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Abstract

As energy operations face the challenge of reservoirs at ever-increasing depths, modeling the
response of reservoir rocks at high pressure and high temperature (HPHT) conditions is a cru-
cial step for successfully unlocking new resources. At these conditions, rocks can experience
thermal and pressure sensitivity, as well as admit internal phase changes at the pore-solid in-
terfaces that determine their macroscopic response to external loading. It is therefore expected
that constitutive laws of Geomechanics should be enriched to accommodate such effects. In this
work, a multi-physics constitutive theory for sedimentary rocks is proposed within the general
framework of viscoplasticity. The viscosity of the material is assumed to be a function of the
temperature, pore-pressure and energy required to alter the inter-granular interfaces. This en-
ergy is expressed through the chemical potentials of the phases involved during processes like
chemical dissolution/precipitation of the interfaces or mechanical debonding. The resulting flow
law and corresponding stress equilibrium are coupled to the energy and mass conservation laws,
constituting a closed system of equations, which is solved using the Finite Element simulator
REDBACK. A series of numerical tests for performance and calibration is then successfully per-
formed against different types of reservoir rocks, confining pressures and temperatures (from
room temperature to over 800K). We show that the mechanical response of sedimentary porous
rocks at strains usually achieved in laboratory testing can be explained by accounting for the
interface processes taking place at the cementitious material bonding the grains, a process that
can also determine the brittle-to-ductile transition of sedimentary rocks.

Keywords: High Pressure - High Temperature, Sedimentary Reservoir Rocks, Multi-physics
Geomechanics, Interface processes

1. Introduction1

One major challenge in Geomechanics is to assess and improve the performance and long-2

term potential of reservoirs at High Pressure and High Temperature (HPHT). This is particularly3

important for the operation of unconventional shale gas reservoirs, but also applies to other areas4
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like geothermal or deep (below 3km) conventional formations. Other applications include envi-5

ronmental remediation around nuclear waste disposal sites, as well as deep underground storage6

of energy resources. The challenging part consists mainly in designing engineering operations7

for length- and time- scales well beyond those observable in the laboratory, involving physical8

processes like thermo-mechanical and chemo-mechanical couplings that are not so relevant in9

shallow environments.10

In order to meet such a formidable challenge, constitutive modelling is required that can11

span the temperature and pressure range of the Earth’s upper crust, and offer possibilities for12

long-term forward modeling at such extreme conditions. The main requirement is to formulate13

a plasticity theory which helps describe and even predict long-term behaviour, at conditions14

where materials are frequently well beyond their initial yield, in environments where rocks may15

experience extreme temperatures, pressures, as well as internal transformations. To model such16

multi-physical processes, constitutive models need to incorporate a sufficiently high level of17

detail from the physical mechanisms taking place at the microstructure scale, which affect the18

macroscopic response of materials upon loading.19

Examples of such models – that accommodate multi-physical feedbacks and are able to op-20

erate in the long-term – can be found in the field of metal plasticity, and in particular crystal21

plasticity, with the first attempts to capture the microscopic response of crystals dating back to22

the 1930s with the pioneering works of [1, 2, 3, 4], to name but a few. These studies, nowa-23

days commonly accepted, showed that the mechanical resistance of metals in shear is dominated24

by lattice-related processes like the presence of discrete obstacles, lattice resistance, dislocation25

movements, etc (for more details see [5]).26

These concepts have been cast into a visco-plastic framework by [6], [7], and later gener-27

alized to materials displaying pressure sensitivity and more complicated microstructures, like28

geomaterials [8, 9, 10, 11, 12]. Recently [13, 14, 15] have extended these concepts to allow the29

flow law to receive feedbacks from state variables (including pressure,temperature and density).30

Such concepts have become common knowledge in disciplines studying long-term response of31

rocks under loading, like Geology, Geophysics and Geodynamics, where the materials are long32

past their initial yield point and are commonly described as viscous without incorporating the33

concept of a yield surface or plasticity in general [16]. In these disciplines, the viscosity of the34

material incorporates all interface processes taking place at the micro-scale, like for example35

grain boundary sliding, interface chemistry etc. As such, the viscosity of these laws is express-36

ing all microscopic processes as a function of the state variables of the problem at hand, like37

temperature, pressure and density.38

The objective of this work is to provide a constitutive framework encompassing internal39

mechanisms like interface changes (de-bonding, decementation, collapse of capillary bridges,40

etc) under multi-physical feedbacks, that can be used for modeling Geomaterials at high tem-41

perarures and pressures. To this end, we extend earlier studies considering thermo-chemo-42

mechanical couplings in Geomaterials [17, 18, 19, 20, 21] and suggest a multi-physics visco-43

plasticity framework that is enriched with a dependency of the plastic multiplier (viscosity) on44

state variables and internal interface processes [see also 22]. The next sections are laying down45

the constitutive laws for the mechanical response of rocks experiencing internal interface mech-46

anisms like debonding or interface dissolution/precipitation. The constitutive framework is then47

completed with governing equations, that are used as evolution laws for the state variables used48

(pressure and temperature), before being implemented in a finite element simulator and used to49

reproduce experimental results from triaxial compression tests at different types of rocks. Finally,50

all the results are synthesized and discussed.51
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2. Multi-Physics Elasto-Visco-Plasticity with interface mechanisms52

In this section we present the temperature- and pressure- sensitive law of elasto-viscoplasticity53

that will be used in this work. The underlying physical model for this study is combining con-54

cepts from the viscoplastic approach in metals, as discussed in the introduction, with the required55

modifications to capture interface mechanisms in pressure-sensitive, porous materials.56

2.1. Elasto-Visco-Plasticity57

The formulation is based on the principles of overstress plasticity [6], used in a novel elasto-58

viscoplastic approach [23]. As is done classically in Mechanics, the total strain rate is decom-59

posed into its elastic (reversible) and plastic (irreversible) components, ε̇i j = ε̇r
i j + ε̇ i

i j.60

Thermo-Poro-Elasticity. The reversible part is considered to obey a linear thermo-elastic law of61

the form:62

ε̇r
i j = Ci jklσ̇

′
kl − λs∆Tδi j (1)

where σ′i j is the effective stress, obeying Terzaghi’s law [24] σi j = σ′i j − p f δi j (where σi j is the63

total stress tensor of the mixture and p f the pore pressure), Ci jkl is the compliance modulus, λs64

the thermal expansion coefficient of the solid and ∆T the temperature variation. Note that the65

Einstein notation (summation of repeated indices) applies and that δi j is Kronecker’s delta.66

Visco-plasticity. The irreversible part of the strain rate respects a visco-plastic flow law which is67

expressed in terms of the norm of the overstress of the deviatoric and volumetric components, as68

follows (see also figure 1):69

ε̇ i
d =

ε̇d
0

ε̇0
Π̇
∂ f
∂q
, (2a)

