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Abstract— One of the greatest challenges in applying compres-
sive sensing (CS) signal processing techniques to electromagnetic
imaging applications is designing a sensing matrix that has
good reconstruction capabilities. Compressive reflector antennas
(CRA) are a class of antennas that have been shown to provide
enhanced image reconstruction performance over traditional
reflector antennas (TRA) when CS techniques are employed.
In this paper, we present a unified CRA design method, which
considers both the sensing capacity and efficiency of the antenna,
and can be used for both compressive imaging and multiple-
input multiple-output (MIMO) communication applications. The
unified design method is assessed for a CRA configuration in
which dielectric scatterers are added to the surface of a TRA.
The design results demonstrate the ability of the unified design
method to enhance the CS reconstruction capabilities of the CRA.

Index Terms— compressive sensing, antenna design, coded
apertures

I. INTRODUCTION

Compressive reflector antennas (CRA) [1]-[3] are a class
of antennas specifically designed for high capacity sensing
and imaging applications. CRA’s operate in a manner similar
to that of the coded apertures utilized in optical imaging
applications [4]-[6] and in some microwave imaging systems
[7], [8] : by introducing scatterers to the surface of a traditional
reflector antenna (TRA), the compressive antenna encodes
a pseudo-random phase front on the scattered electric field.
When the encoded wavefront of a CRA is modified for each
measurement, compressive sensing (CS) techniques [9]-[11]
have been shown to provide improved imaging performance
over the TRA [1]. CRA’s have been utilized in many imaging
applications, such as interferometric sounding [12].

In [3], a numerical design method for compressive antennas
was developed based on the notion that enhancing the capacity
of the antenna’s Green’s functions should also enhance the
capacity of the sensing matrix in electromagnetic imaging
applications. While this approach is appropriate for mono-
static imaging applications, it is sub-optimal for multi-static
imaging applications because it does not properly consider
the coupling between the transmitting and receiving antennas.
Additionally, the simplified method described in [3] utilized
a full-wave numerical model based on finite differences in
the frequency domain [13], which is not very well suited for
practical imaging applications due to its large computational
complexity. These two issues were partially addressed in [14],
which formulated the CRA design problem in terms of the
sensing matrix, thereby considering the antenna coupling, and
which used an efficient forward model known as the modified
equivalent current approximation (MECA) [15], [16]. In this

Digital Object Identifier: 10.1109/TAP.2020.2966036

1558-2221 (© 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

paper, we extend the previous work on compressive antenna
design by introducing a unified design method that considers
both the capacity and efficiency (i.e. how much energy is
radiated into the imaging region) of the antenna, and that
can be used for both compressive imaging and multiple-input
multiple-output (MIMO) communication applications.

The remainder of this paper is organized as follows. In
Section II, we describe the motivation for using sensing capac-
ity as a design metric in compressive imaging applications.
In Section III, we describe the sensing model and introduce
the unified antenna design optimization problem. In Section
IV, we describe how MECA can be used in the unified
design method to design compressive antennas with dielectric
scatterers. In Section V, we present design results for realistic
compressive imaging and communication problems. Finally,
we conclude the paper in Section VI.

II. MOTIVATION

Consider a general linear system, in which a set of noisy
measurements y € C¥ of the object of interest x € CV are
obtained via the relationship y = Ax +n, where A € CM*V is
called the sensing matrix. When M < N, there are an infinite
number of solutions x satisfying y = Ax, and so regularization
techniques must be employed in order to generate a unique
solution. According to compressive sensing theory [9]-[11], if
the vector x is sparse (the number of non-zero elements S in
x is much smaller than the total number of elements ), then
the sparse vector can be stably recovered from an incomplete
set of measurements as the solution to the following convex
optimization program:

mini;cnize lx]le,

subject to [[Ax —Yll¢,, <7 (1)

