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ABSTRACT
Semiconducting nanocrystals have been the subject of intense research due to the ability to modulate the electronic and magnetic properties
by controlling the size of the crystal, introducing dopants, and surface modification. While relatively simple models such as a particle in a
sphere can work well to describe moderately sized quantum dots, this approximation becomes less accurate for very small nanocrystals that
are strongly confined. In this work, we report all-electron, relativistic ab initio electronic structure calculations for a series of ZnO quantum
dots in order to study the modulation of the Rashba effect. The impact and magnitude of spin-orbit coupling and crystalline anisotropy on
the fine structure of the band-edge excitonic manifold are discussed.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5128355., s

I. INTRODUCTION

The fine control of electronic and magnetic phenomena in
nanomaterials is integral to new technologies in computing and
data storage. Small colloidal nanocrystals, or quantum dots, have
shown great promise in this regard, by allowing properties to be
easily tuned through size, dopants, and surface ligands.1,2 One of
the most important adjustable properties of nanocrystals is the band
structure, including the relative ordering of bright and dark exci-
tonic states.3 The precise arrangement of states and their ther-
mal population determines properties such as photoluminescence
lifetimes.

Studying quantum dots from the viewpoint of molecular elec-
tronic structure theory is extremely powerful to understand the
role of localized defects and size-dependent quantum confinement
effects.4–7 The electronic structure of several types of nanocrystals
has been shown to mimic that of a large atom,6 so it can be rea-
sonably well-described and understood as a simple particle in a
sphere model.8 In this case, the excitonic structure is determined
by a combination of spin-orbit and symmetry effects that split
“P”- and “D”-like superorbitals. In fact, the superatom concept has

previously been applied to study nanoclusters of gold thiolate9–11

and show that in these systems, spin-orbit coupling was essential to
their theoretical treatment and understanding of visible absorption
spectra.11

Much work has been done to understand the role of spin-orbit
coupling in bulklike structures using k ⋅ p band theory and pertur-
bative spin-orbit corrections.12–14 For example, in a recent study by
Sercel and Efros,14 a general model for exciton fine structure of II-
VI and III-V spherical semiconductor nanocrystals was presented.
While these models provide a useful starting point to study band
features of moderately sized nanocrystals, they are less amenable
to smaller nanocrystals and the impact of localized structural fea-
tures such as dopants. To our knowledge, there has been no study
into how the spin-orbit interaction is manifested in small quan-
tum dots using relativistic ab initio molecular electronic structure
methods.

Additionally, we note that for studies that have been carried
out using band theory, the spin-orbit interaction is usually incor-
porated perturbatively by a model Hamiltonian (e.g., Pauli) rather
than variationally from first principles. In this work, we calcu-
late the electronic structure of semiconducting quantum dots using
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two-component Kohn-Sham density functional theory (DFT) that
variationally incorporates relativistic effects and spin-orbit coupling.
Using excited state calculations, the fine structure of the exciton
manifold and the impact of Rashba spin-orbit coupling under strong
quantum confinement are uncovered.

II. RELATIVISTIC TREATMENT
OF THE RASHBA EFFECT

For crystals without inversion symmetry, it is well-known that
the electronic structure is modified by spin-orbit coupling to split
low energy excitons as shown in Fig. 1 for a wurtzite lattice that
has hexagonal C3v symmetry. The lowest energy exciton mani-
fold is known in the literature as the 1S3/21Se state. This results
from treating the electron and hole particles using the particle in
a sphere model and dressing the solutions with appropriate angu-
lar momentum functions. That is, the 1S3/2 valence band hole level
corresponds to the product of a 1S Bessel function with the J = 3/2
Bloch functions and the 1Se conduction band electron level corre-
sponds to the product of a 1S Bessel function with the J = 1/2 Bloch
functions.

