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works perform uncertainty quanti cation analyses from the
posterior distribution (see for example [4] or [31]); however,
addressing the uncertainty measures and its relationship to a
pixel-based image reconstruction has received little attention
in the ECT research community. Such measures are useful
in practice and have been considered by some works outside
ECT. For instance, [32] provides uncertainty quanti cation
analysis for a few standard linear inverse problem scenarios.
Another general work similar to [32] is presented in [33].
In the context of electrical impedance tomography (EIT),
the works presented in [34] and [35] offer strategies based
on prior/likelihood modeling and MCMC with image-like
uncertainty plots. In microwave imaging, the authors of [36],
[37] obtain the standard deviation of the reconstructed im-
ages and develop adaptive methods to sequentially reduce
the standard deviation using Bgyesian compressive sensing Il. FORMULATION
gnd the relevance vector .machme (RVM) [38]. T.here ha\'/f. RVM strengths for ECT

een other works employing Bayesian compressive sensing
(Or RVM approaches) for microwave |mag|ng [39]_[44], radar The main ObjeCtive of ECT is to nd the Spatial relative

imaging [45], [46], electro/magnetoencephalography [47], [4®€rmittivity distribution ¢, (z,y) in a Rol enclosed by a
and optical imaging [49]. ielectric wall from a set of mutual capacitance measurements

obtained by pairing up electrode plates around the Rol (see
In this work we present the application of the RVM a|goFig.[j]). Assuming that the permittivity contrast inside the Rol
rithm [50] as an ef cient path to concurrently obtain imagés small, the relation between the capacitance measurements
reconstructions and explicit uncertainty estimates in ECT. TR&d the permittivity in the Rol can be simply described by the
ability to efciently obtain uncertainty estimates about thdollowing linear model [[19], [[51]:
reconstructed images is of great practical value in assessing

Figure 1:Cross-section of the ECT sensor geometry.

c=Sg, 1
the quality of ECT results. Additionally, these estimates may & )
serve as a starting point for developing adaptive measuremefiere ¢ = [cq, .. .,cN]T represents the vector of distinct
strategies to sequentially decrease the uncertainty. We atspacitance measuremengs— [gl,...7gM]T represents the

perform uncertainty analysis of the estimated pixel values fromector of permittivity values for thé// pixels that discretize
the variance of the posterior distribution in a similar vein tthe Rol, andS represents the sensitivity (Jacobian) matrix,
the above referenced MCMC-based works, which results with the entrys,,,, measuring the amount of change in the
a Gaussian distribution from the RVM framework. However-th capacitance value due to a change in permittivity of the
instead of relying on averaging (functions of) several samplesth pixel/voxel. Albeit an approximation, this linearization
of the posterior distribution, the RVM framework allowsof the problem is commonly adopted because most ECT
us to ef ciently obtain image reconstruction and uncertaintgipplications demand the real-time imaging (fast reconstruction
level estimates from explicit analytical formulas that directlyimes) that it enables| [19], [51]) [52]). In addition to all
connect the two. Overall, the ideas presented here shed rawthis, many industrial application scenarios of ECT do
light onto ECT pixel-based uncertainty estimates as a valualblave small permittivity contrasts [52, Subsection 4.4], which
performance metric and onto the direct connection of thesasures the appropriateness of the linearized model in practice.
estimates to the underlying structure of the reconstructed ECie problem in ECT thus consists of nding the vectgr
image. that, given the sensitivity descriptid®, produces the mutual
capacitance values.

The rest of this paper is organized as follows. In Section Determining g from the ¢ data in ECT is anill-posed
Il we present the ECT problem statement and the descriptiproblem [19], [53]. In addition, the problem ip](1) is known to
of how to apply the RVM framework in the ECT context. Webe ill-conditioned [[19], which means that small perturbations
show RVM results applied to four different ECT simulatedsay, noise) inc may cause large variations g These chal-
scenarios in Section 11, where we provide a detailed analydenges make Bayesian-like methods such as RVM particularly
of the RVM uncertainty estimates and their relationship to theffective. In general terms, RVM is a kernel framework for
reconstructed images. In Section Ill we also present a coselving regression and classi cation problems, as de ned in
parison of RVM results with those obtained with the iterativéhe context of statistical learning, from sparse Bayesian (prob-
Landweber method (ILM) and the least absolute shrinkage aalilistic) models that address several of the main limitations of
selection operator (LASSO). Section IV presents experimenthke more traditional Support Vector Machine, while retaining
results from two different ECT scenarios. A brief discussiomany of its strengths| [50],/ [54]. The RVM can provide
about the computational complexity of the RVM algorithm andncertainty estimates values and achieve good reconstruction
its comparison with ILM and LASSO is provided in Sectiorresults with a reduced number of basis functions. In addition
V. Lastly, Sectiorj V|l offers a few concluding remarks. to these features, RVM also naturally offers mechanisms to
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Figure 2:Diagram depicting the integration of the RVM algorithm in the overall ECT problem.

