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Abstract

A phenomenological turbulence model for Rayleigh–Taylor, reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz instability-
induced mixing is developed using a general buoyancy–shear–drag model. Analytical solutions to the model equations correspond-
ing to each instability are derived separately, which are then used to calibrate the model coefficients to predict specific values of
the mixing growth parameters and exponents. The buoyancy–shear–drag equations for the bubble and spike mixing layer widths
are then solved numerically, and a turbulent diffusivity (or viscosity) is constructed dimensionally as the product of the mixing
layer width,h, and its time-derivative,dh/dt. Surrogate turbulent fields are then constructed by multiplying a presumed self-similar
spatial profile by appropriate functions ofh anddh/dt. Using several simplifying approximations, the turbulent diffusion equations
satisfied by the mean mass fraction and mean shear velocity are solved analytically in a reference frame moving with the mean
advection velocity. The turbulent diffusivity (and corresponding viscosity) are used in the analytical expressions, and it is shown
that the mean fields evolve in space and time as expected.The explicit modeling and solution of turbulent transport equations
(e.g., for the turbulent kinetic energy and its dissipation rate or a lengthscale) are not required. By using separate equations for
the bubble and spike evolution, the model naturally captures the asymmetry induced by an increasing density contrast between
the heavy and light fluids. The model also includes molecular dissipation and diffusion, and therefore, can describe transition to
fully-developed turbulence if the initial turbulent diffusivity/viscosity are much smaller than the molecular diffusivity/viscosity.
This model is applied to constant-acceleration Rayleigh–Taylor, impulsively reshocked Richtmyer–Meshkov, and constant density
Kelvin–Helmholtz mixing layers to demonstrate its utility. It is shown that the numerical solutions of the model calibrated using
specific values of the instability growth parameters and exponents: (1) produces mixing layer widths in agreement with the ex-
pected self-similar growth power laws; (2) gives spatiotemporal profiles of turbulent fields that are expected and consistent with
previous results; (3) predicts the expected power-law growths and decays of the spatially-integrated turbulent fields, and; (4) gives
spatiotemporal profiles of the mean fields that are expected and consistent with previous results. This relatively simple model can
be implemented numerically, and is expected to be useful for fundamental as well as astrophysical and inertial confinement fusion
applications.

Keywords: Turbulent mixing, buoyancy–drag, Rayleigh–Taylor, Richtmyer–Meshkov, Kelvin–Helmholtz,reshock

1. Introduction

Turbulence and turbulent mixing exist in a multitude of flows
in nature and applied science. Although considerable progess
has been made in better understanding turbulent mixing us-
ing numerical simulations and experiments, the modeling of
the impact of turbulent mixing on the hydrodynamic evolu-
tion of many flows of interest remains challenging. This is
particularly true for complex flows in which the hydrodynam-
ics is coupled to other physics such as radiation and particle
transport. Many of these flows are density-stratified or con-
sist of multiple materials (or fluids), and are subject to un-
stable growth at perturbed interfaces (such as in layers in a
star or in an inertial confinement fusion target) induced by ac-
celerations, shocks, and shear—Rayleigh–Taylor, Richtmyer–
Meshkov, and Kelvin–Helmholtz instabilities, respectively (see
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[1] for a recent review). Such flows can also be subject to sta-
ble conditions, which reduce turbulence (often referred to as
‘demixing’) and should be accounted for in any credible turbu-
lence model.

Considerable effort has been employed to develop increas-
ingly more complete and necessarily more complex turbulent
transport (i.e., Reynolds-averaged) models to describe the ef-
fects of turbulence and mixing on mean hydrodynamic flow
fields. In addition to developing more physically complete and
correct closures for the terms in the equations that produce tur-
bulence, much effort has been made to calibrate these models
using key quantities measured (or inferred) from experiments
and numerical simulations (e.g., direct numerical, large-eddy,
and implicit large-eddy simulations). In many applications in
which turbulence is one of many competing, nonlinear physical
effects to be modeled, there remains a need to incorporate turbu-
lent mixing in a computationally economical manner and using
models that are relatively easily implemented in highly com-

Preprint submitted to Physica D October 22, 2019



plex multiphysics codes such as supernova explosion codes [2]
and inertial confinement fusion codes [3]—despite considerable
progress, the role of mixing in these representative applications
remains relatively poorly understood.

A considerably simpler method to estimate the spatial ex-
tent of mixing is based on buoyancy–drag modeling [4–8], in
which ordinary differential equations are solved for the heavy
(i.e., “spike”) and light (i.e., “bubble”) mixing fronts based on
the assumption of binary mixing across an interface. Reynolds-
averaged models are more complex, as they evolve partial
differential equations for fields in space and time, although
these equations can be treated in a much simpler form by spa-
tially integrating them over the mixing layer to obtain ordi-
nary differential equation models [9]. Buoyancy–drag mod-
els also offer a relatively simple methodology to understand
the basic growth characteristics of mixing layers, and have
been utilized for modeling the growth of fundamental single-
and multimode Rayleigh–Taylor and Richtmyer–Meshkov in-
stabilities [10–32], modeling instability growth in high-energy-
density experiments [33–41], modeling blast-wave-driven in-
stability growth relevant to supernovae [42–45], and modeling
multiphase Rayleigh–Taylor and Richtmyer–Meshkov instabil-
ities in dusty gases [46–48] (see Refs. [49, 50] for a review).
A two-scaleK–ε turbulence model coupled to a buoyancy–
drag model was developed for mixing induced by Rayleigh–
Taylor and Richtmyer–Meshkov instabilities [51]. Source and
sink terms based on the buoyancy–drag equations were devel-
oped to describe the self-similar growth of Rayleigh–Taylor
and Richtmyer–Meshkov mixing using aK–L turbulence model
[52].

Motivated by the considerations outlined above, the objec-
tive of the present work is to suitably generalize buoyancy–
drag and shear–drag models to turbulence models by hybridiz-
ing the solutions of these models with presumed self-similar
profiles for turbulent fields. This methodology utilizes the fact
that the mean flow equations (typically, the mean mass fraction
and mean shear velocity equations) transformed into a reference
frame moving with the mean velocity, become turbulent dif-
fusion equations that can be solved analytically using suitable
approximations or numerically more generally. The turbulent
diffusion terms are closed using the standard gradient-diffusion
approximation, requiring a turbulent viscosity or diffusivity.

In a traditional turbulent transport modeling paradigm, a tur-
bulent kinetic energy and at least one additional mechanical
turbulence equation are solved to obtain the turbulent viscos-
ity, which in turn is used to model the effects of turbulence as
a diffusive process. In the model developed here, the turbulent
viscosity is constructed as a spatial profile by:

1. solving the buoyancy–shear–drag equations for the bubble
and spike mixing layer widthshb andhs,

2. using the total mixing widthh = hb + hs and its rate of
changedh/dt to obtain a time-dependent turbulent diffu-
sivity and viscosityDt, νt ∝ hdh/dt, and;

3. constructing a space–time turbulent diffusivity or viscosity
by multiplying the time-dependent value by a self-similar
profile of the formf (η), whereη ∝ z/h(t) is the similarity

variable (z is the coordinate along the direction of acceler-
ation or shock).