The breaking of degeneracy of low energy excitons is described
within k ⋅ p theory as a momentum-dependent perturbation. Rashba
spin-orbit coupling in the bulk is given by15

ĤR = (αR/h̵)(z × p) ⋅ σ, (1)

where αR is the Rashba coefficient and z is the direction of crys-
tal anisotropy. From a molecular orbital point of view, the Rashba
effect arises from both spin-orbit coupling and crystal field or sym-
metry lowering effects. In principle, these could be viewed as two
successive perturbations as is given schematically in Fig. 1. How-
ever, since spin-orbit coupling is known to be quenched by reduced
symmetry,16 one of the two effects may dominate depending on
their relative strengths, being either closer to the right or left of the
diagram in Fig. 1. Quantum confinement affects both z and p in
Eq. (1) depending on the nanocrystal size R. In large nanocrystals
that can be well-described by the particle in a sphere model8,17,18

because E ∼ ⟨p2
⟩ ∼ R−2 so that p scales as R−1 and z ∝ R, the over-

all effect of spin-orbit coupling is independent of the nanocrystal
size. For much smaller nanocrystals, however, as the particle in a
sphere model breaks down with increasing Coulomb and exchange
interaction, there can be larger values of p for a given confinement
R. As a result, the overall strength of the Rashba spin-orbit cou-
pling can thus be expected to increase for small nanocrystals that
are heavily quantum confined, compared with larger nanocrystals

or those in the bulk. In particular, the exchange interaction has
been implicated in providing enhancement of spin-orbit coupling
in quantum confined systems.19 Theoretical work on quantum wires
has suggested that there exists an optimal value of the potential bar-
rier to the confinement well where the spin-orbit coupling will be
maximized.20

While the Schrödinger equation is commonly employed to
solve the electronic structure of molecular systems, the natural start-
ing point for including a full description of spin, including spin-orbit
coupling and other relativistic effects, is to start with the Dirac equa-
tion for an electron. Within the kinetic-balance condition, the Dirac
Hamiltonian can be written as21,22

H = (
V T̂
T̂ pV⋅p−T̂

4m2c2

) + (
02 02

02
iσ⋅pV×p

4m2c2
), (2)

where V is the scalar potential, c is the speed of light, and m
is the electron mass. Spin and orbital angular momenta are cou-
pled through the σ ⋅ pV × p term: the vector σ contains the Pauli
spin matrices, and p is the linear momentum operator. Varia-
tional solutions to this Hamiltonian will no longer have a well-
defined spin multiplicity, and the eigenstates will have four com-
ponents. The first term in Eq. (2) is the spin-free portion of the
Dirac Hamiltonian, which contains all scalar relativistic effects,
while the second term gives rise to spin-couplings. To isolate the
effect of spin-orbit coupling, we can compare the results using
the full Dirac Hamiltonian with those using only the spin-free
part.

Relativistic electronic structure methods based on the Dirac
equation employ a four-component wavefunction ansatz.21,22 For
most chemically relevant studies, approximate two-component
methods are usually of sufficient accuracy. In this work, we uti-
lize the exact two-component (X2C) method23–35 that decouples the
four-component Hamiltonian and yield a reduced-dimension elec-
tronic two-component Hamiltonian. It is of particular note that,
unlike effective spin-orbit operators such as Breit-Pauli, the X2C
transformed Hamiltonian is bounded from below and does not suf-
fer from variational collapse.21,22 Consequently, this two-component
method allows for the variational inclusion of relativistic effects at
each stage of the calculation.

In this work, we use a direct atomic-orbital based X2C trans-
formation with the torque-free density functional theory (DFT)
approach.32,35–39 Although X2C can be made formally exact to
the 4-component solution, in practice, the two-electron opera-
tor is not transformed as this is very computationally expensive.

FIG. 1. Schematic diagrams of the
valence band structure (left) and valence
orbitals (right) for systems with both
symmetry-lowering and spin-orbit cou-
pling. Excitations from these orbitals or
bands to the lowest unoccupied levels
give rise to the lowest energy excitons,
known as 1S3/21Se and 1S1/21Se.
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FIG. 2. The ZnO cluster models used: (ZnO)6, (ZnO)17, (ZnO)33, and (ZnO)84.