a single circular object that occupi@8.25% (fractional area) all the reconstructed images, DCT appears to yield slightly

of the Rol. Flow type B (Figure 3b) is also a bubbly ow butbetter images in ow types A, B and D (except maybe for

with two smaller circular objects that together have50% the background region in ow type D) for the chosen cutoff

fractional area. Flow type C (Figure 3c), is an annular owalues.

with 51.00% fractional area. Flow type D (Figure 3d) is a The third and fth rows of Figuré 3 (Figurg[3i - Figufe]3I

stratied ow with 28.65% fractional area. For all these ows, and Figure[ 3y - Figurg Bt) showcase the main advantage of

the red regions depicted in Figure 3a - Figure 3d comprise tlle RVM algorithm, which is its ability to provide uncer-

(e~ = 3) and the background comprises aif. & 1). tainty estimates for each reconstructed pixel. This measure

of uncertainty comes from the matriX, which quanti es

the covariance of the estimate of the vector of weights

in the domain of the sparsity-supporting transformation. Thus,
In Figure 3 we show results from RVM applied to thdo transform this measure back to the pixel domain, letting

four ow types described above. All reconstructed imagel$ represenD or VT (depending on the procedure used to

in Figure 3 (i.e., all the rows of Figure 3 except the rstsupport the sparsity), we write

one) are64  64-pixel images. The images from Figure 3e to

Figure[3h correspond to RVM reconstruction results obtained 3 = Var(w) = Var(Kg)

with DCT as a sparsity-supporting basis (i.B.,= D). The =K Var(g)K ™ . (13)

images from Flgqr@n to_FlgurE]S_p present results W"'Fo obtain a measure in the original pixel domain, we simply

SVD-based sparsity-supporting mapping. We adopt DCT fg(r)lw_J for Var(g):

the transformation based on the matRx because it offers a '

natural connection between the notion of spatial frequency and Var(g) =K (k7)1

the spatial behavior of the ECT interrogating eld [56]. We —K Ix(K HYT. (14)

avoid using DFT because it would induce complex entries in

the matrix® and in the vectow, something that is not directly The last quantity in[(Tl4) measures the covariance between

supported by the RVM algorithm (if a decomplexi cationthe estimate of each pixel in the image and every other pixel

procedur@ were to be performed after the transformation téncluding itself). Thus, a proper uncertainty estimate for each

obtain real-valued entries then the model matrix would kgixel in the image is given by its standard deviation:

larger, increasing the computational burden. q
As mentioned in the previous section, after the mapping std(g) = diag K 'S(K DT, (15)

between Fhe original ECT model and the R\(M madel ha\ﬁhere diag(Z) represents the column vector formed by the
been caried out, we perform a low-pass ltering process Biagonal elements ¢, and” ~andstd( ) represent entry-wise
the resqltmg model matrix. Wheh DCT is used as the sparsityse ations. This last measure (expressjon (15)) is the quantity
supporting transformation, we simply apply an ideal Iow-pa%%tted in Figurd 3i - Figurg Bl and Figufe]3q - Figiiré 3t.

.Iter (”aPF) to the rows of Itlhe. moldel m;eltrlx.B\;Vé\eln SVD In the images of Figure i - Figufe]3l we observe a general
Is used, we set to zero all singular vajues elow a &Ettern of higher uncertainty towards the center of the Rol.

