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Abstract This paper presents the application of a fast Fourier transform (FFT) based method to solve
two phase field models designed to simulate crack growth of strongly anisotropic materials in the brittle
regime. By leveraging the ability of the FFT-based solver to generate solutions with higher-order and global
continuities, we design two simple algorithms to capture the complex fracture patterns (e.g. sawtooth, and
curved crack growth) common in materials with strongly anisotropic surface energy via the multi-phase-
field and high-order phase-field frameworks. A staggered operator-split solver is used where both the
balance of linear momentum and the phase field governing equations are formulated in the periodic domain.
The unit phase field of the initial failure region is prescribed by the penalty method to alleviate the sharp
material contrast between the initial failure region and the base material. The discrete frequency vectors
are generalized to estimate the second and fourth order gradients such that the Gibbs effect near shape
interfaces or jump conditions can be suppressed. Furthermore, a preconditioner is adopted to improve
the convergence rate of the iterative linear solver. Three numerical experiments are used to systematically
compare the performance of the FFT-based method in the multi-phase-field and high-order phase-field
frameworks.

Keywords Fast Fourier Transform; multi-phase-field fracture; higher-order phase field fracture; anisotropic
cracks; polycrystal; salt

1 Introduction

The variational approach to fracture has provided a new way to simulate crack evolution in a purely
elastic deforming body by finding the deformation field and evolving crack paths that minimizes an energy
functional [Francfort and Marigo, 1998, Bourdin et al., 2008]. This approach is well suited for phase field
models which represents harp interfaces with via implicit functions [Miehe et al., 2010a, Lee et al., 2016,
Wang and Sun, 2017, Na et al., 2017, Na and Sun, 2018a, Geelen et al., 2018, Bryant and Sun, 2018, Choo
and Sun, 2018b, Reinoso et al., 2017, Noii et al., 2019, Heider and Sun, 2019]. While thermodynamically
consistent formulations are proposed by Miehe et al. [2010a], a material-force-based formulation of phase
field model has been derived and tested in a number of literature as an alternative way to introduce phase
field fracture models (e.g. Borden et al. [2014b, 2016], Choo and Sun [2018a]).

Unlike the embedded discontinuity approach such as assumed strain (e.g. Regueiro and Borja [2001],
Wang and Sun [2018, 2019a,b]), extended /generalized finite element (e.g. Moés et al. [1999], Duarte et al.
[2000], Sun et al. [2017]) and strong-discontinuity surface element (e.g. Ortiz and Pandolfi [1999], Linder
and Raina [2013], Radovitzky et al. [2011]), the phase field fracture method does not explicitly capture
the jump condition with an enhanced basis for displacement. Instead, a continuous phase field is used
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2 Ran Ma, WaiChing Sun

to indicate the location of the damaged zone that may be interpreted as the diffusive approximation of
the jump conditions. While this approximated condition may not capture the evolving geometry of the
crack exactly, the introduction of the continuous field provides a simple way to simulate crack growth
without predefined crack propagation paths, allows the simulations of crack coalescence and interaction
and branching without the need of ad hoc branching algorithm and enables one to explicitly define crack
nucleation rule as a driving force.

Recent work, such as Clayton and Knap [2015], Bryant and Sun [2018], Quintanas-Corominas et al.
[2019], has extended the phase field model to capture brittle fracture in anisotropic materials where the
surface energy depends on the orientation of the crack propagation direction [Clayton and Knap, 2015],
the fracture mode [Bryant and Sun, 2018] and the mechanism of rupture of fiber in composite [Quintanas-
Corominas et al., 2019]. The modification of the phase field model is relatively simple when the surface
energy remains convex. However, a complex microstructure may lead to strongly anisotropic surface energy
that is concave and cannot be described via a second-order structural tensor. Furthermore, solving this
strongly anisotropic phase field fracture is difficult for second-order finite element method with traditional
polynomial basis. Recent work has resolved this issue in a finite element framework by either introducing
multiple phase fields or employing finite element space spanned by isogeometric basis to preserve higher-
order continuity across finite elements. In the former case, the introduction of multiple phase field does
not require significant changes in the finite element models and is therefore convenient. Furthermore, the
multi-phase-field formulation also provides modelers a simple mechanism to incorporate different driving
forces and degradation mechanisms. As the total free energy can be any non-negative-valued function of
deformation and the multiple phase fields, this approach provides the great flexibility to evolve anisotropic
damages as shown in [Nguyen et al., 2017, Na and Sun, 2018a, Bleyer and Alessi, 2018]. Nevertheless,
the multi-phase-field formulation also unavoidably leads to the extra degrees of freedoms and a sizable
increase of computational demand [Clayton and Knap, 2015, Nguyen et al., 2017, Na and Sun, 2018a, Bleyer
and Alessi, 2018]. This increase in computational demand is significant, given the high spatial resolution
demanded for fracture simulations.

Alternatively, a fourth-order isogeometric approach has been introduced in previous works, such as
Teichtmeister et al. [2017], Borden et al. [2014b]. In this case, the strongly anisotropic surface energy of a
brittle material can be captured with a single phase field since one may choose the isogeometric basis of
arbitrary continuity. The use of isogeometric basis is particularly convenient for a design workflow that
involves computer-aided design where the isogeometric analysis and the design software may employ
the same set of basis functions [Hughes et al., 2005, Gémez et al., 2008, Sun et al., 2017]. However, the
higher-order continuity may also lead to a denser tangential matrix that may slow down the speed of an
implicit iterative solver even if a pre-conditioner is used.

1.1 Rationales of using FFT solver for resolving strongly anisotropic brittle materials

The FFT-based method, an algorithm first introduced in Moulinec and Suquet [1994] to solve elasticity and
inelasticity problems via Fast Fourier Transform, is an efficient alternative to solve the anisotropic phase
field problems for brittle materials exhibiting strongly anisotropic surface energy in a periodic unit cell. Due
to the usage of the Fourier space, an FFT-based solver can easily solve problems that involve higher-order
derivatives. Furthermore, it also does not require the generation of a suitable mesh as it can be simply
solved in a Cartesian grid. This feature makes the FFT-solver a very feasible choice for solving elasticity
problems for heterogeneous materials with spatial properties discretized by pixels or voxels. Finally, the
implementation of an FFT-based solver is relatively simple. A simple implementation is often completed
within ten lines of code [Brisard, 2015]. This combination of desirable traits makes the FFT-based solver an
attractive option for resolving anisotropic phase field fracture problems in unit cells where the formulation
demands high resolutions, sufficient continuity, and computational efficiency.

Such an FFT solver is not only useful for simulations in periodic unit cells, but can be used for multiscale
simulations that are based on computational homogenization (e.g. Feyel [2003], Sun et al. [2011b,a], Liu
et al. [2016], Shahin et al. [2016], Wang and Sun [2018]), and global-local formation for phase field fracture
or gradient damage models (cf. Wu et al. [2012], Noii et al. [2019]).
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FFT strongly anisotropic phase field fracture 3

1.2 Literature review on FFT-based solvers

The FFT-based method was first proposed to solve linear elastic inclusion problems by utilizing the
Lippmann-Schwinger equation defined on a periodic homogeneous reference material [Moulinec and
Suquet, 1994, 1998]. This original algorithm, which uses point collocation and truncation of Fourier series to
iterate between the Fourier and real space, is often referred to as the basic scheme. Based upon this basic
scheme, an accelerated scheme [Eyre and Milton, 1999] and an augmented-Lagrangian scheme [Michel et al.,
1999] are independently proposed to improve the accuracy, efficiency and robustness of the FFT solvers
that deal with materials exhibiting jumps or sharp gradient in material properties. In the last two decades,
significant improvements of the FFT solver have been achieved such that they enable the applications of the
FFT-based solver for high-resolution simulations performed on complex microstructure and 3D images of
a wide spectrum of materials, such as polycrystals [Lebensohn, 2001, Prakash and Lebensohn, 2009, Ma
and Truster, 2019] and composite materials [Roters et al., 2010]. Nevertheless, since FFT solver employs
trigonometric polynomials as the basis function of the solution, spurious oscillations may occur when a
jump condition is being approximated by the Fourier series of piecewise continuous differentiable functions.
This spurious oscillation is often refereed as the Gibbs phenomenon or Gibbs effect Since the Gibbs phe-
nomenon is caused by the Fourier sums overshooting at a jump condition, and the decay of the Fourier
coefficient at infinity is controlled by the smoothness, a sharp gradient or jump is difficult to approximate
even though the number of terms significantly increase, as shown in Figure 1. Special numerical treatments
are therefore required to dampen the Gibbs effect if the solution field is expected to include sharp gradient
(e.g. regularized phase field for fracture).

