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ABSTRACT

When plasma is confined by a levitated superconducting current ring, the turbulent radial particle flux changes the direction depending
upon the gradient of the particle number within tubes of equal magnetic flux [Garnier et al., Phys. Plasmas 24, 012506 (2017)]. When the
density profile is highly peaked, the particle flux is outward. When the density profile is less peaked, turbulence drives an inward “particle
pinch.” This change in the direction of particle flux coincides with a reversal of the mean toroidal propagation direction of turbulent
fluctuations. Previously, only the mean wavenumber of the fluctuations was reported. The mean wavenumber was computed from the
ensemble correlation between two probes. Here, the full frequency-wavenumber power spectrum of the saturated turbulence is calculated by
applying Capon’s “maximum likelihood method” to floating potential measurements from an array of probes. The power spectrum shows
that the highest intensity modes are due to unstable entropy modes, and the less intense modes coincide with weakly damped convective
cells, which rotate toroidally in the direction opposite to the unstable modes. Because the weakly damped modes make up a significant frac-
tion of the fluctuating power, these measurements imply that saturated turbulence in a dipole-confined plasma involves the excitation of
weakly damped rotating convective cells.

Published by AIP Publishing. https://doi.org/10.1063/1.5123719

A levitated superconducting current ring provides a simple toroi-
dal magnetic configuration for the study of plasma confinement and
turbulent radial transport.1 The magnetic field is axisymmetric and
without shear; plasma can be sustained in the steady state; and the
plasma pressure remains stable up to the pressure of the magnetic field
without field-aligned plasma currents and without fast magnetohydro-
dynamic instabilities, provided the pressure profile is not excessively
peaked.2 Laboratory experiments with levitated superconducting cur-
rent rings have demonstrated steady toroidal confinement at high
plasma pressure,3,4 explored energetic particle instabilities,5 and studied
turbulent radial transport and the inward curvature particle pinch.6,7

The characteristics of both the turbulence and the resulting parti-
cle transport in a dipole-confined plasma were reported by Garnier
and coauthors.8 Statistical measurements of the electrostatic fluctua-
tions and the radial particle flux were compared for two different
methods of particle fueling. When the plasma was fueled by deuterium
gas at the outer edge of the plasma (called a “warm core”), the plasma
profile was characterized by a large ratio of the temperature to density

gradient scale length g > 2=3, where g � d lnTe=d ln n. When the
plasma was fueled internally by injection of a lithium pellet (called a
“cool core”), the central electron temperature cooled and the central
density increased so that g < 2=3. In both cases, intermittent turbu-
lent transport was driven by low frequency entropy modes dominated
by long azimuthal wavelengths. However, the directions of both parti-
cle flux and the mean toroidal phase velocity of the turbulence
depended on whether g > 2=3 or g < 2=3. For edge gas fueling,
g > 2=3, the particle transport was inward, and the mean phase veloc-
ity of the turbulence was in the electron magnetic drift direction. For
internal pellet fueling, g < 2=3, the particle transport was outward,
and the mean phase velocity of the turbulence was in the ion drift
direction. The fluctuations were identified as flutelike entropy modes
because the mean toroidal phase velocity of fluctuations reversed
direction as the mean particle flux reversed, and this behavior is con-
sistent with linear theory and quasilinear theory.9,10

The observed radial particle flux is comparable to the quasilinear
flux computed from measurements of the fluctuation intensity and the
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correlation function.6 Similarly, gyrokinetic simulations show that the
turbulent particle flux is consistent with quasilinear levels.11 However,
a complete picture of the nonlinear processes that lead to saturation of
the entropy modes and the final shape of the turbulent power spectra
are not known. Observations show that the fluctuations are dominated
by low toroidal mode numbers with chaotic phases and nonlinear
spectral power transfer.12 Gyrokinetic simulations have shown the
nonlinear excitation of Kelvin-Helmholtz instability, the generation of
zonal flow, and a sensitivity to plasma collisionality.13,14 However,
these nonlinear effects have not been detected in experiments.
Pioneeing studies of drift-wave instabilities by Cheng and Okuda,15 as
well as byWeiland,16 show how the nonlinear excitations of stable con-
vective cells lead to anomalous plasma transport. Recent gyrokinetic
simulations by Fraser17 show nonlinear excitation of stable modes to
be an essential feature of shear-flow turbulence in magnetized plasma,
provided dissipation is sufficiently low. Indeed, the nonlinear coupling
of unstable eigenmodes to damped modes may make plasma turbu-
lence fundamentally different from hydrodynamic turbulence.18

To better understand the characteristics of saturated turbulence
in a dipole-confined plasma, we extend the analysis reported in Ref.
8 using the floating probe data available online at the Zenodo reposi-
tory.19 Plasma parameters, instrumentation, and discharge characteris-
tics are described in Ref. 8. Here, we apply Capon’s “maximum
likelihood method” (MLM)20,21 to the same floating potential mea-
surements. We use all probe signals simultaneously and compute a
distribution of wavenumbers for each frequency. This produces a 2D
frequency-wavenumber power spectrum at higher resolution than that
reported in Ref. 8.