. N I/p

where 7 is a bound on |[n|l¢, and [[x]l¢, = (anl [x,|P is
the £, —norm. Stable reconstruction is only guaranteed when
the sensing matrix A is “well behaved” according to a suitable
measure. The Restricted Isometry Property (RIP), arguably the
most popular measure, uses the concept of restricted isometry
constants in order to establish the tightest performance guaran-

tees currently known. For a fixed sparsity level S, the restricted
isometry constant Jg is the smallest positive constant such that

(1 —d9)IxI%, < IAx]IZ, < (1 + ds)[IxI|? 2)
2 2 2

is satisfied for all vectors with [x|l;, < S, where the
“fo—norm” measures the number of non-zero elements in
the vector. In other words, the restricted isometry constant
Js establishes bounds for the singular values of submatrices
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obtained by selecting any S columns from the complete
sensing matrix A. Generally speaking, the RIP requires the
values of dg to be small.

Compressive sensing can also be considered from the
perspective of information theory. In this framework, the e-
capacity determines the amount of information that can be
transmitted through the linear mapping y = Ax within an
uncertainty level € [17], [18], and is defined as follows:

H
Ho(A) = log2 (detAA ) z log, (am) 3)

where o, are the singular values of A. We refer to the e-
capacity as the sensing capacity, or just the capacity. In [3],
the sensing capacity for the complete matrix A was shown to
establish the following lower bound for the restricted isometry
constants dg:

M
os = 1-22MN =1 T o2 4)
m=1
By increasing the sensing capacity, the lower bound for the
restricted isometry constants is improved, thereby improving
the likelihood that compressive sensing techniques will be
successful.

In some applications, such as the CRA assessed in [1], opti-
mizing the capacity and only the capacity has been observed
to decrease the efficiency. This result is undesirable in some
applications, such as when designing dual-purpose antennas
for both imaging and communications. To overcome this issue,
one can instead optimize over the capacity and efficiency.

III. UNIFIED DESIGN PROBLEM

Consider an electromagnetic sensing system that utilizes
several transmitting and receiving antennas. The fields radiated
by the transmitting antenna on the m-th measurement can be
denoted by the vector g; ;, € CN, where i = 1,2, 3 denotes
the component of the electric field and N denotes the number
of points in the imaging region. Similarly, the radiation pattern
of the receiving antenna on the m-th measurement can be
denoted by the vector g.;,, € CN. By concatenating the
radiated fields for all M measurements, we can formulate the
field matrices G;.;, G; € CM*N_ According to the reciprocity
theorem, the sensing matrix A € CM*N can be expressed
as A = 21‘3:1 I (Gr, @G,,,-), where ¢ is a positive scaling
constant and © is the Hadamard (element-wise) product. This
is an instance of the Born approximation, which is similar to
that applied in [8].

Suppose that the radiated fields can be expressed as a
function of design variables x € RP, where the physical
meaning and number of design variables differ from problem
to problem. The unified design problem seeks the optimal
solution to the following non-convex optimization program,
which is an extension to the problem considered in [14]:

maximize a4 logdet (A(x)AH(x) + ﬁAIM)
X

3

+ > arilogdet (Gri ()G (x) + il )
i=1

OPTIMIZATION PARAMETERS FOR THE DESIGNS.

TABLE I

Design Parameters
Capacity
Capacity Efficiency and All Terms
Opt. Opt. Efficiency Opt.
Opt.
aa 1 0 1 1
ar; 0 0 0 0.25
o, 0 0 0 0.25
Ba 10°° 10°° 10°° 10°°
Brs 10-6 10-° 10-0 10—0
Bt; 10-° 10~6 10=6 10=6
Aam [ In 101N 101N
Arim [N [N [ 2.5In
Atim [N [N [N 2.5In
3
+ zarl log det (Grl(x)G (x) +,BrlIM)
i=1
M
+ > an@)Aamall x)
m=1
M 3
+ Z Z 8t,i,m (x)At,i,mgtlzli,m (x)
m=1 i=1
M 3
+ Z Z grim (X)Ariim gfi,m (x)
m=1 i=1
subject to x € Q) 5)