The resulting turbulent diffusivity or viscosity is used for
gradient-diffusion closures of the mean flow equations or is
substituted directly into approximate analytic expressions for
the mean fields, which can then be evolved in space and time.
Thus, the model does not require the solution of auxiliary
turbulent transport equations, which require closure modeling
of many terms and a robust numerical implementation. The
present model only requires the integration of ordinary differ-
ential equations with, for example, analytically specified or nu-
merical value of the acceleration (as obtained self-consistently
from a simulation).

This paper is organized as follows. In Sec.2 the
buoyancy–shear–drag equations are formulated in a unified
manner to include all three instabilities. The equations are
then solved separately for each instability (for constant and
impulsive accelerations) analytically, and the model coeffi-
cients are calibrated using specific values of the instability
growth parameters and exponents. The model equations are
then solved numerically for representative Rayleigh–Taylor,
reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz mixing
layer cases in Sec.3, 4, and5, respectively. The broader appli-
cation of the model is briefly discussed in Sec.6. Finally, a
summary of the modeling methodology, principal results, and
conclusions are given in Sec.7.

2. The generalized buoyancy–shear–drag turbulence model

The generalized buoyancy–shear–drag model equations for
the ‘bubble’ and ‘spike’ mixing layer fronts are formulated and
discussed here, together with the phenomenological construc-
tion of the turbulent diffusivity/viscosity required later to close
the mean flow equations. The model equations combine ele-
ments from previously developed buoyancy–drag models.

2.1. Formulation of the buoyancy–shear–drag equations

Consider a two- or three-dimensional, two-fluid flow con-
sisting of bubbles and spikes in an effective gravitational field
geff(t) and including velocity shearΔv. The densities areρs = ρ1

andρb = ρ2 < ρ1. Thus, with bubbles and spikes correspond-
ing to i = 1 and i = 2, respectively, the Newton second law
equations of motion for the bubble and spike are

ρ3−i
dv3−i

dt
= F3−i

b + F3−i
s + F3−i

vm + F3−i
d + F3−i

abl (1)

with the buoyancy force, shear force, virtual mass (plus pres-
sure) force, drag force, and ablative-stabilization force

F3−i
b (t) = Cb [1− E(t)] (ρ1 − ρ2) geff(t) , (2)

F3−i
s (t) = Cs

ρ2
i ρ3−i

(ρi + ρ3−i)
2

(Δv)2

`3−i(t) δi2 + `i(t) δi1
, (3)

F3−i
vm (t) = −

{
Cvm E(t) ρ3−i +

[
C∗vm+ E(t)

]
ρi
} dv3−i

dt
, (4)
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F3−i
d (t) = −

Cd

b
ρi |v3−i(t)|
`3−i(t)

(5)

×

√√√




Rn

i δi1 + Ri

(
h3−i

hi

)β
δi2


 v3−i(t)





2

+ (Δv)2 ,

F3−i
abl (t) = −Ca

ρi va |v3−i(t)|
`3−i(t)

, (6)

respectively. The characteristic bubble and spike lengthscale
(i.e., radius) is [53]

`3−i(t) ≡
V3−i(t)

b S3−i(t)
= h3−i(t) (7)

for multimode mixing and

`3−i(t) ≡ λ(t) (8)

for single-mode evolution with geometrical factorb (e.g., in
three dimensions,V3−i = 4π`33−i/3 andS3−i = 2π`23−i , so that
b = 2/3; in two dimensions,V3−i = 2π`23−i andS3−i = 2π`3−i ,
so that b = 1). Note that the surface-to-volume ratio is
S3−i(t)/V3−i(t) = 1/(b`3−i). Equation (1) predicts decay rather
than growth ifdv3−i/dt < 0.

This model depends on five dimensionless coefficientsCb,
Cs, Cvm (C∗vm = Cvm + 1 accounts for the pressure gradient
force), Cd, and Ca, and two parametersn and β > 0; the
factor Ri = ρi/(ρi + ρ3−i) introduces a density dependence in
the drag terms, and[hs(t)/hb(t)]2β increases the drag on the
spikes as the spike to bubble amplitude ratio increases [15].
The linear electric motor instability growth experiments with
impulsive accelerations are best fit withn = 0, and the Vetter–
Sturtevant shock tube experiments are best fit withβ = 1 [15].
WhenΔv = 0, these equations describe Rayleigh–Taylor and
Richtmyer–Meshkov instability-induced mixing. Bubbles and
spikes do not generally have well-defined frontal areas and vol-
umes. The dominant bubble and spike can be regarded as co-
herent, large-scale structures in a mixing-length approximation.

The exponential factor in Eqs. (2) and (4) is [21]

E(t) = exp[−Ce k hb(t)] (9)

with Ce = 3 and 2 for two and three dimensions, respectively;
at large times,E(t) ↓ 0, and the conventional equations are
recovered. For small times,E(t) ≈ 1− Cekhb(t). In the single-
mode case,λ(t) is given by an expression of the form [14]

λ(t) = max[λ0,b |h| + (1−m b) λ0] , (10)

wherem is a parameter, or is determined by solving a differen-
tial equation [21]. In the multimode case,k can be interpreted
as an rms wavenumber. In the model applications to multimode
mixing layer fronts below,E(t) = 0.

The bubble and spike velocity in an incompressible flow is

v3−i(t) =
dh3−i

dt
, (11)

where theeffective mixing-length h3−i is the bubble and spike
amplitude satisfying the initial conditionh3−i(0) = h0,i . In a
compressible flowv3−i are bubble and spike velocities relative
to the fluid, so that Eq. (11) is generalized to [13]

v3−i(t) =
dh3−i

dt
+ (−1)i+1 [u3−i(t) − uint(t)] , (12)

whereu1, u2, anduint are the velocities atzint + hb, zint − hs,
and of the interface, respectively. Alternatively, accounting for
(de)compression effects is possible with [43]

v3−i(t) =
dh3−i

dt
+ ωint(t) h3−i(t) , (13)

whereωint is the velocity gradient evaluated at the interfacezint.
In high-energy-density applications (including those involving
blast waves and ablation) [41, 44], Eq. (13) would be used
instead of Eq. (11).

The bubble and spike kinetic energies, kinetic energy dissi-
pation rates, lengthscales, and mixing Reynolds numbers are

K3−i(t) =
v3−i(t)2

2
, ε3−i(t) = −F3−i

d (t) v3−i(t) , (14)

L3−i(t) = CL
K3−i(t)3/2

ε3−i(t)
, Re3−i(t) =

v3−i(t) h3−i(t)
ν

(if the kinematic viscosityν , 0), whereCL is a dimensionless
coefficient. The bubble and spike kinetic energy equation is
given by multiplying Eq. (1) by v3−i :

ρ3−i
dK3−i

dt
= F3−i

b v3−i + F3−i
s v3−i + F3−i

vm v3−i (15)

+F3−i
d v3−i + F3−i

abl v3−i ,

where the terms on the right side are the buoyancy production,
shear production, virtual mass production, dissipation, and ab-
lative destruction terms, respectively. The first, second, and
fourth terms on the right side are analogous to those in the tur-
bulent kinetic energy equation of a Reynolds-averaged turbu-
lence model.

