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Abstract 

 
 The relationship between quantum mechanics and nanoscale spin dynamics is 
investigated by analyzing past work in magnetism and beyond. Findings about magne-
tization dynamics, accumulated throughout the 20th century, are revisited from a unifying 
modern perspective and related to trends in other areas of physics and technology. 
Traditional topics, for example spin precession and thermally activated magnetization 
processes, are discussed with emphasis on characteristic times and length scales, showing 
that nanoscale magnetization dynamics is very different from atomic spin dynamics. It is 
shown how these topics are connected to more recent developments such as the Berry 
phase, the no-cloning theorem, quantum-spin fluctuations, and THz magnetization 
dynamics in antiferromagnets. 

1. Introduction 
 The temporal evolution of spin structures is one of most intriguing aspects of 
magnetism. Dynamic effects cover many orders of magnitude, from femtosecond atomic 
processes to millions of years in rock magnetism, with applications ranging from ultrafast 
data processing in computers and microwave to long-time data storage in magnetic 
recording. The observation of magnetic viscosity in 1893 [1] may be considered the starting 
point of the investigation of materials-specific magnetization dynamics, preceded by 
Foucault's 1855 discovery of eddy currents [2]. Milestones in the first half of the 20th 
century were Bloch's work on spin waves (magnons) [3], the 1935 paper by Landau and 
Lifshitz, which deals with domain formation and micromagnetic dynamics [4], and the 
explanation of magnetic viscosity by Becker and Döring in 1939 [5]. More recent 
developments are the Berry phase [6] and the no-cloning theorem [7, 8]. 

 The time-dependent Schrödinger equation predicts ∆E = ℏω, that is, large energy 
differences corresponds to fast processes. The characteristic times τo = 1/f are 2πℏ/∆Ε, 
meaning that small energy-level spacings correspond to slow quantum mechanics. 
Magnetic interaction energies are typically below 0.1 meV and tend to yield frequencies f 
of several GHz. For comparison, the current-based ENIAC computer of 1945 had a clock 
speed of 0.1 MHz, whereas clock rates of current PCs are a few GHz. Interatomic exchange 
is stronger by roughly three orders of magnitude and corresponds to several THz. Such 
high frequencies are observed in antiferromagnets and attractive for ultrafast information 
processing [9].  

 The huge differences in frequencies reflect the distinction between relativistic and 
nonrelativistic interactions, epitomized by Zeeman and exchange energies, respectively.  
Relativistic interactions are weaker by a factor of α2, where α = 1/137 is Sommerfeld's 
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fine-structure constant, and yield much slower dynamics. Intra-atomic exchange is 
typically about 1 eV, corresponding to f = 242 THz and to = 0.414 fs, meaning for example 
that intra-atomic spin dynamics is almost femtosecond. Multiplication by a2 yields 12.88 
GHz, of the order of magnitude typically encountered in ferromagnetic resonance.  
 Artificial or natural nanostructuring plays an important role in the understanding and 
exploitation of magnetization dynamics. While quantum-mechanical processes dominate 
on an atomic length scale, nanoscale dynamics is qualitatively different. For example, the 
Schrödinger equation is reversible, that is, for each process going forward in time there is 
a process going back, whereas nanoscale and macroscopic processes are irreversible. In 
real space, α yields a typical length scale of ao/α = 7.252 nm [10, 11], which also hints at 
the importance of nanoscale length considerations in spin dynamics. 

This paper summarizes the basic physics of nanoscale spin dynamics, starting with 
early 20th century and including recent findings. Emphasis is on the interplay of the 
different quantum-mechanical and thermodynamic mechanisms. 

2. Time-dependent quantum mechanics 
 The zero-temperature time dependence of a physical system is governed by the action 
𝒮𝒮 = ∫ ℒ dt, where ℒ is the Lagrangian. Classically, the evolution of the system is an 
extremum of 𝒮𝒮, whereas quantum-mechanically, it involves fluctuations around the 
extremal path. The Lagrangian can be written as ℒ = X P – ℋ, where ℋ is the Hamiltonian 
and X and P are generalized coordinates and momenta, respectively. The distinction 
between ℒ and ℋ is important in periodic and curved spaces (§2.3). 