0 0.2 0.4 0.6 0.8 1

Fig. 1: Fourier series approximation of a square wave. N is the number of number of terms used to
approximate the square wave. Gibbs phenomenon occurs when the Fouries series overshoot at the sharp
discontinuities and cause spurious oscillations.

Notwithstanding the advantages the FFT-based methods have on material failure problems, the corre-
sponding applications on solving damage mechanics problems have not been attempted until recently. For
instance, Li et al. [2012] and Boeff et al. [2015] have both use FFT solvers to simulate damage of materials
characterized by the integral based damage model (cf. Li et al. [2012]) and the gradient-based damage
model (cf. Boeff et al. [2015] ). These examples indicate that the FFT solver is well suited to simulate damage
with regularization enabled by both nonlocal integral and gradient dependence. A similar procedure has
also been applied to simulate the failure of composite materials (e.g. Wang et al. [2018]) as well as the
interface decohesion problem in which the cohesive zone model was solved by introducing length scale
contrast between the interphase region and the bulk region [Sharma et al., 2018]. Finally, the FFT-based
damage mechanics solver has also been incorporated in a multiscale homogenization framework to model
brittle fracture of composite materials across length scales [Spahn et al., 2014]. The successful application of
the FFT-based method on continuum damage mechanics indicates its potential to solve phase-field brittle
fracture problems, where the crack is explicitly represented with I'-convergence to the critical energy release
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4 Ran Ma, WaiChing Sun

rate for Griffith’s theory. Although high material contrast exists between the damaged region and the intact
region, it is shown that the FFT-based method produces similar results as the FE method regarding the crack
tip stress field without suffering from the Gibbs phenomenon [Li et al., 2012, Rovinelli et al., 2019].

FFT-based spectral method has been used to solve both the Ginzburg-Landau equation and Cahn-
Hilliard equation for interface migration problems in a semi-implicit fashion [Chen and Shen, 1998]. In
these formulations, the phase field governing equations are assumed to be isotropic and homogeneous.
The similar numerical technique was employed recently to simulate dynamic re-crystallization [Chen et al.,
2015] and martensite-austinite transformation [Kochmann et al., 2016]. Recently, FFT-based method was
employed to solve phase-field fracture problem in both small strain elasticity case [Chen et al., 2019] and
finite strain elasto-plasticity case [Roters et al., 2019]

Despite the great potential of the FFT solver to capture strongly anisotropic brittle fracture for materials
of complex microstructures, there is not yet any attempt to incorporate FFT solver to simulate phase field
fractures for anisotropic materials. This might be attributed to the facts that (1) FFT-based solver may suffer
from slow convergence if sharp material contract, such as bi-material interfaces, void and cavity, is presented
in the spatial domain [Zeman et al., 2010] and 2) one must resolve the higher order gradient required for
collocation method while circumventing the Gibbs phenomena that leads to spurious oscillations near crack
tip or other locations that exhibit sharp gradients.

1.3 Objectives and organization of contents

The purpose of this paper is to introduce a mathematical framework that overcomes the aforementioned
obstacles such that the fractures of materials with strongly anisotropic energy can be resolved via an FFT
solver. To close this knowledge gap, we successfully build two FFT solvers, i.e. one for the multi-phase-field
fracture model (which does not require higher-order continuity but introduce additional field variables),
and another one for the higher-order phase field fracture model (which requires only one phase field but
requires higher-order continuity). The strength and weakness of both modeling approaches in the FFT
setting are analyzed and compared in numerical experiments.

Note that representing the initial flaw using the so-called gas phase with zero stiffness may introduce
sharp material contrast that deteriorates the convergence rate of the FFT-based solver. To avoid this issue,
we introduce a formulation such that inclusions, cavities or initial flaws can be represented as Dirichlet-type
boundary conditions weakly enforced by the penalty method.

To overcome the well-known Gibbs effect exhibited in the solution obtained via FFT solver, which leads to
spurious high-frequency oscillations at the location where sharp material contrast presents, we approximate
the continuum frequency vector via a generalized version of the finite-difference based frequency operator
first introduced in Berbenni et al. [2014], Willot et al. [2014], Schneider et al. [2016] to calculate second-
and forth-order gradient while avoiding numerical instability. The discretized governing equation is then
solved at each grid point via a matrix-free iterative linear solver. Three numerical examples are presented to
compare the numerical performance of the multi-phase-field model and the high-order phase-field model.
Meanwhile, an interface damage model is proposed to capture the path-dependent responses of material
interfaces.

This paper will proceed as follows. Section 2 discusses the governing equation and the numerical
solution of multi-phase-field and high-order phase-field, respectively. Also, an interface failure model is
proposed in to represent material interface failure, for example grain boundary crack and fiber-polymer
de-cohesion. In Section 3, three examples are presented to compare the convergence rate and the numerical
performance of the multi-phase-field and the high-order phase field. Section 4 summarizes the major results
and concluding remarks.

As for notations and symbols, bold-faced letters denote tensors (including vectors which are rank-one
tensors); the symbol ’-” denotes a single contraction of adjacent indices of two tensors (e.g. a - b = a;b; or
c-d = cjjdj ); the symbol *" denotes a double contraction of adjacent indices of tensor of rank two or higher
(e.g. C: &° = Cjpe;); the symbol " denotes a fourth contraction of adjacent indices of tensor of rank four or
higher (e.g. C :: D = Cyjyy Djj1); the symbol ‘®” denotes a juxtaposition of two vectors (e.g. a ® b = a;b;) or
two symmetric second order tensors (e.g. (¢ ® ﬁ)iﬂd = w;jPy); the symbol “F” and ‘F ~1" represent forward
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FFT strongly anisotropic phase field fracture 5

and backward Fourier transformation, respectively. Materials are assumed to be simple cubic symmetry
throughout this paper unless specified.

2 Strongly anisotropic phase field theories

In this section, we review the two most common phase field models, i.e., the multi-phase-field model and
the higher-order phase field model, used to replicate crack growth of materials with strongly anisotropic
surface energy and introduce a modified version of phase field model designed to capture fractures and
damage across interfaces and/or grain boundaries. The following assumptions are made in both models:

The inertial effects are negligible.

The material is under the isothermal condition.

Rate dependence is neglected.

The deformation is infinitesimal such that the effect of geometrical nonlinearity can be neglected.
The boundary conditions are periodic.

The material is either elastic or in the brittle fracture regimes.

AR e

In addition, we consider a general case in which the surface energy can be non-convex. In the case of the
multiphase field model, we follow the treatment in Nguyen et al. [2017] and Na and Sun [2018a,b] such
that the strongly ansiotropic birttle fracture is manifested by using multiple phase fields, each phase field
is associated with damage accumulated on the corresponding plane orthogonal to a pre-defined normal
vector. In the case of the high-order phase field, the governing equation of the phase field is modified to
incorporate the higher-order terms such that the nonconvex surface energy can be characterized. Both
phase field models are solved via a fast Fourier transform solver (cf. Zeman et al. [2010], Ma and Truster
[2019], Eghtesad et al. [2018]). As a result, the spatial domain of the boundary value problem is idealized
as a unit cell subjected to periodic boundary conditions. This unit cell, denoted as () herein, represents a
microstructure discretized by cubic voxels whose centroids are FFT points in a regular Cartesian grid, as
shown in Figure 2. Meanwhile, the periodic boundary conditions provide a mean for us to employ solution
space spanned by the trigonometric basis functions, while also generates homogenized responses that are
bounded by both the traction- and displacement- based boundary conditions [Zohdi and Wriggers, 2001,
Sun et al., 2011a,b, Fish, 2013, Wang and Sun, 2015, Sun et al., 2013, Liu et al., 2016]. The crack surface is
denoted as I'. As such, the total energy potential within the cracked body can be decomposed into the elastic
stored energy and the free surface energy:

¥ = /Q $edQ + /r GedT, (1)

where 1, is the elastic strain energy density, and G, is the cleavage energy per unit area. According to the
Griffith’s brittle fracture theory, brittle crack propagates when the elastic strain energy release rate 1.d(} is
larger than the interface energy of the newly generated crack G.dI.