If the flow is accelerated by a shock, the acceleration in Eq.
(2) is approximated by an impulse

geff(t) = Δvsδ(t) , (16)

whereΔvs is the velocity jump due to the shock passage through
the interface. Integrating the buoyancy–drag equations with
shocks can be difficult, in which case it is possible to setCd = 0
anddh3−i/dt = 0 in a shock, for example.

Other refinements of the model developed here are certainly
possible (e.g., as suggested in Ref. [15]).

2.2. Analytical solutions for generic instability-induced mixing

Analytical solutions to the coupled nonlinear ordinary dif-
ferential equations Eq. (1) can be obtained for the multi-
mode case for incompressible Rayleigh–Taylor mixing with
constant acceleration, impulsive Richtmyer–Meshkov mixing,
and Kelvin–Helmholtz mixing under several approximations:
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constant densities, late-time so thatE(t) ↓ 0, constant acceler-
ationgeff(t) = g0 or impulsive acceleration (16), `i(t) → hi(t),
and takingβ = 0 andn = 1, such that Eqs. (2)–(6) simplify to

F3−i
b (t) = Cb (ρ1 − ρ2) g0 , (17)

F3−i
s (t) = Cs

ρ2
i ρ3−i

(ρi + ρ3−i)
2

(Δv)2

h3−i(t) δi2 + hi(t) δi1
, (18)

F3−i
vm (t) = −C∗vmρi

dv3−i

dt
, (19)

F3−i
d (t) = −

Cd

b
ρi |v3−i(t)|

h3−i(t)

√
[Ri v3−i(t)]2 + (Δv)2 , (20)

F3−i
abl (t) = −Ca

ρi va |v3−i(t)|
h3−i(t)

. (21)

2.2.1. Analytical solution for constant acceleration Rayleigh–
Taylor, impulsive Richtmyer–Meshkov, and Kelvin–
Helmholtz mixing

Substituting the generic mixing layer width

hi(t) = Ah,i tθh,i , (22)

where the constant coefficientsAh,i and exponentsθh,i are spe-
cific to each instability, into Eq. (1) with Eqs. (17)–(21) gives

L = Cb (ρ1 − ρ2) g0 (23)

+Cs
ρ2

i ρ3−i

(ρi + ρ3−i)
2

(Δv)2

(
Ah,3−i δi2 + Ah,i δi1

)
tθh,i

−
Cd

b

ρi θh,3−i

t

√
(
Ri θh,3−i Ah,3−i

)2 t2θh,i−2 + (Δv)2

−Ca
ρi va θh,i

t

with L = θh,i
(
θh,i − 1

)(
ρ3−i + C∗vmρi

)
Ah,3−i tθh,i−2.

For Rayleigh–Taylor (Cs = Δv = Ca = 0), Richtmyer–
Meshkov (g0 = Cs = Δv = Ca = 0), and Kelvin–Helmholtz
(Cb = Ri = Ca = 0) instability, the coefficients in the mixing
layer widths and exponents are

Ah,i = αi At g0 , θh,i = 2 , (24)

Ah,i =

(
Δvs

θi h0,i

)θi
, θh,i = θi , (25)

Ah,i = δi |Δv| , θh,i = 1 , (26)

respectively, with Atwood numberAt = (ρ1 − ρ2)/(ρ1 + ρ2) >
0. With these substitutions, Eq. (23) reduces to

2
(
ρ3−i + C∗vmρi

)
α3−i At = Cb (ρ1 − ρ2)

−
4Cd

b
ρi α3−i At

×
(
Rn

i δi1 + Ri δi2
)
,

(θ3−i − 1)
(
ρ3−i + C∗vmρi

)
= −

Cd

b
ρi θ3−i Ri ,

0 = Cs
ρi ρ3−i

(ρi + ρ3−i)
2

1
δ3−i δi2 + δi δi1

−
Cd

b

for each instability, and solving forα3−i , θ3−i , andδ3−i gives

α3−i(Cb,Cd,C
∗
vm) =

Cb (ρ3−i + ρi)

2
[
ρ3−i +

(
C∗vm+

2Cd

b Ri

)
ρi

] , (27)

θ3−i(Cd,C
∗
vm) =

ρ3−i + C∗vmρi

ρ3−i +
(
C∗vm+

Cd

b Ri

)
ρi

, (28)

δ3−i(Cs,Cd) =

√
b Cs

Cd

ρi ρ3−i

(ρi + ρ3−i)
2

(29)

for the bubbles and spikes. It follows that the corresponding
values for the total (bubble plus spike) mixing layer widths are

α = αi + α3−i (30)

=
Cb (ρ3−i + ρi)

2
[
ρi +

(
C∗vm+

2Cd

b R3−i

)
ρ3−i

]

+
Cb (ρ3−i + ρi)

2
[
ρ3−i +

(
C∗vm+

2Cd

b Ri

)
ρi

] ,

δ = δi + δ3−i = 2

√
b Cs

Cd

ρi ρ3−i

(ρi + ρ3−i)
2
. (31)

Note that the bubble and spike growth exponents for
Richtmyer–Meshkov mixing are not additive. However, for
very large times,θ → max(θb, θs) = θs.

These analytical solutions confirm that the model equations
are consistent with the expected temporal scalings of mixing
[i.e., Eqs. (24)–(26)] induced by the instabilities under con-
sideration. In addition, the solutions provide relationships be-
tween growth parameters and exponents and the model coef-
ficients (analogous to those obtained in self-similar analyses
of Reynolds-averaged models) that can be used to calibrate the
model as a function of Atwood number.

Using Eqs. (11), (20), and (22), Eqs. (14) become

K3−i(t) =
(
θh,3−i Ah,3−i

)2 t2θh,3−i−2

2
, (32)

ε3−i(t) =
Cd

b
ρi θ

2
h,3−i Ah,3−i tθh,3−i−2 (33)

×
√

(
Ri θh,3−i Ah,3−i

)2 t2θh,3−i−2 + (Δv)2 ,

L3−i(t) =
b CL θh,3−i

(
Ah,3−i

)2

23/2 Cd ρ3−i
t2θh,3−i−1 (34)

×
1

√
(
Ri θh,3−i Ah,3−i

)2 t2θh,3−i−2 + (Δv)2
,

Re3−i(t) =
θh,3−i A2

h,3−i t2θh,3−i−1

ν
(35)
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for the bubble and spike, so that the total (bubble plus spike)
values are given by the general expressions

K(t) = K1(t) + K2(t) =
θ2h

(
Ah,1 + Ah,2

)2 t2θh−2

2
, (36)

ε(t) = ε1(t) + ε2(t) =
Cd

b
θ2h tθh−2 (37)

×
[
ρ1 Ah,2

√
(
R1 θh Ah,2

)2 t2θh−2 + (Δv)2

+ρ2 Ah,1

√
(
R2 θh Ah,1

)2 t2θh−2 + (Δv)2
]
,

L(t) = L1(t) + L2(t) (38)

=
b CL θh

23/2 Cd
t2θh−1

×
[ (

Ah,1
)2

ρ1

√
(
R2 θh Ah,1

)2 t2θh−2 + (Δv)2

+

(
Ah,2

)2

ρ2

√
(
R1 θh Ah,2

)2 t2θh−2 + (Δv)2

]
,

Re(t) = Re1(t) + Re2(t) =
θh

(
A2

h,1 + A2
h,2

)
t2θh−1

ν
(39)

for Rayleigh–Taylor and Kelvin–Helmholtz mixing (and with
more general expressions for Richtmyer–Meshkov mixing as
θ3−i , θi). These expressions provide the general temporal scal-
ings of these quantities. Similar expressions can be obtained
numerically for the more general model given by solving Eqs.
(1)–(6). The valueCL = 1 will be assumed hereafter.