2.1. Equation of motion 
 Let us, for the moment, assume that the dynamics is exclusively determined by the 
Hamiltonian, through the Schrödinger equation 𝑖𝑖ℏ𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 =  ℋ𝜓𝜓. The focus is normally 
on time-independent operators A, such as the spin contribution S = ½ σ to the magnetization 
M, where σ is the spin vector containing the Pauli matrices σx, σy, and σz. Quantum-
mechanical averages 
 

<A(t)> = <ψ(t)|A|ψ(t)>          (1) 
 
are obtained in a conceptually straightforward way from wave function |ψ(t)>, but this 
approach is often cumbersome. It is more convenient to construct equations of motion for 
<A>. Taking the time derivative of Eq. (1) and using the Schrödinger equation lead to  
 

d<A(𝑡𝑡)>
d𝑡𝑡

  =  
i
ℏ

  <ψ(t)|ℋA – Aℋ|ψ(t)>                   (2) 
 
Consider an electron in an external magnetic field H, described by the Zeeman interaction 
ℋ = – µoµBMsH·σ. To obtain the equation of motion for the three spin components, Ai = 
(Sx, Sy, Sz), we put Ai and ℋ into Eq. (2). This yields matrix products of the type σi σj, 
which are simplified by exploiting that Pauli matrices obey cyclic relations such as a σx σy 
= – σy σx = iσz. Collection of all products in Eq. (2) then yields the equation of motion 
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d<S>/dt  = γo <S> × H              (3) 
 
where γo = 2µoµB/ℏ  = µoe/m. This equation is a spin-precession analog to the Larmor 
precession, which reflects the orbital motion of electrons.  
 A quasiclassical version of Eq. (3) is  
 

dM/dt = γo M × H            (4) 
 
where H is actually an effective field that includes demagnetizing-field and magneto-
crystalline anisotropy contributions, such as HA = 2K1/µoMs [12, 13]. When the x and y 
directions are inequivalent, then one needs to explicitly consider two equations for Mx and 
My. This case is exemplified by a ferromagnetic slab having dimensions Lx ≠ Ly ≪ Lz, 
which exhibits two different demagnetizing factors in the x- and y-directions, 
corresponding to effective fields Hx ≠ Hy and resonance frequencies ωx ≠ ωy  [12, 13, 14]. 
In a strict sense, the effective field also includes exchange fields Hex = λ M, which are very 
strong (up to several 100 T), but since M × M = 0, the contribution can be ignored. 
 Equations (4-5) mean that high fields lead to fast dynamics, which is important, for 
example, in magnetic data processing. The numerical value of γo is almost exactly 28 GHz 
per tesla. Fields of more than 1 T are difficult to create, especially in miniaturized devices, 
which makes the THz information processing a challenge (§5.3). 

2.2. Nonzero temperatures 
 Equation (2) can be simplified by introducing the Liouville operator L [15, 16] 

 
 L = (i/ℏ ) (ℋA – Aℋ)          (5) 

 
which is actually a "superoperator", because it acts on another operator, not on a wave 
functions. Equation (5) is very useful in the description of finite-temperature dynamics. At 
nonzero temperatures, different quantum states ψµ are occupied, so that Eq. (1) must be 
replaced by 
 

<A(t)> = Σµ pµ <ψµ(t)|A|ψµ(t)> .      (6) 
 
In terms of the eigenvalues Eµ of the Hamiltonian, the equilibrium probabilities are pµ ~ 
exp(–Eµ/kBT). In the nonequilibrium case, one has some distribution pµ(0) and needs to 
separately consider each wave function ψµ(t). A simple example will be discussed in §3.2. 
 Th use of wave functions can be avoided by rewriting Eq. (6) as <A(t)> = Tr (A ρ(t)), 
where ρ is the density matrix [16]. In equilibrium, ρ ~ exp(–ℋ/kBT), whereas non-
equilibrium density matrices obey the equation ρ(t) = e–tL ρ(0). The practical challenge is 
that ℋ and therefore L contains a heat-bath degree of freedom (§4). 

2.3. Berry phase 

 The X P term in the Lagrangian can be ignored in the case of linear motion, where ℒ 
and ℋ yield the same dynamics. However, ℒ is more fundamental than ℋ, and the 
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difference is important, for curved and cyclic geometries, where it corresponds to the Berry 
phase γ [6, 17, 18, 19]. In this case, the wave function ψ in the Schrödinger equation must 
be replaced by eiγψ. The Berry phase is unrelated to the Hamiltonian and to its energy 
eigenvalues but nevertheless affects the motion of electrons. Examples in nanomagnetism 
are the Aharonov-Bohm and topological Hall effects [17, 18]. In fact, even the ordinary 
precession of electron spins S = ½ σ involves a Berry phase, because the Bloch sphere 
hosting the vector σ is a curved space. 
 The topological Hall effect is caused by conduction electrons rotating through 
exchange interactions with noncoplanar localized spins, for example in magnetic 
skyrmions [18, 19]. The kinetic energy of the conduction electrons is described by the 
operator –(ℏ /2me)∇2, which acts on the wave function eiγψ. The identity 
 

∇2(eiγψ) = eiγ (∇ + i∇γ)2ψ      (7) 
 
moves the term eiγ to the left of the nabla operators, leading to ψ*e–iγ eiγψ =ψ*ψ. However, 
this procedure produces a magnetic vector potential A ~ ∇γ and yields an emergent 
magnetic field B = ∇ × A that contributes to the Hall effect. 