where a,(x) = 353, ¢ (2,i,m(x) © i,m(x)) considers the
coupling between the transmitting and receiving antennas in
the sensing process and Q) is the feasible set for the design
variables. The coefficients a;;, a,;, and as are positive
weights associated with each of the sensing capacity terms,
Atims Nrim, and Ay, are diagonal matrices that determine
how the energy should be distributed in the imaging region,
and f, i, Bri, and f4 are constants that ensure that the matrices
input to det have full rank. These parameters can be tuned
from one application to another in order to achieve the desired
effects. For example, one might set a4,, = 1 and all other
parameters to zero when designing an antenna for compressive
imaging applications. When designing a receiving antenna,
one might set a,; > 0 and all other parameters to zero.
More complex scenarios might consider the A matrices, whose
elements can be positive or negative. Positive elements are
associated with voxels where we want to deposit energy,
negative elements are associated with voxels that we would
like to null, and zero elements are associated with voxels that
we are indifferent to.

If g im(x) and g, (x) are differentiable, then the objec-
tive function of Eq. 5 is differentiable. Furthermore, if the
feasible set Q) is convex and has an easy to compute proximal
operator, then Eq. 5 can be solved using proximal gradient
techniques [19], which have a convergence rate O(1/k).
To start, we note that the partial derivatives %2 can be



z [m]

T
0.4 03 -

: 0.2 04 02
xml y [m]

Fig. 1. Test configuration for the design problem. Four transmitting (green
dots) and four receiving antennas (red dots) were used in conjunction with
the dielectric CRA reflector located at x = —0.5[m)].

a .
and g’g’”’ @) as follows:
Xp

computed from 5gzg;cm (x)
P

3
oan(x) _ S (M ©) gr,i,m(x))

0xp Py 0xp

: 0gr,im (x)
+D¢ (gz,i,m(x) © a—) (6)
i=1 *p

0Gi(x) 0Gyi(x) 2A(x)
oxp > 0xp » and 0xp

can then

agt,i,m (x)
oxp

The partial derivatives
be computed by concatenating the partial derivatives

%’m, and %(x), respectively. From here, the partial
p Ap

derivatives required for Eq. 5 can be expressed in terms of
the partial derivatives of fi(x) = logdet(F(x)) and f>(x) =
f(x)Af (x). These derivatives have the following closed-form

solutions:

ofi(x) _1,.,0F(x)
—pr =tr (F (x)—axp ) 7
H
R0 _ M) p eyt 4 pea T g
oxp 0xp oxp

where tr(-) is the trace of a matrix.

The proximal gradient method solves the optimization prob-
lem of Eq. 5 using the following steps. First, the gradient hy is
computed at the current iteration point x¥). Second, a proximal
step is computed along the search direction hy to compute
the next iteration point x**1). Formally, this point can be
expressed as the solution to the following convex optimization
problem:

1
L b (L 2
minimize Ig,(x) + P lx (X th) Iz, 9)

where x is the step size and /g, (x) is the indicator function
for the feasible set. This is nothing more than the proximal
operator for the feasible set. In practice, a line search method
like the one presented in [20] is used to compute x and solve
Eq. 9.

IV. CRA DESIGN USING MECA
A. General Formulation

MECA [15], [16] is an efficient extension to the physical
optics (PO) method for penetrable and non-metallic objects,
which has been used to model complex antenna designs,

B
0.2 it
. R - 5
A ()
A R e 2
P o0gy a0 R i H et
AR S ST,
01| SERRER T R
RO T o S e ek
L P S e 20
s e o R b g TE SRR )
e e
5 o Kol i S (h < P
— e B
e e L e S e
S e s M e R SR
= CERis e 15
(B e R oK IS Ko
S e e s
N O 4 E.‘ KPR s B PR
S R
SR R PR LR AR e AT 1
01 T O s BN S R e (0 A W 0
o B 0 A U N S R g
SR e
L e R AR SRS R
R SR R B R R ol g
S
[ ) - =l Tl BB D
-0.2 S e e ey
e e S e SR
e
. SRR

Fig. 2. Dielectric constant of each triangular facet on the baseline randomized
CRA.

