in the literature characterization or modeling can be split into five categories: (1) the strict 
definition using horizontal velocity gradient, (2) thermal diffusivity for Re above approximately 3,300, 
(3) specific heat for Re below approximately 3,300, (4) Gr, Fr, or Pe relationship Re below ~3,300 and 
(5) velocity modification for Re below ~2,000. Table 2 presents the associated literature with each category. 

The strict or gradient use of Ri results in consistent findings for the critical value and unambiguous use of 
velocities. Flow visualization is often required to determine the horizontal velocity gradient, or the 
momentum equation is solved for classical outlet flows (e.g., plume in cross flow) [34] [80] [86]. 

The superficial use of Ri yields four distinct methods that have been used for TSSTs, and the Re cutoff that 
separates the use of these methods is about Re = 3,300. For Re above 3,300, modifying the thermal 
diffusivity in eddy diffusion equations has been successful in some studies [9], [10], [40], [67]–[69]. For 
Re below 3,300, modification to the specific heat for use in first-law energy balances has been successful 
in other studies [46], [81], [84]. Also, for Re below 3,300, Gr, Fr, or Pe have been successfully used [45], 
[62], [90] For Re below about 2,000, modifications to velocity difference between the thermocline and the 
bulk of the fluid have been successful [60], [85], [86].



Table 2 Ri used in stratified thermal tanks and the quantitative or qualitative statements made about the Ri effect on thermal stratification or performance.

Reference(s)/ 
description Characteristic, locations, lengths, and velocities Richardson equation Characterization relationship developed

Strict definition of Ri (horizontal velocities)
[34]
Horizontal jet 
into density-
stratified reservoir

𝑈 = horiontal jet velocity
𝑑𝑦 = vertical differential length

𝐷 = width of jet
𝑑𝜌 = evaluated over D
ρ0 =  reference density
𝑑𝜌
𝑑𝑦 = gradient of density
𝜀𝐻 = eddy conductivity

𝑅𝑖 =
𝑔 

𝑑𝜌
𝑑𝑦

𝜌0
𝑈
𝐷

2 (5) 𝑣
∂𝑇
∂𝑦 =  

∂
∂𝑦 ( ∝ + 𝜀𝐻)

∂𝑇
∂𝑦 (6)

[86] 
Vertical slot 
diffuser

𝑢 = velocity in the horizontal direction
𝑦 =  vertical coordinate pointing down

𝑑𝑦 = vertical differential length
𝑑𝜌 = evaluated over dy
𝜌 =  reference density

𝑅𝑖𝑔 =
𝑔 𝑑𝜌

𝑑𝑦

𝜌
𝑑𝑢
𝑑𝑦

2 (7) 𝑅𝑖𝑔 directly measured from experimental flow 
visualization

[80]
Horizontal round 
jets

𝐺𝑐 = modified local gravity
𝑉 = the volumetric flow rate

𝑀 = kinematic momentum flux
𝑙 = a characteristic length (see Table 3)

𝑢 = horizontal velocity
b = jet width

F = stabilizing force
𝛽 = 2.2

𝑧 = vertical height
m  = level maximum buoyancy

n  = level neutral buoyancy

𝑅𝑖𝑙 =  
𝐺𝑐𝑉

32𝜋𝑀5
(8)

𝐹 =∈ 𝑢 𝑅𝑖 𝑏3

∈= ∈ 0ex p
― (𝑧 ― 𝑧𝑛,𝑚)2

𝑙2

∈ 0 = 0.15, half of that from Mott and Woods 
[95]

(9)

(10)

Thermal diffusivity modification (Re > ~3300)

[9], [67]
Vertical and 
horizontal diffusers

𝑉 = tank velocity bulk
∆ρ = ρinitial ― ρinlet 

𝐿 = height from inlet to outlet
𝜌𝑎𝑣𝑔 = average of ρinitial and ρinlet 

𝑅𝑖 =
∆𝜌𝑔𝐿

𝜌𝑎𝑣𝑔𝑉2 (11) 𝐸𝐷𝐹 = 𝑎
𝑅𝑒
𝑅𝑖

𝑏
(12)

