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Abstract

In this paper, proper generalized decomposition (PGD) is utilized to reduce
the computational burden of evaluating multigroup neutron diffusion eigen-
value problems. PGD is a reduced order modeling technique that seeks a sepa-
rated representation to a multi-dimensional variable. In this application, each
multigroup flux is sought as a finite sum of separable one-dimensional func-
tions. This representation can significantly reduce the burden of evaluating
multi-dimensional linear systems. Therefore, we use PGD to evaluate the linear
systems within the power iteration process of the eigenvalue problem. In this pa-
per, we discuss our implementation of PGD to these eigenvalue systems includ-
ing a derivation of PGD operators for multigroup neutron diffusion problems
with standard power iteration and power iteration accelerated with adaptive
Wielandt shift. To illustrate PGD’s effectiveness, we apply our implementation
to eigenvalue problems ranging from homogeneous to highly heterogeneous ge-
ometries with one-,two-, and four-group material properties. With comparison
to full-order model evaluation with MOOSE, we find that the effectiveness of
PGD is problem dependent. PGD always out performs the full-order model with
close to homogeneous problems, but performs more poorly with more realistic
reactor problems.
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Multigroup neutron diffusion, K-eigenvalue problems

1. Introduction

Despite the advances in computer architectures and numerical analysis, eigen-
value calculations for full-core nuclear reactors are still CPU-intense task, even
more so when in the context of core reload optimization. The computational
burden in these computations is partly due to the dimensionality of the problem,
or the size of the phase space. A neutron diffusion eigenvalue problem involves
a four dimensional phase-space, three for space and one for energy. Reduced
Order Modeling (ROM) is a technique that attempts to decrease the size of a
system by extracting the relevant information into a much smaller subspace.
Typical application of ROM for eigenvalue problems are based on a posteriori
projection methods, such as Proper Orthogonal Decomposition, see [I} 2l 3] for
an overview of POD and its applications. Some applications of POD include
computational fluid dynamics [4, Bl 6], shallow water [7, 8], and mechanics
[9, T0]. Some recent applications of ROMs in the nuclear engineering commu-
nity include reactor kinetics [I1], particle transport [12] [13], multi-physics [14],
uncertainty quantification [15], and criticality [I6} [I7], for instance. These meth-
ods rely on gathering data sets, or snapshots, of the full phase-space solution;
that data is used to “discover” an appropriate subspace which is then used to
seek a reduced-order model using a Galerkin or Petrov-Galerkin projection [18].
The adequacy of the subspace employed in the projection step can be highly
dependent on the exploration of the parameter space during the snapshot gener-
ation, so “certifying” such reduced order models is often impossible. Contrary to
these common approaches, the work presented in this paper utilizes an a priori
ROM, known as Proper Generalized Decomposition, to evaluate k-eigenvalue
problems in multigroup neutron diffusion.

Proper Generalized Decomposition (PGD) techniques aim at reducing the
dimensionality of a system by extending the concept of separation of variables.

Indeed, to address the computational burden of solving multi-dimensional sys-
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tems, PGD seeks a decomposition of the system solution into a separated repre-
sentation [I9] 20]. As such, PGD represents a multi-variate function as a sum of
products of one-dimensional functions. For instance, a D-dimensional solution
is sought as a sum of NV terms, each term being a product of D one-variable
functions, shown in Eq. , where N is large enough to represent the solution
to a certain tolerance. For instance, a three-dimensional variable u(z,y, z) can

be decomposed into a sum of N terms consisting of products of functions of =z,

y, and z, shown in Eq. .

co D
u(z1, T2, ..., D) :ZHuf7(gcj) mz | ui? (x5), (1a)

i=1 j=1 i=1 j=1

oo N
u(@,y,z) =Y Xi(@)Yi(y) Zi(2) = > Xi(2)Yi(y) Zi(2) . (1b)
i=1 =1

The advantage of PGD is readily apparent. If a solution to a problem involves D
dimensions with M nodes in each dimension, the full-order model version of the
problem will involve solving a multi-dimensional system with MP unknowns.
However, if tackled with PGD, the same problem requires N x D x M unknowns
(D x M unknown for each of the N terms). Put simply, a traditional approach
leads to system sizes that increase exponentially with the number of dimensions,
while the system sizes only increase linearly with a PGD approach. This feature
of PGD is exploited for high dimensional systems; see also [2I]. Additionally, if
the problem is uniformly refined in all dimensions, a traditional approach leads
to an increase in the number of unknown by a factor 2P, for the increase is
only a factor 2D for PGD. The disadvantage with PGD is that a system of
otherwise linear equations transforms into a nonlinear problem because of the
representation of the solution as product of one-dimensional solutions.

The multigroup neutron diffusion criticality equations form an eigenvalue
problem where the scalar flux (® = [¢', ..., ¢¢]) is the eigenvector and the neu-
tron multiplication factor (k) is the eigenvalue [22 23]. Being an eigenvalue
problem, evaluating ¢ and k requires a nonlinear process. A standard approach

to evaluating the eigenvalue problem is power iteration. However, the conver-
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gence rate of power iteration is directly related to the dominance ratio (the ratio
of second largest to the first largest eigenvalue), which can be close to unity for
nuclear core problems [24] 25]. Therefore, acceleration techniques are often em-
ployed, including utilizing Chebyshev polynomials [26] 27, 28] or Wielandt shift
[29, 30, [31]. Projection-based approaches are also commonly employed, e.g.,
Arnoldi’s methods, particularly the implicit restarted Arnoldi method (IRAM)
[32, 33}, [34], and Krylov subspace methods, e.g., Davidson method [35, 36} [37].
Newton-based approaches have also been employed, for instance Jacobian-free
Newton-Krylov approaches [38, B9, 40]. Gonzalez et al. in [41] investigated the
use of PGD with a Arnoldi-like process for a single-group k-eigenvalue problem.
However, this process does not guarantee the evaluation of the largest eigenvalue
or the convergence of the eigenvector. This work utilizes standard power itera-
tion accelerated with a Wielandt shift, more specifically, an adaptive shift [31].
In addition to the work done in [41], Senecal et al. in [42] applied PGD using
the MOOSE library (Multi-physics Object Oriented Simulation Environment)
to steady-state neutron diffusion problems, but with mild spatial variations.
The goal of this work is to investigate PGD as solution technique for crit-
icality problems, as found in reactor-physics applications, and to comment on
its strengths and weaknesses for such applications. This paper presents three
extensions to the PGD technique: (1) the application of PGD to accelerated
power iterations for eigenvalue problems, (2) the design of an effective itera-
tion procedure for PGD applied to eigenvalue problems, including compression
of the fission integral at each iteration, (3) the construction of PGD operators
for multigroup neutron diffusion in highly heterogeneous configurations and its
effective implementation. The outline of the paper is as follows: in Section
we briefly review multigroup diffusion criticality problems and their numerical
solution using accelerated power iteration techniques. Section 3| discusses the
PGD solution process, first in a general sense followed by its application to