TABLE II

CAPACITY OF THE SENSING MATRIX AND GREEN’S FUNCTIONS FOR EACH
DESIGN SCENARIO. FOR THE GREEN’S FUNCTIONS, ALL THREE COM-
PONENTS ARE ADDED TOGETHER. THE TOP NUMBER IN EACH
ROW IS THE ACHIEVED VALUE, AND THE BOTTOM NUMBER
IS THE DIFFERENCE BETWEEN THAT VALUE AND THE BEST
ACHIEVED VALUE.

Capacity
A G, Gy
T T e
R [
-1121.5 -5674.8 -5201.8
Capacity / Efficiency Opt. 33 359 299
A1l Terms Opt. L O BT

such as vortex lenses [21]. In MECA, scattering elements
are discretized into triangular facets on which equivalent
electric and magnetic currents are computed. By treating these
currents as sources radiating in the background medium whose
Green’s functions are known, MECA can compute the electric
and magnetic fields at any position. Formally, the equivalent
currents on the triangular facets are expressed as

. 1 .
J=txH/| = —Ergcos(d)(1—TrE)eére
s n1
1 A A
+—Erm, (1 =Try) (@ xeérg)| (10)
m s
M= -n x E; = ETE,' (1+FTE)(éTE Xﬁ)
s
+ Erm; cos(0;) (1 +T'ry) ére (11)
s

where fi is the normal of the triangular surface, H; and E;
are the total magnetic and electric fields, #; is the impedance
of the background medium, E7g, and E7p, are the TE /
TM components of the incident electric field, érg is the
unit vector for the TE component of the electric field, 6;
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Fig. 6. Difference in dielectric constant between the CRA optimized using
all terms and the baseline randomized CRA.

and I'rg and I'rpy, are the TE / TM

reflection coefficients. Assuming that the background medium
is homogeneous, the scattered electric fields can be computed

is the incident angle,
as follows:

oIk lell

_ J
221lIx e,

E;(r)

(12)

A ". /
£)]e/KTT o

J x

F X

x/[f'xM—(
s

where k1 and A are the wavenumber and wavelength of the
background medium, r is the point at which the scattered fields

-0.05

r

, and r’ is a vector pointing from the

are evaluated, I =

Herz

center of the triangular surface to another point on the surface.
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The terms in Eq. 10 - 12 can be separated into two groups:
those that vary with the reflection coefficients, and those that

Point response function for the capacity-only optimized sensing

Fig. 7.

radiated by the transmitting

do not. Taking this into consideration, we can express the
e CVN

0)[m] in dB.

0,

s

matrix when focused at (0.9

discretized fields g ;m
antenna as follows:

,t,m (x)

m (x)FTE
+Erm i im)Trm

RS

gt,i,m(x) =€ ,im (x) + ETE

the 7 subscript with . In the most general scenario, the

13)

t,m (x)

B

sent the configurable terms in Eq.

design variables x repre

and so e, (x),

Ergs.im(x), and E7p4.;m(x) can all vary as a function of

k1),

N

b eTM? /L‘l’

10-12 (E7E;, 6, érEg, ETm;

sty

where € ;m(x) € CVN, Erg im(x) and Erpim(x) €
CN*L Trp m(x) and Trpy m(x) € CE, and L is the

the design variables. The reflection coefficients I'7 g ; ,, (x) and

5t

I'7m,.m(x) can also depend on x, depending on the model that

number of triangular facets on the CRA. Similar expressions
can be obtained for the receiving antennas, simply replace
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Fig. 8.  Point response function for the capacity-only optimized sensing
matrix when focused at (0.9, —0.06, 0.06)[m] in dB.
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Fig. 9.  Point response function for the capacity-only optimized sensing
matrix when focused at (0.9, 0.06, —0.06)[m] in dB.

is used to compute them. One such model is presented in the
next subsection. Assuming that they are all differentiable, the