2.3. Model calibration using instability growth parameters and
exponents

Two types of calibrations can be performed, appropriate for
small and larger Atwood number cases. In the former case,
symmetry between bubbles and spikes allows the calibrations
to use the bubble (or spike) values of growth parameters and
exponents. This choice has been utilized in calibrations of a
K–L andK–L–a turbulence model using self-similar solutions
obtained in the small Atwood number (i.e., Boussinesq) limit
[52, 54]. In the latter case, the total values of the growth param-
eters and exponents are used instead as there is an asymmetry
between the bubble and spike fronts. The expressions for the
growth parameters and exponent provide three equations for
four coefficientsCb, C∗vm, Cd, andCs; a value ofC∗vm will be
assumed below. Only the three-dimensional case is considered
here, so thatb = 2/3.

The calibration appropriate for finite Atwood number de-
scribed above will be used here. WithRi = 1 and using
At = (ρs − ρb)/(ρs + ρb) andρs/ρb = (1+ At)/(1− At), it fol-

lows that

α(Cb,Cd,C
∗
vm) =

Cb (ρb + ρs)

2
[
ρb +

(
C∗vm+

2Cd

b

)
ρs

] (40)

+
Cb (ρs + ρb)

2
[
ρs +

(
C∗vm+

2Cd

b

)
ρb

]

=
Cb(

1−At
1+At + C∗vm+ 2 Cd

b

)
(1+ At)

+
Cb(

1+At
1−At + C∗vm+ 2 Cd

b

)
(1− At)

,

θ(Cd,C
∗
vm) =

ρb + C∗vmρs

ρb +
(
C∗vm+

Cd

b

)
ρs

=

1+At
1−At + C∗vm

1+At
1−At + C∗vm+

Cd

b

, (41)

δ(Cs,Cd) = 2

√
b Cs

Cd

ρb ρs

(ρb + ρs)
2
=

√
b Cs

Cd

(
1− At2

)
, (42)

each of which is a function of Atwood number. Kelvin–
Helmholtz growth decreases with increasingAt, with the same
dependence as in the linear growth rate. Solving these equa-
tions gives the analytic expressions for the model coefficients

Cb(α, θ) =
α
[
At(C∗vm− 1)−C∗vm− 1

]
(θ − 2)

2θ
{
At

[
2+ C∗vm(θ − 2) − 3θ

]
−

(
1+ C∗vm

)
(θ − 2)

}

(43)
×

[
At (4− 6θ) + At2

(
C∗vm− 1

)
(θ − 2) −

(
1+ C∗vm

)
(θ − 2)

]
,

Cd(θ) =
b (1− θ)

[
1+ C∗vm+

(
1−C∗vm

)
At

]

θ (1− At)
, (44)

Cs(δ) =
(1− θ)

[
1−

(
C∗vm− 1

)
At+ C∗vm

]
δ2

θ
(
1− At2

)2 (1+ At)
(45)

with At , 1. Note the strong dependence ofCb on At.
For example, taking (see Ref. [55])

α = 0.05 , θ = 0.30 , δ = 0.07 (46)

for Rayleigh–Taylor, Richtmyer–Meshkov [56, 57], and
Kelvin–Helmholtz mixing [58, 59], respectively, gives the co-
efficients

Cb(C∗vm,At) =
0.1417

[
At(C∗vm− 1)−C∗vm− 1

]

At
(
1.1− 1.7C∗vm

)
+ 1.7

(
1+ C∗vm

) (47)

×
[
2.2At− 1.7At2

(
C∗vm− 1

)
+ 1.7

(
1+ C∗vm

)]
,

Cd(C∗vm,At) =
1.5556

[
1+ C∗vm+

(
1−C∗vm

)
At

]

1− At
, (48)

Cs(C
∗
vm,At) =

0.0114
[
1−

(
C∗vm− 1

)
At+ C∗vm

]

(
1− At2

)2 (1+ At)
(49)

so that withC∗vm = 2 (a different value could be chosen):
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1. in the Boussinesq limit of small density contrast forAt =
0.05,

Cb = 0.4364 , Cd = 4.8304 , Cs = 0.0356, (50)

and;
2. for At = 0.5,

Cb = 0.5178 , Cd = 7.7778 , Cs = 0.0762. (51)

The general expressions (47)–(49) will be used in the model
applications below, where the full (rather than simplified) equa-
tions will be solved numerically. More generally, in a numerical
computation, a time-dependent value ofAt could also be used
rather than a constant value. Note that the calibrated coefficients
obtained from self-similar solutions of Reynolds-averaged tur-
bulence models are typically independent of Atwood number as
a result of assumingAt ≈ 0 [52].

The buoyancy–drag–shear ordinary differential equations are
solved here using theMathematicaR© functionNDSolve (with
theStiffnessSwitching Method option for the Richtmyer–
Meshkov case).MathematicaR© is also used to construct and
evolve the mean and turbulent fields.

2.4. Construction of turbulent diffusivity and viscosity

Using Eq. (22), a mixing layer turbulent diffusion coefficient
is given dimensionally for each instability by the general ex-
pression

Dh(t) = CD h
dh
dt

(52)

= CD

(
Ah,3−i tθh,3−i + Ah,i tθh,i

)

×
(
θh,3−i Ah,3−i tθh,3−i−1 + θh,i Ah,i tθh,i−1

)
,

whereCD is a dimensionless coefficient. Note that Eq. (52)
simplifies to

Dh(t) = CD θh,i
(
Ah,3−i + Ah,i

)2 t2θh,i−1 (53)

for Rayleigh–Taylor and Kelvin–Helmholtz mixing. The corre-
sponding mixing layer turbulent viscosity coefficient isνh(t) =
SctDh(t), whereSct is the (constant) turbulent Schmidt number
(assumed to be 0.7 here).

An alternative expression is inspired by theK–ε model [55–
57] with K andε given by Eqs. (36) and (37):

νh(t) = Cν
K(t)2

ε(t)
(54)

=
Cν bθ2h

(
Ah,1 + Ah,2

)4 t3θh−2

4Cd

×
[
ρ1 Ah,2

√
(
R1 θh Ah,2

)2 t2θh−2 + (Δv)2

+ρ2 Ah,1

√
(
R2 θh Ah,1

)2 t2θh−2 + (Δv)2
]−1

= Sct Dh(t) . (55)

This expression will be used in the applications below with
Cν = 1, Dh→ Dt, andνh→ νt.