In the phase field brittle fracture theory, the sharp crack surface I' is represented by a diffusive regularized
implicit indicator functio called phase field (denoted as 4 herein), where d = 0 represents the intact region
and d = 1 represents the completely damaged region [Bourdin et al., 2008, Miehe et al., 2010b, Wang and
Sun, 2017, Na et al., 2017, Bryant and Sun, 2018, Qinami et al., 2019]. This damage phase field d is regularized
such that the infinitesimal unit surface area dI is smeared to an infinitesimal domain yd(), as shown in
Figure 2 (b), and the total cleavage energy can be approximated by domain integral:

lim /Q Gey (d, Vd)dQ = /r G.dT, @)

lo—)O

where [j is the regularization length scale. The strongly anisotropic phase field theory can be introduced by
using an anisotropic non-convex crack surface density - in two approaches. The first approach uses multiple
phase fields with each phase field representing one preferential crack propagation direction [Clayton and
Knap, 2015]. The second approach uses one phase field with high order gradient terms [Teichtmeister et al.,
2017].
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Fig. 2: A schematic demonstration of phase field fracture in the deformed configuration of RVE subjected to
periodic boundary condition. (a) A solid body with sharp crack; (b) A solid body with regularized crack.

In this section, a multi-phase-field based small strain elasticity model is first introduced, which provides
the driving force for both multi-phase-field and high-order phase-field. Then the multi-phase-field theory
and high-order phase-field theory are derived in a periodic unit cell, with the governing equations solved
by the FFT-based method. Also, an interface model is presented to accommodate both phase field theories.

2.1 Small strain isotropic elasticity

The strain free energy i, in equation (1) is a function of the mechanical constitutive relation. The classical
isotropic linear elasticity model is used to replicate the elastic responses. This approximation is acceptable
for crystalline materials such as rock salt which does not exhibit strong anisotropy in the elastic regime
[Clayton, 2010, Liu et al., 2010]. Meanwhile, we assume that the surface energy for the fracture is of cubic
symmetry for both multi-phase-field and high-order phase-field, which is suitable for crystalline materials
which exhibits four three-fold rotational axes oriented at 109.5° with respect to each other. The elastic strain
energy reads:

Pe(e,d) = %KE% +u (s te— %s%) . 3)

Here, ¢, is the volumetric strain ¢, = tr(e), and x and y are the Lamé constants.
The total material degradation D at point x is defined as:

D:k+(1—k)ﬁ(1—di)2, @)
i=1

where k <« 1 is a small portion of the residual stiffness to retain well-posedness, 1 is the total number
of phase fields, and d; is the i th damage phase field. Assume, without loss of generality, that n > 1 for
multi-phase-field and n = 1 for high-order phase-field throughout this paper. Then for the multi-phase-field
method (n > 1), each phase field d; is corresponding to the damage along a preferential propagation
direction, following the treatment in Nguyen et al. [2017], Na and Sun [2018a]. The Lamé constant x and u
are functions of the local damage phase field:

Ko , €& <0
ud) = Dpo, x() = {0 " TS0 ®

where g and jig are the undamaged Lamé constants. Note that the elastic constitutive relation is anisotropic
in that the volumetric modulus x depends on the current volumetric strain &,. The strain energy functional
for the i th phase field within totally n number of phase fields is defined as:

Hi = (1—k) max { ﬁ (1-4)° [%K0<8v>2 + Mo <€ re— %«“—%)} } (6)

7€(0,¢] =1,
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where (-) := (- + | - |) /2. For multi-phase-field, n is a positive integer, while for high-order phase field n
equals to one. In this equation, the monotonically increasing of damage is enforced by using the maximum
strain energy functional in time T € [0, {] to form the energy functional for the variational problem. The
corresponding thermodynamic driving force associated to d; reads (cf. Nguyen et al. [2017]),

Fi=1—d)H! — Geoyi(d;, V*d;) =0 ()

where the second term in Eq. (7) is the thermodynamic force related to the growth of the phase field d;.

2.2 Multi-phase-field model

In multi-phase-field theory, the total cleavage energy is split to multiple anisotropic cleavage energies, each
represented by a seperate phase field d;:

n
[, 6erd= [ GeY vildi, Va0 ®)
Jo o 5

In this way, the total cleavage energy is non-convex and can be applied to simulate strongly anisotropic
brittle fracture.

2.2.1 Phase field theory in periodic unit cell
Crack density per unit volume 7; is defined as a function of the damage phase field and its gradient:

n 1
vi (di, Vd;) =Y 2,

I 1
d? + Eowi (A Vi + Py (d; - D?|, d; € HY(Q), )
i=1

where [ is the regularization length scale, A is the second order anisotropic tensor, and B; is the penalty
parameter to enforce the phase field within the initial damage region. Function space H} (Q2) is the space of
all periodic functions with p th order square integrable weak gradient. The anisotropic tensor A is usually
formulated as:

A= [I+[32 (I*ﬂ,‘@ﬂi)], (10)

where #; is the normal direction of the preferential crack propagation direction corresponding to the i th
phase field, I is the second order identity tensor. The penalty parameter 5, serves to penalize the anisotropic
propagation, where B, = 0 recovers the isotropic phase field theory.

Total crack surface area I' in the unit cell () is defined as the domain integration of the crack surface
density :

T;i(d) :/Q%' (d;, Vd;) dQ, (11)

which is a functional that depends on the damage phase field d and its gradient. The initial balanced phase
field distribution d;(t = 0) minimizes the total crack surface energy:

di(x) = Arg inf T;(d;,Vd;)| . (12)
d;€H}(Q)

The current equilibrium mechanical field and damage field shall minimize the total potential ¥ defined
in equation (1), where the elastic strain energy 1, is defined in (3) and the crack surface density - is defined
in (9). Therefore, the first order variation of the total potential functional should vanish, which is a necessary
condition of total potential stationary condition. The mechanical part of the variational equations yields the
equilibrium equation

V-o=0, (13)
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where the body force is neglected. Then, the 7 th phase field distribution can be determined such that the
first order variation with respect to d; vanishes:

/Q [Z(d,- - 1)H!d; + G, (%Jdi +10Vd; - A; - Vod + B1 (di — 1) (Sdi)] dQ =0, Véd; € HE, (14)
0
which holds for arbitrary phase field perturbation dd; in the H} space. Note that the FFT approach is
a collocation method which directly obtain the numerical solution from the strong form. Therefore, we
perform the integration by parts on (14) to obtain the Euler-Largange equation, i.e.,
/Q {Z(di — 1)7‘[?5[11 + %diédl' —V - (GclpA; - le) od; + B1 (di—1) 5[11} dQ
0 (15)

+ / GloVd; - A; - ndd: dS = 0,
Q)

where 0() is the boundary of the unit cell and # is the unit normal. Note that the integration-by-part operation
increases the continuity requirement of the cleavage energy G, the length scale /o, the anisotropic tensor A;,
and the phase field d;. Assuming that the cleavage energy G, the length scale Iy, and the anisotropic tensor
A; are periodic within the unit cell, then the surface integration term in equation (15) vanishes considering
that the phase field gradient Vd; is periodic while the surface normal # is anti-periodic. The Euler-Lagrange
equation of the multi-phase-field functional yields:
Ge
e
Ip
In practice, piece-wise constant cleavage energy G, length scale Iy, and anisotropic tensor A; are mostly
used, for example, in polycrystalline material or composite material. However, setting material parameters
to be piecewise constant will introduce jump condition in equation (16), and therefore not feasible. This
problem is circumvented in equation (17) by adopting the following approximations: (1) use ¢ function at
the grid points as the test function dd;; (2) assume the gradient of G, Iy, and A; are zero at all grid points.
Then, the simplified Euler-Lagrange equation yields:
G
2(d;i — DM} + Tcdi — GecloA;i : (V@ Vd;) + By (di —1) =0, d; € H, (17)
0

where the phase field d; lives in a high order smooth function space. The solution of the simplified strong
form (17) is an approximation to the real solution which minimizes the total energy potential Y.