2.4. The no-cloning theorem 
 Some aspects of nanomagnetism are quasi-classical, that is, quantum fluctuations are 
of secondary importance. For example, bits of information stored in magnetic recording 
media are classical, because they can assume two values only, such as M = ±Ms ez. By 
comparison, quantum bits (qubits) correspond to vectors on a Bloch sphere and have 
components in all three spin directions [20]. 
 Exploiting these quantum-mechanical degrees of freedom information processing has 
remained a challenge. One aspect is the need to copy quantum bits, for example for error 
correction. The no-cloning theorem states that it is impossible to create an identical copy 
of an unknown quantum state |ψ> [7, 8, 20], in striking contrast to classical information. 
 The aim of cloning is to start from |ψ> and to create a quantum state |ψ> |ψ>. 
Alternatively, one can start from |ψ> |0>, where |0> is known and therefore uninteresting. 
Let us assume that there is a unitary operator 𝒰𝒰 with cloning ability, meaning that 𝒰𝒰|ψ> |0> 
= |ψ> |ψ> and 𝒰𝒰|φ> |0> = |φ> |φ>. Multiplication of <ψ| <0| 𝒰𝒰+ = <ψ| <ψ| and 𝒰𝒰 |φ> |0> = 
|φ> |φ> yields <ψ|φ> = <ψ|φ> <ψ|φ>. This quadratic equation for <ψ|φ> is of the type x = 
x2 and has two solutions, namely <ψ|φ> = 0 (orthogonal states) and <ψ|φ> = 1, or |ψ> = 
|φ>. In other words, while classical bits (binary values 0 and 1) can be copied easily, the 
cloning of quantum bits is impossible. 
 The no-cloning theorem is important in many areas of quantum computing. For 
example, it excludes the use of entangled Bell quantum states such as |↑> |↓> – |↓> |↑> for 
faster-than-light communication [8, 20]. Long-distance entanglement can be realized 
conceptually very easily by increasing the distance between two atoms in a hydrogen 
molecule, but such a long-distance entanglement is susceptible to environmental pertur-
bations and sluggish to manipulate, because to is inversely proportional to the hopping 
integral and therefore increases exponentially with interatomic distance. 
 Much work has been done since the 1980s to develop approximate cloning procedures, 
realized for example through iteration [20]. The no-cloning problem does not occur in the 
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copying of biological information, where the information is stored in form of atomic 
positions in the DNAs. Atoms are much heavier than electrons, so their de-Broglie 
wavelength λB ~ 1/m is far too small to interfere with the atomic positions and the 
information is stored classically. Quantum effects are important for the electrons in the 
DNA, but they merely ensure chemical bonding. 

3. Transition to nanoscale dynamics 
 The Schrödinger equation is reversible, Fig. (1a), in contradiction to experiment. One 
example is the phenomenon of damping, where an out-of-equilibrium system relaxes back 
to equilibrium, Fig. 1(b). The time-dependent many-body Schrödinger equation can be 
used to predict the evolution of any nanoscale or macroscopic system, but this is neither 
practical nor necessary, because individual heat-bath degrees of freedom do not contain 
relevant magnetic information. Relaxation is, in fact, caused by the averaging over the 
irrelevant degrees of freedom [15]. This coarse-graining procedure yields equations of 
motion for the relevant magnetic degrees of freedom, such as the position of a domain wall. 
 

 

Fig. 1. Irreversibility: (a) Zermelo's recurrence paradox and (b) experimentally realized situation 
(damping). 

3.1. Recurrence paradox 
 Quantum states predicted by the Schrödinger equation are quasi-periodic, the original 
state being recovered after some time, Fig. 1(a). This is known as Zérmelo's recurrence 
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paradox [15]. Furthermore, the Liouville operator does not change the entropy kB<lnρ>, 
because it conserves the phase-space volume. This conservation is illustrated by Gibb's ink 
parable, where a droplet of immiscible ink is stirred into a liquid (Fig. 2). As one goes from 
the top left to the bottom right of the figure, the ink becomes more and more evenly 
distributed, but the entropy does not increase. 
 The recurrence paradox is solved by distinguishing between relevant and irrelevant 
degrees of freedom. The local magnetization M(r) is a typical relevant degree of freedom, 
as compared to irrelevant heat-bath degrees of freedom, such as thermally randomized 
directions of individual atomic spins. In principle, one can incorporate the heat-bath in a 
very complicated Liouville operator, but this is neither practicable nor physically 
meaningful. A better approach is to describe the heat bath in terms of parameters such as 
temperature. Damping then implies increasing entropy and energy transfer from the 
relevant magnetic degrees of freedom to the heat bath. 
 

 

 
 

Fig. 2.  Gibbs' ink parable. The stirring of a droplet of ink into leads to a distribution that is 
microscopically reversible but macroscopically irreversible. Simplifying somewhat, the 
microscopic view corresponds to the investigation of intrinsic magnetic properties, such as 
atomic magnetic moments, whereas the coarse-grained view corresponds to intrinsic 
properties, such as the local magnetization M(r). 