Instead, in this work, we use an empirical correction to the one-
electron spin-orbit terms to account for the neglected two-electron
contribution.40

III. COMPUTATIONAL DETAILS
Cluster models of ZnO quantum dots ranging in size from a

diameter of 0.62–1.87 nm were prepared in accordance with pre-
vious studies5,6,41–45 and are shown in Fig. 2. A pseudohydrogen
capping scheme is used to passivate the dangling bonds on the
surface.41 The clusters use the experimental lattice parameters of
a = 3.249 Å and c = 5.204 Å for ZnO. All are approximately spher-
ical but formally have reduced symmetry in the C3v point group.
All-electron calculations were performed in a locally modified ver-
sion of the development version of the Gaussian suite of programs46

using the X2C method as described previously and PBE0 exchange-
correlation functional.47 The 6-31G(d) basis set48,49 was used for all
atoms.

To quantify the degree of anisotropy in these model quantum
dot systems, the ratio between the length of the nanocrystal along the
C3 axis and perpendicular to it are given in Table I. In all nanocrys-
tals except those of size (ZnO)17, the hexagonal C3 axis is shorter
than that perpendicular to it. For the nanocrystals of size (ZnO)17,
the C3 axis is longer.

TABLE I. The anisotropy ratio between the length of nanocrystals along the C3 (z)
axis and the (x, y) axes.

Size 6 17 33 84

ZnO 0.845 1.301 0.913 0.916

IV. RESULTS AND DISCUSSION
A. Rashba effects on frontier orbitals

The computed densities of states using molecular orbitals are
plotted in Fig. 3 and show the smoothing out of discrete states
of orbitals into bands as the nanocrystal size is increased. The
bandgap decreases with increasing nanocrystal size, as expected.
The molecular orbitals at the band edges are shown in Fig. 4.
In the absence of spin-orbit coupling (Rashba effect), both the
HOMO and HOMO−1 spinor orbitals degenerate with an E sym-
metry in the C3v point group, while the HOMO−2 having the A1
symmetry. The orbitals at the conduction band edge appear to be

FIG. 3. Computed total densities of states for ZnO quantum dots of increasing size,
shifted so that the HOMO lies at 0 eV.
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FIG. 4. The molecular orbital diagram of the valence and conduction band edge levels. Due to Kramer’s degeneracy, all levels doubly degenerate so only one of the pair of
orbitals is shown. MOs from the (ZnO)33 are plotted at an isovalue of 0.007 for the magnitude and mapped with the angle between α and β spin-components as shown in the
color bar. Values of 0 and π are pure α, while values of ±π/2 are pure β.

large atomiclike super-orbitals arising from the spherical potential
model.6 The LUMO at the conduction band edge is S-type, and
LUMO+1 to LUMO+3 are P-type orbitals. If the QDs were perfectly
centrosymmetric, we would observe three-fold degenerate P-type
orbitals. However, these QDs have a noncentrosymmetric C3v sym-
metry. As a result, we see a low-symmetry splitting of the P-band
into two sublevels, where the higher energy feature consists of two
degenerate (Px, Py) orbitals and the lower feature corresponds to
Pz orbital.

With the inclusion of spin-orbit coupling, we see that the
symmetry is further reduced because of mixing between frontier
spinor orbitals, which now include both α and β spin-components

as s is no longer a good quantum number. HOMO and HOMO−1
spinors now belong to the 1S3/2 manifold with J = 3/2, where as
HOMO−2 spinors are in the 1S1/2 level with J = 1/2. These vari-
ational relativistic calculations show that the inclusion of spin-
orbit coupling along with the crystal field and quantum dot
anisotropy splits the degenerate E orbitals into two subgroups
of 1S3/2 with different magnetic projections, MJ = ±3/2 and
MJ = ±1/2, respectively. These correspond to the “heavy” and
“light” hole levels in band theory due to their different effective
masses.

A quantitative energy level diagram for the ZnO nanocrys-
tals is given in Fig. 5. Of particular note is the different orderings

FIG. 5. Energy level diagram for the main
states involved in the band-edge exci-
tons of ZnO nanocrystals. Dashed lines
connect the 1S3/2 levels in the valence
band as well as the 1Se levels in the con-
duction band. In the smallest cluster, the
1S1/2 manifold is deeper in the valence
band edge so the level below 1S3/2 is
1P3/2.
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TABLE II. The magnitude of Rashba-induced splitting in valence band states in ZnO
quantum dots, both within the 1S3/2 manifold and between the 1S3/2 and 1S1/2
manifolds (in units of eV).