ε̇ i
v =

ε̇v
0

ε̇0
Π̇
∂ f
∂p′

, (2b)

where Π is the overstress function, hereby assumed to be the norm of the flow rate tensor at a70

reference strain rate ε̇0 (see figure 1): Π̇ =

√
ε̇2

0

〈
q−qY
σre f

〉2m
+ ε̇2

0

〈
p′−pY
σre f

〉2m
, f is the initial yield71

envelope of the material (considered here to be constant and independent of temperature, thus72

relegating all the post yield evolution in the ”viscosity” of the material), ε̇v,d
0 is the reference strain73

rate for the deviatoric and volumetric part, p′ denotes the volumetric mean effective stress, q the74

equivalent deviatoric stress (also called von Mises stress), pY and qY the corresponding values of75

p′ and q at yield, and σre f a reference stress. The angular brackets 〈·〉 represent the Macaulay76

brackets.77

Following the need to allow in principle different mechanisms to operate in volumetric and78

deviatoric loading, the reference strain rates are assumed to take Arrhenius-like forms like:79

ε̇d
0 = ε̇0 exp

−∆Qd
mech

RT

 , (3a)

ε̇v
0 = ε̇0 exp

(
−

∆Qv
mech

RT

)
(3b)
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Figure 1: Decomposition of the plastic flow rule into a volumetric and a deviatoric components in the p′ − q space (mean
effective stress shear stress), for a stress point M and its corresponding point on the yield point MY .

where R the universal gas constant and T the temperature. ∆Qd
mech and ∆Qv

mech are the activa-80

tion enthalpies of the deviatoric and volumetric components, expressing the activation energy81

required to overcome (activate) the dissipative mechanisms admissible by the microstructure. It82

is also to be noted that traditional concepts like dilatancy are hereby expressed through these83

activation enthalpies. Indeed, the dilatancy coefficient would be ψ =
ε̇ i

v

ε̇ i
d

= exp
(

∆Qd
mech−∆Qv

mech
RT

)
∂q
∂p′ ,84

with the model deviating from associativity when ∆Qd
mech , ∆Qv

mech.85

The enthalpies ∆Qd
mech and ∆Qv

mech are functions of all the state variables of the problem86

(density, pressure, temperature, etc). Therefore, temperature, pressure and density dependencies87

are accounted for through the definition of the activation enthalpies for the deviatoric ( ∆Qd
mech88

) and the volumetric (∆Qv
mech) components of the irreversible strain rate. Those terms incorpo-89

rate the activation energies of all micromechanical mechanisms taking place, including frictional90

initiation [25], volumetric pore collapse [23], or debonding and grain cracking [14], and can91

be functions of all the global and internal state variables of the problem at hand. An example92

of such an approach is illustrated in the following section for arbitrary processes at the skele-93

ton’s interface, emphasizing the specific mechanism of debonding in an isotropic medium where94

∆Qd
mech = ∆Qv

mech = ∆Qmech. Through considerations of the interface physics at the grain scale,95

we are able to upscale for a continuum expression of ∆Qmech in the considered representative96

elementary volume (REV, see Appendix B).97

2.2. Interface Laws for Debonding Processes at the Grain Scale98

Let us consider a generic system of two grains submerged in a saturating fluid, and assume99

them being connected through a bonding interface which can be of solid (cement) or fluid (capil-100

lary bridge) form [21]. This system of grains and bond (skeleton) is experiencing a mean pressure101

Psk, while the saturating fluid is experiencing a mean pressure p f . In such a system, debond-102

ing/bonding processes may take place at the interface, with them being of chemical (dissolu-103

tion/precipitation) or mechanical (breakage/healing) origin, or even a combination thereof (e.g.104

breakage/precipitation or dissolution/healing). A generic way of approaching this interface con-105

figuration, is to assume that the interface is allowed to experience a transition of the solid skele-106

ton into a fluid (and vice versa), following a phase transformation of the form skeleton
 f luid.107

Since all these processes – irrespectively of their origin – are affecting the mechanical response108

of the skeleton, the activation enthalpy of the mechanical law needs to account for these interface109

effects. In a two-grain (single contact) system, this is expressed in incremental form as:110
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∆qmech = ∆q0
mech + ∆qinter f ace = ∆q0

mech +
∑

i

µi∆mi (4)

In this equation ∆q0
mech is the base enthalpy of the system and ∆qinter f ace =

∑
i µi∆mi for i = sk, f111

is the enthalpy of the interface, expressing the energy required to break chemo-mechanical bonds112

of the skeleton and form weak fluidized phases. µi is the chemical potential and mi the mass of113

each constituent.114

The mechanical enthalpy of a system of multiple contacts is obtained if we average Eq. (4)115

over the volume of our Representative Elementary Volume (REV) V for a given contact distribu-116

tion N(V):117

∆Qmech =
1
V

∫
∆qmechN(V)dV (5)

Note that the size of the volume is arbitrary and can be calculated separately by using thermo-118

dynamic convergence of the upper and lower bound of the dissipation rate of an assembly, as119

described by [26]. Such an analysis is out of the scope of this work, as we assume the presence120

of an REV at a sufficient number of grain contacts. Under this assumption, and for the simple121

case of a uniform contact distribution Eq. (5) provides:122

∆Qmech = ∆Q0
mech + µ1∆ρ1 + µ2∆ρ2 (6)

where ∆Q0
mech = ∆qmechnc, with nc being the number of evenly distributed contacts in the REV.123

The indices 1, 2 are referring to the solid and fluid phases, respectively (µ1 = µsknc, µ2 = µ f nc).124

Note that all the contacts are assumed energetically equiprobable, allowing for the chemical125

potentials to be considered constant over the volume averaging procedure. Substituting in Eq. (6)126

the mixture’s expressions for the densities ρ1 = (1−φ)ρsk and ρ2 = φρ f , with φ being the porosity127

of the mixture, we obtain:128

∆Qmech = ∆Q0
mech +

(
µ f ncρ f − µskncρsk

)
∆φ (7)

Note that when the two phases of the interface are in equilibrium, the chemical potentials are129

equal, µ f = µsk.130

Recalling the mass balance of the solid phase (neglecting convective terms) in its incremental131

form, (1 − φ)dρs = ρsdφ, and the Equation of State (EoS) considered (Eq. B.4), we may express132

∆φ in terms of the excess pore fluid pressure ∆p f and temperature variation ∆T , ∆φ = φ0βφ∆p f −133

φ0λφ∆T , where βφ = (1 − φ)βs, λφ = (1 − φ)λs are the compressibility and thermal expansion134

coefficients of the void space [27]. In addition, the chemical potentials of the i−species are135

frequently expressed through their partial pressures experienced, through a pressure-like quantity136

f [16]:137

µi = µ0 + RT ln
fi
f0

(8)

where µ0 is a reference value of the chemical potential at a reference value f0, that will be set to138

zero hereafter to ensure tractability of the mathematical derivations. The pressure-like quantity139

f is identified as the fugacity in the case of gaseous constitutents. It has the units of pressure and140

is an ”effective pressure” i.e, the pressure that gives the correct value for the chemical potential141

of a real gas. In case of ideal gases, the fugacity is therefore equal to the gas pressure P. In the142
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more general case of condensed (liquid or solid) phase, the deviation of the fugacity from the143

ideal case is expressed through a fugacity coefficient ν linking it to a representative pressure of144

the system for each constituent i, fi = νiP [16]. In this case the reference value is set to f0 = P .145