power iterations. Results are presented in Section



2. Overview of the Multigroup Eigenvalue Problem

In this section, we recall the multigroup k-eigenvalue problem and discuss the

75 power iteration and shifted power iteration process. For criticality calculations,
the eigenvalue-eigenvector pair of interest is the one associated with the largest
eigenvalue (fundamental mode). The largest value of k, known as the effective
neutron multiplication factor or keg, can be computed using power iteration, for

example, or an accelerated variant of power iteration.

s 2.1. Multigroup Eigenvalue Problem

The multigroup neutron diffusion k-eigenvalue equations are

G G
’ / 1 ’ ’
—V DIV + g7 = Y 099 ¢ + X Susder g=1,..,G. (2)

g/:1 g/:1

Each term in this equation is defined as:
G - total number of energy groups

@9 - multigroup scalar neutron flux

D¢ - multigroup diffusion coefficient
& Y7 - total macroscopic cross section

Egﬁg' - macroscopic scattering cross section from group ¢’ to group g
x? - fraction of neutrons generated in group g from fission (fission spectrum)

Y product of the macroscopic fission cross section and the average number

of neutrons emitted per fission in group ¢’

The equations in (2)) can then be written into matrix form,
1
(D—i—A—S)(I):%F(I), (3)

where
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(D)yy = =V - DIV, (4b)
(A)gg' = Zfégg’ ) (40)
(8)gg =219, (4d)
(F)gg = xv5Y (de)

The neutron diffusion criticality equations form a generalized eigenvalue prob-

lem, which can be written in operator notation as:
1
Ad = %be, (5)

with
A=D+A—-S and B=F.

This is a nonlinear problem for the eigenpair (k, ®). Numerous methods have
been devised to solve this eigenproblem; see, for instance, the references cited
in the introduction. This work will focus on the application of power iteration

and shifted power iteration.

2.2. Power Iteration and Shifted Power Iteration

The standard power iteration process proceeds as follows. Given a previous

iterate ¢ for the pair (k, ®), the new iteration is obtained by solving
AdtH = L gt (6a)
= ke y a

for the new estimate of the eigenvector; the next estimate of the eigenvalue is

then computed using

{+1 dr
kZ+1 <q)é+1 Bq)e+1> . 9 1 fD g Bq) * ) (Gb)

(@FFL AQEEL) G [ (B (AL i

where £ is the iteration index and the definition of & is known as the (inverse
of the) Rayleigh quotient [43]. This iterative technique is simple to implement,
but suffer from slow convergence behavior in reactor physics where the domi-

nance ratio come be close to one [24]. Shifted power iteration is an example
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of accelerated power iterations whereby a shifting parameter is introduced to

move the dominance ratio away from unity. This shift is applied as

(A— o'B) B! = (klg - af) B, (7)
where kT! is computed using Eq. (6b). The parameter o is known as the
Wielandt shift. Selecting o = 0 would equate to a standard power iteration
process. Application of shift can greatly improve the convergence of the iteration
procedure, a value of o closest to the value of ﬁ is optimal [43]. The Rayleigh
quotient iteration uses a shift equal to the last computed eigenvalue, i.e., o =
1/k*. This choice of the Wielandt shift can result in a cubic convergence of
the eigenvalue, while a constant shift converges linearly [44]. However, since
the eigenvector typically converges more slowly than the eigenvalue, the system
defined in Eq. can become ill-conditioned before the eigenvector is fully

converged. Yee et. al [31] analyzed several other adaptive approaches for o, the

one chosen for this work is defined as

11
P

— —C

1
_COak> ’ (8)

where c1, ¢o, and kp,ax are parameters chosen to be 10, 0.01, and 3, respectively,
in this paper. These values were chosen for analysis in [31]. Different values
may prove more optimal for specific eigenvalue problems, but this is beyond the
scope of this work.

The systems of equations defined by Egs. and are linear systems
that can be represented in the form £& = q. Solving such systems requires an
inversion of the operator £, given a source g. It is at this stage that the PGD
method is applied. PGD seeks a separated representation as an approximation
to ®. As discussed earlier, there are iterative steps associated with PGD, (1)
solving for the various one-dimensional components of the separated represen-
tation and (2) enrichment the representation with enough terms. These PGD
iterations will thus be nest inside the power iteration process. The nesting of
power iteration and PGD solver, as well as special considerations regarding the

PGD operator decompositions, are discussed in the next section.
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3. Proper Generalized Decomposition

So far, we have discussed the derivation of multigroup criticality as a gen-
eralized eigenvalue problem and the power iteration procedure to resolve the
nonlinearities of the eigenvalue-eigenvector pair. In this section, we discuss the

application of PGD within a power iteration. Fig.[I]illustrates the design of this

application.
Operator | Linear System | Solution R Eigenvalue
Construction Evaluation Compression Projection

AN

Figure 1: Design of PGD application to power iteration procedure

As stated earlier, PGD seeks a separated representation, as shown in Eq. ,
for the solution of a system. For brevity, we describe here the PGD process in
the case of a two-dimensional problem, but the 3-D derivation can easily in-
ferred from our exposé. Note that once a solution is approximated (and sought)
as products of one-dimensional functions, it is advantageous from an implemen-
tation point-of-view to represented the operators in a similar manner. This
operator decomposition is discussed in Section After the operator has been
defined and a certain iteration’s solution established, the resulting linear system
can be solve using the PGD technique, discussed in Section Once a solu-
tion from the linear system is resolved, the separated form can be compressed
in order to alleviate the cost of eigenvalue evaluation and source construction.
PGD compression is explained in Section |3.3] Finally, Section discusses the
computation of the eigenvalue after a PGD projection step; the error definitions

for the iteration procedures are also introduced at that moment.
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8.1. Operator Decomposition

In the case of a two-dimensional problem, a PGD representation (decompo-

sition) of the eigenvector as given by Eq. [19].