3.2. Energy levels and irreversibility 
 Randomness of thermal or other origin yields irreversibility. Let us consider the very 
simple example of a noninteracting ensemble of precessing spins or nanoparticles des-
cribed by the normalized magnetization  
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M(t) = ∫ p(ω) cos(ωt) dω        (8) 

 
where the distribution p(ω) obeys ∫ p(ω) dω = 1. When all particles are identical, then they 
have a common precession frequency, p(ω) = δ(ω – ωo), and the precesssion is periodic, 
M(t) = cos(ωot). This limit corresponds to Eq. (4). However, particles encountered in reality 
are not identical, due to minor differences in structure, local magnetic fields, and/or heat-
bath disorder. The integration in Eq. (9) then yields damped oscillations with exponential 
or nonexponential damping, depending on the distribution p(ω). For example, a distribution 
rectangular between ωo ± ∆ω yields 
 

M(t) = (sin(∆ω t)/∆ω t) cos(ωo t)      (9) 
 
This function is shown in Fig. 3. 
 
 

 

Fig. 3. A simple example of magnetic relaxation. 

 
 Equation (8) is semi phenomenological in the sense of assuming a distribution p(ω). 
More detailed calculations are demanding in various regards. First, the basic mechanisms 
responsible for relaxation, such as electron-magnon and electron-electron scattering tend 
to be very complicated [21-27]. For example, in metals there are quasiparticles whose life 
time increases with decreasing distance from the Fermi surface [28, 29]. Such quantum 
fluctuations are important in a variety of correlated and uncorrelated electron systems, as 
exemplified by quantum-phase transitions (QPT), quantum spin liquids (QSL), and non-
Fermi liquids [23, 30, 31]. In §5.1, we will discuss one example, namely the antiferro-
magnetic Heisenberg chain. Second, the inclusion of the heat bath creates a complicated 
damping behavior that is non-exponential for short times ('memory function') but typically 
exhibits a pronounced exponential tail [15, 16, 32]. 
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3.3. Damped precession 

 A phenomenological approach to damping is replacing H in Eq. (5) by H – τo dM/dt, 
which yields the Gilbert equation 
 

dM/dt = γG M × H – λG M × dM/dt      (10) 
 

This equation, proposed around 1955 [33], was preceded by the Landau-Lifshitz equation 
[4] 
 

dM/dt = γL M × H – λL M × (M × H)      (11)  
 
where the damping correction to H is M × H rather than dM/dt. Both equations describe a 
damped spiral motion of the magnetization towards its equilibrium direction parallel to the 
field. Equation (11) exhibits the counterintuitive feature that the damping contribution 
dM/dt increases with the damping parameter λL. However, Eqs. (10-11) are equivalent with 
γL = γG/(1 + λG

2Ms
2) and λL Ms = γL/(1 + λG

2Ms
2), and one generally uses Eq. (11) while 

considering λG rather than λL as the physically relevant damping parameter [34]. This 
combination is commonly known as Landau-Lifshitz-Gilbert (LLG) equation. 

 A very transparent situation arises when H = H ez, M ≈ Ms ez, and the damping is 
small. The perpendicular magnetization component M⟂ = Mx ex + My ey then undergoes a 
spiraling motion in the x-y-plane (ω = γoH) and decays as M⟂(t) = M⟂(0) exp(–t/τ), where 
τ  = 1/λLMsH. 

 The cross product in the oscillation term has interesting micromagnetic consequences. 
Consider a Bloch wall lying in the y-z-plane, separating domains of magnetization parallel 
to the z-axis, and moved along the x-axis by a field in the z-direction. In the wall, the field 
acts on the y-component of the spins and creates a magnetization component in the x-
direction. This leads to a demagnetizing field and causes the domain wall to exhibit an 
inertia proportional to m ω2, where the Döring mass m is about 1 µg/m2 for Fe [35, 36]. 
This term becomes important at high frequencies. Domain-wall dynamics has attracted 
renewed attention in the context of race-track memories [37]. 

 Electric currents, whose discussion goes beyond the scope of this paper, further 
complicate the situation but also offer new physics. A simple example is losses due to eddy 
currents in soft-magnetic materials [38] and various current-related relaxation mechanisms 
that are operative in the anomalous and spin Hall effects [39]. A topic of current interest is 
magnetic skyrmions moved by spin-polarized electric currents, a phenomenon described 
by the Landau-Lifshitz-Gilbert-Slonczewski and Thiele equations [18, 40].  