. o 0g
partial derivatives g"a%(x) can be expressed as follows:
P

OETE 1,im(X)
oxp

al—‘TE,t,m (x)
0xp

agt,i,m(-") _ aet,i,m(-") +
oxp 0xp

1—‘TE,t,m (x)

+E7rE 1im(x)

oE im(x
4 MmO
oxp
OTT M 1.m(X)

o0xp (14)

+E7,,im(x)

B. Dielectric CRA Formulation

Consider the scenario in which the design variables x are
the dielectric constant, €,, of purely dielectric scatterers. In this
case, the fields g; ; ,, (x) and their derivatives can be expressed
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Fig. 10. Point response function for the randomized sensing matrix when
focused at (0.9, 0, 0)[m] in dB.
as follows:

gimX) =€ im+EreimTE 1.m(X)

+ErstimUran,e,m(x) (15)

agt,i,m (x) al—‘TE,t,m(x)

——— =ErE1im——

6xp axp
oL T 1,m(x)
+Er i — (16)
0xp

Note that the Jacobian matrices GTT%;,,,(x) and ar”g‘;MX)

are diagonal because the number of reflection coefficients
L equals the number of design variables P. The reflection
coefficients are computed by treating each facet of the CRA
as a three-layer medium containing the background medium
(i.e. freespace), the dielectric scatterer, and the perfect electric
conductor (PEC) reflector. MECA considers the incident fields
to be locally planar at each facet, such that the reflection
coefficient of the p—th scatterer can be expressed as follows:

rm,p(fp) = 1—‘bp,m(fp)
_ pr,m(fp)pr,m (Ep)e_'l2¢m’/)(61))

17
l + rpb,m (fp)eifz(/)m,p(fp) ( )
¢m,p(€!7) = 27Tfm\/mdp COS(QI,,m,p(Ep)) (18)

where I'pp m(€p) and Tpp m(€p) are the half-plane reflection
and transmission coefficients going from the background
medium to the dielectric, I'pp m(€p) and Tpp (€p) are the
half-plane reflection and transmission coefficients going from
the dielectric to the background medium, f;, is the frequency,
dp is the thickness of the dielectric, and 0, , , (€ ) is the angle
of propagation in the dielectric. Note that we have replaced the
generic design variable x, with the dielectric constant €, for
clarity. Eq. 17 is a simplified version of the general relationship
described in [22] for the case where the third medium is a
PEC. Combining Eq. 17 and 18 with Eq. 10-12 leads to the
simplified model of Eq. 15. Eq. 17 and 18 are differentiable
with respect to €, and so the proximal gradient method can
be used to solve the design problem. The derivatives of Eq.
17-18 can be found in Appendix A.
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Fig. 13. Singular values of the sensing matrices obtained using the TRA,
baseline randomized CRA, and optimized CRA’s.

V. DESIGN RESULTS

A. Compressive Imaging Application

The unified dielectric CRA design method has been assessed
using the test configuration displayed in Figure 1, which is the
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Fig. 14. Numerical comparison of the reconstruction accuracies of £1-norm
minimization using the sensing matrices obtained using the TRA, baseline
randomized CRA, and optimized CRA’s.
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Fig. 15. Numerical comparison of the reconstruction accuracies of £1-norm
minimization using the sensing matrices obtained using the TRA, baseline
randomized CRA, and optimized CRA’s.

same configuration considered in [14]. In the design scenario,
four receiving antennas (red dots) were used to measure the
signals generated by the four transmitting antennas (green
dots). The antennas operated in a multi-static configuration
at ten frequencies uniformly spaced between 70.5[GHz] and
77|GHz], for a total of 160 measurements. The antennas were
modeled as horn antennas, wherein the incident electric field
was oriented in the 4z direction and the direction of prop-
agation was the —x direction. The parabolic CRA reflector,
which was located at x = —0.5[m], was discretized into
3750 triangular facets. The design procedure was configured
to optimize the dielectric constant of each triangular facet,
wherein €, € [1,30]. All dielectrics had the same thickness
d = 8.13[mm], which is approximately two times the average
wavelength of the operating frequencies. The imaging region
consisted of 625 positions uniformly spaced along a 0.2[m]
x 0.2[m] grid centered at x = 0.9[m]. The optimization
problem of Eq. 5 was executed four times using the parameters
listed in Table 1. The first three configurations correspond to
pure-capacity, pure-efficiency, and joint capacity and efficiency
optimization of the sensing matrix, and the final configuration
optimizes over all terms. To initialize the optimization pro-
cedure, the starting dielectric constant values were randomly
selected over the feasible set.