N
z,y) = ZXi(x)Yi(y)' (9a)

The operators of the generalized eigenvalue problem can be similarly decom-

posed:
A
2y) = 3 A2 (1) AL(y) (9b)
j=1
B
ry) = Bi(z)BY(y). (9¢)
j=1
We then re-write the generalized eigenvalue problem of Eq. using a PGD
representation:
N A 1B
22 A @X@AWYl) = 1 33 B X @B, (0)
i=1 j=1 i=1 j—1

where A and B are the number of terms needed to fully decompose the A
and B operators, respectively. For example, if A is the diffusion operator in
an homogeneous domain (A = —D@gz - Daig), A would equal two: one for

diffusion in = and one for diffusion in y, shown in Eq. :

42X, d2y;
Au(z,y) := —V - DVu(z,y) = Z [D — 'Y, + DX; | (10)
=1

where we recall that N is the number of enrichment terms needed to represent
u(z,y). For an operator with spatially-dependent coefficients (e.g., piece-wise
constant per material zone), the integers A and B will depend on the sepa-
rated representation (decomposition) of these properties. PGD operators for

heterogeneous media are explained in Section

8.2. Linear System Solves using PGD

At each power iteration (Egs. (@ and )7 one needs to solve a linear system

L® = g, where the source term is the lagged fission integral from the previous
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power iteration. Here, we explain how PGD is employed to solve the linear
system L& = ¢. This linear system, in the PGD framework, can be generically

defined as

L(z,y)®(z,y) = Y Zﬁﬁz(w)Xi(w)E%@(y)Yi(y) ; (11a)

Q
q(z.y) =) ¢i(x)gh(y), (11b)

where L and ) are the numbers of terms required to PGD-decompose £ and
q, respectively. In the context of shifted power iteration, these decomposed

operators are defined as

L0+ py L AL AY, m=1,.,4 (12a)
—o*Br_,BY . m=A+1,..,A+B

g eyttt = BiX{(@)BYY(y), n=(i-1)B+j. (12b)

The total number of terms in the linear operator is then L = A + B. It should
be noted that Eq. applies for the shifted power iteration approach; in the
unshifted case (0 = 0) the terms due to B are not present and thus L = A. The
total number of terms in the source is Q = B x N, which can become quite
large if N is large, which can occur in highly heterogeneous media. Decreasing
N in a power iteration decreases the computational effort for future iterations.
Methods for minimizing N are discussed in Section [3.3

The solution @ is built iteratively, one term in the summation at a time,
starting with the first term, X;(z)Y7(y) all the way to Xy (z)Yn(y). Suppose
all terms up to index N —1 are known. To solve for enrichment step IV, a system
of equations is written for each dimension. For instance, in order to solve for a
enrichment Xy, Eq. is multiplied by a test function v(z,y) = X*(2)Yn(y)
and integrated over the full domain, as shown in Eq. . Explicit dependence
on x and y has been dropped hereafter for brevity, unless otherwise needed for

clarity or emphasis.

10



145

150

155

160

165

L Q
Z/ X*E"anNdx/ YN.cgfnYNdy:Z/ X*quz/ Ynqidy

n=1 Y
—1

L
- Z/ X*Lanjdx/ YnLYY;dy. (13)
o Q

=1 m=1

<

Note that the 2D test function is a product of two one-dimensional functions:
the basis functions in 2, X*(z), and the latest solution term in y, Y (y). Similar
equations can be obtained for Yy, but using test functions Xy (x)Y*(y). Note
that each of these one-dimensional systems of equations depends on Xy and
Yn, so a fixed-point process is adopted to resolve the nonlinearities and to yield
the next enrichment function Xy (z)Yn(y). Also note that all the previously
computed enrichments (j = 1,..., N — 1) appeared on the right-hand side and
are known quantities when solving for enrichment N.

To summarize, the solution process for PGD involves sequentially adding
terms to the sum in Eq. , also known as enriching the solution. The first
enrichment is a direct separation of variables (u(z,y) = X1(y)Y1(y)) and each
dimension is solved individually using Eq. . The nonlinear process is resolved
using a fixed-point iteration or an alternating direction strategy [19]. Once
converged, a new enrichment term is added to the decomposed solution, until
the contribution of the latest term is less than a user-specified tolerance. The
PGD process is shown in Fig. 2] for the case of a two-dimensional z-y problem.
For additional details regarding PGD, we refer the reader to the following PGD
books [19, [45] [46] and review papers [47, [48].

3.8. Solution Compression

In the power iteration process, the latest iterate is used to compute the next
fission source. Here, the latest iteration is a PGD-decomposed solution and may
not be optimal in terms of the number of expansion terms when used to compute
the fission integral. Therefore, there is an opportunity to compress the PGD so-
lution, i.e., find a new decomposition such that the number of summation terms,

N in Eq. , is reduced. This compression step aims at reducing the number of

11
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Enrich:
| u(z,y) = 25" Xi(@)Yi(y) + Xn(@)Yw(y) 1
no no Solve for Xy (z):
N=N+1
v(x,y) = X*(2)Yn (y)
yes

Solve for Yy (y):

v(z,y) = Xn(2)Y*(y)
Xn(z) and Yy (y)
G Zf\il w00 yes converge?