Substituting the above considerations into Eq. (7) we finally obtain:

∆Qmech = ∆Q0
mech +

ncRT
ρ0

(
ρ f ln ν f − ρsk ln νsk

)
∆φ (9a)

∆φ = φ0βφ

(
∆p f −

λφ

βφ
∆T

)
(9b)

Since the fugacity coefficients are in principle unknown for non-ideal gas components, in this146

study they will be first used as inversion parameters, and later discussed for their physical origin147

and applicability to the mechanics of sedimentary rocks. We will therefore be using the following148

expression,149

∆Qmech = ∆Q0
mech + ∆φVact (10)

where Vact = ncRT
ρ0

(
ρ f ln ν f − ρsk ln νsk

)
.150

3. Model Validation Against Varying Temperature and Pressure for Different Rocks151

In this section we calibrate the visco-plastic constitutive law for different pore pressures152

and temperatures and restrict further the mathematical formula of the chosen Arrhenius law of153

Eqs. (3), which encapsulates the pressure and temperature sensitivity of the model. For this154

task, the experimental data from [28] have been chosen, comprising a series of triaxial tests in155

Carrara marble, Solnhofen limestone and Gosford sandstone. These tests were performed under156

constant confinement (300 MPa), and the pore pressure was used to vary the mean effective stress157

instead of directly controlling the confining pressure as in typical triaxial experiments. Five158

different values of the pore pressure were applied, ranging from 30 to 280 MPa. Furthermore,159

the experiments were conducted with argon as saturating fluid, which remained at supercritical160

state during the tests at four different values of temperature (20◦ − 600◦C), and two loading rates161

( 10−4s−1 and 10−5s−1). An example of the results reported can be found in figure 9a of [28].162

Given the number of possible combinations of these tests, Fischer and Paterson focused on163

reporting mainly the axial stress of the material at 10% axial strain as representative deformation164

at post yield state of the material (as can be seen figure 9b in [28]). At this strain the materials are165

already in the post-yield regime, having accumulated significant plastic deformation. Since our166

target in this section is to calibrate the visco-plastic formulation against these data, the following167

simplifying assumptions have been made based on the experimental results: 1) the material is168

treated as rigid-viscoplastic, 2) the material admits a Drucker-Prager yield surface, f = q − c −169

tanα p′ (c is the cohesion and α the friction angle in the p′ − q space). This choice allows to170

properly describe the pressure sensitivity of the material as suggested by the experimental data171

(see figure 9a,b in [28]), while keeping the yield surface linear.172

3.1. Equations for fitting drained triaxial experimental data173

Using these assumptions, our goal is to capture the non-linearity of the post-yield response174

using only the proposed overstress constitutive law, starting from the deviatoric expression of the175

flow law,176
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Figure 2: Schematic of the flow law, drawn in a compression positive sign convention for simplicity

ε̇ i
d = ε̇0 Π exp

(
−

∆Qmech

RT

)
(11)

where as a first approach we assume that the activation enthalpy is obeying the isotropic law of177

Eq. 10, in the simplified case where the void space has negligible thermal expansion coefficient178

compared to its compressibility, so that λφ
βφ
→ 0. This is corroborated by literature data on179

sedimentary rocks [27], which suggest that λφ
βφ

should be between 10−1 − 10−3 MPa/◦C. Under180

this assumption, we obtain ∆Qmech = ∆Q0
mech + ∆p f Vact.181

By inverting Eq. 11 for the deviatoric stress q, assuming that the loading is monotonous, we182

obtain:183

q = qY + A exp
∆Q0

mech + ∆p f Vact

mRT

 (12)

where A = σre f (
ε̇ i

d
ε̇0

)1/m
(
1 + tan−2m α

)−1/2m
, with α the friction angle. The experiments of [28]184

follow the standard stress path (slope 1/3 in the p′ − q space) of drained triaxial tests. Let the185

subscript 0 denote the dry material, which is under the maximum effective confining pressure186

applied (300MPa) and the subscript p f denote any other state where some constant pore pressure187

is applied. Then, following the sketch in Figure (2) we can define a ratio of stresses based on the188

stress path,189

tan β =
p′y(p f ) − p′c(p f )

qy(p f )
=

p′y(0) − p′c(0)

qy(0)
=

1
3

(13)

Solving for the mean effective stress, we obtain:190
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p′y(p f ) = p′c(p f ) +
1
3

qy(p f ), (14a)

p′y(0) = p′c(0) +
1
3

qy(0), (14b)

The excess pore pressure ∆p f can be calculated as ∆p f = p′c(0) − p′c(p f ). By substituting the latter191

in equation (14a) we derive192

p′y(0) − p′y(p f ) =
1
3

(
qy(0) − qy(p f )

)
+ ∆p f (15)

Also, from the graphical definition of the friction angle α we obtain:193

tanα =
qy(0) − qy(p f )

p′y(0) − p′y(p f )
(16)

which in turn yields:194

qy(p f ) = qy(0) − ∆p f

(
3 tanα

3 − tanα

)
. (17)

By substituting equation (17) in equation (12), we arrive at the final equation that will be used to195

invert for the material properties of the model:196

q f it = qy(0) − ∆p f

(
3 tanα

3 − tanα

)
+ A exp

∆Q0
mech + ∆p f Vact

mRT

 (18)

In order to model the experimental data for those three types of materials (sandstone, limestone197

and marble) equation (18) is then used to invert for q f it by using the following as inversion198

parameters: 1) the friction angle of the yield surface, α; 2) A = σre f (
ε̇ i

d
ε̇0

)1/m
(
1 + tan−2m α

)−1/2m
;199

3) the activation enthalpy ∆Q0
mech/m; and 4) the activation volume Vact. Note that out of all these200

parameters the activation volume is the most poorly constrained.201

3.2. Parameter inversion from drained triaxial experimental data202

Starting with the sandstone data (figure 3a,b) it is observed that the material remains pres-203

sure sensitive throughout the experiments and the results are fairly regular. As such, it seems204

reasonable to assume that the composition of the material remains the same despite the signif-205

icant increase in the temperature. For this series of data, the inversion was made with respect206

to the activation volume, while searching for the optimal values of the friction angle the strain207

rate ratio and the activation energy. The values used to fit the data at 10−4s−1 and 10−5s−1 strain208

rate are summarized in tables (A.3) and (A.4) respectively. The corresponding results of the209

calibration are shown in figure (3a,b). Note that the nature of the activation volume is unknown210

in the thermo-mechanical context at the laboratory scale so far, and as such it is used as a free211

parameter inverted from the fitting exercise. Significant variation in Vact could be explained as212

the result of the debonding of grains for instance. Note that the change of the parameter A from213