 

4. Master, Fokker-Planck, and Langevin equations 
 The ink parable of Fig. 2 ignores diffusion effects and provides a deterministic 
description analogous to Eqs. (3-4). However, one can describe irreversible processes by 
using simplified versions of the Liouville operator. The idea is to separately consider 
relevant and heat-bath degrees of freedom, mapping the latter onto thermal noise and 
damping [16]. This yields probabilities P(s(r), H, t), where s(r) = M(r)/Ms is the normalized 
magnetization, and averages such as <s(r, H, t)> [11, 16, 42, 43, 44, 45, 46].  
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4.1. Master equation 
 Let us start with a single magnetization variable s = s ez and consider transitions 
W(s, s') = W(s' → s). Equation (2) can then be approximated by the rate or master equation 
 

∂P(s)
∂t   =   ∫  [W(s, s') P(s') – W(s', s) P(s)]  ds'      (12) 

 
For transitions between discrete states s and s', the integral must be replaced by a sum. For 
two states, s = ±1 (or ↑ and ↓), Eq.(12) reduces to two equations dPi/dt = Wij Pj – Wji Pi. 
Here  
 

Wij  =  Γo  exp 



Ej – Eo

kBT                  (13) 

 
where we have assumed that the two states of energies E↑,↓ are separated by an energy 
maximum Eo. Experiment shows that Γo is somewhat bigger than 109 Hz for many 
magnetic materials, corresponding to 1/Γo = τo ≲ 1 ns [45, 47, 48]. 
 Taking into account that P↑ + P↓ = 1 and P↑ – P↓ = <s> yields the following equation 
of motion  

d<s>
dt    =   Γ  (so – <s>)       (14) 

Here so = tanh((E↓ – E↑ )/2kBT) and the relaxation rate  
 

Γ   =  Γo exp 



E↑ – Eo

kBT  + Γo  exp 



E↓ – Eo

kBT      (15) 

 
When |E↑ – E↓| ≫ kBT, then only one term survives, namely the one with the higher energy 
Ei, and Γ  = Γo exp(–Ea/kBT), where Ea = Eo – Ei has the character of an energy barrier. In 
terms of relaxation times τ = 1/Γ, 
 

τ = τo exp 



Ea

kBT          (16) 

 
This equation governs the slow dynamics of magnetization processes (§6). 

4.2. Fokker-Planck and Langevin equations 
 A major simplification of the master equation is achieved by assuming that s and s' 
differ by a small amounts only. Series expansion then transforms the integral in Eq. (12) 
into a differential equation known as the Fokker-Planck equation. For a single but 
continuous spin, 
 

∂P
∂t    =

  
 ∂s 



∂E

∂s   P
Γo

kBT  
∂ 

  +  Γo  
∂P2

∂s2        (17) 
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The Fokker-Plack equation can be considered a generalized diffusion equation in spin 
space. 
 Putting ∂P/∂t = 0 in Eq. (17) and integrating over s shows that the Fokker-Planck 
equation reproduces the correct equilibrium limit P ~ exp(–E(s)/kBT). In the opposite limit 
of nonequilibrium states captured in deep potential valleys, with activation energies Ea 
much larger than kBT, the dynamics approaches the Arrhenius limit with relaxation times 
τo exp(Ea/kBT). In chemistry, this limit is known as Kramers' escape-rate theory (1940), but 
in magnetism, it is more frequently referred to as Arrhenius-Brown-Néel theory. This 
theory differs from Eq. (13-16) by considering continuous spin variables s, not only s = ±1, 
but yields the same relaxation behavior for deep potential minima. 
 Once the probability P(s, t) is known, <s(t)> and <s(t)s(t')> are obtained by 
straightforward integration, but it is sometimes easier to determine s(t) directly, using the 
Langevin equation 

∂s
∂t  =  -  

Γo

kBT 
∂E
∂s   +  2Γo ξ(t)           (18) 

Here ξ(t) is a random thermal force that has the character of delta-correlated white noise 
obeying <ξ(t)> = 0 and <ξ(t) ξ(t')> = δ(t – t) [11, 44, 45]. 

5. Spin-wave dynamics 
Equations (5, 10, 11) describe the dynamics of magnetization vectors of constant 

magnitude, Mx
2 + My

2 + Mz
2 = Ms

2, so that the dynamics is described by two equation for 
two independent magnetization variables. When M(r) ≈ Ms ez, realized for example by 
easy-axis anisotropy, the equations of motion can be linearized with respect to Mx and My. 
The time evolution of Mx and My has then the character of spin waves (magnons) of wave 
vector k and angular frequency ω. Since the uniform mode (k = 0) was discussed in §3.3, 
the focus of this section is on wave dispersion relation ω(k), which was first considered by 
Bloch [3]. 