Figure 2 displays the dielectric constant of each triangular
facet on the baseline randomized CRA, and Figures 3 -
6 display the difference in dielectric constant between the



optimized CRA’s and the baseline randomized CRA. The
change in dielectric constant varied for each of the design
configurations, with the pure capacity optimization changing
the least and the all terms configuration changing the most.
Nevertheless, the design algorithm significantly improved the
value of the objective function in each case. This can be seen
in Tables II and III, which display the capacity and efficiency,
respectively, of the sensing matrix and Green’s functions for
the four design configurations and the baseline randomized
CRA as a reference. A TRA is also included for reference.
Each table element contains two values, the value of the
metric (capacity or efficiency), and the difference between
the achieved metric and the best metric achieved by any of
the configurations. The optimal sensing matrix efficiency was
achieved by optimizing only that metric. The optimal values
for all other metrics were achieved by optimizing over all of
the terms in Eq. 5.
Figures 7 - 12 display the point response func-
tions of the sensing matrices of the capacity-only opti-
mized and randomized CRA’s when focused at three dif-
ferent locations: (0.9, 0,0)[m], (0.9, —0.06,0.06)[m], and
(0.9, 0.06, —0.06)[m], which correspond to the center, top left,
and bottom right of the figures, respectively. These images are
equivalent to certain columns of the Gramian matrices A7A.
For visibility purposes, the figures are displayed in dB over a
6dB range from the maximum value obtained at that focusing
point. The point response functions of the capacity-optimized
CRA outperforms those randomized CRA in two aspects. First,
they have fewer artifacts. Second, the maximum amplitudes are
about 10dB higher. The latter result can also be seen in Figure
13, which displays the singular value distributions of the four
optimized designs, the TRA, and the baseline randomized
CRA. The TRA unsurprisingly has the worst sensing capacity
of the six designs. The four optimized CRA’s have improved
singular values compared to the randomized starting point,
which in turn is an improvement over the TRA. The capacity-
optimized and all terms optimized CRA’s have singular value
distributions that are similar to the randomized CRA, except
each singular value is approximately increased by a fixed
amount. The efficiency-optimized CRA has the highest max-
imum singular value, but a less-uniform distribution than the
capacity-optimized CRA. The joint capacity and efficiency-
optimized CRA falls in between the others.

The singular value distributions suggest the following: 1) the
CRA’s demonstrate better CS reconstruction capabilities than
the TRA; 2) the randomized, capacity-optimized, and all terms
optimized CRA’s demonstrate similar CS reconstruction capa-
bilities in the absence of measurement noise; 3) the capacity-
optimized and all terms optimized CRA’s demonstrate better
CS reconstruction capabilities than the randomized CRA when
the measurements are corrupted by noise due to their enhanced
capacity. The first and second items are confirmed for this
design scenario by Figure 14, which display the ¢i-norm
reconstruction capabilities of all antennas in the noiseless sce-
nario. The third item is confirmed by Figure 15, which displays
the £1-norm reconstruction capabilities of all antennas in the
presence of noise. Unsurprisingly, the efficiency-optimized and
the joint capacity and efficiency-optimized CRA’s provide a
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Fig. 16. Difference in dielectric constant between the capacity with null
optimized CRA and the baseline randomized CRA.
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Fig. 17.  Energy distribution of the Green’s functions of the baseline
randomized CRA.
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Fig. 18. Energy distribution of the Green’s functions of the capacity with
null optimized CRA.

CS reconstruction performance in between the randomized,
capacity-optimized, and all terms optimized CRA’s.