Assuming an inverse parabolic profile, as used in self-
similarity analysis of turbulence models [52, 54, 60, 61], a
spatially-dependent turbulent diffusion coefficient can be con-
structed as a function of the form (zint is the location of the
initial interface separating the heavy and light fluids) [51]

Dt(z, t) = Dh(t)

[

1+
z− zint

hb(t)

][

1−
z− zint

hs(t)

]

(56)

≈ Dh(t)

[

1−
4(z− zint)

2

h(t)2

]

,

and the last inverse parabolic expression follows ifhb(t) ≈ hs(t)
(i.e., if At � 1). Another possibility is a Gaussian function of
the form

Dt(z, t) = Dh(t) exp

[

−
(z− zint)

2

hb(t) hs(t)

]

(57)

≈ Dh(t) exp

[

−
4(z− zint)

2

h(t)2

]

or a product of a parabolic and Gaussian function of the form

Dt(z, t) = Dh(t)

[

1+
z− zint

hb(t)

][

1−
z− zint

hs(t)

]

(58)

× exp

[

−
(z− zint)

2

hb(t) hs(t)

]

≈ Dh(t)

[

1−
4(z− zint)

2

h(t)2

]

exp

[

−
4(z− zint)

2

h(t)2

]

.

The corresponding turbulent viscosity is

νt(z, t) = Sct Dt(z, t) . (59)

The parabolic and parabolic–Gaussian forms have tails at the
edges of the mixing layer, similar to those observed in experi-
ments and numerical simulations. The profiles (56)–(58) have
their maximum values atz= zint. In the subsequent applications
of the model, the form (58) will be assumed withzint = 0.

2.5. Approximate analytic solutions for mean fields

It will be assumed that the light and heavy fluid occupyz <
zint and z > zint, wherezint is the interface position, and that
the flows are incompressible. Reynolds- and Favre-averaged
quantities,φ andφ̃ = ρφ/ρ, respectively, will be used below.

2.5.1. Rayleigh–Taylor and Richtmyer–Meshkov mixing
For Rayleigh–Taylor and Richtmyer–Meshkov mixing the

mean heavy fluid mass fraction transport equation is the non-
linear advection–diffusion equation

ρ

(
∂

∂t
+ w̃

∂

∂z

)

m̃H =
∂

∂z

(

ρD
∂m̃H

∂z
− ρm′′H w′′

)

(60)

=
∂

∂z

[

ρ (D + Dt)
∂m̃H

∂z

]

in the Fickian diffusion approximation (the mean light fluid
mass fraction is̃mL = 1 − m̃H). A good approximation for
the solution of this equation can be motivated as follows. In a
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reference frame moving with the mean advection velocityw̃, so
that the advection term is zero, and with the Boussinesq approx-
imation for the mean density, first note that the exact solution
for Dt = 0 (molecular diffusion only) of the simplified equation

∂m̃H

∂t
=
∂

∂z

[
(D + Dt)

∂m̃H

∂z

]

(61)

is given by an error function [62]

m̃H(z, t) =
1
2

{

1+ erf

[
z− zint
√

D t

]}

(62)

≈
1
2



1+

2(z− zint)
√
π
√

D t
+ O(z3)



 ,

(i.e., the error function is linear within the core of the mixing
layer). Second, note that the solution consistent with Eq. (61)
with D = 0 is a linear function [52, 54]

m̃H(z, t) =
1
2

[

1+
2(z− zint)

h(t)

]

≈
1
2

{

1+ erf

[
2(z− zint)

h(t)

]}

(63)
(the
√
π/2 ≈ 0.87 factor multiplying the error function is omit-

ted to keep̃mH ∈ [0,1]).
These observations inspire the approximate analytic form

(whereh0 = h0,b + h0,s and δ0 is the initial diffuse interface
width)

m̃H(z, t) =
1
2

{

1+ erf

[
2(z− zint)

δ0 + h0 + hmix(t)

]}

(64)

with several possibilities forhmix(t):

hmix(t) =





h(t)
√

2[D + Dt(t)] t√
2
∫ t

0
[D + Dt(t′)/CD dt′

. (65)

The first choice corresponds to self-similar theory, where the
similarity variable is

η =
2z
h(t)
, (66)

and will be used in the applications below. The second choice
can be regarded as the generalization of the molecular diffusion
solution to include turbulent diffusion. Finally, the third choice
arises from Eq. (52) with Dh→ Dt:

Dt(t) = CD h
dh
dt

= CD
d
dt

(
h2

2

)

, (67)

which can be integrated to obtain

h(t) =

√
2

CD

∫ t

0
Dt(t′) dt′ . (68)

The integral form of this expression utilizes the time-history of
Dt, as compared to the second expression, which is local in time
(but equivalent to the integral expression for simple power-law

time dependences ofDt). For example, using Eq. (53) in Eq.
(68) it follows that

h(t) =

√

2θh,i
(
Ah,3−i + Ah,i

)2
∫ t

0
(t′)2θh,i−1 dt′ (69)

=
(
Ah,3−i + Ah,i

)
tθh,i ,

explicitly showing the consistency of these formulations.
Similarly, using the above approximations the mean density

is

ρ(z, t) = ρ0 +
Δρ

2
erf

[
2(z− zint)

δ0 + h0 + hmix(t)

]

, (70)

whereρ0 = (ρb + ρs)/2 andΔρ = ρs − ρb. It is useful to briefly
discuss how the width of the initial mass diffusion layer and
molecular diffusivity affect the model predictions. These quan-
tities affect thegrowth rateof the instability and can influence
how rapidly the instability grows, becomes nonlinear, and even-
tually transitions to a fully turbulent state if a sufficently large
Reynolds number is achieved.

The initial diffusion layer width and diffusivity can influence
the very early time evolution of the mean fields. From Eq. (64),
it is seen from the denominator of the argument of the error
function that the value ofδ0 will influence the very early time
spreading of the mean mass fraction, i.e., the solution depends
onδ0 as long as its value is larger thanh0+hmix(t); however, the
flow becomes independent of the value ofδ0 onceh0 + hmix(t)
exceedsδ0. From the second expression in Eq. (65), the value
of the molecular diffusivity D can influence the very early time
evolution of the mean mass fraction (and, hence, how early in
time there is a transition to turbulence) as long as its value is
less than the turbulent diffusivity Dt.

In a more general implementation of the model (for example,
where the density variation cannot be neglected), Eq. (61) cou-
pled to the mean density, momentum, internal (or total) energy,
and any other Reynolds-averaged equations is solved numeri-
cally, as briefly discussed in Sec.6. In problems with more
than one interface, the buoyancy–drag–shear equations can be
solved at each interface with local input data.

2.5.2. Kelvin–Helmholtz mixing
For Kelvin–Helmholtz mixing, the mean shear velocity

transport equation is

ρ

(
∂

∂t
+ w

∂

∂z

)

v =
∂

∂z

(

μ
∂v
∂z
− ρ v′ w′

)

(71)

=
∂

∂z

[
(μ + μt)

∂v
∂z

]

.