[10], [68], [69]
Vertical and 
horizontal diffusers

𝑈in = normal inlet velocity
∆𝜌 = ρinitial ― ρinlet 

ℎ = height inlet to the bottom thermocouple
𝜌𝑚 = average of ρinitial and ρinlet 

𝑅𝑖 =
∆𝜌𝑔ℎ
𝜌𝑚𝑈2

𝑖𝑛
(13) 𝐸𝐷𝐹 = 𝑎 𝑅𝑒

𝑅𝑖

𝑏
when 𝑅𝑖 ≤ 5 (14)
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[40] 
Vertical round, slit 
and turning vane 
diffusers 

𝑈in = normal inlet velocity
∆𝜌 = ρinitial ― ρinlet 

ℎ = height inlet to the bottom thermocouple
𝜌𝑚 = average of ρinitial and ρinlet 

𝑅𝑖 =
∆𝜌𝑔ℎ
𝜌𝑚𝑈2

𝑖𝑛
(13)

𝐸𝐷𝐹 = 𝑎
𝑅𝑒
𝑅𝑖

𝑏

𝑏 = 𝑓(𝑑𝑖𝑓𝑓𝑢𝑠𝑒𝑟 𝑡𝑦𝑝𝑒)
𝑎 = 𝑓(𝑖𝑛𝑠𝑒𝑟𝑡𝑖𝑜𝑛 𝑑𝑒𝑝𝑡ℎ)

(15)

Specific heat modification (Re < ~3300)
[84]
Chilled water 
vertical slot 
diffusers

𝑈𝑖𝑛= bulk vertical flow in the tank
∆𝑇 = initial temperature difference

𝛽 = average coefficient of thermal expansion
𝐿 = lenght of the storage tank

𝑅𝑖 =
𝑔𝛽∆𝑇𝐿

𝑉2
 

(16) 𝑍 = 1.68 × 104
𝑅𝑒
𝑅𝑖

0.67

(17)

[46], [81]
Chilled water 
vertical round 
diffusers

𝑉 = inlet velocity
∆𝑇 = initial temperature difference

𝛽 = average coefficient of thermal expansion
𝐿 = lenght of the storage tank

𝑅𝑖 =
𝑔𝛽∆𝑇𝐿

𝑈in2 (18)              When the thermocline is developed
𝑍 = ―3 × 107𝑈in + 254,526 (19)

Gr, Fr, or Pe relationship (Re < ~3,300)
[90]
Vertical diffusers

𝐺𝑟𝐷= Grashof number for the tank
𝑅𝑒𝑑= Reynolds number for the inlet

D = diameter of the tank
H = height of the tank

𝜂 = extraction efficiency

𝑅𝑖 =
𝐺𝑟𝐷

𝑅𝑒2
𝑑

(1) 𝜂 = 1 ― exp [ ― 0.067𝑅𝑒―0.55
𝑑 𝐺𝑟0.35

𝐷
𝐻
𝐷

0.58

]
(20)

[70]
Horizontal diffusers

𝐺𝑟𝐷= Grashof number for the tank
𝑅𝑒𝑑 = Reynolds number for the inlet

D = diameter of the tank
L = height of the tank

𝜂 = extraction efficiency

𝑅𝑖 =
𝐺𝑟𝐷

𝑅𝑒2
𝑑

(1) 𝜂 = 0.745𝑅𝑒0.088
𝑑 𝐺𝑟―0.043

𝐷
𝐿
𝐷

0.229 (21)

[62]
Porous vertical 
diffuser

𝑈𝑖𝑛 = velocity inlet
𝑅 = radius of tank

𝑇𝑖𝑛 = initial temperature
𝑇𝑖 =  initial tank

l = height of the tank
𝑃𝑒 = Peclet number

𝑅𝑖 =
𝑔𝛽𝑅(𝑇𝑖𝑛 ― 𝑇𝑖)