Size Within 1S3/2 Between 1S3/2 and 1S1/2

6 0.017 0.134
17 0.022 0.115
33 0.008 0.153
84 0.007 0.266

between levels comprising the J = 3/2 and J = 1/2 manifolds. It
is well-known that the energetic ordering of different J manifolds
is very sensitive to the shape of the confining potential.50 For the
ZnO quantum dots, spin-orbit coupling is relatively small, so crystal
field effects and crystal anisotropy play an outsized role compared
to other types of II-VI nanocrystals where spin-orbit effects would
be larger. In the bulklike systems, the highest lying valence band
levels are the 1S3/2 and 1S1/2 manifolds. This is the structure seen
in the larger (ZnO)33 and (ZnO)84 nanocrystals, in which 1S3/2 is
above 1S1/2. For the smaller dots, deviations from this usual pat-
tern are observed. In the (ZnO)17 cluster, a reversed level structure
is seen in which the 1S1/2 level actually moves above the 1S3/2 level
because the crystal field acts with the opposite sign due to the C3
axis being elongated rather than shortened. For the smallest cluster,
(ZnO)6, the 1S1/2 manifold is further inside from the valence band
edge so that the 1P3/2 level is immediately below the 1S3/2 level. Since
the splitting between the distinct angular momentum manifolds in
the valence band is most important to understanding the band-edge
excitonic features, we focus on the magnitude of the splitting in
the valence band and tabulate these values in Table II. The split-
ting within the 1S3/2 manifold is the difference between “light” and
“heavy” holes. Although there is no clear trend in the data, the ZnO
results suggest the magnitude of shape anisotropy and the strength
of the crystal field strongly influence the Rashba effect within the S3/2
manifold.

B. Rashba effects on effective mass
k ⋅ p theory and the effective mass model have been useful for

describing the energetics and spin-orbit coupling of nanocrystals
that are more bulklike.13,51 The effective masses of the electrons and
holes can be calculated from the ab initio band structure by fit-
ting them to an appropriate model. In the case of nanocrystals that
are confined in all directions, the particle in a sphere model has
been used.6,8 In this model, the energy levels depend on quantum
numbers n and l and are given by

En,l =
β2
n,lh̵

2

2m∗e R2 , (3)

where R is the radius of the nanocrystal, m∗e is the effective mass,
and βn , l is the nth zero of the lth spherical Bessel function. The
first four levels, 1S, 1P, 1D, and 2S, were used to fit the effective
masses for both the valence band maximum and conduction band
minimum.

TABLE III. The calculated effective masses of electrons and holes, Bohr radii, and
binding energies Eb for ZnO quantum dots.

Without spin-orbit With spin-orbit

Bohr Eb Bohr Eb
Molecule m∗h m∗e radius (eV) m∗h m∗e radius (eV)

(ZnO)6 5.972 3.814 3.65 0.877 5.932 3.814 3.66 0.874
(ZnO)18 4.597 1.878 6.37 0.502 4.589 1.877 6.38 0.501
(ZnO)33 3.396 1.286 9.11 0.351 3.372 1.285 9.13 0.350
(ZnO)84 1.631 0.813 15.66 0.204 1.621 0.813 15.70 0.204

The effective masses are also related to the size of the exciton.
Assuming a dielectric constant ϵ = 8.5 for ZnO,52 the Bohr radius rB
for the exciton can be estimated as53

rB = ϵ(
1
m∗h

+
1
m∗e
). (4)

Additionally, the exciton binding energies Eb can be estimated from
the model and are given by54

Eb =
e2

ϵrB
=
m∗

ϵ2 , (5)

where e is the electron charge (1 in atomic units) and m∗ is the
effective reduced mass.

The estimated values for the ZnO nanocrystals are given in
Table III. As a broad trend, the effective mass of both the hole
and electron sharply decrease with increasing nanocrystal size. The
spin-orbit interaction has a larger effect on the valence band than
conduction band, consistent with previous studies that show the
effective field due to spin-orbit coupling is different for electrons
and holes.12 These data also suggest that the spin-orbit interaction
lowers the average effective mass for the hole states. As expected
from the decreased effective mass of the holes, the spin-orbit inter-
action slightly increases the size of exciton. This also leads to a slight
decrease in the exciton binding energy.