Using the arguments propounded in Sec.2.5.1 above for
Rayleigh–Taylor and Richtmyer–Meshkov mixing, the simpli-
fied form of this equation

∂v
∂t

=
∂

∂z

[
(ν + νt)

∂v
∂z

]

(72)

has an approximate analytic solution

v(z, t) = v0

{

1+ Atv erf

[
2(z− zint)

δ0 + h0 + hmix(t)

]}

, (73)
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where v0 = (vs + vb)/2 is the average stream velocity and
Atv = (vs − vb)/(vb + vs) is the ‘velocity Atwood number’ in
analogy with the usual density Atwood number. There are sev-
eral possibilities forhmix(t):

hmix(t) =





h(t)
√

2[ν + νt(t)] t√
2
∫ t

0
[ν + νt(t′)] dt′

(74)

with νt(t) = SctDt(t). Note that in shear-driven mixing there are
no ‘bubbles’ or ‘spikes’; however, the notation is retained here
for consistency with the previously discussed cases.

As in the case of Rayleigh–Taylor and Richtmyer–Meshkov
mixing, the initial diffusion layer width and viscosity can in-
fluence the very early time evolution of the mean fields. From
Eq. (73), it is seen from the denominator of the argument of
the error function that the value ofδ0 will influence the very
early time spreading of the mean shear velocity, i.e., the solu-
tion depends onδ0 as long as its value is larger thanh0+hmix(t);
however, the flow becomes independent of the value ofδ0 once
h0+hmix(t) exceedsδ0. From the second expression in Eq. (74),
the value of the molecular viscosityν can influence the very
early time evolution of the mean mass fraction (and, hence,
how early in time there is a transition to turbulence) as long
as its value is less than the turbulent viscosityνt.

More generally, Eq. (71) coupled to other Reynolds-
averaged equations can be solved numerically, as briefly dis-
cussed in Sec.6.

3. Application to Rayleigh–Taylor mixing
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Figure 1: Time-evolution of the bubble, spike, and total mixing layer widths
given by Eqs. (22) and (24) for Rayleigh–Taylor mixing.

Let geff = g0 = 981 cm/s2, ρb = 1 g/cm3, ρs = 3 g/cm3,
At = 0.5, ν = D = 0.01 cm2/s, δ0 = 0.1 cm,h0,b = h0,s = 0.01
cm, v0,b = v0,s = 0, andzint = 0. The final time ist f = 10 s.
This case is an adaptation of the Rayleigh–Taylor mixing case
considered in Ref. [55].

Figure1 shows the time-evolution of the bubble, spike, and
total mixing layer widths, and Fig.2 shows the corresponding
values of the growth parametersαb,s(t) = hb,s(t)/

(
Atg0t2

)
. The
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Figure 2: Time-evolution of the bubble, spike, and total mixing layer growth
parameters given by Eqs. (36)–(39) together with Eq. (24) for Rayleigh–Taylor
mixing.
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Figure 3: Time-evolution of the turbulent kinetic energy, kinetic energy dissipa-
tion rate, lengthscale, diffusivity, and mixing Reynolds number for Rayleigh–
Taylor mixing.

widths grow quadratically in time, as expected for self-similar
Rayleigh–Taylor mixing. Constant (asymptotic) values ofαb

andαs are attained rapidly following a short transient, with the
value ofα in agreement with the calibration. At the final time
αb = 0.014 andαs = 0.037, andαs/αb = 2.71.

Figure 3 shows the time-evolution of the turbulent kinetic
energy, kinetic energy dissipation rate, lengthscale, diffusiv-
ity, and mixing Reynolds number (36)–(39) on a log-log scale.
Transient growth is observed at early times, transitioning to the
expected power-laws growths fort > 0.3 s.

Figures4–7 show the spatiotemporal evolution of the turbu-
lent kinetic energy, kinetic energy dissipation rate, lengthscale,
and diffusivity, as constructed using the procedure described in
Sec.2.4. The peak values of the fields grow with the expected
t2, t, t2, and t3 power-laws, respectively. At early times, the
profiles are a maximum near the interfacezint = 0 and exhibit
increasing asymmetry toward the light (bubble) side as time
evolves. The locations of the peak values also shift towards
the bubble side at an increasing rate.

Figures8 and 9 show the spatiotemporal evolution of the
mean heavy mass fraction and density given by Eqs. (64) and
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Figure 4: Spatiotemporal evolution of the turbulent kinetic energy (36) for
Rayleigh–Taylor mixing.
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Figure 5: Spatiotemporal evolution of the turbulent kinetic energy dissipation
rate (37) for Rayleigh–Taylor mixing.

(70). The initial values are slightly diffused step functions, with
the profiles widening and becoming less steep as the mixing
progresses. These profiles are much more symmetric about the
interface than the turbulent fields. Both profiles are nearly lin-
ear within the core of the mixing layer−h(t)/3. z. h(t)/3.

4. Application to reshocked Richtmyer–Meshkov mixing

With the same approximation used in Sec.3 above, Eqs.
(61)–(70) are formally the same for Richtmyer–Meshkov mix-
ing. Consider an air/sulfur hexafluoride case withΔvs = 981
cm/s2, Δvr = 1.2Δvs at tres = 5 s, ρb = 1.225× 10−3 g/cm3,
ρs = 6.164× 10−3 g/cm3, At = 0.67, D = 0.151 cm2/s (the
average value of a 50%/50% mixture of air and SF6), δ0 = 0.1
cm, h0,b = h0,s = 0.01 cm,v0,b = v0,s = Δvs, andzint = 0. The
acceleration representing the initial and second shock is taken
as

geff(t) =




Δvs exp

(
−1000t2

)
if t < tres

Δvr exp
[
−1000(t − tres)

2
]

if t ≥ tres
, (75)

where the exponential factors make the acceleration zero for
times between the first and second shocks, and are thus effec-
tively delta functions att = 0 andt = tres. The final time is
t f = 10 s.
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Figure 6: Spatiotemporal evolution of the turbulent lengthscale (38) for
Rayleigh–Taylor mixing.
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Figure 7: Spatiotemporal evolution of the turbulent diffusivity (58) for
Rayleigh–Taylor mixing.

Figure 10 shows the time-evolution of the bubble, spike,
and total mixing layer widths. The widths evolve with the
same power-laws given by Eqs. (22) and (25) before and after
reshock. This width is similar to that phenomenologically pro-
posed by Mikaelian [63]. Figure11 shows the time-evolution
of the bubble and spike growth exponents up to the time of
reshock. These values are obtained by solving the transcen-
dental equations

hb,s(t) =

(
Δvs t
θb,s h0,b,s

)θb,s
(76)

for the exponents at each time before reshock. At the time of
reshock,θb = 0.17 andθs = 0.34, with θs/θb = 2.0, and at the
final time after reshock,θb = 0.24 andθs = 0.44, with θs/θb =

1.8. The bubble width is significantly smaller than the spike
width. Bothθb andθs are slowly decreasing with time: when
the layer is evolved much longer in time and without reshock,
the numerical value of the spike (and total) exponent agrees
closely with the calibration value.