5.1. Quantum-mechanics of magnons 

 The dispersion relation ω(k) of ferromagnetic spin waves is quasi-classical (§5.2), but 
magnons in antiferromagnets involve nontrivial quantum mechanics [22, 49] and their 
classical description (§5.3) is rather crude. In good approximation, the interaction between 
neighboring spins is Heisenberg exchange –2 J S·S'. It is convenient to introduce rising 
and lowering operators S± so that Sx = (S+ + S–)/2 and Sy = (S+ – S–)/2i. Evaluation of S·S' 
shows that the ladder operators S± exchange spins in a literary sense, whereas Sz is trivial 
in the sense that it merely counts the ↑ and ↓ spins.  
 An infinite ferromagnetic spin chain has the ground state |↑↑↑↑↑↑>, corresponding 
to k = 0. However a single reversed spin, for example |↑↑↓↑↑↑>, is not an eigenfunction 
of the Hamiltonian, because the ladder operators produce spin configurations such as 
|↑↑↑↓↑↑>. Eigenstates are created by superposing localized spin flips with coefficients 
exp(i k a), and the corresponding spin waves (magnons) have energies 2J(1 – cos(ka)) [3].  
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The behavior of antiferromagnets (AFM) is much more complicated. Intuitively, one 
would expect a quasi-classical ground state of the type |↑↓↑↓↑↓> or |↓↑↓↑↓↑>. However, 
neither of these two Néel states nor any combination of them are eigenstates of the AFM 
Hamiltonian [22]. The ground state and the low-lying excited states are superpositions of 
Bethe wave functions with nanoscale spin correlations [49].  

 The complicated behavior of Heisenberg antiferromagnets is a correlation effect. By 
definition, the Heisenberg model is a strongly correlated model, and in antiferromagnets, 
↓ spins are able to hop onto sites with ↑ spins and vice versa. This hopping is suppressed 
in ferromagnets, because ↑ spins are disallowed by the Pauli principle to hop onto 
neighboring ↑ sites. As thermodynamic fluctuations, quantum fluctuations are most 
pronounced in low-dimensional solids [23, 49], but they also yield corrections in three-
dimensional magnets [50].  

5.2. Spin-wave dispersion 

 Let us assume a ferromagnet where x and y are equivalent and M ≈ Mz ez, so that Eq. 
(4) yields ω = γo H for k = 0. The treatment of nonzero wave vectors requires the explicit 
consideration of interatomic exchange, described by the exchange stiffness A. Expressing 
the magnetization component in the x-y-plane m = (Mx ex + My ey)/Ms yields the Zeeman 
energy density E/V = ½ µo Ms H m2, where we assume that H = H ez. Similar expansions 
can be made for the exchange and anisotropy energies [45], leading to 
 

E/V = A (∇m)2 + K1(r) m2 + ½ µo Ms H m2     (19) 
 
The eigenvalues of this quadratic form determine the resonance frequencies. We see that 
K1 additively modifies the field and that A does so after Fourier transformation. For K1(r) 
= const., the dispersion relation is 
 

ω(k) = γo (H + 2K1/µoMs + 2 A k2/µoMs)          (20) 
 
Spin waves are deviations from perfect spin alignment, so that thermally activated spin 
waves of energy ℏ ω reduce the spontaneous magnetization Ms. The spontaneous 
magnetization Ms is defined by the formal limit H = 0. For isotropic magnets (K1 = 0), 
integration over all thermal spin-wave excitations yields [22] 
 

Ms(0) – Ms(T) ~ Td/2 ∫ k3–d dk      (21) 
 
where d is the dimensionality of the magnet and the integral extends from k = 0 to k ≈ π/a, 
where a is the interatomic distance.  
 In three dimensions, Eq. (21) is Bloch's T3/2 law for the temperature dependence of 
the magnetization [3]. For d ≤ 2, the integral exhibits an infrared (small k) divergence and 
Ms(T) = 0 at all nonzero temperatures, meaning that Tc = 0 [22]. Anisotropic magnets (K1 
> 0) have a spin-wave anisotropy gap H = 0 and k = 0. The gap is insufficient to create 
ferromagnetism in one dimension but yields kBTc ~ J/ln(J/K1) in two dimensions, where 
the divergence is logarithmically weak [51].  
 Nanoscale confinement and structural inhomogeneity also affects the magnon's energy 
levels [45, 52]. For example, a magnet may contain regions of different hardness, described 
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by an anisotropy distribution K1(r). In this case, the quadratic form (19) is no longer 
diagonalized by Fourier transformation, because K1(r) mixes different spin waves k and k'. 
The diagonalization then requires the solution of a nontrivial differential equation [45, 53, 
54]. In the context of surface magnetism, these spin-waves modes are known as Damon-
Eshbach modes [55].  