2(d; — V)M + — V- (GeloA;) - Vd; — GelgA; : (V@ Vd;) + By (d; —1) =0, d; € Hi. (16)

Remark 1 Remark on the length scale parameters in multi-phase-field models. In general, the length scale
parameter of the phase field models equipped with a specific degradation function can be identified from
experiments where a validation exercise that relates peak stress to material parameters, length scales (cf.
Pham et al. [2017], Choo and Sun [2018a]) after quantifying the amplification factor of the fracture energy due
to spatial discretization (cf. [Bourdin et al., 2008]. In principle, this validation exercise could be extended to
multi-phase-field and higher-order-phase field models. In the case of the higher-order-phase field models, it
might be possible to identify the fracture energy as a function of orientation by having multiple experiments
for the same specimen of different orientations. In the case of the multi-phase-field models, the multiple
phase field governing equations lead to great flexibility where a wide spectrum of fracture behaviors can be
replicated by different combinations of degradation mechanism, driving force, length scale and anisotropy
of fracture energy, as demonstrated in Quintanas-Corominas et al. [2019], Bleyer and Alessi [2018]. In this
work, we assume that all the damage mechanisms for the multi-phase-field model employs the same form
of degradation function, regularization term and length scale parameter. This treatment reduces the number
of material parameters required for the models and therefore simplifies the inverse problems required to
identify the material parameters. However, it is possible that there are situations in which enhancing the
multi-phase-field models by enabling different length scale parameters, regularized profiles or forms of
degradation functions can be beneficial for replicating more complex crack nucleation and propagation
behaviors. While the calibration and validation of phase field fracture is an ongoing research topic that
rightfully attracts considerable interest, the design of inverse problems, experimental procedure and the
experiments themselves for the strongly anisotropic phase field models are out of the scope of these studies
and will be considered in the future.
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2.2.2 Spatial discretization and numerical solution

The coupled mechanical and phase field equations can be solved in a staggered fashion. In this work,
the mechanical step that solves the balance of linear momentum (13) is incrementally updated via the
Fourier-Galerkin method [Zeman et al., 2017, Ma and Truster, 2019]. The FFT-based solution method of the
anisotropic phase field evolution equation (17) is presented in detail in this paper.

The phase field evolution equation (17) is a linear equation with respect to the i th phase field. These
equations are solved in a semi-implicit way, where the phase field (d;,j # i) of the last iteration is used
to calculate the partial damaged strain energy #H!. Then, the strong form (17) can be re-formulated by
calculating the second order gradient in the Fourier space, which leads to the discretized form:

G
(2%;1 + 0+ Gelodi : FTIEREF + 51) d; = 2H] + B1. (18)
0

Since the stiffness matrix is generally non-symmetric, this equation can be solved relatively efficiently by a
matrix-free iterative linear solver, for example biconjugate gradient method (BiCG) or generalized minimal
residual method (GMRES).

Note that in the discretized form (17), second order gradient is involved. Therefore, the solution of the
discrete equation (17) suffers from the Gibbs effect when the continuum frequency vector is used, especially
at the boundary of the fully damaged region and the partially damaged region where the first order gradient
is discrete. The discrete frequency vector from Willot et al. [2014] is generalized to higher order gradient case
in order to overcome this problem. The backward finite difference scheme is used to calculate the discrete
frequency vector k;

k=exp(i¢) -1, (19)

where i is the complex number unit and ¢ is the continuum frequency vector defined as

_27'(11,-, ni:{ (—N/2,...,N/2+1 , mod (N)=0 20)

=N ~(N-1)/2,---,(N-1)/2, mod(N);l

Here, N is the total number of grid points. The discrete frequency vector (19) is generalized to enable second
order gradient based on the central difference rule, which in the 2D case reads:

kyx =2(coséy —1)
kyy =2 (cosgy —1) (21)
kxy = —sin{ysingy

The second order gradient of a scalar field ¢ can be calculated as ¢xx = F ! [kxx], ¢y = FL[kyy$], and
¢xy = F 1[kxyP], where ¢ denotes the Fourier coefficient of ¢. The second order discrete frequency vector
(21) can be easily generalized to 3D case.

2.3 High-order phase-field model

In high-order phase-field theory, the total potential ¥ is split into the strain potential and the cleavage
energy potential in the same way as (1). Instead of using multiple phase field for each preferential crack
propagation direction, the crack density contains a high-order phase field gradient term to construct a
non-convex functional. In this section, the fourth order phase-field theory is first re-derived in a periodic
unit cell together with corresponding Euler-Lagrange equation. Then details are presented to solve the
coupled mechanical and high-order phase-field in a staggered way using FFT-based method.
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2.3.1 Phase field theory in periodic unit cell

In the high-order phase-field fracture theory, crack density function depends on the phase field as well as
the first and second gradients of the phase field itself, i.e.,

13
v(d,Vd,VVd) = idz + %’w -Vd + 3—02 (VVd): A : (VVd) + %51 (d—1)*, de H}(Q). (22

Again, H2(Q)) denotes the space of periodic functions with square integrable second order gradient, A is a
fourth order anisotropic tensor to accommodate more complex anisotropies, and the numerical parameter
B1 > 1 serves to enforce the initial phase field. The structural tensor A is invariant with respect to rotations
from the cubic group. For materials belongs to cubic symmetry group, for example rock ralt, the fourth
order anisotropic tensor can be defined as

A=T+a(A1®A1+A® Ay) + Basym(A; ® Ap), (23)

where I is the fourth order symmetric identity tensor, « and B, are two penalty parameters, and A; and A,
are two second order structural tensors which are also invariant with respect to rotations from the cubic
symmetry group. These second order tensors A; and A, are defined as

Al=a1®a;, Ay=aQa, (24)

where the unit vectors {a;},_1 2 3 represents an orthonormal basis, which are related to the material point
orientation and satisfy a; - a; = ;;, a; X a; = €jjrax. The isotropic high-order phase-field theory can be
recovered by setting &« = , = 0.

Then, the total crack surface area is the integral of the crack surface density over the periodic unit cell ():

T)(d) = /Q v (d,Vd, VVd) dQ. (25)

Substitute this expression into the total potential (1) and take first order variation to minimize the total
potential ¥ defined in equation (1).

In order to find the phase field d which minimizes the total potential ¥ defined in equation (1), the
stationary condition is reached by taking first order variation over 4:

: 1 I 3
_ 1 il AvED 0 A - _
/Q {2(11 1)H15d+Gc<lod6d+ 5 Vd-Vod+ 2VVd: A VVod + py (d 1)§d>]d0 26

=0, Véd € Hj,
where d is aribtrary phase field perturbation from H3 space. Note that the partial strain energy H] is

defined in equation (6) with total number of phase fields # equals to 1. Then integration by part is performed
to get the Euler equation of this problem.

1 Ge Gely Gel3
/Q 2(d =)+ 74—V (Z2Vd |+ V-V | LA VYA ) 48y (d—1)| 6ddD
0
. 5 27)
GclO GCO . . GCO . _
+/aQ OV n+ SOV A (Ved @) — Z20V - (A5 VVA) - nod| dS = 0.

Note that, similar to Equation (15), the surface integral term only vanishes when the anisotropic tensor
A and the cleavage energy density G, are periodic, and the length scale [y is constant. Then we get the
following Euler equation which minimizes the total potential ¥:

1 Ge Gely Gl3
2(d—1)H1+Ed—V- 5 Vd|+V-V- 16/A:VVd +B1(d—1)=0. (28)
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This strong form can be further simplified by assuming that G. and A are piecewise constant:

Gl

3
o 1C6OA : VVVVd+ By (d—1)=0, d€ Hy. (29)

Gl
2(d71)7{%+§d7 ;0

V.Vd+

The reason for such simplification can be found in Section 2.2.1. This assumption is true for many material
models, for example crystal plasticity, where the preferential cleavage direction is constant within the grain,
while the transition between two adjecent grains is sharp. This assumption doesn’t hold for functionally
graded material where a smooth variation of the preferential crack propagation direction exists. This
equation, when solved by finite element method in its weak form, requires C! continuous shape functions.
However, when this equation is solved by collocation method in its strong form, fourth order differentiable
interpolation functions are required. The FFI-based method offers a way to solve this equation in its strong
form, where the trigonometric polynomial shape functions are arbitrary order differentiable.