Figure12 shows the time-evolution of the turbulent kinetic
energy, kinetic energy dissipation rate, lengthscale, diffusiv-
ity, and mixing Reynolds number (36)–(39) on a log-log scale.
Transient growth is observed at early times, transitioning to the
expected power-laws decays fort > 0.014 s following passage
of the initial shock. At reshock, there is a strong amplification
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Figure 8: Spatiotemporal evolution of the mean heavy mass fraction (64) for
Rayleigh–Taylor mixing.
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Figure 9: Spatiotemporal evolution of the mean density (70) for Rayleigh–
Taylor mixing.

of the fields as expected, after which the expected power-law
decays are evident (except for the lengthscale, which continues
to grow).

Figures13–16 show the spatiotemporal evolution of the tur-
bulent kinetic energy, kinetic energy dissipation rate, length-
scale, and diffusivity, as constructed using the procedure de-
scribed in Sec.2.4. Before reshock, the peak values of the tur-
bulent kinetic and its dissipation rate decrease with the expected
t2θ−2 andt2θ−3 power-laws (not seen on the scale of the plots),
while the peak values of the turbulent lengthscale and viscos-
ity grow with the expectedtθ and t2θ−1 power-laws. Reshock
then amplifies all of the fields instantaneously, after which they
decrease as the flow is in a decaying state. At early times, the
profiles are a maximum near the interfacezint = 0 and exhibit
increasing asymmetry toward the light (bubble) side as time
evolves (as in Rayleigh–Taylor mixing).

Figures17 and18 show the spatiotemporal evolution of the
mean heavy mass fraction and density given by Eqs. (64) and
(70). Before reshock, the profiles slowly widen as the mixing
layer grows, with the widening significantly enhanced follow-
ing reshock when the layer grows much more rapidly due to
the additional energy imparted into the evolving layer by the
second shock (or impulse).
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Figure 10: Time-evolution of the bubble, spike, and total mixing layer widths
given by Eqs. (22) and (25) for reshocked Richtmyer–Meshkov mixing.
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Figure 11: Time-evolution of the bubble and spike mixing layer growth expo-
nents up totr for reshocked Richtmyer–Meshkov mixing.

5. Application to Kelvin–Helmholtz mixing

Let geff = 0, vb = 920 cm/s, vs = 140 cm/s,Δv = vb − vs =

780 cm/s,ρb = 1.664× 10−4 g/cm3, ρs = 1.165× 10−3 g/cm3,
At = 0.75,ν = 0.01 cm2/s,δ0 = 0.1 cm,h0,b = h0,s = 0.01 cm,
v0,b = v0,s = 0, andzint = 0. The final time ist f = 2 s. This case
corresponds to the nitrogen/helium Kelvin–Helmholtz mixing
case considered in Ref. [64].

Figure19shows the time-evolution of the bubble, spike, and
total mixing layer widths, and Fig.20 shows the correspond-
ing values of the growth parametersδb,s(t) = hb,s(t)/(Δvt).
The widths grow linearly in time, as expected for self-similar
Kelvin–Helmholtz mixing, with the bubble width growing
slightly faster than the spike width. Constant (asymptotic) val-
ues ofδb = 0.038 andδs = 0.033 are attained rapidly, with
the value ofδ in agreement with the calibration. For this finite
Atwood number case, there is a slight asymmetry between the
bubble and spike fronts.

Figure21 shows the time-evolution of the turbulent kinetic
energy, kinetic energy dissipation rate, lengthscale, viscosity,
and mixing Reynolds number (36)–(39) on a log-log scale.
Unlike in the Rayleigh–Taylor and Richtmyer–Meshkov cases,
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Figure 12: Time-evolution of the turbulent kinetic energy, kinetic energy dissi-
pation rate, lengthscale, diffusivity, and mixing Reynolds number given by Eqs.
(36)–(39) together with Eq. (25) for reshocked Richtmyer–Meshkov mixing.
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Figure 13: Spatiotemporal evolution of the turbulent kinetic energy (36) for
reshocked Richtmyer–Meshkov mixing.

transient growth is not observed at early times. The lengthscale,
viscosity, and Reynolds number grow with the expected power
laws, the dissipation rate decreases with the expected power-
law, and the kinetic energy remains constant.

Figures22–25 show the spatiotemporal evolution of the tur-
bulent kinetic energy, kinetic energy dissipation rate, length-
scale, and viscosity, as constructed using the procedure de-
scribed in Sec.2.4. The peak values of the fields grow with the
expectedt0, t−1, t, andt power-laws, respectively. The profiles
are slightly asymmetric aboutzint = 0 asAt > 0. The turbulent
kinetic energy profile broadens with time, but the peak value
remains constant.

Figure 26 shows the spatiotemporal evolution of the mean
shear velocity given by Eq. (73). The profile evolves from a
slightly diffuse step function at the initial time to wider profiles
with a decreasing gradient (analogous to the mean density in
Rayleigh–Taylor mixing). Note that the profile is nearly linear
within the core of the layer. The self-similar mean shear veloc-
ity is linear in the self-similar variable (66) [55, 61]. Figure27
shows the spatiotemporal evolution of the mean density given
by Eq. (70). The profiles slowly widen as the mixing layer
grows and become nearly linear at the latest time.
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Figure 14: Spatiotemporal evolution of the turbulent kinetic energy dissipation
rate (37) for reshocked Richtmyer–Meshkov mixing.
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Figure 15: Spatiotemporal evolution of the turbulent lengthscale (38) for
reshocked Richtmyer–Meshkov mixing.

6. Remarks on applications to more general flows

The model proposed here was applied as a proof-of-principle
to pure Rayleigh–Taylor, reshocked Richtmyer–Meshkov, and
Kelvin–Helmholtz mixing in Secs.3–5 to demonstrate its util-
ity. The application of the model to more general flows driven
by hydrodynamic instabilities such as those encountered in as-
trophysics is briefly outlined here. Potential applications of this
model include supernova explosions and molecular cloud dy-
namics, in which all three instabilities coexist.

The general hydrodynamic equations describe the conserva-
tion of mass, momentum, total (or internal) energy, and species
mass fractions. The multicomponent Reynolds-averaged forms
of these equations [56, 57]

∂ρ

∂t
+
∂

∂xj

(
ρ ṽj

)
= 0, (77)

∂

∂t
(ρ ṽi) +

∂

∂xj

(
ρ ṽi ṽj

)
= ρ gi −

∂p
∂xi

+
∂σi j

∂xj
−
∂τi j

∂xj
, (78)
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Figure 16: Spatiotemporal evolution of the turbulent diffusivity (58) for
reshocked Richtmyer–Meshkov mixing.
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Figure 17: Spatiotemporal evolution of the mean heavy mass fraction (64) for
reshocked Richtmyer–Meshkov mixing.