0.5 to 0.2 at 10−4s−1 and 10−5s−1 strain rate, respectively represents the viscous effect triggered214

from the change in the loading rate.215
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Figure 3: (a) Fitting sandstone data at 10−4 s−1 strain rate, (b) Fitting sandstone data at 10−5 s−1 strain rate
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By looking at the reported data of limestone and marble (Fig. 4a,b and 5), it can be observed216

that the pressure sensitivity changes significantly with increasing temperature. The materials217

become more pressure insensitive (i.e. undrained), indicative of excess pore pressure generation218

inside the sample. A possible candidate for a mechanism causing excess pore pressure under219

high temperatures in carbonate-rich rocks is the presence of a fluid-release chemical alteration,220

potentially producing excess pore fluid pressure during chemical decomposition. This chemical221

change has been reported by [28], who stated that the limestone material was uncontrollable222

at high temperature and higher strain rate. The chemical alteration leads to the change of the223

yield surface, decreasing the friction angle α and the viscosity as expressed by the ratio of strain224

rates A. Therefore, in the optimization process those two parameters were allowed to vary for225

each temperature to capture the behaviour for limestone and marble, while Vact and ∆Q0
mech/m226

were kept constant. Setting the value of Vact at very low values renders the hydraulic effects227

inactive, which seems reasonable since the experiments are drained and the pressure sensitivity228

is negligible at high temperatures.229

The values used to fit the limestone data at 10−4s−1 and 10−5s−1 strain rates are summarized230

in tables (A.5) and (A.6), respectively. The corresponding results of the calibration are presented231

in figure (4a,b). Finally, the values used to fit the data for marble at 10−4s−1 strain rate are232

summarized in table (A.7), and the corresponding results of the calibration can be found in233

figures (5).234

In summary, all calibrations in this section show that the model can capture adequately the235

rate, temperature, and pressure dependency of different materials. They can be included just by236

changing the yield surface as in classical thermo-plasticity. The assumptions used here are crude237

as in the lab scale, thermo-elastic effects are important. The fact that the model does a good238

job despite that should be noted here. Indeed, the fact that the same model, with reasonable and239

comparable parameter values, can capture adequately the behaviour of a variety of materials at240

different temperature and pressure conditions, suggests that this model is sufficiently rich to be241

used across materials and loading conditions.242

Despite being able to capture the pressure and temperature sensitivity of these materials, the243

tests were performed at relatively low effective confinement, not allowing the materials to reach244

the cap of the yield envelope that is present at high confinements. In addition, this data set does245

not allow to evaluate the validity of the evolution laws of the model, as usual when capturing246

stress-strain evolution in triaxial experiments. To test these capabilities of the model, we present247

in the next section the performance of the model against triaxial experiments of sandstone and248

mudstone across a wide range of pressures, reaching the cap.249

4. Numerical Analysis of Triaxial Compression Tests250

In this section, the theoretical framework described previously is used to fit a series of lab-251

oratory tests for different types of rocks (sandstone and mudstone) subject to drained triaxial252

compression. This is achieved by solving -using finite element approaches [29, 30]- the govern-253

ing laws of momentum, mass and energy balance (see Appendix B), combined with the elasto-254

viscoplastic model presented in the previous sections (see section 2.1). The numerical approach255

used to solve the theoretical framework is using REDBACK, an open-source parallel simulator256

for Rock mEchanics with Dissipative feedBACKs [23, 31]. Note that, since the model’s hard-257

ening law is expressed through the state variables temperature and porosity (pore pressure), the258

mass and energy balance represent the equivalent evolution laws of the assumed state variable259

in classical plasticity, with the added benefit of the present framework including internal length260
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Figure 4: (a) Fitting limestone data at 10−4 s−1 strain rate, (b) Fitting limestone data at 10−5 s−1 strain rate
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Figure 5: Fitting marble data at 10−4 s−1 strain rate

scales that can regularize otherwise mesh-sensitive solutions like the localization of plastic de-261

formation during softening branches of the stress-strain response (see Appendix C).262

Having seen the model’s response against materials having a linear (Drucker-Prager) yield263

surface, the goal of this section is to constrain the form of the activation enthalpy ∆Qmech of the264

flow law, for materials that exhibit a non-linear, capped yield envelope. Recalling the discussion265

of the introduction and section 2.1, ∆Qmech is expected to have a generic form of the following266

type for wet experiments:267

∆Qmech = ∆Q0
mech + ∆φVact (19)

where ∆Q0
mech is a reference value of the activation enthalpy, ∆φ is the porosity variation de-268

scribed by Eq. 9ab, and Vact the activation volume for the pore volume deformation processes. In269

the following, we are using the numerical inversion procedure described in [32, 33] to constrain270

the values of ∆Q0
mech and -mainly- of Vact.271

4.1. Triaxial Compression Test for Sandstone272

The first case considered in this section was presented by [34], who conducted a series of tri-273

axial experiments on Adamswiller sandstone under a broad range of effective pressures. Through274

these tests the authors were able to identify the transition in failure mode from brittle faulting275

to cataclastic flow. Six cylindrical samples were used, cored parallel to the bedding, 38.1 mm276

long and 18.4 mm in diameter, with 22.6% initial porosity. The experiments were performed at277

a fixed loading rate of 5 × 10−5/s, under confining pressures of 5, 20, 40, 60, 100 and 150 MPa278

respectively.279

Figure (6a) shows the stress paths from the laboratory experiments [34] with the correspond-280

ing yield points identified by the original authors. See [34] for all details regarding the ex-281

periments. These experiments were fit with a cap envelope consisting of a Drucker Prager [35]282

12



50 0 50 100 150 200

Mean effective stress (MPa)

0

20

40

60

80

100

120

140

160

180

D
e
v
ia

to
ri

c
 s

tr
e
s
s
 
(M

P
a
) Cap

Drucker-Prager

Experimental Data

CD1

CD2

CD3

CD4 CD5

CD6

(a)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Mean effective stress (MPa)

0.0

0.5

1.0

1.5

2.0

2.5

D
ev
ia
to
ri
c
st
re
ss

(M
P
a) CD1

CD2
CD3

CD4

CD5

CD6

1

3

(b)

Figure 6: (a) The experimentally derived yield points (circles) for experiments performed at 6 different confinements (CD
1-6) by [34] and the modified cam-clay yield envelope used in modelling the tests (solid line), (b) is a modified figure
from [23] showing the best fits of the data using the original Cam Clay (dashed line) and Modified Cam Clay (solid line)
models. The experimental stress paths and corresponding yield points were taken from figure 5 in [37]

surface in shear and a Modified Cam Clay model as a cap [36], expressed as
(

q
M

)2
+ p(p− p0) = 0283

. The preconsolidation stress p0 and the slope of the critical state line M were inverted from the284

experimental data and set to be p0 = 210 MPa and M = 1.35.285

Those experiments were then modelled numerically following the methodology described by286

[23]. The experimental curves reported for this sandstone have been fitted by using the material287

properties provided by the authors of the experimental works, listed in table (1), and by varying288

only Vact at different confining pressures (see figure 9a). The optimal fit for both the deviatoric289

and volumetric component is shown in figures (7a,b). For the inversion process, we optimized the290

numerical results to fit the deviatoric component of Fig. (7a), and obtained the volumetric com-291

ponent of Fig. (7b) as a forward prediction of the model. The fitting procedure was performed292

for a constant value of ∆Q0
mech and by varying Vact with confinement (i.e. constant during each293

test but allowed to change with confinement). During this procedure, we derived the following294

logarithmic dependence of Vact on confining pressure (as shown also in figure 9a):295