Figure 2: Visualization of the PGD solution process when solving a two-dimensional x-y

problem

terms in the fission source term of the next power iteration ((Q in Eq. (11b))) re-
sulting in faster evaluation of all the terms in Eq. and the right-hand-side
of Eq. . An obvious candidate for PGD compression is employing Singular
Value Decomposition (SVD) on the two-dimensional array representation of the
full solution; SVD is known to yield an optimal decomposition [49]. However,
SVD is only applicable to two-dimensional array representations and requires
the full-order solution, which PGD attempts to avoid in the first place. Another
possibility is to use a PGD approach to compress the PGD solution (see, for
instance, Chapter 3 of [19]). We have opted for the latter approach.

To compress the current power iteration iterate obtained from the PGD
process described in Section we simply use the PGD technique, but applied

to a purely algebraic equation this time:

N<N ~ B N
> K@) = Y. Xo@Ye). (14)

The right-hand-side of Eq. is known and the terms on the left-hand-side

are solved progressively through the aforementioned alternating direction and

12
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enrichment process. For instance, when evaluating the term X N(z), a test
function of v(z,y) = X*(x)Yg(y) is applied and integrated over the domain,

resulting in:

~ ~ ~ N ~
/Q X @) Xgle)de | Ty =3 /Q X @)X ()i /Q Fy)Vit)dy

Qy

ir=1
_ ; /Q X @Xla)ds | )Ty (19

Noticeably, Eq. involves no differential operators, thus the strong form of

this equation for X & can be written as,

Bl X la) = 5 W Xola) - N_lﬁ;g,g?i(x) , (16a)
ir=1 i=1
where 8 and «y are scalars defined as,
8t = | YWy (16b)
v
= / Yi()Y;(y)dy - (16¢)

An equation for ?N can be found similarly. The additional computational effort
in evaluating this compressed solution is minuscule relative to the cost of a single
power iteration solve since Eq. (16a]) only requires the evaluation of 1D integrals

and does not result in a new linear system to be solved.

3.4. Figenvalue Projection

This section describes the projection step of the PGD solution, whereby each
term in the PGD solution is rescaled optimally. This projection is similar to the
projection described in early PGD works [41], 50l [51]; however, we exploit it to
also obtain an improved eigenvector through a reduced eigenvalue problem. In
this projection, one attempt at improving the PGD decomposition by assuming
the optimal separated representation is a linear combination of the one found

from the enrichment process. Using this methodology, we define the solution

13
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found from enrichment and compression as ®*1/2 and the projected solution
as:
N
£41/2 £41/2

O (@, y) = Y an X @)Y ). (17)

i'=1
where the a coefficients are to be determined. To compute the a coefficients, we
apply Eq. to the generalized eigenvalue problem Eq. . Multiplying by
different enrichment terms from the current PGD solution (X, f 1/ 2(ac)YfH/ *(y))

and integrating over space, we then develop an eigenvalue problem for these

coefficients:
_ 1 -
where
(a)l =y, (19&)
A
(A =3 / XA xR e / Yyt Py (19b)
j=17%% 2y
B
B =Y / XX P |y PBYY T Py, (19¢)
j=1 Qg Qy

i=1,.,N, i=1,..,N.

The eigenvalue problem given in Eq. is much smaller than the full-order
version because the spatial variables have been integrated out; it is therefore
significantly cheaper to evaluate than a single PGD linear system solve. After
this projection step, the improved PGD solution (®*!) is the latest power
iteration solution and it is employed to obtain the latest eigenvalue (k‘*1).
With the combination of the PGD solution process and the power iteration
technique, various nested iterations are present. We summarize the resulting
iteration loops next: (1) eigenvalue (power) iteration, (2) PGD enrichment, and
(3) alternating direction iteration for a given PGD enrichment step. All of these

iterations require convergence tolerances; these are defined below:

14



1. Power iteration:

o1 |ké+1 _ ké‘
Bt = e < €, (eigenvalue tolerance), (20a)
1 _ |l — of]
E ¢+ = e < €4 (eigenvector tolerance), (20Db)
2. PGD Enrichment
X Y;
N o= X @I Yn W)l < €enr (enrichment tolerance),  (21)

N
>t I X @) Y ()l
3. PGD Alternating direction

XEH = XR WY - YR :
5;1 = I TXP+1(1‘13’||| |||Yg+1(x)|N|| < €aq (fixed-point tolerance).
N N

(22)

Because of the nested iteration, we find it beneficial to tighten the inner itera-
tion tolerances as the power iteration converges, allowing for looser convergence
checks in the earlier stages of the power iteration process. This “inexact” ap-
proach to the PGD solution process prevents “over solving” each power iteration.

Therefore, the enrichment error in this work for a particular power iteration is
defined as:
eet! =0.01 x max (Ef, EY) . (23)

enr

The resulting procedure for shifted power iteration with PGD is shown by Al-
gorithm

8.5. PGD for Multigroup Neutron Diffusion

In this section, we discuss the application of PGD to the operators and
variables in the case of multigroup equations. Generally speaking, the applica-
tion of the PGD process to the multigroup setting is relatively straightforward,
just like extending a traditional one-group solver to the multigroup case, as in
[62, B3], for instance. To begin, we define the scalar neutron flux and the linear
operators as a decomposed spatial variable for each group (using a 2D example

for brevity),
N
¢9(z,y) = > X{ ()Y (y), (24a)
i=1

15



Algorithm 1 2D Generalized Eigenvalue Problem using PGD

1. procedure [®,k] = PGDEIGENVALUE(A,B)
A= A7, .., A% AY LAY
B:=[Bt,... By BY,...,BY%)
2: Initialization: ¢ = 0, E,ﬁ =1, Eé =1, 0' = 1/kmax
3 Define initial eigenvector: ®*
4: Compute eigenvalue: k¢ < Eq.

5: while Ef < ¢, and Eé < €y do

6: Build linear operator: £ < Eq.

7 Build linear source: ¢ < Eq.

8: Define enrichment tolerance: €’ < Eq. ( .