2.3.2 Spatial discretization and numerical solution

The strong form (29) is a linear equation and can be re-formulated when the fourth order gradient is
calculated in Fourier space:

3
(2%% + %C + G;l" Flg tF+ %OA s F N RIQEREF + [31> d=2H}+B1. (30)
Note that different from multi-phase-field where the updated phase field d; can only be solved semi-
implicitly, the high-order phase-field equation can be solved fully implicitly since the partial strain energy
H1 is independent of phase field. Since the stiffness matrix is generally non-symmetric, this equation can be
solved by matrix-free iterative linear solver, for example biconjugate gradient method (BiCG) or generalized
minimal residual method (GMRES).

Similarly to the multi-phase-field, continuous frequency vector and discrete frequency vector are defined
in (20) and (19), respectively. In order to calculate fourth order gradient without suffering from Gibbs effect,
the following discrete frequency vector is suggested

kyxxx = 4 (cos{y — 1)2

kyxxy = —2sin{ysin gy, (cos &y — 1)

kxyy = 4(coslx —1) (cos¢y —1) (31)
kxxyy = —2sin gy sin gy, (cos &y — 1)

kyyyy = 4 (cos gy — 1)2 ,

where ¢ is the continuous frequency vector defined in (20). The fourth order gradient of a scalar field ¢
can be calculated as ¢xxxx = F *[kxxaex @, Pxxxy = Fkxaxy®l, Prxyy = F Hkxyy Pl Oxyyy = F~Hknyyy ),
and ¢yyyy = F L [kyyyy P, where ¢ denotes the Fourier coefficient of ¢. The fourth order discrete frequency
vector (31) can be easily generalized to 3D case.

Remark 1. The iterative linear solver can be accelerated by a suitable preconditioner M. In this paper, a finite
difference matrix is constructed based on the isotropic part of the linear equations (17) and (29). The Laplace
operator is approximated by the five-point stencil with periodic boundaries. The incomplete Cholesky
decomposition of this finite difference matrix is utilized as the preconditioner M. Also, the phase field of the
previously converged step is used as the initial guess to further accelerate the linear solver.

2.4 Regularized interface fracture model for grain boundaries

The macroscopic failure of materials with microstructures formed by assemblies of grains, layers, laminates,
or other forms of building blocks can be triggered by a combination of intergranular fracture and intra-
granular fracture. Examples of these materials include polycrystal, sedimentary rock, biological tissues,
and composite materials [Aifantis and Willis, 2005]. As a result, a good combination of bulk and interfacial
fracture models is essential to capture the essence of failures.



396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415

416

417

418

419

420

421
422
423
424
425
426
427
428
429
430

431

432

433

434

12 Ran Ma, WaiChing Sun

In the phase field fracture literature, there are different approaches to simulate the competition between
intergranular fracture and intragranular fracture. One approach is to explicitly define an additional interface
region in a discretized mesh. An interface crack propagation model with interface-normal based anisotropic
tensor A = n ® n and reduced cleavage energy G, is assigned to the interface region [Clayton and Knap,
2015]. This treatment is relatively simple, as both the fracture inside the grain and along the grain boundaries
can be captured by the same phase field. Another approach is to approximate the cohesive fracture displace-
ment jump [u]] with a regularized auxiliary field v by utilizing the initial equilibrium grain boundary phase
field, such that explicit mesh discretization for an additional interface region is avoided [Nguyen et al., 2017,
Verhoosel and de Borst, 2013, Radovitzky et al., 2011, Paggi et al., 2018]. In this approach, the phase field
model is used to model the crack growth inside the grain, while a cohesive zone model is used to replicate
the complex crack behaviors of grain bonduaries with richer descriptions enabled by the cohesive zone
models. [Paggi et al., 2018].

For simplicity, we adopt the first approach is to represent the sharp interface via a regularized diffusive
region associated with a characteristic length scale. As such, an interface region is explicitly identified via an
implicit function and the spatial domain is partitioned after a realization of polycrystal structure is generated
via a mesh generator. The major assumption is that the interface phase field fracture model is transverse
isotropic with respect to the normal direction of an interface or grain boundary. For multi-phase-field, a
simple approach is used by assigning one of the principal directions of the symmetric anisotropic tensor A
parallel to the interface normal for the governing equations of all the phase field variables. For high-order
phase-field, a fourth order anisotropic tensor A invariant to the rotation from transverse isotropy group is
utilized (cf. Li and Maurini [2019]):

Cis Cs C;3 0 0 0
0 0 0 Cu 0 O (32)
0 0 0 0 Cu O
0 0 0 0 0 Ce

In order for the 4th order stiffness tensor (32) to be positive definite, the following conditions have to be
met [Mouhat and Coudert, 2014]:

2C3, < C33(C11 + C12),Caq > 0,Ce6 > 0. (33)

Triple junctions and quadruple points are assumed to be isotropic with 4th order identity tensor.

2.5 Discrete algorithm

The coupled mechanical and phase field equations are solved in a sequential manner, and the algorithm is
shown in Algorithm 1. Within each step, the mechanical problem is first solved with the help of the Green’s
operator G. The essential boundary conditions and natural boundary conditions are satisfied in two coupled
Newton-Raphson iterations. Detailed theory and implementation of the mechanical part can be found in
Zeman et al. [2017], Ma and Truster [2019]. After the mechanical problem converges within the required
tolerance, the linear phase field equations are then solved by an iterative linear solver, for example conjugate
gradient or generalized minimal residual method (GMRES). Although the two governing equations are
solved sequentially, it has been shown that the final solution could converge to the exact solution when the
time step is smaller than the critical time step, a important feature shared by phase field equations solved
via finite element methods e.g. Wheeler et al. [2014], Miehe et al. [2016], Ambati et al. [2015], Wang and Sun
[2017], Bryant and Sun [2018].

3 Analysis and numerical examples

In this section, we compare the accuracy and efficiency of the FFT-based solvers for multi-phase-field
and high-order phase-field First, the one-dimensional equilibrium phase field with central concentrated
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Algorithm 1: FFT-based algorithm for strongly anisotropic phase field problem.

1 forn < 1 to nstep do

2 if Strain boundary condition then A& = Agpc

3 else Az = C;lA(TBC

4 while true do

5 &ny1 = Ent1 +AE

6 solve for A&: G * (Cp, : AE) = —G % (Cy, : AE)

7 update €,,11: €;,11 = €41 + AE

8 while R > tol. do

9 update 0,1 1: 0,41 = f (A€, oy, history)

10 solve for A&: G * (Cpy11 : AE) = =G x 0711
11 update €,41: €41 = &,41 + AE

12 update residual: R = ||Ag||

13 end

14 o={0y1)

15 if 7”‘Tﬂg‘fc“ < tol. then break

16 update C41

17 update Az: Az = —C;}rl (6 —opc)

18 end

19 Update phase field
20 if Multi-phase-field then

a || (2R + GeloAi s FIE@EF + Br) di = 2H! + Br.
22 else if High-order phase-field then
3
2 <2H% + G4 GhFiz g Gha f—1§®g®g®gf+ﬁ1> d=2H!+ B

24 end

failure is solved using the FFT-based method for both the low-order and high-order phase field. Special
attention is paid to compare the Gibbs effect manifested in both models, as well as the convergence rate and
performance. Then, a two-dimensional benchmark case is used to demonstrate and benchmark the ability of
the FFT-based method in solving strongly anisotropic fracture problems, more specifically the sawtooth
crack pattern observed in strongly anisotropic fracture. Again, the convergence progress of the multi-phase
field and high-order phase-field is compared. Finally, a three-dimensional polycrystalline rock salt example
is presented to illustrate the competing between intergranular and intragranular fracture in polycrystals.