Vact = α0

(
1 −

ln Pc(max)/p0

ln Pcs/p0

)
RT = α0

RT
ln Pcs/p0

ln
Pcs

Pc(max)
(20)

In this expression Pcs is the effective confining pressure corresponding to the critical state for a296

given stress path [23]. From figure (9a) it can be seen that for the yield envelope used during the297

inversion (figure 6a), α0 = 29.4. It is to be noted that Vact changes sign with confinement, being298

negative when Pcs < Pc(max) (i.e. at the ”dilatant” shear part of the yield envelope where ”brittle”299

failure is observed in rocks), positive when Pcs > Pc(max) (i.e. at the ”contractant” cap of the300

yield envelope where ”ductile” response is encountered), and zero at critical state Pcs = Pc(max).301

4.2. Triaxial Compression Test for Mudstone302

The second series of experiments used to validate the model in triaxial compression was per-303

formed by [37] on diatomaceous mudstone. The test was aiming to demonstrate the existence of304
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Parameter Mudstone Sandstone
cth

[
m2/s

]
1.3 × 10−6 1.43 × 10−7

kπ
[
m2

]
1.48 × 10−14 1.55 × 10−9

µ f [Pa.s] 8.9 × 10−4 8.9 × 10−4

βm

[
Pa−1

]
2.5 × 10−10 9.34 × 10−8

ε̇0

[
s−1

]
1.3 × 10−2 1.36 × 10−3

∆Q0
mech [J/mol] 1000 1345
λm

[
K−1

]
3.88 × 10−5 5.18 × 10−5

σ′re f [MPa] 189 2.26
Tre f [K] 300 300
xre f [m] 0.01 0.02
m [−] 2 2
χ [−] 0.65 0.65

Table 1: Parameters used in order to fit the experimental data for sandstone and mudstone. The expression chy = kπ/µ f βm

have been used for the hydraulic diffusivity where kπ the permeability and µ f the fluid viscosity. Note that λφ
βφ

has been

taken equal to 10−2 MPa/◦C, having negligible influence due to the isothermal nature of the tests.

(a)

0.00 0.25 0.50 0.75 1.00 1.25
Normalized Effective Mean Stress

0

5

10

15

Vo
lu

m
et

ric
 S

tra
in

 (%
)

CD1 CD2 CD3 CD4 CD5 CD6

(b)

Figure 7: (a) The normalized (against the preconsolidation pressure) deviatoric stress (τ) vs. axial strain results for the
experiments (symbols) and the numerical simulations (lines) for sandstone, (b) The volumetric strain versus the effective
mean stress results for the experiments (dashed lines) and the numerical simulations (solid lines) for sandstone.
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Table 2: The selected confinement pressures used in the triaxial test experiment from [37]

Case No. CD1 CD3 CD3 CD4 CD5 CD6

Effective confining pressure (MPa) 0.25 0.5 0.75 1.0 1.5 2.0

(a)
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Figure 8: (a) The normalized (against the preconsolidation pressure) deviatoric stress (τ) vs. axial strain results for the
experiments (symbols) and the numerical simulations (lines) for mudstone, (b) The volumetric strain versus the effective
mean stress results for the experiments (dotted lines) and the numerical simulations (solid lines) for mudstone.

compaction bands in this rock and how the variation of the confinement pressure affect on the305

direction and the inclinations of the strain localization. A series of triaxial tests was performed306

on six rectangular shaped-prismatic specimens with 8 cm high and 4 cm side. In order to avoid307

the effect of the initial anisotropy the specimens were taken with their longitudinal direction per-308

pendicular to the plane of sedimentation. Various levels of confining pressure to observe different309

deformation patterns and the scenarios are listed in table (2). All the tests were conducted up to310

roughly 20% axial strain.311

Following the same methodology described in Section 4.1 for sandstone, a series of nu-312

merical experiments are performed using a Modified Cam Clay yield envelope. To match the313

experimental data, the values of p0 = 2.26 MPa and M = 1.44 were selected (see figure (6b).314

The activation enthalpy ∆Qmech is used as a free parameter which is inverted for in such a way315

such that its pressure dependency fits the experiment data, as seen in figure (8a,b). The experi-316

mental curves reported for this sandstone have been fitted by using the material properties listed317

in table (1) and varying only Vact at different confining pressures (see figure 9b). It can be seen318

from figure (9b) that in mudstone Vact is also following equation (20), with α0 = 22.9.319

5. Synthesis of the Results320

In this work the suggested flow law has been calibrated for triaxial compression experiments321

in various materials. The dependence of the material’s parameters on pressure, temperature and322

strain rate has been shown to be captured adequately by the model, with the power law parameters323

ε̇0 and m encapsulating the strain rate effects and the activation enthalpy Qmech of the material324

15



(a) (b)

Figure 9: (a) Dependence of Vact with confinement (depth) for sandstone. The condition Vact = 0 is met at the experiment
labelled CD and for lower confinements (CD 1-3) Vact < 0 and for larger confinements (CD 5-6) Vact > 0, (b) Dependence
of Vact with confinement (depth) for mudstone . The condition Vact = 0 is met at the experiment labelled between CD 2
and CD 3 and for lower confinements (CD 1 for mudstone) Vact < 0 and for larger confinements (CD 3-6 for mudstone)
Vact > 0.

encompassing thermal and pressure sensitivity:325

∆Qmech = ∆Q0
mech + ∆p f Vact(Pmax

c ,T ) (21)

where ∆Q0
mech is a reference activation enthalpy. It has been shown that ∆Qmech in the present326

framework acts as a hardening function for the visco-plastic flow law, encompassing physical327

information of the system on its state variables (temperature and porosity/pore pressure). The328

results presented so far demonstrated the ability of the model to capture rock behaviours un-329

der various conditions and further work to express more precisely the mechanisms operating in330

∆Qmech, including to better constrain the values of all respective parameters, could provide this331

model predictive capabilities beyond laboratory conditions.332

5.1. Internal interface mechanisms expressed through the activation volume333

From the analysis of all the experimental results, the activation volume Vact was shown to334

obtain a logarithmic dependency with the confining stress (20), that has the form:335

Vact = α0
RT

ln Pcs/p0
ln

Pcs

pc(max)
(22)

where P0 is the reference (preconsolidation) pressure, and Pcs is a stress path dependent quantity,336

representing the initial confining pressure corresponding to the critical state for a given stress337

path. One may immediately observe that this is a relationship akin to Kelvin’s equation [38] for338

curved liquid-vapour interfaces,339

γ =
rRT
2Vm

ln
(
π

π0

)
, (23)

where π and π0 represent the actual and saturated vapour pressures, r the radius of a droplet,340