9: Solve linear system: ®¢+1/2 .= SN X, (2)Y;(y) «Fig. |2

10: Compress eigenvector: ®¢1/2 .= E?SN X;(2)Yi(y) + Eq.
11: Project solution and compute eigenvalue: k!, ®*! « Eq.
12: Compute shift: o1 « Eq.
13: {=0+1
14: end while

15: end procedure

—V - DI(z,y)V i: [ 8 P ;yDg’y(y)a% : (24b)
9 (x,y) Zz 2) S (y), (24c¢)

%99 (2 ZEWQ ()85 (), (24d)
Zyz 2)rS3Y(y) . (24e)

15 The decomposed description of the material properties can be generated using

numerical or analytical techniques; for this work, we use the method described

16



in [2I]. Note that the number of terms in each expansion (N, Ng, Ny, Ny) is

independent of the group or group pair. Therefore, the number of terms for

each group property description is equal to the number of terms of the group

20 that has the largest expansion. In this paper, we assumed that the fission
spectrum ¢ was independent of the material zone.

The one-dimensional variables for this work are discretized using first-order

continuous finite elements (CFEM) [54]. With this framework, the multigroup

flux and operators can be represented in matrix notation:

Xiq(w)yig(y) = (Xi)g ® (Yi)g, (25a)
0 0 0 0
— D9 (x)=— K7 MY —D9Y(y)=— M* KY 2
ax J (x)aw%( g)g® ’ ay J (y)ay_> ®( j)f]? ( 5b)
7T (@)2] () = (M) g9 ® (M) g, (25¢)
I @)ET () = (ME))ge © (MY ))gqr s (25d)
XgVngf(m)VE?}y(y) — (MF ;)gg ® (M}!,j)gg’ . (25e)

The group structure of the resulting matrices are equivalent to the ones de-
scribed in Eq. . We can now easily define the eigenvalue problem operators
described in Eq. @[):

K75 j=1,..,Ny
M* = Ng+1,...2N,

.A]m = J d d ’ (26a)
MY sn, j=2Ng+1,...,2N; + N,

M?, oy, N, J=2Na+ N, +1,...2Ng+ N, + N,

MY j=1,..,Nyg
KY = Ny+1,...2N,

A= Jo ‘ . (26b)
Mt,j72Nd J=2Ng+1,..,2Ng+ N,

MY, oy, N, §=2Ng+Ni+1,..,2Ng+ Ny + N,

17
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B =M%, j=1,.,N;, (26¢)

2J

Yy _ Yy
Bj = Mj;,

j=1,..,Ny. (26d)
Using these discretized operators for the multigroup neutron diffusion equation,

the generalized eigenvalue problem can be evaluated using Algorithm

4. Results

To illustrate the capability of our PGD algorithm for multigroup criticality
problems, we apply it to four different problems. The first is a bare homogeneous
cube with four-group cross sections, which is meant to verify the implementation
with a analytic solution. The second example is a mildly heterogeneous 2-D
two-group problem that Senecal & Wi analyzed as a fixed source problem in
[42]. The third and final problems use the geometry and material properties of
the BIBLIS benchmark [55], we utilize the one-group version from [4I] and the
two-group benchmark version.

The PGD method was implemented in MATLAB and utilizes first-order
continuous finite elements (CFEM) for the 1D solutions. The linear systems
in the PGD iteration process are evaluated using MATLAB’s sparse LU solver.
To produce a reference solution and compare performance with a full-order
model (i.e., unseparated, multi-dimensional system evaluation), each problem
was also implemented in the Multiphysics Object Oriented Simulation Environ-
ment (MOOSE) [56]. The MOOSE implementation also uses first-order CFEM
and linear solvers are performed using algebraic multi-grid techniques from the
HYPRE package with default numerical parameters. Both PGD and MOOSE
solve each problem using the same sequence of regular rectangular grids. These
grids are uniformly refined for each problem to gauge accuracy versus run-time
for each method. These mesh refinements are identified by the number of ele-
ments in the x and y dimensions, the total number of elements is therefore this

number squared.
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Table 1: Material property values for homogeneous bare reactor

Group | DY 9 vE$ PCA D YC AR D 3 An D O Ant SR DA
1 2.500 0.0668 0.00835 0.75 0 0 0 0
2 1.050 0.0623 7.89e-4 0.25 | 0.668 0 0 0
3 0.676 0.0707  0.0101 0 4.77e-4  0.0630 0 0.00161
4 0.379  0.0909 0.117 0 0 3.0e-6  0.0482 0

4.1. Four-Group Bare Homogeneous Reactor

This first example is a 3-D four-group, homogeneous reactor, which has an
derivable analytical solution. The reactor is 300x 300 %300 cm with cross-section
values described in Table[I} The analytical keg is 1.13530390 and eigenfunction
is

¢ (x,y,z) = CY cos (;mx) cos (;my) cos (;mz) , (27)
where CY9 are group-dependent constants.

The full-order model, evaluated using MOOSE, was run with 10 to 40 el-
ements per dimension, and the PGD model was run with 10 to 160 elements
per dimension. The eigenvalue and eigenvector convergence tolerance (ex,€q)
were set to 1077, Fig. [3[shows the resulting eigenvalue and eigenvector error for
MOOSE with power iteration and PGD with and without adaptive Wielandt
shift. These errors show that both the full-order and PGD models have proper
error convergence when the spatial mesh is refined. Fig. |4 shows the resulting
run-time for each simulation. For this problem, PGD shows far superior per-
formance compared to the multi-D evaluation using MOOSE. Since the exact
solution is analytically separable, only one or two enrichments are needed as
the power iteration converges, making this a computationally trivial problem
for the PGD method. Table 2] shows the relative computational efficiency of lin-
ear system evaluation for each spatial refinement for the unshifted PGD model
and full-order MOOSE model. The efficiency of a numerical scheme is defined

as
1

keg Error x CPU Time per PI°

Efficiency = (28)
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Efficiency is higher for methods with low error and low CPU time. Because we
employ unaccelerated and accelerated power iterations, the efficiency values use
the average CPU time per power iteration. Table [2] shows the efficiency of the
MOOSE solver and the PGD unshifted solver, relative to that of the PGD with
shift approach. The efficiency of the unshifted PGD solver is greater than that
of the shifted one is because the shifted operator appearing on the left-hand-
side is more complex due to the Wiedlandt shift acting on the fission operator,
making the unshifted PGD operator quicker to invert. The relative efficiency
of the unshifted PGD scheme also increases with mesh refinement because the
PGD solver spends less time in the tight enrichment tolerance range, due to
the decrease in power iterations needed. When compared with the full multi-
D solves performed using MOOSE, we note that the PGD approaches become

significantly more efficient as the mesh is refined.
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Figure 3: Relative eigenvalue and Ly eigenvector error for the homogeneous four-group prob-

lem
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Figure 4: Run-time in seconds for each simulation of the homogeneous four-group problem

Table 2: Relative computational efficiency for unshifted PGD and MOOSE, homogeneous

four-group problem (baseline is the PGD method with shift; values < 1 denote a less efficient

technique)

Elements per Dim.