𝑈2
𝑖𝑛

(22)
𝑑𝑇
𝑑𝑧
𝑑𝑇
𝑑𝑙

= 5.3 + 2.235𝑅𝑖 ―
38,422.42

𝑃𝑒
(23)

[45]
Wrapped storage 
tank

𝑈in = normal inlet velocity
∆𝑇 = 𝑇inlet ― 𝑇tank 

𝐷 = diameter of the tank
𝑑 = diameter of the inlet

𝛽 = coefficient of thermal expansion at the inlet

1
𝐹𝑟2 = 𝑅𝑖 =

𝑔𝛽 𝐷
𝑑 ∆𝑇

𝑈2
𝑖𝑛

(24)

𝛿𝑧𝑚𝑖𝑥,𝑖𝑛

𝐷 = 𝐴 𝑅𝑒
𝐷
𝑑

0.5
𝐹𝑟𝑛 exp ―𝐵 𝑅𝑒 

𝐷
𝑑

0.5

A = 7.090 𝑥 10―6

B = 0.203 𝑥 10―6

n = 1.343

(25)
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Velocity modification (Re < ~2,000)

[60], [85]
Vertical slot 
diffuser

𝑈𝑖𝑛 = normal velocity inlet
∆𝜌 = ρinlet ― ρoutlet 

ℎ = height between two measurement points
𝜌𝑚 = average of ρinlet and ρoutlet 

𝑈𝑡ℎ is the bulk velocity of the thermocline

𝑅𝑖𝐻 =
∆𝜌𝑔ℎ
𝜌𝑚𝑈2

𝑖𝑛
(13)

𝑈𝑡ℎ =  𝑈𝑒 + 𝑈𝑖𝑛
𝐴𝑖𝑛

𝐴𝑡𝑎𝑛𝑘

𝑅𝑖ℎ = 𝑈𝑡ℎ

𝑈𝑒
, when 𝑈𝑒 ≪  𝑈𝑡ℎ

(26)

[86]
Vertical slot 
diffuser

𝑈𝑖𝑛 = normal velocity inlet
𝛽 = evaluated at average thermocline temperature

ℎ = relative height of thermocline
∆𝑇 = 𝑇ℎ1 ― 𝑇ℎ2 

E = entrainment rate

𝑅𝑖h =
𝑔𝛽∆𝑇h

𝑢2
𝑖𝑛

𝑅𝑖h =
𝑈𝑖𝑛

𝑈𝑒

(27)

𝐸 =
𝑈𝑒

𝑈𝑖𝑛
= 𝐶

𝐴𝑖𝑛

𝐴𝑡𝑎𝑛𝑘
𝑅𝑖―1

ℎ

C = 1 (no net buoyancy flux) or 0.5 (constant 
temperature boundary equal to lowest layer)

(28)

The correlations are useful for the velocity ranges, geometry, and fluids examined. Notably, the transition to turbulent flow starts at ~2,300 for 
fluids in round tubes. The cutoff of the correlations happens at approximately Re = 3,300, suggesting that in the early stages of the transition 
regime, the turbulence in the inlet devices is dissipated quickly. When the turbulence is significantly large, only seven studies successfully used 
these correlations for modifying thermal diffusivity [9], [10], [40], [67]–[69]. 

A local Ri was used in a model by Steinert et al. [80] to develop a quasi-1D model based on the momentum flux and volumetric flow rate for 
horizontal jets in a stratified medium. Steinert et al.’s work [80] relied on jet characterization presented by Jirka [93]. When the appropriate length 
scales are applied for inlet jets, the initial inlet flow pattern, with-out reflection off tank walls, can be described by Ri.
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3.4 Stability and the Richardson number

Stability has been heavily researched in the atmospheric sciences and oceanography using the Ric. The 
conclusions offered are for turbulence Ric on the order of <1 in both oceans and air, with most papers site 
the Ric as 0.25 [32],[96]. The Ric is the maximum value where turbulent flow and the associated entrainment 
mixing can survive. Where flow visualization was undertaken and Ri was measured directly, the same Ric 
was found [86]. Where flow visualization methods were not used, superficial velocity must be used, and 
the definition of Ri became specific to the geometry of the inlet, geometry of the tank, the location of the 
property evaluation, and most importantly, the velocity used in the relationship (Table 2). 