Vm the molar volume of the liquid, γ the surface tension, R the universal gas constant and T341

the temperature. Since Kelvin’s law describes the pressure in a liquid-vapor interface, like water342

bridges in unsaturated samples, the inverted logarithmic law for Vact of equation (22) could be343
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seen as expressing the pressure experienced by any grain interface, like solid bridges (cement),344

water bridges (capillary forces), etc, as discussed in Section 2.2. What remains yet to be evalu-345

ated is the physical meaning and processes represented by the fugacity coefficients assumed in346

the theoretical construction of the model.347

5.2. Comparison with the theoretical results of Section 2.2.348

Indeed, the considerations of the energetics of the interface processes between the fluid phase349

and the solid phase in Section 2.2 led to the following expression for Vact:350

Vact = φ0βφnc
ρ f

ρ0

(
ln ν f −

ρsk

ρ f
ln νsk

)
RT (24)

Comparing the outcomes of the inversion process (Eq. 22) with the theoretical result of Eq. 24351

allows us to equate the two expressions. This procedure provides the following expressions for352

the coefficient α0 and the fugacity coefficients νsk, ν f :353

α0 = p0
ρ f

ρ0
φ0βφnc ln

Pcs

P0
(25)

ln
Pcs/p0

Pc(max)/p0
= ln

ν f

ν
ρsk/ρ f

sk

⇐⇒ ν f =
Pcs

p0
and νsk =

[
Pc(max)

p0

] ρ f
ρsk

(26)

For a modified Cam-Clay (mCC) type of yield envelope in triaxial loading, Pcs =
p0
2

(
1 − M

ω

)
,354

where ω is the slope of the stress path (ω = 3 in triaxial loading).355

We are therefore deducing that:356

1. α0 is a stress-path dependent pore compressibility quantity, expressing how compressible357

the porous structure is under a given loading-path. It is maximum (α0 → ∞) when the358

material is loaded in isotropic conditions (ω → 0) and minimum (α0 → −0.69 p0ρ f φ0βφnc

ρ0
)359

when the material is loaded in purely deviatoric conditions (ω→ ∞). This intuitive result360

confirms the experimental observations in sedimentary rocks, suggesting that when mate-361

rials are loaded in direct shear (i.e. under purely deviatoric conditions) they can deform362

with minimum pore structure change. This phenomenon (pore structure collapse) is the363

most pronounced at isotropic compression, as the present approach also concluded.364

2. the fugacity coefficient of the fluid phase ν f is also stress-path dependent and equal to365

Pcs
p0

= 1
2

(
1 − M

ω

)
, for a mCC-like material. It determines the effective pressure in the chem-366

ical potential of the fluid phase, expressing that the vigorousness of the fluid phase to367

participate in interface processes depends on the type of mechanical loading the material368

undergoes. It can only admit positive values, as it consists the argument of the logarithmic369

part of the chemical potential, something achieved when ω > M, i.e. when the mate-370

rial is loaded at stress-paths with slopes larger than the critical state line’s. This means371

that skeleton-fluid interface processes are dominant when the deviatoric component of372

the loading path is preponderant with respect to its isotropic counterpart. Reciprocally,373

it means that during isotropic compression, volumetric mechanisms of the skeleton (e.g.374

grain breakage, pore collapse) would prevail over surface (interface) processes between375

solid and fluid.376
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3. the fugacity coefficient of the skeleton νsk is equal to
[ Pc(max)

p0

] ρ f
ρsk , i.e. a power of the maxi-377

mum pressure the material has experienced Pc(max), or equivalently of the minimum Over-378

consolidation Ratio (OCR) a mCC-type material can admit, Pc(max)

p0
. The power law is a ratio379

of the densities, ρ f

ρsk
, becoming linear when the fluid phase has the same density as the solid380

phase, i.e. at processes like debonding where parts of the solid skeleton get debonded and381

released in a ”fluidized” state.382

5.3. Transition from brittle to ductile regime383

As it became apparent from the performance of the suggested theory against triaxial data384

of sandstone and mudstone, the model can transition from a brittle to a ductile response with385

increasing confinement. The main driver for the model to be able to transition between the two386

regimes is the change of sign of Vact, being negative in the brittle and positive in the ductile387

regime, as shown in Fig. 9.388

By comparing the experimentally derived expression of Vact, Eq. (22), we conclude that this389

change of sign is happening when Pcs = Pc(max), with Pcs < Pc(max) being in the brittle regime.390

This outcome is confirming the experimental observations based on stresses. From the theoretical391

one of Eq. (24), we obtain that this change of sign is happening when νρ f

f = ν
ρsk
sk , with νρ f

f < ν
ρsk
sk392

being in the brittle regime. This in turns means that, when the partial pressure experienced by the393

skeleton part of the interface is larger than the partial pressure experienced by the fluid (within394

a power law exponent ρsk
ρ f

), then the material will follow the predominant solid component and395

exhibit brittle response. We are therefore in a position to interpret the macroscopic response of396

rocks based on the microscopic interface process at hand.397

6. Conclusions398

In conclusion, in this study we suggested a multi-physics elasto-visco-plastic constitutive399

framework including the effect of interface processes, whereby the hardening law of plasticity is400

a function of the global and internal state variables of the problem (temperature, pressure, density,401

chemical potentials). The evolution of the laws of the state variables are therefore obtained from402

the governing laws of physics for mass and energy balance. We included the effect of interface403

processes at the grain contacts and surface, through an energy upscaling of the internal enthalpy404

of the system. The framework was validated against a suite of multi-physical tests in different405

materials, showing good agreement for a realistic range of material parameters. The analysis406

also showed that simulation results contain enough information to constrain the parameter space407

for the definition of the mechanical enthalpy, providing insights to develop further the under-408

lying theoretical model and emphasizing the complementarity of data-driven and physics-based409

approaches.410

Following the performance of the framework against the experimental data, additional con-411

clusions were reached. First, the dominant mechanism controlling the response of the model in412

triaxial compression tests is an internal interface mechanism between the skeleton and the pore413

fluid, akin to the mechanisms expressed through Kelvin’s law in water-air capillary interfaces414

(Eq. 22). Second, the interface process between skeleton and fluid is stress path dependent,415

being preponderant when the mechanical loading involves significant deviatoric component. It416

seems that in pure isotropic compression dissipation is focusing on volumetric processes like417

pore collapse or grain breakage, rather than on interface physics.418
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Strain Rate10−4s−1

T (K) qy(MPa) α A ∆Q0
mech/m(J/mol) Vact(J/Pa.mol)

293 340 35◦ 0.5 1390 -0.001816
473 340 35◦ 0.5 1390 -0.001235
673 340 35◦ 0.5 1390 -0.00254
873 340 35◦ 0.5 1390 -0.004898

Table A.3: Parameters used to fit experimental data for sandstone at 10−4 s−1 strain rate

The interface model introduced offers some physical intuition about the different mecha-419

nisms at play under volumetric and shear-enhanced loading conditions. Due to the absence of420

information from the experiments, the interface mechanisms in this study were left arbitrary and421

only represented by the energetics of the processes needed to match the experimental results.422

This approach encourages future experimental work to investigate those aspects more in details.423

Nonetheless, the energetic approach used already allows some quantification of the underlying424

processes responsible for the different behaviours observed - and intuitively expected - between425

those two types of deformation. This opens the door to exciting future work to constrain and426

fully validate the stress-path dependency of the model parameters.427
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Appendix A. Inversion parameters for the HPHT triaxial tests437

The following tables are summarizing the parameters used to fit the HPHT data of [28] in438

Section 3.2.