B. Reconstruction results and uncertainty measures

certain threshold. As pointed out in [56], the best thresho is result is expected and is a consequence of the spatial

f . d threshold lected t hi th B8havior of the sensitivity map inside the Rol, which is higher
requl_cintgles an rtes t(') S we;e selected 1o achleve eT 3 the electrode plates and lower towards the center [26]. In
(qualitative) reconstruction pertormance n-each case. 18g,qor yords, the capacitance measurements are not as sensitive
actual values are indicated in the captions of the reSPEC small permittivity variations near the center of the Rol
gures. when compared to the ones near the periphery. Particularly
From Flgureth ) F'QUFE??S and '.:'?3”‘ - Figlire ,391 ow type A, we see that the standard deviation plot doesn't
we can see that RVM provides satisfactory reconstructign e 5 complete azimuthal symmetry around the center of the
results using both sparsity-supporting mappings. Moreover, tﬁ%l, but rather shows an elongated region with higher values
estimated relative permittivity values are fairly close to thoszﬁong the horizontal axis. This comes from the fact that the
of the ground truth. In ow types B and D however, there arg;qpar nermittivity object in the sensing domain is displaced

more noticeable image artifacts (as CPmpared tq the other Cf’ﬂﬁrizontally, which breaks the symmetry of the slow-varying
types). In regards to the two sparsity-supporting mapping§ecyic eld inside the Rol and makes it more dif cult for

we can observe that although there is a lot of similarity ile RVM method to map the changes along the direction of
N the displacement. A similar phenomenon happens with ow
SThis reads as[?rﬁ{{cg}} = [§rﬁ{{ }} 7§g{1 { }}} [?;{{VVVV}}] . type B, where the higher-permittivity objects are displaced

is problem-dependent. In the results presented, the cut
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Figure 6: Image error and correlation coef cient for the image reconstruction results shown in Eigure 3|]:igure 4, arﬁ Figure 5.

ow type. The image reconstruction results and the standard IV. EXPERIMENTAL RESULTS

deviation plots obtained from RVM/DCT in this case are |n thjs section we present image reconstruction results and
shown in Figurg]7, where the maximum SNR value is notadandard deviation plots for two controlled experimental setups
in each case. The reconstructed images in Figre 7 effectivgiylating two different ow models. The ECT sensor utilized
reproduce the images presented in Figrg 3e - Figute 3composed of 12 electrodes, which are excited with a time-
although with some noticeable distortions due to the noisgarmonic voltage signal of 125 kHz. The Rol is contained in
Somewhat expectedly, the level of distortion is greater fgr pipe that has 63.5 mm of diameter and a wall thickness
ow types B and D, as those ow types had originally a highegf 2 mm. The rst setup considers one cylindrical object
level of instability in their reconstructed images. Regarding tr(g circular object in two dimensions) of 12.7 mm of radius
standard deviation images (Fig{rrg 7e - Fidure 7h), we obsefy@nersed in air (relative permittivity equal to 1). The second
a great degree of resemblance to the noiseless case (Eifjurgefip considers two cylindrical objects of 9.5 mm of radius
- Figure[3]). The pattern differences observed in Figure {8iso in air background). The cylindrical objects in both cases
- Figure[7h correspond directly to the image reconstructiQffe made of Acrylonitrile Butadiene Styrene (ABS), whose
distortions caused by the noise. For example, for ow typg|ative permittivity is approximately equal to 3.
A, the noise causes the high-permittivity object to become A depiction of the experimental setup with an empty Rol is
more elongated in the vertical direction in the reconstructe@own in Figuré 8a. The image reconstruction results and the
image, and this is re ected in the standard deviation plogorresponding standard deviation plots are shown in Figures
Similar observations can be made for the other ow types. -[Bé. These plots are based on the RVM algorithm with
expected, with added noise, there is an overall increase in fHET as the sparsity-supporting mapping wherein a low-pass
uncertainty levels for all ow types: in ow type A the stan- |ter js used to achieve the best reconstruction performance.
dard deviation values increased from a range roughly betwepie corresponding Iter cutoff frequencigs in each case are
1 10 *and6 10 ° to arange roughly between 10 * jndicated in the caption of the reconstructed image.
and6 10 % in ow type B from about[l 10 %5 10 ]  FiguresBb an Bc present the reconstructed images of the
to about[6.5 10 ?,14 10 2, in ow type C from about experimental setups with one circular object and two circular
[4 10 %,35 10 ?| to about[l 10 ',6 10 '], and objects, respectively. We can see in both images that we are
in ow type D from about[4 10 *,12 10 ?] to about gaple to track to a good degree the size and location of the
[1 10 ',24 10 ']. The increase in these ranges can bggh-permittivity objects in the low-permittivity background
immediately explained by noting that from ef] (6), there is e actual location of the objects is depicted in the images as
explicit proportionality relationship between the matkixand  plack-line circles), as well as the estimated permittivity values.
the noise variance?>. Admittedly, the image in Figurg Bc exhibits a somewhat large
level of distortion. However, considering the fact that the
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