PGD MOOSE

10
20
40
80
160

1.3002  0.3919
1.3826  0.0528
1.5803  0.0103
1.7943 —
1.9274 —

4.2. 2-D Two-Group Problem

This next example is a simple heterogeneous 2-D, two-group example based
on Problem 5.7 from [57]; a fixed-source version of this problem was analyzed in
[42]. Fig.|5|shows the geometry of the problem and the material properties can
be found in Table 7 of [42], neglecting the fixed-source. The full-order model,
evaluated using MOOSE, was run with 35 to 1,120 elements per dimension,
and the PGD model was run with 35 to 2,240 elements per dimension. The

eigenvalue convergence tolerance (€;) was set to 1079, A MOOSE model with
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2,240 elements per dimension was used for the reference eigenvalue and eigenvec-
tor with keg = 0.99010305; this solution required high performance computing

facilities, so the performance results for this simulation are not included.

0 40 cm 350 cm
297 _

| %
— 350 cm
BQ
G =0
— 40 cm
— 0

97 =0

Figure 5: Geometry of 2-D two-group problem (figure not to scale)

Fig. [6] shows the resulting eigenvalue and eigenvector error for MOOSE with
power iteration and PGD with and without adaptive Wielandt shift. These
errors show that both the full-order and PGD models have proper error conver-
gence when the spatial mesh is refined. The eigenvalue errors in the last two
refinements begin to deviate slightly between each method. This is most likely
due to the fact that the error at these points are relatively close to the toler-
ance set for the power iteration. Fig. [7] shows the resulting run-time for each
simulation. For this problem, PGD shows far superior performance compared
to multi-D MOOSE solves. Since this problem has very little heterogeneity, it
is another relatively simple problem for PGD. Fig. |8 shows the contribution of
each enrichment for the PGD runs at 560 elements per dimension and the mag-
nitude of each term of the SVD of the full-order model solution. Both the SVD
and PGD enrichment convergence shows that a relatively few number of terms

are needed to represent the converged solution to the iteration tolerance. The
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shifted PGD requires more enrichments than the unshifted simulation because
the last power iteration had a tighter enrichment tolerance for the shifted sim-
ulation. This is due to the adaptive enrichment tolerance procedure defined by
Eq. . Tableshows the relative computational efficiency for each refinement
of the unshifted PGD model and full-order MOOSE model. The unshifted PGD
efficiency shows the same trend as in the previous example. As noted earlier,
the efficiency of the full multi-D solves (using MOOSE) decreases significantly
as the mesh is refined, compare to that of PGD-based approaches.

1029
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Hrror

0%
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Figure 6: Relative eigenvalue and Lo eigenvector error for the 2-D two-group problem

Table 3: Relative computational efficiency for unshifted PGD and MOOSE, 2-D two-group
problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
70 0.3901  0.2598
140 0.4544  0.0447
280 0.6578  0.0260
560 0.5371  0.0135
1120 0.7804  0.0072
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Figure 7: Run-time in seconds for each simulation of the 2-D two-group problem
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Figure 8: Enrichment contribution of converged PGD solutions and SVD of the full-order

solution 2-D two-group problem

4.3. BIBLIS Benchmark Problem

These next two examples use a geometry based on the BIBLIS benchmark
problem, which is shown in Fig. [9] This problem is meant to illustrate PGD
performance for highly heterogeneous geometries and compare between mono-
energetic and multigroup systems. The first of these examples is the single-group

version and second is the two-group version.
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Figure 9: BIBLIS benchmark geometry: each block is 23.1226 cm x 23.1226 cm

4.3.1. One-Group Version

The material property values for one-group version of the BIBLIS benchmark
can be found in Table 1 of [41]. The full-order model, evaluated using MOOSE,
was run with 34 to 1,088 elements per dimension, and the PGD model was run
with 34 to 2,176 elements per dimension. The eigenvalue convergence tolerance
(€x) were set to 1072, A MOOSE model with 2,176 elements per dimension
was used for the reference eigenvalue and eigenvector with k.g = 0.618502168;
this solution required high performance computing facilities, so the performance
results for this simulation are not included.

Fig. shows the resulting eigenvalue and eigenvector error for MOOSE
with power iteration and PGD with and without adaptive Wielandt shift. These
errors show that both the full-order and PGD models, again, have proper error
convergence when the spatial mesh is refined. To compare the solution between
each model, Fig. [L1] shows the full-order solution at 272 elements per dimension
with the difference from the PGD models at the same refinement. These plots
show that the MOOSE and PGD evaluations converge to the same solution in

the power iteration process.
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Figure 10: Relative eigenvalue and Lo eigenvector error for one-group BIBLIS problem

Fig. shows the resulting run-time for each simulation. These run-time
results show that PGD has more marginal performance than the previous prob-
lem, which is mainly due to the increase in the number of enrichment terms
needed to represent the converged solution. Table [4 shows the relative compu-
tational efficiency for each refinement of the unshifted PGD model and full-order
MOOSE model, definition of these numbers are described in Section We
see here that the unshifted PGD efficiency is far smaller than the shifted one,
this due to the fact that there is no group coupling and inverting the shifted
operator is essentially the same as inverting the unshifted one. As noted pre-
viously, the multi-D solve efficiency gets worse with mesh refinement. Fig.
shows the contribution of each enrichment for the PGD runs at 272 elements
per dimension and the magnitude of each term of the SVD of the full-order
model solution. The PGD enrichment contributions follow very closely with the
SVD reference, but significantly more terms are needed fully characterize the

solution when compared to the previous problem.
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Figure 11: Full-order (MOOSE) solution and difference from PGD solutions at 272 elements
per dimension, one-group BIBLIS problem