Strain Rate10−5s−1

T (K) qy(MPa) α A ∆Q0
mech/m(J/mol) Vact(J/Pa/mol)

293 380 40.11◦ 0.2 2936 -8.86e-14
473 380 40.11◦ 0.2 2936 -4.02e-12
673 380 40.11◦ 0.2 2936 -7.072e-13
873 380 40.11◦ 0.2 2936 -0.01349

Table A.4: Parameters used to fit experimental data for sandstone at 10−5 s−1 strain rate

439
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Strain Rate10−4s−1

T (K) qy(MPa) α A ∆Q0
mech/m(J/mol) Vact(J/Pa/mol)

293 61.55 6.674◦ 0.04737 1000 -1.274e-11
473 61.55 4.049◦ 0.2606 1000 -1.274e-11
673 61.55 0.4929◦ 0.4536 1000 -1.274e-11
873 61.55 0.8898◦ 0.3181 1000 -1.274e-11

Table A.5: Parameters used to fit experimental data for limestone at 10−4 s−1 strain rate

Strain Rate10−5s−1

T (K) qy(MPa) α A ∆Q0
mech/m(J/mol) Vact(J/Pa/mol)

293 110 12.1◦ 3.376 1000 -3.916e-14
473 110 8.562◦ 3.083 1000 -3.916e-14
673 110 1.334◦ 1.081 1000 -3.916e-14

Table A.6: Parameters used to fit experimental data for limestone at 10−5 s−1 strain rate

Appendix B. Mathematical Framework of Multi-Physics Mechanics440

We start by presenting the governing laws of physics used in this framework. The work is441

based on the basic and fundamental principles of continuum mechanics, considering a represen-442

tative elementary volume (REV), the smallest volume over which a measurement can be made443

that will yield a value representative of the whole [39]. Given all applications in this work in-444

volve rocks of a few centimetres at the smallest, this assumption is not restrictive for the type of445

rocks considered (mudstone, sandstone, carbonates).446

Appendix B.1. Mixture’s Theory447

The continuum studied includes considerations for a two-phase material, made of a fully
saturated porous matrix filled with fluid. As such, the material is decomposed into the part that
constitutes the skeleton, receiving forces from the loading conditions, and the weak (or fluid)
phase which occupies the void volume and does not participate into the force chain network.
The volume ratio of the voids can therefore be defined as the porosity,

φ =
Vvoid

V
, (B.1)

which allows the deployment in the following sections of the well known governing equations
for a bi-phasic material in the context of mixtures theory. Based on that, we then define the
respective phase densities:

ρ1 = (1 − φ)ρs (B.2a)
ρ2 = φ ρ f (B.2b)

where the subscripts s and f refer to the solid and fluid components respectively.448
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Strain Rate10−4s−1

T (K) qy(MPa) α A ∆Q0
mech/m(J/mol) Vact(J/Pa/mol)

293 153 17.6◦ 1.554 1000 -1.333e-11
473 153 11.64◦ 1.273 1000 -1.333e-11
673 153 10.39◦ 0.9774 1000 -1.333e-11
873 153 7.093◦ 0.01495 1000 -1.333e-11

Table A.7: Parameters used to fit experimental data for marble at 10−4 s−1 strain rate

Appendix B.2. Governing Laws449

Mass Balance. The mass balance of the fluid and solid phases can be expressed as:450

∂ρ1

∂t
+
∂(ρ1V (1)

k )
∂xk

= 0 (B.3)

∂ρ2

∂t
+
∂(ρ2V (2)

k )
∂xk

= 0

In this work we will focus in the case where the material is fully saturated with one fluid. In
this case, each phase can assumed to follow the equation of the state with respect to the (state)
pressure of the fluid p f and Temperature T :

dρ(i)

ρ(i)
= β(i)dp f − λ(i)dT, i ∈ {s, f } (B.4)

where β(i) is the compressibility ( β(i) = 1
ρ(i)

(
dρ(i)

dp f

)
T

) and λ(i) is the thermal expansion (λ(i) =451

− 1
ρ(i)

( dρ(i)

dT

)
p f

).452

Using Eq. B.3 and Eq. B.4, combined with Darcy’s law for the filter velocity φ(V (2)
k −V (1)

k ) =

− k
µ f

∂p f

∂xk
(k is the permeability an µ f the saturating fluid viscosity) while neglecting convective

terms, leads to the final mass balance equation for the mixture:

βm
∂p f

∂t
− λm

∂T
∂t
−

k
µ f

∂2 p f

∂xk xk
+
∂V (1)

k

∂xk
= 0 (B.5)

where βm = (1 − φ)βs + φβ f is the mixture’s compressibility, and λm = (1 − φ)λs + φλ f the453

mixture’s thermal expansion coefficient.454

Momentum Balance. The acceleration of the mixture is assumed to be negligible. Therefore, the
local form of the momentum balance of the mixture together with the effective stress definition
σi j = σ′i j − bp f δi j (where σi j is the total stress tensor of the mixture, σ′i j the effective stress
tensor, b the Biot coefficient and p f the pore pressure), can be written in its stress equilibrium
regime as follows,

∂σ′i j

∂x j
−
∂∆p f δi j

∂x j
+ bi = 0 (B.6)

where we have assumed b = 1 for simplicity in the calibration process of the model. By conven-455

tion, stresses are taken negative in compression in this work. In this expression we decomposed456

the pore pressure itself as p f = phyd +∆p f where phyd is the hydrostatic pressure (constant in this457

study) and ∆p f is the excess pore pressure.458
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Energy Balance. The local form of the energy equation expresses the energy balance and takes
into account Fourier’s law for heat conduction and the second law of thermodynamics [40]:

(ρC)m
∂T
∂t

= α
∂2T
∂xi∂xi

+ Φ (B.7)

where (ρC)m the heat capacity of the mixture and α the thermal conductivity. The term Φ cor-
responds to the mechanical work rate dissipated into heat, which is non negative based on the
second law of thermodynamics:

Φ = σ′i jε̇
i
i j +

∂ψ

∂ξk
ξ̇k ≥ 0 (B.8)

In this expression, the (frequently called cold-) work of internal state variables is expressed
through the product of derivative of the Helmholtz free energy ψ with respect to any dissipative
internal state variable vector ξk and its rate, ∂ψ

∂ξ
ξ̇k. The expression (B.8) can be re-arranged to

take the form:

Φ = χσ′i jε̇
i
i j ≥ 0 , χ = 1 −

Eξ ξ̇k

σ′i jε̇
i
i j

(B.9)

where Eξ = −
∂ψ
∂ξk

and χ is the Taylor-Quinney coefficient [41], expressing the amount of me-459

chanical work dissipated by the internal state variables into internal microstructural mechanisms.460