3.1 One-dimension verification and convergence analysis

A one-dimensional phase-field distribution problem from Borden et al. [2014b] is used as an example to
assess the accuracy of the FFT solver as well as examine the numerical solutions obtained via the FFT-based
method in solving phase field problems in periodic domains. Consider a rod with a concentrated flaw in the
middle. This concentrated flaw can be represented by prescribing the phase field value at this point to be 1.
The governing equation of the phase field model then yields the initial phase field distribution. Without
applying any external loading, there exists an exact solution that governs the phase field distribution in
the one-dimensional setting. The multi-phase-field governing equation and the corresponding analytical
solution reads,

d—4l3d" + pid = B, d(x) =exp <ﬂ) . (34)
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Meanwhile, the high-order phase-field governing equation together with its analytical solution reads,

d—23d" +13d% 4 p1d = By, d(x) = <1 + |i|) exp (#) : (35)
0

lo

In our numerical example, the length of the rod is 200 to be consistent with the results in Borden et al.
[2014b]. The initial phase field penalty ;1 is 1000 at x = 0 and 0 elsewhere. The length scale parameter I is
0.08.

These phase-field partial differential equations are solved numerically in FFT-based method (17) and
(29). The numerical solution is then integrated over the rod to get the numerical potential ¥ based on (1).
The surface energy potential that leads to the exact solution of the phase field distribution in (34) and (35)
reads,

100 [ 42
Y. = 2Gc/ [— + lo(d’)Z] dx ~ G,
0

4l (36)

for multi-phase-field, and the surface energy potential for the exaction solution for the high order phase
field problem reads,

(37)

100 dz lO 12 l(?)) 11\2
TC_ZGC/O [410+2(d) +Z(d) dx = G,

which again corresponds with the high-order phase-field solution in Borden et al. [2014b].

0.8 |

O

numerical
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(®)

O

numerical
analytical
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1000

@ numerical
800 O analytical

. 600 15
: 2 e, | e

= =400 s
numerical 200 ) 2

O  analytical

-1 -0.5 0 0.5 1

Fig. 3: Verification of 1D phase field distribution against analytical solution. The second order derivative
is required by multi-phase-field, while the fourth order derivative is required by high-order phase field.
(a) Phase field (d(x)); (b) First derivative (lpd’(x)); (c) Second oderivative (I2d"”(x)); (d) Fourth derivative
(U™ (x)).

Figure 3 compares the numerical and analytical solutions, the corresponding first order derivatives (lod’),
the second order derivatives (l(z)d’ "), as well as the fourth order derivatives (l(%d (4)). Both the phase field and
its high-order derivative fits with the analytical solutions, except at the position x = 0 where the fourth
order derivative of the analytical solution is supposed to be undefined whereas the numerical solution
remains finite due to the differentiability of the sine and cosine functions.
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The Gibbs phenomenon is not observed even for the fourth order derivative near the initial failure point
where large phase field gradient exists. These results suggest that the backward discrete frequency scheme
[Willot et al., 2014] combined with the generalized discrete frequency vector for high-order gradient (21)
and (31) is effective in eliminating the Gibbs phenomenon that might otherwise cause spurious oscillations.
It needs to be mentioned that the solution based on continuous frequency vector suffers from the Gibbs
phenomenon, while the solution based on other discrete frequency vector schemes, for example the forward
scheme and the central scheme from Willot et al. [2014], does not converge to the analytical solution upon
refinement. Corresponding results are not presented for brevity.

The error in the surface energy potential, G"*" — G, is presented in Figure 4 (a). Under the same
mesh refinement, the high-order phase-field has lower surface energy error than multi-phase-field. The
h-convergence rate is about 0.72 for multi-phase-field, while 1.01 for high-order phase-field. The faster
convergence rate of the high-order phase-field upon mesh refinement is at the expense of the lower linear
solver convergence rate. The linear solver convergence rate of the strong form (17) and (29) is presented
in Figure 4 (b). The convergence efficiency of both models becomes lower upon each mesh refinement,
indicating that the condition number of the stiffness matrix becomes larger each upon mesh refinement.
Furthermore, our numerical experiment indicates that the high-order phase-field requires significantly
more iterations (more than one order) to converge than the low-order phase-field counterpart. Note that,
in the multi-dimensional cases, the number of independent phase field required to replicate anisotropy of
the surface energy likely increases according to the complexity of the anisotropic responses. Hence, the
2nd-order phase field governing equation must be solved multiple time, while there is only one 4th-order
phase field governing equation required for the higher-order case. This trade-off is further analyzed in the
next two numerical examples.

0 : : : : 4 :
10 @ 10 ®

—©— 2nd order
—8— 4th order

Tterations
=)
[y}

—©O©— 2nd order
—H&— 4th order

Surface Energy Error
)

0.0067 0.0200 0.0666 0.1998 0.0067 0.0200 0.0666 0.1998
h h

Fig. 4: Convergence behavior of phase field under no external loading: (a) Convergence plot upon mesh
refinement; (b) Convergence progress of iterative linear solver (without preconditioning).

3.2 Two-dimensional plane strain single-crystal rock salt

A plane strain single crystal rock salt is used to demonstrate the numerical behavior of the FFT-based
method in solving 2D phase field crack propagation problems. The room temperature elastic constants and
phase field parameters are listed in Table 1 [Na and Sun, 2018a]. Although single crystal rock salt belongs to
cubic symmetry group, the elastic anisotropic factor is almost 1, therefore isotropic elasticity model (3) is
used here. The cleavage plane of single crystal rock salt is {100} plane. In order for the two-dimensional
simulation to be able to represent the crack propagation, the [001] axis is set to coincide with the z axis while
the single crystal deforms in the x — y plane.

In this section, a single crystal rock salt with a central concentrated flaw is first utilized to demonstrate
the initial equilibrium phase field pattern and the convergence behavior of multi-phase-field and high-order
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Table 1: Material properties of the specimens for the numerical simulations

Parameters Description Value Unit
E Elastic modulus 38.0 GPa
v Poisson’s ratio 0.25 -

B1 Initial phase field penalty 1000.0 -

Ge Cleavage energy 1.15 Jm~2
Io Length scale 1.0x107° m

B2 Anisotropy factor for multi-phase-field 40.0 -

o Anisotropy factor for high-order phase-field 1.2 -

B2 Anisotropy factor for high-order phase-field 1000.0 -

phase-field. Then plane-strain tension test is presented to show the ability of both methods to represent the
sawtooth crack pattern.

3.2.1 Influence of frequency vector on numerical accuracy and stability

A two-dimensional plate with a central concentrated flaw is utilized to compare the numerical behavior of
multi-phase-field and high-order phase-field. The initial equilibrium phase field of both methods is solved
using BiCG solver, with the relative tolerance 1.0 x 1075.

Figure 5 compares the continuum frequency vector (left), rotated discrete frequency vector (middle),
and forward-backward discrete frequency vector (right), regarding the accuracy and stability of the solution
field. In all three cases, the initial equilibrium phase field is solved with the anisotropic factor f; = 0. When
the continuum frequency vector (k = i¢ is used in equation 18, the phase field d and its Laplacian appears
to be smooth without spurious oscillation. Actually, when a smaller length scale parameter [y is used or
high-order gradient is involved in the governing equation, the usage of continuum frequency vector often
suffers from spurious oscillation. When the rotated scheme is used Chen et al. [2019], Roters et al. [2019],
numerical instability is observed in the solution, which is also reported elsewhere Chen et al. [2019]. The
instability is caused by the construction of the discrete frequency vector instead of the Gibbs phenomenon.
When the rotated scheme is adopted, the real solution is metastable, while the solution shown in Figure
5 appears to be more stable. This instability is easy to understand when centered scheme k = isin¢ is
used, where the instability is also observed, but less obvious for the rotated scheme. This also explains
why the instability is less obvious as phase field propagates as reported Chen et al. [2019]. Note that such
instability is specific for this type of governing equation (17) and equation (29) where the unknown field
and its Laplacian co-exist in one equation. This instability can be overcome by using the backward scheme
(19) such that the unknown field and its gradient are smooth even when lower length scale /y and higher
order gradient is used, as already presented in Figure 3.

Figure 6 (a) and (b) shows the initial phase field distribution of multi-phase-field and high-order phase-
field, respectively. For the multi-phase-field result, only one of the two phase field variables is shown.
The high-order phase-field can represent the non-convex phase-field distribution observed in strongly
anisotropic crack propagation. More importantly, the phase field distribution is smooth over the domain
without local perturbation or Gibbs phenomenon observed.