Table 4: Relative computational efficiency for unshifted PGD and MOOSE, one-group BIBLIS
problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
34 0.3737  6.0264
68 0.3384  1.7264
136 0.3699  0.4959
272 0.3441 0.0613
544 0.2971 0.0282
1088 0.2633  0.0089
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4.8.2. Two-Group Version

To illustrate the performance of PGD for a multigroup example with more
realistic reactor heterogeneities, we apply the PGD algorithm to the two-group
version of the BIBLIS benchmark. The material property values for this problem
can be found in Table 2 of [55]. The full-order model, evaluated using MOOSE,
was run with 34 to 1,088 elements per dimension, and the PGD model was run
with 34 to 2,176 elements per dimension. The eigenvalue convergence tolerance
(€x) were set to 107°. A MOOSE model with 2,176 elements per dimension
was used for the reference eigenvalue and eigenvector with keg = 1.02510305;
this solution required high performance computing facilities, so the performance
results for this simulation are not included.

Fig. shows the resulting eigenvalue and eigenvector error for MOOSE
with power iteration and PGD with and without adaptive Wielandt shift. These
errors show that both the full-order and PGD models, again, have proper error
convergence when the spatial mesh is refined. To compare the solution between
each model, Fig. [I5]shows the full-order solutions at 272 elements per dimension
with the difference from the PGD models at the same refinement. These plots
show that the MOOSE and PGD evaluations converge to approximately the
same solution in the power iteration process.

Fig. [16]shows the resulting run-time for each simulation. These run-time re-
sults show that PGD has even more marginal performance than the one-group
version. Table [5| shows the relative computational efficiency for each refine-
ment of the unshifted PGD model and full-order MOOSE model. Fig.[17]shows
the contribution of each enrichment for the PGD runs at 272 elements per di-
mension and the magnitude of each term of the SVD of the full-order model
solution. SVD has similar enrichment convergence as the one-group version,
but PGD does not show the same convergence. From the poorer convergence
of the shifted PGD model, the difference from SVD appears to be caused by
the coupling between group fluxes in the PGD linear system evaluation. The

unshifted operator only has scattering, coupling from group 1 to 2, for a given
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Figure 14: Relative eigenvalue and Ly eigenvector error for two-group BIBLIS problem

source term; while the shifted operator has scattering and fission, coupling both
groups together. The group-1 convergence is better than the group-2 for un-
shifted operator because group 1 is independent, but they are approximately
the same for the shifted operator. Therefore, a combination of the heterogene-
ity making the solution difficult to decompose as a separated representation and
the multigroup coupling makes this PGD approach a less effective technique for
solving this problem.

Table 5: Relative computational efficiency for unshifted PGD and MOOSE, two-group BIBLIS
problem (baseline is the PGD method with shift; values < 1 denote a less efficient technique)

Elements per Dim. | PGD MOOSE
34 1.2906 138.3303

68 0.8220  25.4305

136 0.5271  5.9563

272 0.9528  6.5240

544 1.4271  2.4053

1088 1.2823  0.9485
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4.4. Analysis of PGD Algorithm

The purpose of this section is to analyze some of the features of the imple-
mented PGD algorithm. These include the shifting parameter, solution com-
pression, eigenvalue projection, and the adaptive enrichment tolerance. The
two-group version of BIBLIS example from Section with 34 elements per

dimension will be used for this analysis.

4.4.1. Wielandt Shift
As stated in Section there are many different choices for the Wielandt
shift parameter o. In the previous sections, an adaptive shift was utilized,

defined by Eq. . Here we compare the adaptive shift results with fixed shifts:
e No shift: 09 =0
o Adaptive shift: o,dapt +— Eq.
o Maximum Kefi: Omin = 1/kmax = 1/3
e Maximum infinite medium: o, = 1/ max(ks) = 0.8525

max (ko) is the determined by the material zone with the largest k.. Table |§|
shows the number of iterations required for a 10~7 tolerance in eigenvalue and
eigenvector errors, total run-time, and number of enrichments required for the
last power iteration. These results show that the adaptive shift is the best
method for this problem, with a tenth of the number of power iterations com-
pared to no shift. However, these results also indicate that having a shift for
this problem increases the run-time per power iteration significantly, due to the
increase in the number of enrichment evaluations per power iteration. It is also
worth noting that the number of enrichments increases as the efficiency of the
shift improves.

This is by no means an exhaustive list of all the possible shifting parameters.
See [43] and [31] for more options. We would also like to note that we attempted
using a shift based on the Rayleigh quotient, explained in Section but the

PGD systems became severely ill conditioned after a few power iterations.
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Table 6: Performance results of PGD with various shifting parameters for two-group BIBLIS

problem
Shift Type | PI.  keg Error @ Error Run-time (s) No. of Enrichments
00 117 0.0001906 0.005983 1031 73
Oadapt 11 0.0001906 0.005003 149.9 175
Omin 96  0.0001907 0.006334 1523 89
Oco 28 0.0001906 0.005100 423.9 108

4.4.2. Solution Compression, Figenvalue Projection, and Adaptive Enrichment
Tolerance

In Sections and several methods are proposed to improve PGD’s

performance for generalized eigenvalue problems. Here we analyze the effective-

ness of these methods. Five different combinations were run (with no Wiedlandt

shift):
e Type 1 - All methods implemented
e Type 2 - No compression, projection, or adaptive tolerance
e Type 3 - No compression
e Type 4 - No projection
e Type 5 - No adaptive tolerance

Table [7] shows the number of iterations required for a 10~7 tolerance in
eigenvalue and eigenvector errors, difference in run-time from Type 1, and num-
ber of enrichments required for the last power iteration. These results show
that each of the methods implemented improve PGD performance significantly,
without affecting the final error in the solution. Most significant is the adaptive

enrichment tolerance, which shows that the method prevents “over-solving”.
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Table 7: Performance results of PGD with various efficiency methods turned off for two-group