When it is zero all the mechanical work rate is consumed into internal state variables, whereas461

when it is equal to one all the mechanical work rate is converted into heat. Note that χ is in462

general a function of all the state variables, like density (or pressure), temperature, ξk, etc, and463

that when it is zero, it corresponds to a constant mechanical dissipation state. In this work we are464

considering equal to one, and relegate the effect of the state variables into the flow law, to account465

for the effect of surface energy terms that would normally appear as higher order (gradient) terms466

in the volumetric expression of the energy balance equation.467

Appendix C. Numerical Regularization of Localization of Deformation468

Geomaterials exhibit a spontaneous change of the deformation mode from uniform defor-469

mation towards either diffuse or localized failure patterns in the inelastic regime (see [42] for a470

comprehensive summary of the main results on this topic). Within the framework of bifurcation471

theory, this phenomenon can be modelled as a mathematical instability and, given an elasto-472

plastic constitutive law with a non-associative flow rule, it was shown that its onset can occur473

either in the strain hardening or in the strain softening regime [43]. As such, predicting a finite474

thickness of localization bands [44], or spacing between them [15, 45], is a necessary feature of475

any model designed to describe the inelastic behaviour of geomaterials and their scale effect [see476

also 46, 47, 48, 49, 50, 51, 52]. As shown by [53], the combination of the momentum balance477

law and the rheology of a viscous material under simple shear fails to provide a finite thickness478

at the quasi-static limit of the equations. In such a case, the latter is equal to the size of a pre-479

determined imperfection, contradicting the concept that localization stems from the constitutive480

description of the material and is a material property. Indeed, when neglecting the energy and481

mass balance laws, it is only by introducing inertia terms in the momentum balance law that one482

can ”regularize” the problem of shear banding for a rate-dependent material by delaying its ar-483

rival to the stationary wave limit, as shown by [54]. Using the present framework, where energy484
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Figure C.10: (left) Mesh sensitivity analysis showing the deviatoric stress (τ) vs. axial strain results different simulations
of the low confinement experiment (CD1) with different mesh sizes, (right) Distribution of the equivalent plastic strain
on a prismatic sample (mudstone) showing the shear bands

and mass balance laws are used as evolution equations for the state variables of the flow law,485

it was suggested in [55] and shown in [56] that the localization problem is indeed regularized486

(see also Fig. C.10) and has a thickness (internal length) l given as a function of the activation487

enthalpy ∆Qmech as follows:488

l ∝ exp
(
∆Qmech

RT

)
(C.1)

References489

[1] G. Taylor, H. Quinney, The latent energy remaining in a metal after cold working, Proc. R. Soc., Ser. A. 143 (1934)490

307 – 326.491

[2] H. Eyring, Viscosity, plasticity, and diffusion as examples of absolute reaction rates, The Journal of chemical492

physics 4 (4) (1936) 283–291.493

[3] E. Orowan, Problems of plastic gliding, Proceedings of the Physical Society 52 (1) (1940) 8–22. doi:10.1088/494

0959-5309/52/1/303.495

URL https://doi.org/10.1088%2F0959-5309%2F52%2F1%2F303496

[4] W. Kauzmann, Flow of solid metals from the standpoint of the chemical-rate theory, Trans. AIME 143 (1941)497

57–83.498

[5] H. Frost, M. Ashby, Deformation-mechanism maps: the plasticity and creep of metals and ceramics, Pergamon499

Press, 1982.500

URL https://books.google.com.au/books?id=s9BRAAAAMAAJ501

[6] P. Perzyna, Fundamental problems in viscoplasticity, Adv. Appl. Mech. 9 (1966) 243–377.502

[7] J. Lubliner, Plasticity theory, Macmillan Publishing Company, New York, 1990.503

[8] F. Oka, Elasto/viscoplastic constitutive equations with memory and internal variables, Computers and geotechnics504

1 (1) (1985) 59–69.505

[9] F. Oka, Prediction of time-dependent behaviour of clay., Soil mechanics and foundation engineering. Proc. 10th506

international conference, Stockholm, June 1981. Vol. 1, (A.A.Balkema) 1 (1981) 215–218.507

[10] T. Adachi, F. Oka, Constitutive equations for normally conslidated clay based on elasto-viscoplasticity, Soils and508

Foundations 22 (4) (1982) 57–70. doi:10.3208/sandf1972.22.4_57.509

[11] R. I. Borja, Cam-clay plasticity, part ii: Implicit integration of constitutive equation based on a nonlinear elastic510

stress predictor, Computer Methods in Applied Mechanics and Engineering 88 (2) (1991) 225–240.511

23

https://doi.org/10.1088%2F0959-5309%2F52%2F1%2F303
http://dx.doi.org/10.1088/0959-5309/52/1/303
http://dx.doi.org/10.1088/0959-5309/52/1/303
http://dx.doi.org/10.1088/0959-5309/52/1/303
https://doi.org/10.1088%2F0959-5309%2F52%2F1%2F303
https://books.google.com.au/books?id=s9BRAAAAMAAJ
https://books.google.com.au/books?id=s9BRAAAAMAAJ
http://dx.doi.org/10.3208/sandf1972.22.4_57


[12] T. Dewers, P. Newell, S. Broome, J. Heath, S. Bauer, Geomechanical behavior of cambrian mount simon sandstone512

reservoir lithofacies, iowa shelf, usa, International Journal of Greenhouse Gas Control 21 (2014) 33 – 48. doi:513

https://doi.org/10.1016/j.ijggc.2013.11.010.514

URL http://www.sciencedirect.com/science/article/pii/S1750583613003952515

[13] I. Einav, The unification of hypo-plastic and elasto-plastic theories, International Journal of Solids and Structures516

49 (11) (2012) 1305 – 1315. doi:https://doi.org/10.1016/j.ijsolstr.2012.02.003.517

URL http://www.sciencedirect.com/science/article/pii/S0020768312000431518

[14] Y. Zhang, G. Buscarnera, A rate-dependent breakage model based on the kinetics of crack growth at the grain scale,519

Ge?otechniquedoi:10.1680/jgeot.16.P.181].520

[15] E. Veveakis, Regenauer-Lieb, Cnoidal waves in solids, Journal of Mechanics and Physics of Solids 78 (2015)521

231–248.522

[16] S. Karato (Ed.), Deformation of Earth Materials, Cambrige University Press, 2008.523

[17] T. Hueckel, G. Baldi, Thermoplasticity of saturated clays: Experimental constitutive study, Journal of Geotechnical524

Engineering 116 (12) (1990) 1778.525

[18] L. Laloui, C. Cekerevac, Thermo-plasticity of clays: An isotropic yield mechanism, Computers and Geotechnics526

30 (8) (2003) 649 – 660. doi:http://dx.doi.org/10.1016/j.compgeo.2003.09.001.527

URL http://www.sciencedirect.com/science/article/pii/S0266352X03000910528

[19] L. Laloui, S. Leroueil, S. Chalindar, Modelling the combined effects of strain rate and temperature on one-529

dimensional compression of soils,, Can. Geotech. J. 45 (2008) 173 – 194. doi:10.1139/T08-093.530

[20] T. Hueckel, B. François, L. Laloui, Explaining thermal failure in saturated clays, Géotechnique 59 (3) (2009) 197–531
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