C. Optical transitions and exciton splitting
Quantum confinement and the Rashba effect are also mani-

fested in the linear absorption spectrum. While the quantum con-
finement effect is known to blue-shift the first bright excitation with
decreasing nanocrystal size, it also affects spin-orbit coupling and
causes a mixing of the excitonic levels.50,55 The Rashba effect and
crystalline anisotropy split the first exciton, denoted as 1S3/21Se,
into sublevels that are sensitive to the quantum confinement. Spin-
orbit coupling associated with the 1S3/2 → 1Se excitation gives
rise to two manifolds of the 1S3/21Se excitons, J = 2, 1 with 5-
and 3-fold degeneracy, respectively. Crystalline anisotropy further
splits states that have different magnetic quantum numbers, e.g.,
MJ = ±2, ±1, 0 for the J = 2 manifold and MJ = ±1, 0 for the
J = 1 manifold. States that are split from the J = 2 (or J = 1) man-
ifold are denoted as “L” (or “U”) for “Lower” (or “Upper”) energy
groups.

The computed exciton fine structure for the (ZnO)33 quan-
tum dot is assigned as given in Table IV. According to the
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TABLE IV. The exciton fine structure for (ZnO)33 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0L 3.677 0.0000
0U 3.677 0.0001
±1L 3.681 0.0003
±2L 3.686 0.0000
±1U 3.738 0.0384

selection rule in k ⋅ p theory for bulk materials,14 only the ±1U ,
±1L, and 0U sublevels are optically allowed transitions, and ±2L

and 0L sublevels are forbidden. The computed results for quantum
dots suggest that optical transition selection rules for the period
bulk system are also maintained in finite, quantum confined struc-
tures. The strongest allowed excitonic transition is to the ±1U

states that are above 6 lower-lying forbidden or weakly allowed
transitions.

The ordering of 1S3/21Se sublevels strongly depends on the rel-
ative strength of crystalline anisotropy and the Rashba effect. In
quantum confined systems, strong crystalline anisotropy can lead to
large splittings. Of particular note for the (ZnO)33 quantum dot, the
0U level is split enough from the “Upper” group that it overlaps with
the states from the lower manifold.

For the smaller (ZnO)17 nanocrystal (Table V), the higher
degree of anisotropy leads to a much stronger crystal field relative
to the strength of spin-orbit coupling. As a result, the 0U level actu-
ally drops below the 0L sublevel so that the lowest energy exciton is
now optically active. In the smallest (ZnO)6 crystal, the magnitude
of crystal field anisotropy is lower again so that the 0L dark exciton
is the lowest energy, as given in Table VI.

These results are shown graphically in Fig. 6. The oscillator
strength is almost completely localized in the ±1U transitions, with

TABLE V. The exciton fine structure for (ZnO)17 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0U 4.938 0.0007
0L 4.941 0.0000
±1L 4.951 0.0003
±2L 4.962 0.0000
±1U 5.191 0.1484

TABLE VI. The exciton fine structure for (ZnO)6 quantum dots.

Sublevel Excitation energy (eV) Oscillator Strength

0L 6.116 0.0000
0U 6.117 0.0001
±1L 6.124 0.0001
±2L 6.133 0.0000
±1U 6.464 0.1057

FIG. 6. The exciton fine structure levels for ZnO quantum dots. The lowest energy
state is set to zero.

lowered transition strength in the other optically active modes. This
agrees with other work in the literature, which shows the oscillator
strength of the ±1L transitions decaying to zero for small nanocrystal
radius and being redistributed into the ±1U manifold.56

In Table VII, the splittings within and between the differ-
ent angular momentum manifolds are given. While the splitting
between sublevels with different MJ projections in the lower man-
ifold ΔL has a strong dependence on the crystal field, the splitting

TABLE VII. Computed fine structure splittings in ZnO quantum dots (in eV). ΔL is the
splitting in the lower manifold, ΔU is the splitting in the upper manifold, and ΔU−L is
the splitting between the mean energy of the two manifolds.