Figure 7 (a) shows the convergence rate of the iterative linear solver for multi-phase-field (17) and
high-order phase-field (29) without preconditioning. For lower mesh resolution, the computational costs of
both methods are comparable, while for higher mesh resolution, high-order phase-field is more expensive.
Note that only one linear equation is solved for high-order phase-field, while for multi-phase-field the
number of linear equations depends on the total number of independent phase fields. It is suggested that
for lower mesh resolution, high-order phase-field is more efficient, while for higher mesh resolution, multi-
phase-field is more efficient. Figure 7 (b) shows the corresponding convergence rate with preconditioning.
The convergence rate of both multi-phase-field and high-order phase-field can be accelerated by using the
aforementioned preconditioner in Remark 1. But the convergence rates still deteriorate with an increasing
number of grid points, indicating that the condition number increases with more refined discretization.
Without proper remedies, such as a suitable pre-conditioner, this attribute may limit the applications of
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Fig. 5: Influence of discrete frequency vector on the accuracy and stability of the initial phase field distri-
bution. Top: 2D phase field distribution; Middle: phase field distribution along the central line; Bottom:
Laplacian of phase field. The anisotropic factor B, equals to zero for all three cases.
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Fig. 6: Initial equilibrium phase field distribution with central point flaw: (a) Multi-phase-field method; (b)
High-order phase-field method.
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the current FFT-based scheme to solve phase field equations in fine grids that lead to sizable large linear
systems, for example image-based simulations. A comprehensive study on the remedy for this issue will be
explored in a future study but is out of the scope of the research covered in this article.

2919 f @) ' ' ] 39
169 |
w 992} 1 -
= =
S 2 80¢f
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—O©— 2nd order 20t —©— 2nd order |1
47t —H&— 4th order —8— 4th order
55 89 149 245 403 55 89 149 245 403
number of grid points number of grid points

Fig. 7: Convergence rate of strongly anisotropic phase field upon mesh refinement: (a) Without precondi-
tioning; (b) With preconditioning. Only one phase field variable is considered in multi-phase-field. Both
multi-phase-field and high-order phase-field are solved by conjugate gradient. Note that the anisotropic
factor (tensor) also influence the convergence behavior.

3.2.2 Sawtooth crack pattern in single crystal rock salt

A two-dimensional single crystal rock salt simulation to illustrate the capability of both methods to reproduce
sawtooth crack pattern which is typically observed in strongly anisotropic phase field models [Teichtmeister
et al.,, 2017]. Figure 8 shows the geometrical setup. A 3 mm by 1 mm single crystal rock salt is discretized into
303 x 101 equally distributed grid points, so that the grid spacing is about 0.01 mm which is comparable to
the length scale parameter [y. A 0.09 mm diameter central hole is assigned unit initial phase field and serves
as the crack nucleation site. The initial orientation of the single crystal rock salt is (44°,0°,0°) in Bunge
Euler angle convention, such that one cleavage plane is (44° to the loading direction while the other is (46°
to the loading direction. Two phase fields with perpendicular crack propagation direction are utilized in
multi-phase-field, and a cubic symmetry fourth order structural tensor is used in high-order phase-field.
The cleavage energy of the clamping region (top and bottom part in Figure 8) is slightly increased such
that the crack will not penetrate through the boundary. The coupled mechanical and phase field equations
are solved in a staggered manner, therefore a small strain increment is required to get convergent solution.
Average strain boundary condition is prescribed:

__[-375x107* 00
€= 0.0 15x1073|" (38)

The total strain is equally divided into 1000 steps.

The sawtooth crack pattern, observed experimentally in Yuse and Sano [1993], ?], Takei et al. [2013], is
replicated in the current simulations for both the multi-phase-field case (Figure 9 (a)) and rgw high-order
phase-field case (Figure 9 (b)).

Recall that the preferential cleavage plane of single crystal rock salt is {001}, and the initial orientation
of the single crystal sample is shown in Figure 8. Therefore, the two preferential cleavage planes in the
plane strain tension simulation are oriented at 44° counter-clockwise and 46° clockwise from the horizontal
direction. Upon loading, the crack initiates at the central hole where stress concentration exists, and
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G, = 1.50 J m?

G,=115Jm?

G, = 1.50 J m?2

3mm

—>x gt

Fig. 8: Simulation setup of a two dimensional single crystal tension test with increased cleavage energy G,
in the top and bottom region. The diameter of the initial flaw is 0.09 mm. The NaCl crystal structure denotes
the initial orientation of the single crystal sample.

propagates along the 46° energetically preferred direction. After the crack reaching the clamping region, the
higher cleavage energy G, of the material in the clamping region make propagating through the material a
less energetic favorable configuration thank kinking with a different direction. Hence a kink is formed to
allow the crack propagating along the second preferred direction (44° counter-clockwise from the horizontal
direction). However, since the second preferred direction is not the most energetically preferred one once
the crack tip is not crossing the tougher layer, the crack therefore kinks back to the first preferred direction
before it reaches the clamping region. This process keeps repeating until the crack propagates through
the specimen. In total, 6 kinks are observed in the multi-phase-field case, and 8 kinks are observed in the
high-order phase-field case. In both cases, the crack kinks as it reaches the clamping boundary the first time
while propagating along the first preferential direction. It then kinks before reaching the clamping boundary
when propagating along the second preferential direction.

1.0
[ 0.9
- 08
- 0.7

0.6
0.5

Fig. 9: Sawpath crack patterns simulated via the two strongly anisotropic phase field models (a) Multi-
phase-field case; (b) High-order phase-field case.

However, one key difference in the crack pattern is that the crack propagates less along the second
preferential direction in high-order phase-field case than in the multi-phase-field case. Such a difference may
be attributed to the different phase field anisotropy parameters as well as the periodic boundaries which
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may lead to different crack patterns than the non-periodic counterparts as reported in [Na and Sun, 2018a,
Li and Maurini, 2019, Li et al., 2015]. More details about the relations among preferred crack propagation
direction, anisotropy of surface energy and the resultant kinking patterns on phase field simulations have
been discussed in Li and Maurini [2019], Li et al. [2015] based on the quenching experiments reported in
Yuse and Sano [1993], Takei et al. [2013].

In Figure 9, the smearing damage region in the multi-phase-field model is wider than the high-order
counterpart, although both models employ the same length scale parameter [ to regularize the damage
field. This difference can be attributed by the following factors. First, the multi-phase-field and high-order
phase-field models are formulated via different energy functionals. The high-order phase-field has a more
regularized spatial profile as the additional higher-order term of the governing equation controls the
forth-derivatives, while the lower-order governing equations of the multiple-phase-field model does not
regulate the third- and forth-derivative. The difference in profile shapes of the two models lead to different
amounts of energy dissipated even if the driving force is identical [Borden et al., 2014a]. Furthermore, since
the multi-phase field model contains multiple phase field evolving around multiple driving forces, the
phase field corresponding for different mechanisms may nucleate at different time and grow differently.
Meanwhile, the damage region of the higher-order phase field model is driven by only one phase field with
one driving force. As a result, the difference of the results is expected.

3.3 Three-dimensional polycrystaline microstructure

In the third example, a multi-axial tension test performed on a three-dimensional polycrystalline rock salt
specimen is simulated to examine the ability of the FFT-based method in solving strongly anisotropic crack
propagation in polycrystals. The initial microstructure of the polycrystalline RVE is shown in Figure 10,
which is generated using the open source software Neper [Quey et al., 2011]. The 1.0 x 1.0 x 1.0 mm domain
is equally discretized into 99° grid points, containing 40 equiaxed grains with random initial orientation.
Therefore, the grid point spacing is about 0.01 mm which is comparable to the length scale parameter
lp. The material parameters are the same as the two-dimensional example and are listed in Table 1. For
multi-phase-field method, three independent phase field variables are required to represent three {100}
cleavage plane, and the preferential propagation direction is determined by the initial orientation of the
grain. The grain boundary region with 0.03 mm thickness is explicitly meshed. All three phase field variables
share the same crack propagation direction determined by the grain boundary normal for multi-phase-field,
while transverse-isotropic structural tensor A is assigned to the grain boundary region for high-order
phase-field. Again, triple junctions and quadruple points are assumed to be isotropic for simplicity and are
assigned with identity structural tensor. A spherical void of diameter 0.06 mm is assigned with a prescribed
phase field equal to unity and serves as the nucleation site. This initial flaw can be considered as the porous
flaw typically exists at rock salt grain boundary. The coupled mechanical and phase field equations are
solved in a staggered manner. Therefore, the strain increment has to be small for the solution to converge.
An homogenized strain boundary condition is imposed onto the polycrystalline RVE.