5.3. Antiferromagnetic spin waves 
 In frequency units, H and K1 are of the order of several GHz, and the same is true for 
Dzyaloshinski-Moriya interactions and for nanoscale exchange contributions. However, 
the exchange contribution becomes very large, of the order of several THz, when the spin-
wave periodicity 2π/k is comparable to the interatomic distance a ≈ 0.25 nm. Such spin-
wave modes exist in antiferromagnets, and there are efforts to exploit them for THz 
information processing [9]. 
 Figure 4 shows an A-B two-sublattice magnet having MA ≈ –MB and |MA| = |MB| = 
Mo. The model includes both antiferromagnets (a), where A and B are chemically and 
crystallographically equivalent, and compensated ferrimagnets (b), where A and B are 
chemically and/or crystallographically different. Micromagnetic sublattice anisotropies 
and sublattice exchange interactions are well-defined and easily incorporated into 
micromagnetic calculations [56, 57, 58]. Note that this micromagnetic approach is a fairly 
crude approximation, because it ignores AFM quantum fluctuations (§5.1). These 
fluctuations are particularly important in ultathin films and pose an additional challenge in 
THz information processing.  
 

 

Fig. 4.  Antiferromagnetic spin dynamics: (a) antiferromagnet, (b) compensated ferrimagnets, (c) 
coherent rotation of the Néel vector is rotating, and (d) THz mode. 
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 Let us restrict the consideration to k = 0, that is, the spins remain parallel in each 
sublattice. The model of Fig. 4 then has two basic magnetization modes, namely (c) and 
(d). Let us denote the deviations from MA = +Mo ez and MB = –Mo ez by mA and mB, 
respectively, both defined clockwise in the x-z-plane. In (c), mB = mA, whereas in (d), mB 
= – mA. Equation (19) now becomes 
 

E ~ KA mA
2 + KB mB

2 + JAB (mA – mB)2           (22) 
 
The resonance frequencies are the eigenvalues of the 2 × 2 matrix 
 

ω  =  
1
𝛾𝛾𝑜𝑜

 �𝐾𝐾A 𝐽𝐽𝐴𝐴𝐴𝐴
𝐽𝐽𝐴𝐴𝐴𝐴 𝐾𝐾𝐵𝐵

�          (23) 

 
where KA/B and JAB must be interpreted as anisotropy and exchange fields, respectively.  
 In the AFM case, Figs. 4(a, c, d), the two sublattice anisotropies are equal, KA = KB = 
K. The two eigenmodes are then exactly those shown in the figure, namely m1 = (1, 1) mo 
for (c) and m2 = (1, –1) mo for (d), where mo is the mode amplitude. The resonance 
frequencies are ω1 = K/γo (GHz) and ω2 = (JAB + K)/γo (THz). The physical explanation is 
that the mode m1 (c) rotates the Néel vector MA – MB but leaves the relative spin angles 
unchanged, so that the effective field is equal to the relatively small anisotropy field. By 
contrast, m2 (d) changes the angle between neighboring spins, which corresponds to huge 
exchange fields. 
 With respect to information processing, the challenge is the writing and reading of the 
information, that is, the excitation and detection of spin waves. The mode of Fig. 4(d) can 
be excited by a homogeneous magnetic field, but the corresponding amplitude is very small 
mo ≈ H/JAB. The mode of Fig. 4(c) cannot be excited by a homogenous field at all and 
requires specific excitations mechanisms, such as staggered magnetic fields H ~ cos(πx/a), 
which are difficult to realize in practice, or specific excitation mechanisms, involving for 
example Dzyaloshinski-Moriya interactions [59]. However, the main disadvantage of 
modes that change the Néel vector (c) is their low frequency. 
 In various regards, compensated ferrimagnets are superior to simple antiferromagnets. 
For example, subjecting the structure of Fig. 4(b) to spin-polarized currents is likely to 
affect the sublattices differently, making is possible to change Néel vectors and to measure 
them through magnetoresistance. 

6. Slow magnetization dynamics 
 Equations (10-11) describe the viscous relaxation into a local energy minimum, which 
is only one aspect of nonequilibrium magnetism. In reality, the approach to equilibrium 
involves thermally activated jumps over energy barriers, as discussed in §4.2. This 
mechanism dominates the slow magnetization dynamics of permanent magnets, soft 
magnets, magnetic recording media, spin glasses, ferrofluids, and magnetic rocks [44, 60, 
61, 62, 63, 64, 65]. For example, freshly magnetized permanent magnets lose a few mT of 
their magnetization within the first few hours (magnetic viscosity). Magnetic viscosity was 
explained by Becker and Döring in 1939 as a superposition of exponential relaxation events 
[5] and microscopically explained in terms of energy barriers by Néel in 1949 [66]. 
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  Energy barriers normally obey Ea ≫ kBT, so that one can apply Kramers' escape rate 
theory [67], which leads to Eq. (16). In addition to the leading energy dependence of τ, 
there is an effect due to activation entropy Sa [68]. Replacing Ea by Fa = Ea – T Sa changes 
τo to τo exp(–Sa/kB). 