Although the definitions and correlations in Table 2 are different, they are useful for the specific system 
studied. A comparison of performance between systems by Ric alone leave discrepancies (Table 3) 
because the systems are not similar (e.g., inlet geometry, inlet flow direction [horizontal or vertical], or 
inlet-Reynolds number). When the strict definition is used for Ric, the classical critical number of 0.25 is 
reproduced [86]. When the measured Ri was calculated by van Berkel et al., the velocity of the inlet was 
used and length scale chosen was on the heigh of the tank and Ric was found to be near 20 instead of 
classic value of 0.25 [85]. Thus, the critical Ri value can be strict (Rist) when visualized or superficial (Risf) 
when the inlet velocities and tank dimensions are used. 

Table 3 Ric from literature with designation of strict (st) or superficial (sf) definition used.

Reference(s) Ric inlet number Inlet direction Inlet type

[34] Rist < 0.25 is unstable Horizontal Round jet

[10], [68], 
[69]

Risf < 3.6: mixing occurs

Risf > 5: no mixing of the thermocline

Horizontal

Vertical

Jet and diffuser

[60], [85] Risf > 20: 5% mixing maximum Vertical Slot diffuser

[84] Re/Risf should be minimized Vertical Round jet

[86] Rist < 0.25: significant turbulence

Risf = 15: adequate design

Vertical Slot diffuser

[51] Risf > 100: negligible effect on the thermocline Vertical Slot diffuser

[62] Risf = 0.651: stratification seen Vertical Porous diffuser

[45] None found when spanning typical critical Risf = 0.25 Horizontal Round jet

[25] Risf  was > 200,000 and there was development of 
second thermocline from a chilled water diffuser

Vertical Cone diffuser

[40]  Risf > 2.5 is stable Vertical Round jet 
Slit-perforated horizontal jet
Turning-vane distributor   

Risf  is specific to the system and the critical numbers from below 0.25 to 100 were found in the literature 
(Table 3). These differences are because of the definition used and the inlet directions, types and tank 
conditions. The three order of magnitude range in critical values suggest poor description of KH and RT 
instabilities when the superficial velocity is used to model the TSSTs. 

Characterizing the phenomena using the strict definition of velocity perpendicular to the thermocline is 
reproducible and preferred for many inlet geometries. Correlations between the strict definition and 
superficial definition require flow visualization of TSSTs in many inlet geometries and aspect ratios.  The 
authors do not know of any academic studies or industry attempts to resolve the strict and superficial 
definition of Ri. 
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4. Discussion

Most authors use the height of the tank or height between two thermocouples in the Ri number calculation 
and are therefore using lengths on the order of the inertial scale for TSSTs. Using a local Ri with a fixed 
height on the inertial scale reduces the information provided by the Ri. Studies using PIV directly measure 
Ri's number [85], [97] and do not refer to a scale and use the height of the thermocline as their characteristic 
length scale.

The Ri scale appropriate for analysis is different based on the phenomena occurring in TSSTs, and the 
height or diameter of the tank has been used by almost all researchers. A scale created by Mott and 
Woods that was later used by Steinart et al. is unnamed  (UN) [80], [95]. With reflection and plumes, the 
appropriate length scale will change throughout the evolution of the flow from the inlet to the stratified 
region. A full list of scales that could be used with Ri is shown in Table 4.
Table 4 The length scales present stratified media. 