∂

∂t
(ρ ẽ) +

∂

∂xj

(
ρ ẽṽj

)
= ρ gj ṽj −

∂

∂xj

(
pṽj + p v′′j

)
(79)

−
∂

∂xj

(
τi j v′′i

)
+
∂

∂xj

(
σi j v′′i

)

+
∂

∂xj


(κ + κt)

∂T̃
∂xj

+
μt

σU

∂Ũ
∂xj




+
∂

∂xj

[(

μ +
μt

σK

)
∂K
∂xj

]

+
∂H j

∂xj
,

∂

∂t
(ρ m̃r ) +

∂

∂xj

(
ρ m̃r ṽj

)
= Rr −

∂Jr, j

∂xj
+
∂

∂xj

(
μt

σm

∂m̃r

∂xj

)

, (80)

have been closed using gradient-diffusion closures,whereσi j =

2μS∗i j is the mean viscous stress tensor,

τi j = ρv′′i v′′j =
2
3
ρK δi j − 2μt S̃∗i j (81)

is the Reynolds stress tensor (in the Boussinesq approximation),
S̃∗i j = (1/2)

[
∂̃vi/∂xj + ∂̃vj/∂xi − (2/3)δi j ∂̃vk/∂xk

]
is the trace-

less mean strain-rate tensor,

v′′i =
νt
σρ ρ

(
∂ρ

∂xi
−
ρ

γ p
∂p
∂xi

)

(82)
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Figure 18: Spatiotemporal evolution of the mean density (70) for reshocked
Richtmyer–Meshkov mixing.
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Figure 19: Time-evolution of the bubble, spike, and total mixing layer widths
given by Eqs. (22) and (26) for Kelvin–Helmholtz mixing.

is the averaged Favre fluctuating velocity (or mass flux ve-
locity), ẽ = ṽ2/2 + K + Ũ is the mean total energy,̃U =

p/
[
(γ − 1) ρ

]
is the mean internal energy (for an ideal gas with

mixture adiabatic exponentγ), κ = ρcpχ̃ is the mean thermal
conductivity,r labels the species,

Jr, j = −ρ


Dr
∂m̃r

∂xj
− m̃r

∑

s

Ds
∂m̃s

∂xj


 , (83)

H j = −
∑

r

hr Jr, j + ρDt

∑

r

hr
∂m̃r

∂xj
, (84)

Dr is the mean molecular diffusivity of fluid r, hr = Ũr + pr/ρr
is the mean enthalpy of fluidr, andRr is the mean (e.g., ther-
monuclear) reaction rate of fluidr. The turbulent viscosity, dif-
fusivity, and conductivity are

νt =
μt

ρ
= Cν

K2

ε
, Dt =

νt
Sct
, κt =

ρ cp νt

Prt
. (85)

Equations (77)–(80) are solved numerically (with given val-
ues of the turbulent Schmidt and Prandtl numbers,Sct andPrt,
in conjunction with the buoyancy–shear–drag equations at each
interface, with the bubble and spike widths used to construct
the turbulent diffusivity, viscosity, and conductivity needed for
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Figure 20: Time-evolution of the bubble, spike, and total mixing layer growth
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pation rate, lengthscale, viscosity, and mixing Reynolds number given by Eqs.
(36)–(39) together with Eq. (26) for Kelvin–Helmholtz mixing.

the gradient-diffusion closures. No modeled turbulent transport
equations are needed.

7. Summary and conclusions

The theoretical model proposed and demonstrated here for
binary mixing is based on the observation that the mean field
evolution is fundamentally determined by a turbulent diffusivity
and viscosity (as assumed in the original mixing-length turbu-
lence models) if gradient-diffusion models are used to close the
turbulent fluxes in the mean transport equations, i.e., equations
for the turbulent kinetic energy and another quantity (turbulent
kinetic energy dissipation rate or lengthscale) are not essential.
The model equations combine elements of previously devel-
oped buoyancy–drag models, and also incorporate shear in a
unified manner. This model can thus be regarded as intermedi-
ate between a buoyancy–drag model and a Reynolds-averaged
transport model.

The buoyancy–shear–drag equations for the bubble and spike
were first solved analytically for simplified configurations cor-
responding to each instability (for which the equations ad-
mit scale-similar solutions) to obtain the relations between the
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Figure 22: Spatiotemporal evolution of the turbulent kinetic energy (36) for
Kelvin–Helmholtz mixing.
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Figure 23: Spatiotemporal evolution of the turbulent kinetic energy dissipation
rate (37) for Kelvin–Helmholtz mixing.

model coefficients and observables (i.e., the instability growth
parameters and exponentsα, θ, andδ); these relations were in-
verted to obtain the model coefficients as functions of the ob-
servables, Atwood number, and virtual mass coefficient. Us-
ing specific values of the observables, the equations of the cal-
ibrated model were then solved numerically for the bubble and
spike mixing layer widths for representative mixing cases corre-
sponding to each instability to obtain the time-dependent turbu-
lent diffusivity or viscosity. These quantities were converted to
spatial fields by multiplying their time-dependent values by an
assumed space–time profile motivated by self-similarity; the re-
sulting expressions were then used to solve the mean flow equa-
tions numerically in conjunction with other Reynolds-averaged
equations. The calibration method is analogous to that used
in the self-similar approximation of Reynolds-averaged turbu-
lence models.

To demonstrate the application of the model, the numer-
ically obtained time-dependent turbulent diffusivity and vis-
cosity were used to evolve the mean heavy mass fraction for
Rayleigh–Taylor and reshocked Richtmyer–Meshkov mixing
and mean shear velocity for Kelvin–Helmholtz mixing in space
and time using approximate analytic solutions to the pertinent
mean flow equations inspired by self-similarity theory. Specifi-
cally, in a reference frame moving with the mean velocity (such
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Figure 24: Spatiotemporal evolution of the turbulent lengthscale Eq. (38) for
Kelvin–Helmholtz mixing.
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Figure 25: Spatiotemporal evolution of the turbulent viscosity Eq. (59) for
Kelvin–Helmholtz mixing.

that the mean advection terms vanish), the mean flow equations
reduce to diffusion equations with approximate analytical so-
lutions given by error function profiles: these solutions can be
regarded as extensions of the well-known molecular diffusion
solutions to the turbulent case.

It was shown that the numerical solutions of the model cali-
brated using specific values of the instability growth parameters
and exponents:

1. produces mixing layer widths in agreement with the ex-
pected self-similar growth power laws in time;

2. gives spatiotemporal profiles of turbulent fields (kinetic
energy, kinetic energy dissipation rate, lengthscale, diffu-
sivity, and viscosity) that are both expected and consistent
with previous results, including the asymmetry between
bubbles and spikes;

3. predicts the expected power-law growths and decays of the
spatially-integrated turbulent fields, and;

4. gives spatiotemporal profiles of the mean fields that are
both expected and consistent with previous results.

For reshocked Richtmyer–Meshkov mixing, it was shown that
the model reproduces the rapid growth of turbulence and mix-
ing induced by the second shock interaction with the evolving
bubble and spike side layers. The more general application of
the model to other hydrodynamic instability-driven turbulent
flows was discussed.
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Figure 26: Spatiotemporal evolution of the mean shear velocity Eq. (73) for
Kelvin–Helmholtz mixing.
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Figure 27: Spatiotemporal evolution of the mean density (70) for Kelvin–
Helmholtz mixing.

The theoretical model developed and demonstrated here can
be quite useful for a variety of scientific and applied physics ap-
plications, including astrophysics, inertial confinement fusion,
and high-energy-density physics where turbulence and mixing
have an important role and are challenging to model physically
and implement numerically. In the future, additional model val-
idation using simulation and experimental data would be very
useful.
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