TABLE III

EFFICIENCY OF THE SENSING MATRIX AND GREEN’S FUNCTIONS FOR
EACH DESIGN SCENARIO. FOR THE GREEN’S FUNCTIONS, ALL THREE
COMPONENTS ARE ADDED TOGETHER. THE TOP NUMBER IN EACH
ROW IS THE ACHIEVED VALUE, AND THE BOTTOM NUMBER
IS THE DIFFERENCE BETWEEN THAT VALUE AND THE BEST
ACHIEVED VALUE.

Efficiency
A G, Gy
TRA 75 5 7RIS
Random CRA e Lz e
Capacity Opt. _22982 %592593 %;79239
Efficiency Opt. 5(2)%9 13?;33 161882?3
287.6 1745.9 1331.8
Capacity / Efficiency Opt. 2353 71935 3414
All Terms Opt. _150‘26_3 2%6.(5)'5 1807.(3).1
TABLE IV

OPTIMIZATION PARAMETERS FOR COMMUNICATION DESIGN.

Design Parameters
Receiver Capacity with Null.

aa 0
Qr; 1
Ott,i 0
Ba 10—°
Br, 10-°
B, 10-6
AA,m ON

Diagonal, all elements equal to O except

Arim for points near x = 0.9[m],
y = z = O[m], which equal —30
At,i,m ON

B. Communication Application

The design method has also been assessed for a communi-
cation application in which there is a strong interfering signal
located near x = 0.9[m], y = z = O[m]. The objective, then,
was to optimize the capacity of the receiver Green’s functions
while simultaneously attenuating the interfering signal. This
was achieved by solving Eq. 5 using the parameters displayed
in Table IV. Figure 16 displays the difference in dielectric
constant between baseline randomized CRA and the optimized
CRA. Once again, the dielectric constants did not deviate
significantly from the starting values. Nevertheless, the design
algorithm produced a CRA that has an enhanced capacity
(—5747.1 vs. —5681.8) and that significantly attenuates signals
from the designated location. The latter property can be seen
in Figures 17 and 18, which display the energy distribution of
the Green’s functions for the baseline randomized CRA and
the optimized CRA.

VI. CONCLUSION

This paper describes a unified CRA design method for elec-
tromagnetic sensing and imaging applications. By including
both sensing capacity and efficiency terms in the objective

function for the antenna Green’s functions and sensing matrix,
the unified design method allows one to design CRA’s with
improved CS reconstruction and MIMO communication capa-
bilities. To demonstrate the capabilities of the unified method,
a dielectric CRA was designed using the dielectric constants of
the scatterers as the optimization variables and using MECA as
the forward model. Although this design was shown to provide
enhanced CS reconstruction performance, it admittedly may
have little practical use, as it may be prohibitively difficult
to manufacture such an antenna. Nevertheless, this paper
provides the framework for designing more practical CRA’s.
In particular, it should be straightforward to extend the design
method to optimize the thicknesses of the scatterers, which
all have the same dielectric constant. This method is more
amenable to practical imaging applications, as these CRA’s can
be manufactured efficiently using a 3D printer. This method
will be investigated in future work.

APPENDIX A
MECA REFLECTION COEFFICIENT DERIVATIVES

As we discussed in Section IV-B, Eq. 17 and 18 are
differentiable with respect to €,, and so the proximal gradient
method can be applied to solve the dielectric CRA problem.
It is straightforward to show that the derivatives of Eq. 17 and
18 can be expressed as follows:

dly, p(€p)
de,
_ drbp,m(ep)
dep
—1
— (14 Tppmlep)e™2macn)
% dpr,m(fp)
de,
p)”%m(%)e—wm,p(ep)

pr,m (ep)e*/2¢>m,p (Ep)
+ pr,m(é
€p

dpm,p(ep)
_]ZTbP,m(EP)TPb,m(EP) PP e J29m.p(€p)

de,

+ (pr:m(fp)pr,m(Ep)e_-/2¢mvﬁ(fp))
-2

x (1 + Lpb.m (Ep)e_-/z%vﬁ(fp))

y (M612¢,n,p(gp)

dep
d
_ jzr‘pbjm(ep)mejzd’m,p(fp)) (19)
de,
d¢m,p(€p)
de,
1
= 7 fins/to€0dp (\/—e—p cos(Gy,,m, p(€p))
d (2]
+2\/€—p COS( t,,m,p(fp))) (20)
dep