6.1. Magnetic viscosity and sweep-rate dependence of coercivity 

Let us assume that the local magnetization process described by τ completely reverses the 
magnetization, so that 

 
M(t)  =  – Ms  +  2 Ms exp(–t/τ)      (24) 

 
In reality, there is always an energy-barrier distribution P(Ea) due to real-structure features 
such as structural inhomogeneities and local magnetic fields. It is therefore necessary to 
average over this distribution: 

 M(t)  =  –  Ms  +  2 Ms ⌡⌠

–∞

∞

 P(Ea) e– (t/τo) exp (– Ea/kBT) dEa         (25) 

 
Next we exploit that α exp(βE) = exp(βE + lnα) and exp(–exp(–x/ε)) ≈ Θ(x), where ε = 
kBT/E ≪ 1 and Θ(x) is the step function, equal to 0 and to 1 for x < 0 and x > 0, respectively. 
Putting these relations into Eq. (25) yields the magnetic-viscosity law 
 

M(H, t)  =  M(H, to)  –  S ln(t/to)           (26) 
 

where the magnetic-viscosity constant S  =  2 kBT  P(0) Ms. The superposition character of 
logarithmic time dependence was phenomenologically understood by 1939 [5]. Later 
research improved the description of the limits t = 0 and t = ∞, where the logarithm diverges 
[70]. 
 A related phenomenon is the time dependence (sweep-rate dependence) of the 
coercivity. Stoner-Wohlfarth particles, where the magnetization reversal proceeds by 
uniform (coherent) rotation, are characterized by the energy barrier  

 

Ea(H)  =  K1 Vo 



1 –  

H
Ho

 m           (27) 

 
where Vo is the particle volume and Ho ~ 2K1/µoMs. In the absence of thermal excitations 
(Ea = 0), the coercivity is equal to Ho. Combination of Eqs. (16) and (27) yields  

 

Hc  =  Ho  



1  –   



kBT

K1Vo
 ln(τ/τo)

1/m 
            (28) 

 
This relation was first derived by Kneller in 1966 [47] and is known as the Sharrock 
equation in the magnetic-recording community. 
 Generalized to other systems, the exponent m in Eqs. (27-28) can take values of 2 or 
3/2. The exponent m = 2 describes aligned easy-axis particles (c-axis parallel to the 
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magnetic field), whereas m = 3/2 describes low-symmetry systems, such misaligned 
particles [45]. The exponent m = 3/2 was first derived by Néel [69] for domain-wall motion 
but can be derived very generally [45]. Other exponents, such as m = 1 sometimes assumed 
for Zeeman interaction, are unphysical in the low-temperature limit considered here.  
 Superparamagnetic particles are characterized by rapid magnetization decays, because 
K1Vo is no longer much larger than kBT. Defining superparamagnetism by a waiting time 
of τ = 100 s and using Eq. (16) yields the zero-field stability condition K1Vo/kBT ≥ 25, 
corresponding to a room-temperature energy-barrier height of 7,500 K. The quantity 
K1Vo/kBT = ξ is referred to as the stability parameter. Thermal stability over 10 years 
corresponds to ξ = 40, whereas error considerations in recording media require stability 
parameters in excess of 60 [63]. 

6.2. Onset of ferromagnetism 
 As we have seen in §5.2, there is no ferromagnetism in one-dimensional magnets. This 
finding is seemingly at odds with the experimental ferromagnetism in magnetic wires. The 
paradox is solved by considering equilibration times [71]. Figure 5 illustrates how the 
ferromagnetic long-range order of an infinite anisotropic spin chain (a) is easily destroyed 
by thermal excitations (b). The creation of a domain requires a finite activation energy Ea 
and may take a long time according to Eq. (16). However, this time is always finite for 
nonzero temperatures T.  
 

 

Fig. 5.  Slow dynamics in a one-dimensional magnet: (a) ferromagnetic initial state and (b) decay 
of average magnetization due to thermally activated domains.  

 In practice, time is an important consideration. A few seconds or minutes are typically 
sufficient to perform a magnetization measurement, and the spin structure of the wires in 
100 or 1000 years is experimentally irrelevant. For a wire having a square cross section D2, 
the energy of the two domains in Fig. 5(b) is Ea = 8D2(AK1)1/2. Taking τo = 1 ns, A = 10 
pJ/m, K1 = 1 MJ/m3, and square cross sections of area D2 yields times of about 0.5 µs for 
D = 1 nm, 40 s for D = 2 nm, and 20 million years for D = 3 nm. This example epitomizes 
the transition from atomic-scale magnetism to nanoscale at feature sizes of a very few 
nanometers. 
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7. Conclusions 
 In summary, we have outlined how quantum-mechanical and nanoscale effects 
combine to yield new and interesting physics. Some findings from the first decades of the 
20th century appear in a completely new light, such as the Berry-phase interpretation of 
spin rotation and the non-cloning implications of entangled spins. In some cases, 
magnetization dynamics provides an intuitive access to complicated problems, for example 
to the onset of ferromagnetism in low-dimensional systems. Many phenomena are waiting 
to be explored and exploited in the medium to far future, such as quantum computing and 
terahertz information processing using magnetic degrees of freedom.  
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