BIBLIS problem

Type | PI.  keg Error  ® Error A Run-time (s) No. of Enrichments
1 117 0.0001906  0.005983 0 73
2 139 0.0001906 0.005823 +7586 143
3 117  0.0001906 0.006157 +260 73
4 139 0.0001906 0.005957 +769 7
5 117 0.0001906  0.005970 +4143 143

5. Conclusions

In this paper, we have investigated the implementation of Proper General-
ized Decomposition (PGD) to multigroup neutron diffusion criticality problems.
The eigenproblems are solved using standard power iteration and accelerated
power iteration with an adaptive Wielandt shift. PGD is utilized as a linear
system solver to obtain the eigenvector at each iteration. In the theory sections,
we discuss the PGD solution process and its implementation within the power
iteration process. In order to avoid re-evaluating the PGD operators for each
spatial dimension, a PGD-favorable decomposition of the multigroup diffusion
operators is discussed for an efficient implementation of the technique. This
is particularly needed for highly heterogeneous geometries, such as the ones of
found in modern nuclear cores. Because the iterative PGD process is located
in the innermost loop (power iteration being the traditional outer loop), sev-
eral techniques to reduce the computational burden of the PGD iterations have
been proposed, including compression of the current PGD iteration, solution
projection to optimize the current PGD, and adaptive tolerance criteria.

The results for this paper involve four different criticality problems. For
comparison purposes, a non-PGD approach is also employed, solved using the
MOOSE FEM library. The first test case is a four-group 3D homogeneous
bare cube. PGD shows far superior performance compared to MOOSE; this

problems admits an (analytic) solution that is separable in space, so the PGD
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evaluation requires very few terms to converge. The second problem is a two-
group 2D two-material geometry. The domain is large is mostly consist of
one material. Again, PGD shows superior performance compared to MOOSE
for this problem because relatively few number of enrichments are needed to
represent each power iteration’s eigenvector; this problem was used in previous
PGD applications [42]. The third and fourth problems have the same highly
heterogeneous 2D geometry, representative of a more realistic core layout. For
these problems, PGD shows a much more marginal performance compared to
the previous examples, especially for the two-group version (fourth problem).

The difference in the PGD performance for these more heterogeneous prob-
lems highlights that the effectiveness of PGD may hinge on the problem’s hetero-
geneity. The material-layout dependence is evident when comparing the results
from the two-material problem and the two-group BIBLIS problem. Both of the
eigenvectors have a similar enrichment convergence, as assessed by an Singular
Value Decomposition analysis. This is compounded in the multigroup case, for
example when comparing the 1-g and 2-g BIBLIS results where about 4 times
more enrichments are needed in the PGD process than the ideal value (com-
puted by performing an SVD of the solution). This increase in the number of
enrichments renders PGD slower because added enrichments require more al-
ternating direction iterations, each one being more computationally demanding
than the previous one (residual evaluation with more terms).

We conclude that PGD can be an effective technique for a certain class of
neutron diffusion problems. Some intuition must be held on the nature of the re-
sulting solution in order to determine if PGD will have better performance than
a full multi-D model evaluation. In general, this PGD approach performs more
poorly for highly heterogeneous geometries. For more homogeneous geometries,
we have found PGD to always outperform its full-order modeling counterpart
in a significant manner.

For future work, more analysis and verification is needed on PGD for reactor-
physics problems including more complex geometries and problems with finer

group structures. Although, we expect the PGD approach to struggle in solving
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multigroup criticality problems for highly heterogeneous geometries. Some re-
cent advances in PGD techniques may mitigate this difficulty; see, for instance,
the adaptive subspace methods [58], multigrid algorithms for canonical products
[59], and domain decomposition [60]. Furthermore, PGD algorithms should be
compared with more traditional reactor physics codes, such as TRIVAC and
PARCS. Finally, we note that the PGD approach can be extended beyond the

spatial coordinates to create space-energy decompositions; see, for instance, [61]
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Appendix A. Material Properties of Chosen Problems

Table A.8: Material properties of 2-D two-group problem

Material ~ Group | DY (cm) %¢ (em™') »%% (em™') 2g<" (em™)
1 1.264 7.86e-4 4.562e-3 0.0

! 2 0.9328 4.10e-3 0.0 7.368e-3
1 1.310 0.0 0.0 0.0

’ 2 0.8695 2.117e-4 0.0 1.018e-2

x!' =10, x> =0.0
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Table A.9: Material properties for one-group BIBLIS benchmark problem

Material | D (cm) X, (em™!) X (em™1)
1.4360  0.0095042  0.0058708
1.4366  0.0096785  0.0061908
1.3200  0.0026562  0.0000000
1.4389 0.0103630  0.0074527
1.4381 0.0100030  0.0061908
1.4385  0.0101320  0.0064285
1.4389  0.0101650  0.0061908
1.4393 0.0102940  0.0061908

o N O Ot e W NN =

Table A.10: Material properties of two-group BIBLIS benchmark problem

Material = Group | DY (cm) %¢ (em™') »%% (em™') 27" (em™)
1 1.4360 0.0095042  0.0058708 0

! 2 0.3635 0.0750580  0.0960670 0.017754
1 1.4366 0.0096785  0.0061908 0

2 2 0.3636 0.0784360  0.1035800 0.017621
1 1.3200 0.0026562 0 0

k 2 0.2772 0.0715960 0O 0.023106
1 1.4389 0.0103630  0.0074527 0

! 2 0.3638 0.0914080  0.1323600 0.017101
1 1.4381 0.0100030  0.0061908 0

° 2 0.3665 0.0848280  0.1035800 0.017290
1 1.4385 0.0101320  0.0064285 0

6 2 0.3665 0.0873140  0.1091100 0.017192
1 1.4389 0.0101650  0.0061908 0

! 2 0.3679 0.0880240  0.1035800 0.017125
1 1.4393 0.0102940  0.0064285 0

i 2 0.3680 0.0905100  0.1091100 0.017027
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