Scale name Characteristic length Phenomenon Reference(s)

Corrsin 𝐿 =  𝜀𝑑/𝑆3 (28) Eddies are deformed by shear, plume 
regions

[98] 

Ozmidov 𝐿 =  𝜀𝑑/𝑁3 (29) Stability stratified region, eddies 
deformed by stratification 

[98], [99]

UN
𝐿 =

𝛽𝑢
(𝑔/𝜌𝑟𝑒𝑓)(∂𝜌/∂𝑦)

(30) Buoyancy limit in the stratified 
region

[80], [95]

Ellison 
𝐿 =

― 𝜌′

∂𝜌/∂𝑦
(31) Overturning scale, where 𝜌′ is 

reduced gravity
[99]

Monin-
Obukhov 𝐿 = ―

𝑢3
∗

𝜅𝐺
𝑇

𝑄
𝜌𝐶𝑝

(32) 𝑢∗ is the frictional velocity, 𝜅 is the 
Von Kármán constant, Q is the 
turbulent heat flux 

[100]

Inertial scale 𝐿∗ = 𝐷 𝑜𝑟 𝐻 (33) Momentum jet maximum travel 
distance

All authors in Table 2 
unless specified otherwise

*length assumed because no author using D or H referenced the inertial scale, and a jet hitting a tank wall 
perpendicular to the flow direction will cause large scale overturning due to shearing forces at the wall. 

In Table 4, 𝜀𝑑 is the dissipation rate of turbulence, S is the shear rate, N is the KH frequency, 𝛽 is a constant 
of proportionality, and 𝑢 is the mean plume velocity. The inertial scale is assumed in Table 2 as this scale 
would dominate in large-scale vertical overturning because of jets reflecting off walls. For small jets created 
locally by a multi-orifice diffuser, these length scales are too long.

Numerous articles were found that use Ri for analysis of the convection associated in TSSTs with various 
inlet geometries and flow rates. The stratified tank studies reviewed experience all jet and plume 
phenomena, and the most common length scale of tank diameter or height used in literature was on the 
order of the tank diameter or height of the tank. To describe the internal mixing in the tank, other scales 
listed may prove useful. During charging of the tank from an external heat source (e.g., building a 
thermocline), the Corrsin and then Ozmidov length scale characterize the initial mixing, entrainment, and 
layering phenomena. The Monin-Obuhov scale could be used when plumes of water with very different 
temperatures enter the stratified region. 

There are many approaches to model TSSTs, many of which rely on nondimensional correlations based on 
experiments. Furthermore, the critical values of the correlation through the experiments are useful for 
modeling. The integration technique for the momentum balance [80], [93] was briefly reviewed, and with 
complex diffusers deflecting of tank walls, the flow paths are hard to verify without visualization. We 
hypothesize by the findings that at Re = 200 to 3,300, the turbulent eddies at the inlet of the vertical tube 
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inlet are easily dissipated at the stratified region. Furthermore, when transitioning to turbulence in the inlet 
tube, the sources of the eddies are stronger, or more established, and have a greater impact on the 
thermocline region, causing oscillations in the layer that create additional diffusion called eddy diffusion.

Modeling the stratification in tanks has been a complex technique due to the following reasons,

1. there are few selective dominant factors which are shared as common aspect for various platforms such 
as aspect ratio, inlet direction and flow rate, 

2. the transition of turbulence in the inlet device to a quiescent fluid has analytical solutions for special 
unbounded cases only [40], 

3. the disturbance to the stratified region can occur on at least two length scales (Table 3), 
4. as the time scale increases, conduction plays a larger role (e.g., as conduction may be ignored in shorter 

time scales such as <8 h), 
5. high gradient regions are computationally optimized by different methods than low gradient regions, 
6. hot-water tanks have very different inlet devices, that can affect the flow patterns within the tank. 

For these reasons, there have been many different models proposed to model TSSTs that are valid for the 
specific conditions, however, they cannot be generalized for all the other applications. The authors view 
the Re/Ri relationship by Oppel et al. as the best 1D approach to model TSSTs for a wide range of 
temperatures and inlet devices when there is turbulence in the inlet piping or vertical tube inlet [10].