To evaluate these equations, we require expressions for
the transmission coefficients, reflection coefficients, and the
propagation angle 0, ,; ,(€,). The transmission and reflection



coefficient formulations differ for the TE and TM modes,
so we first consider the propagation angle. The following
relationships for cos(8;,,m,p(€,)) are easily found by invoking
Snell’s Law:

€p .
05Oy p(ep)) = \/1 - Ll Oy @D
P
dcos(O, m,plep)) €p $in> (0, m. p) 22)

dep 2612,\/1 — E—i sin®(G;,.m, p)
where €, is the dielectric constant of the homogeneous back-
ground medium and 6;, ;,,, is the incident angle.

To simplify the notation when evaluating the transmission
and reflection coefficients, we will drop the subscripts m
(measurement index), ¢ (transmitting antenna), and p (dielec-
tric scatterer index) on some of the parameters with the
understanding that the formulations can be applied to all mea-
surements and scatterers independently. According to electro-
magnetic theory, the half-plane TM reflection and transmission
coefficients can be expressed as follows [23]:

cos(6;) — ,/E—Z — sin?(6;)

Top,rm = = (23)
cos(6;) + /é — sin?(6;)
Top,tm = 1+ Top,rm (24)
It’s easy to show from Eq. 23 that the derivative d,;#m can

be expressed as follows:

dlpp, M
de,
-1

261, /— — sin(¢;) (cos(@ )+ ./ E—p — sinz(ei))
cos(6;) + 1/ — sin?(6;)

2¢p (cos(@ )+ \/ — sin?(6; )) \/— — sin?(6;)
(25)

dT) dT . ) i
Clearly, =2 = Zg ™ " so it is omitted. The coefficients

Lpp,rm and prb ™ and their derivatives can easily be found
by exploiting the fact that I'pp 70 = —D'pp, 7M., SO they are
also omitted.

The TE reflection and transmission coefficients can be
expressed as follows [23]:

—-L cos(<9 )+ /— — sin?(6;)

Uop,rE = — = = (26)
o cos(0;) + /o — sin“(6)
cos(6;
Top, e = (1+ Tip7E) ﬁ
cos(6;
= (l + Fbp,TE) © 27)

[1— & sin*(6)

We first turn our attention to the reflection coefficient. The

.. dr
derivative —2-
€p

can be expressed as follows:

—cos(¢) + ———
drbp,TE 2 [ sm2(0
dep €pcos(t;) + €,/ é — sin?(6;)

— (—ep cos(6;) + € /i—i — sin2(<9,-))

1
X | ——=——=—= +cos(6))

2,/ & — sin(6;)
-2
(ep cos(f;) + € / . — sin?(6; )) (28)
b

Just as in the TM case, the reflection coefficient I'p 7£ and
its derivative can be obtained using the relationship I'pp 7 =
—Ipp,TE.

We now turn our attention to the transmission coefficients.
The derivative dT5+’pTE can be expressed as follows:

dr
cos () —TE I"’ TE

dep 1—

dTpp,TE

& sin2(<9,-)

) cos(9;) sin(0;)(1 + Fbp,TE)

(29)
2¢2 (l -2 sm2(<9 ))

dr, .
To compute —42£, we cannot simply replace the Ty, 7k

terms with I', 7£ due to the presence of the ¢; term in Eq.
26. This result is clear from Eq. 30:
cos(6;)
cos(6,)
12 sin”(6;)

cos(6;)

Typ,TE = (1 + pr,TE)

= (1+Tpp,rE) (30)

. . . dT
It is now easy to show the following expression for ==
P

_dlppTE 1
dpr,TE B dep

de,

— & sin®()
cos(6;)
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