Nanocrystal ΔL ΔU ΔU−L

(ZnO)6 0.008 0.347 0.1662
(ZnO)17 0.010 0.253 0.1132
(ZnO)33 0.005 0.061 0.0262

FIG. 7. The optical absorption spectra of ZnO quantum dots calculated by TDDFT.
The dashed lines indicate spin-orbit free calculations, while the solid traces include
spin-orbit coupling. The inset shows a zoom-in on the (ZnO)33 features, where dark
states gain intensity under spin-orbit coupling by singlet-triplet mixing.
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TABLE VIII. MO transition amplitudes for the first bright excited state in (ZnO)17.

MOs Amplitude (%)

HOMO−17→ LUMO+1 1.99
HOMO−16→ LUMO 1.99
HOMO−1→ LUMO 18.82

HOMO−1→ LUMO+1 25.92
HOMO→ LUMO 25.92

HOMO→ LUMO+1 18.92

NTO 1 λ = 0.481
NTO 2 λ = 0.481

in the upper manifold ΔU and between the mean energies of the
two manifolds ΔU−L has a strong dependence on the nanocrystal
size. One reason for this difference in exciton manifolds is that the
heavy holes with MJ = ±3/2 feel both “short”- and “long”-range
exchange, while the light holes with MJ = ±1/2 only feel “short”-
range exchange.14 This difference is enhanced as the nanocrystals
are more confined.

In Fig. 7, the computed absorption spectra are plotted, both
with and without the inclusion of spin-orbit coupling. All peaks are
broadened with a Lorentzian lineshape with a FWHM of 0.005 eV.
Analysis of the transition amplitudes shows that the band-edge exci-
tons are indeed well-described by a hole in the 1S3/2 manifold and
an electron in the 1Se level, although this analysis also shows some
mixing with deeper valence band states than those depicted in the
diagram given in Fig. 4. In the case of the (ZnO)17 cluster, the tran-
sition amplitudes and resulting natural transition orbitals (NTO)
eigenvalues given in Table VIII show about 4% contribution from
lower lying bands; however, the simple picture of a single particle
excitation from the 1S3/2 levels in the valence band is still largely true,
with nearly 96% recovered in the dominant NTOs. The NTOs for the

FIG. 8. The NTOs of the first bright excited state in (ZnO)17. There are two sets of
orbitals (top and bottom), corresponding to the α and β spins.

first bright excited state are plotted in Fig. 8. Transition from O 2p
orbitals goes into an s-like superorbital delocalized over the entire
cluster, consistent with the previous model.

V. CONCLUSIONS
In this work, we have performed ab initio electronic struc-

ture calculations that incorporate relativistic effects to demonstrate
the effect of quantum confinement on spin-orbit coupling that
affects the band-edge excitonic manifold in ZnO quantum dots.
This allows for the study of the Rashba effect in small, highly
quantum-confined systems where the band model used in k ⋅ p the-
ory can break down. In particular, we have found that the “Upper”
and “Lower” exciton manifolds can mix and overlap in small ZnO
nanocrystals, where already small spin-orbit coupling is further
reduced by symmetry-lowering crystal field effects. The cluster mod-
els used here can easily be adapted to explore the role of sur-
face and ligand modifications, dopants, and other defects on the
ground state electronic structure and fine structure of the excitonic
manifold.

Although there are no k-vectors defined in 0D materials, the
phenomena observed in this work share an important similarity
with the Rashba effect—the combination of spin-orbit with other
reduced symmetry and shape effects. In particular, the reduced
symmetry environment here is due to changes to the confining
potential in the dimension of one axis (the z axis), as is the
case in larger 2D materials. In 0D materials, since the transla-
tional symmetry is absent, the time-reversal symmetry is main-
tained. As a result, there is no Zeeman splitting. In principle,
both Rashba and Dresselhaus effects are present in the calculation
because we employed a variational spin-orbit approach where all
orders of perturbation are included. However, it is very difficult
to differentiate these effects because of the lack of k-vectors in the
analysis.
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