5. Conclusions 

The studies of stratified tanks has been a subject of interest for a while. As tank technology has improved, 
the phenomena of heat transfer through the walls have decreased, whereas the various vertical-tube inlet 
devices have expanded the relevance of Reynolds (Re) and Richardson (Ri) or the Ri related Froude (Fr) 
and Grashof  to characterize convection in 1D models. As the outer layer of hot water tanks becomes more 
complicated (e.g., wrapped by heat exchanging and two-phase flow tube in the case of wrapped heat pump 
water heaters), the complexity inside the tank increases. The use of the strict Ri, in combination with Re, is 
suggested for modeling thermally stratified storage tanks (TSSTs).

The Kelvin-Helmholtz (KH) and Raleigh-Taylor (RT) instabilities are the major drivers of short-term 
mixing in TSSTs. The internal waves and layering of similar density fluid in the horizontal plane create 
KH instabilities. RT instabilities from negatively or positively buoyant plumes, traveling with a vertical 
component, create entrainment mixing along the edges of the plume. Momentum jets deflecting off walls 
in the bottom of the tank also create significant entrainment mixing. Rayleigh number has the most 
property-based information of the nondimensional numbers reviewed but suffers from the same geometric 
constraints as Ri and Fr when using superficial velocity and furthermore is not related to KH and RT 
instabilities in the literature. 

Ri was found to adequately define the stratification hot-water residential or commercial tanks. The ratio of 
Re to Ri included the best empirical values for modeling TSTTs for a range of inlet devices and turbulent 
inlet values. Using superficial velocity in the calculation of Ri results in Ric values for TSSTs unrepresented 
by the classical value of 0.25, and the literature reports superficial Ric values ranging from below 0.25 to 
100 for TSSTs. These ranges were because the inlet configurations were specific to the geometry and 
different jet types causing different instabilities and entrainment. Finally, a brief list of the major 
conclusions of the review is as follows:

1. The convection-based numbers reviewed in this paper relate to Ri, and we suggest conformal and strict 
use of Ri in modeling TSSTs with the characteristic length of tank diameter and use of the velocity only 
in the direction perpendicular to gravity because this has the largest impact on unification of the Ric 
values. The location of evaluation of the density is less critical but should be at the top and bottom of 
the thermocline for unifying Ric values. 
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2. The Re/Ri relationship was found to be most robust over a range of Re values found before the inlet. 
Evaluation of Re at the inlet in complex geometrics is difficult if not impossible, and empirical 
correlations are required for modeling the impact of inlet geometry.

3. The decay of the turbulent eddies is nonlinear when there is a source of turbulence prior to the inlet 
geometry (e.g., classically defined as Re > 2,300 for round geometry), and studies showed that at Re > 
3,300, models required fitting parameters. The length scale most often used was the diameter or height 
of the tank and was selected by which one was in the direct path from the inlet flow.

4. When Re < 3,300, a few geometries that minimized mixing in the thermocline region were only related 
to inlet velocity. In these cases, nondimensional numbers quantifying the quiescent fluid were very 
informative to the models. The correlations developed were nonlinear and geometry-specific.

This review brings together more than 50 years of research on TSSTs in solar-thermal, chilled-water, and 
hot-water domestic use cases. The models proposed were all valid for the conditions under which they were 
studied. For a comprehensive model TSST a convection number needs to be paired with geometric 
information. Furthermore, analytical solutions of the Navier-Stokes equations for TSSTs do not exist due 
to the complex geometry. CFD models were also valid for the flow rate and geometry with which they were 
studied, but they were costly in computation time. 1D models with empirical correlations are the most 
effective solution method for seasonal studies until analytical solutions are found for this complex 
phenomenon inside TSSTs used for solar-thermal, chilled-water, and domestic hot-water use cases. 
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