—-375%x107% 00 00
g = 0.0 1.5%x10720.0] . (39)
0.0 00 00

This total strain of the RVE is equally divided into 1000 incremental steps for numerical simulations.

The simulated three-dimensional strongly anisotropic crack propagation obtained from both models
are shown in Figure 11. While the multi-phase-field and high-order phase-field models do not yield the
same crack pattern, both of them exhibit the influence of strongly anisotropic tensor A and A on the crack
pattern. The difference in crack patterns may be attributed to different types of regularization (2nd-order vs.
4th-order) used in both models, as well as the different ways damage are accumulated in the single- and
multi-phase-field models. Nevertheless, since the grain boundary fracture remains the dominated damage
mechanism in the RVE, the results of this simulation is likely to be even more sensitive to the choice of
model used to replicate the grain boundary fracture [Wei and Anand, 2008] than the choice of the phase
field fracture models for the bulk volume.
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Fig. 10: Initial polycrystalline microstructure and simulation setup: (a) Polycrystalline RVE with finite
thickness grain boundary region; (b) The spatial dimension of the RVE with a spherical flaw of 0.06mm-
diameter at the centroid of the RVE.

Furthermore, the anisotropic tensor penalizing the preferential crack direction, the reduced grain
boundary cleavage energy may also influence the crack propagation pattern, as shown in Figure 12. The
grain boundary cleavage energy is reduced from 1.15] m 2 to 1.0] m 2. As observed in Figure 12 (c) and
(f), the crack has a stronger tendency to propagate along the grain boundary region with a reduced grain
boundary cleavage energy. Whether it is possible to enforce the equivalence of the higher-order and multi-
phase field models with the corresponding material parameters and degradation function is currently
unknown, but will be examine in future study.

Fig. 11: Three-dimensional crack propagation in polycrystalline rock salt. (a-c) multi-phase-field case; (d-f)
high-order phase-field case. The gray region corresponds to the grain boundary region, while the red region
corresponds to the crack region.



630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659

22 Ran Ma, WaiChing Sun

Fig. 12: Three-dimensional crack propagation in polycrystalline rock salt with reduced grain boundary
cleavage energy. (a-c) multi-phase-field; (d-f) high-order phase-field. The gray region corresponds to the
grain boundary region, while the red region corresponds to the crack region.

Figure 13 shows the Von Mises stress evolution within the unit cell. In this figure, ‘"MPF’ stands for
multi-phase-field, 'HPF’ stands for high-order phase-field, and ‘low GB’ stands for reduced grain boundary
cleavage energy. The stress-strain curves represent the evolution of homogenized Cauchy stress versus
the axial strain in the tension direction. It is observed that the multi-phase-field generally has lower
homogenized stress than the high-order phase-field in the elastic region. Two reasons may account for such
observation. First, it has been argued in Figure 4 that the second order phase-field has larger discretization
error than high-order phase-field under the same mesh resolution. Also, such discretization error is further
amplified when the elastic stiffness is determined by the combining effect of three phase fields. Therefore,
the equivalent phase field is more distributed and the phase-field of the undamaged region is also larger
than high-order phase-field, which results in more reduced elastic stiffness in multi-phase-field. A similar
effect is observed in the Von Mises stress contour of multi-phase-field with intact grain boundary (Figure 13
(a-c)) and with reduced grain boundary cleavage energy Figure 13 (g-i). The stress distribution is relatively
homogenized compared with typical crack tip stress field.

The accuracy of multi-phase-field might be increased with smaller regularization length scale Iy and
more refined grid points. On the other hand, high-order phase-field offers higher accuracy under the same
mesh resolution at the expense of higher computational cost. The phase field is less distributed within the
unit cell, and stress relaxation region is observed besides the crack. Also, stress concentration is observed
near the crack tip.

Another interesting aspect is that, when the grain boundary cleavage energy is reduced, the stress-strain
response of the elastic region is not affected for both multi-phase-field and high-order phase-field. But the
sudden-drop of the load carrying ability occurs earlier, and crack has a larger possibility to propagate along
the grain boundary (Figure 12). Note that the stress within the cracked region can be further reduced by
using lower residual stiffness k. Residual stiffness k as low as 1.0 x 10~ has been used in FFT-based method
Chen et al. [2019] without introducing convergence issue typically observed in FFT-based method with
sharp material contrast.

Finally, it should be noted that FFT solver is not the only feasible method that leverages the Green’s
function to accelerate simulations of polycrystals. For instance, Zhang and Oskay [2017] has established a
reduced-order multiscale homogenization procedure based on eigenstrain that is both sparse and scalable.
The comparison among different approaches to accelerate simulations of fracture is an important topic, and
will be considered in future studies.
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MPF, high GB
HPF, high GB
MPF, low GB
HPF, low GB

Von Mises stress (MPa)
o

Fig. 13: Von Mises stress (in MPa) of the mid-plane of the RVE evolving during the tension test, where
‘mpf’ stands for multi-phase-field, ‘hpf’ stands for high-order phase-field, and ‘gb’ stands for reduced grain
boundary cleavage energy. (a-c) Multi-phase-field; (d-f) High-order phase-field; (g-i) Multi-phase-field with
reduced grain boundary cleavage energy; (j-1) High-order phase-field with reduced grain boundary cleavage
energy.
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4 Conclusion

We introduce an FFT-based solver to solve the two most commonly used strongly anisotropic phase
field fracture models, i.e., the multi-phase-field and high-order phase-field models in a periodic cell. The
governing equations of both methods are derived in a periodic unit cell originated from the same total
potential ¥. Since Dirichlet boundary condition cannot be explicitly imposed in the FFT domain, a penalty
term is added to the total potential ¥ to enforce the phase field in the initial failure region. The discrete
frequency vector is generalized to enable calculating second order and fourth order gradient, which is
required to solve the phase field model using a collocation method. Three numerical examples are utilized to
demonstrate the accuracy and numerical behavior of the FFT-based method in solving strongly anisotropic
phase field. Major conclusions are summarized below:

1. The FFT-based method is capable of consistently solve both multi-phase-field and high-order phase-field
governing equations. Upon each mesh refinement, the surface energy error of both methods decreases
toward zero.

2. With the same mesh resolution, the high-order phase-field model has lower surface energy error than
the multi-phase-field counterpart.

3. No local perturbation or Gibbs phenomenon is observed in both cases even in the presence of the
fourth-order gradient.

4. When mesh resolution is sufficiently low, the FFT solvers for high-order phase-field and multi-phase-
field models have similar computational costs. As mesh resolution increases, the high-order phase-field
FFT solver requires much more linear solver iterations to converge to the same relative error.

5. When solved by FFT-based method, both multi-phase-field and high-order phase-field can represent
sawtooth crack pattern typically observed in strongly anisotropic crack problem. Moreover, crack
coalescence and branching are observed in three-dimensional polycrystalline microstructure.

Future work will target the following challenges. First, a more sophisticated preconditioner will be
derived to improve the convergence rate of the linear solver. Currently, the condition number of the stiffness
matrix increases with mesh resolution for both the multi-phase-field and high-order phase-field models. It
is expected that a preconditioner or a Green’s operator can be proposed such that the condition number
can become independent of discretization. Second, the strongly anisotropic phase field method will be
incorporated in a multiphysics framework for simulating the material behavior of polycrystalline rock salt
at various temperature and strain rate. More specifically, the thermodynamic coupling of crystal plasticity
[Chen et al., 2015] , twinning [Clayton and Knap, 2011], ductile fracture [?Miehe et al., 2016, Choo and Sun,
2018a], solution-precipitation creep [Urai et al., 1986], and diffusion-controlled crack healing [Urai et al.,
2008] will be addressed.
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