Consider a diagnostic array consisting of K probes located at
toroidal angles /j. Capon’s MLM formula calculates the power spectra
PCðx; nÞ as a function of angular frequency x and toroidal mode
number n. The formula can be expressed as

PCðx; nÞ ¼
XK
j

XK

l

ðf �1ÞjlðxÞ exp�inð/j�/lÞ

2
4

3
5
�1

; (1)

where fjlðxÞ are elements of a K�K matrix defined by the ensemble-
averaged cross correlation between the Fourier transforms of the jth
and lth probe signals,

fjlðxÞ �
1
M

XM
s¼1

Sj;sðxÞS�l;sðxÞ: (2)

In Eq. (2), Sj;sðxÞ is the short-time Fourier transform (STFT) of the
time-series measured by the jth probe, within one of the M nonover-
lapping intervals denoted by s. The spectral leakage for each of the M
intervals was reduced using a triangular window. ðf �1Þ is the K�K
matrix inverse of the ðfjlÞ matrix for each frequency x. The exponent
�inð/i � /jÞ is a phase equal to the product of the mode number n
and the spatial separation between two probes. This term can be gen-
eralized to multiple dimensions; however, only propagation in the
toroidal direction is measured by the azimuthal probe array in these
experiments. The major radius of the probe array is R¼ 1.0 m, and so
the spatial wavelength of the fluctuations is 2pR=n.

The floating potential measurements were described in Sec. IV of
Ref. 8, and they are available in the online repository.19 The online
data record contains simultaneous measurements from seven probes,

with six separated toroidally by D/ ¼ 8 deg and one by 16 deg. As fur-
ther detailed in Ref. 8, a 700ms interval is centered on the time when
the lithium-pellet was injected into the plasma. The sample rate is
125 kHz, so there are 87.5k time samples for each probe. This time
interval was divided into a 220ms period before pellet injection, a
30ms period during pellet injection, and a 450ms period after pellet
injection. We ensemble average by partitioning the time before, dur-
ing, and after into M nonoverlapping intervals: M¼ 100 intervals
(before),M¼ 30 intervals (during), andM¼ 125 intervals (after).

Capon’s method has been applied to calculate the power spectra
of space plasma turbulence,22 plasma waves measured by the
CLUSTER23 and Magnetospheric Multiscale (MMS)24 spacecrafts,
and scattering from ionospheric plasma.25 Capon’s MLM was selected
for this analysis based on a determination that MLM produced the
most accurate frequency-wavenumber power spectra among three dig-
ital methods. Besides (i) MLM, these analysis methods include (ii) a
conventional two-dimensional short-time Fourier transform (STFT)
method (e.g., similar to that described in Ref. 27) and (iii) a histogram
method with the assumption that the turbulence is steady and homo-
geneous, described by Beall, Kim, and Powers.26 The symbols PC, PF,
and PH are used to represent these three methods to compute the
power spectrum.

Validation data, consisting of three overlapping sine waves super-
imposed with Gaussian white-noise, were sampled in the same way as
in the experiment. Noise levels from 5% to 50% were examined, and
Capon’s method resulted in higher spectral power resolution in all
cases. Two waves propagated in the electron drift direction with
x=2p ¼ ð700; 500Þ Hz and n ¼ ð3; 1Þ, and one propagated in the ion
drift direction withx=2p ¼ 200 Hz and n¼ –3.

The power spectrum calculations for Capon’s MLM are related
to the ensemble-average of the 2D short-time Fourier transform. As
described in Ref. 27, the ensemble-averaged 2D short-time Fourier
transform is

PFðx; nÞ ¼
1
K2

XK
j

XK

l

fjlðxÞ exp�inð/j�/lÞ: (3)

If one treats the cross correlation matrices as frequency dependent linear
operators fjlðxÞ and collects the exponential factors as K-dimensional
steering vectors jsKi ¼ ð…; ein/j ;…Þ, where /j corresponds to the
position of the jth probe, then PC and PF exhibit strikingly similar matrix
expressions

PFðx; nÞ ¼ hsK jf ðxÞjsKi; (4)

PCðx; nÞ ¼
1

hsK jf ðxÞ�1jsKi
: (5)

As compared with the STFT (PF), Capon’s MLM estimator (PC) filters
modes to reduce variance while preserving the mean. MLM picks out
the same peaks and ridges as the STFT but with significantly less noise
and reduced statistical variance on the signal.

A third method (PH) uses histograms to estimate the frequency-
wavenumber power spectrum. As described by Beall, Kim, and
Powers,26 a cross correlation is computed between fixed probe pairs
(as in Ref. 8), and the ensemble partition is treated as a statistical distri-
bution to yield a 2D estimation. PH equates the mode numbers n pro-
portionally to the cross phase of each partition.
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Any of the three methods can be used to estimate the frequency-
wavenumber power spectrum, but Capon’s MLM reproduces the
validation data most accurately. Figure 1 shows the power spectra
computed by all three methods, PF, PC, and PH. Moreover, the MLM
can uncover spectral features that are otherwise obscured since
Capon’s MLM computes the most probable power spectrum. The
MLM assumes that there exists a signal that propagates continuously
across all probes, subject to Gaussian noise independently at each
probe. A detailed derivation can be found in Capon’s monograph.21

Figure 2 plots the frequency-wavenumber spectra before, during,
and after pellet injection. This figure extends Fig. 5 of Ref. 8. Both
before and after pellet injection, the dominant wave propagates in the
electron magnetic drift direction. During pellet injection, the most
intense fluctuations reverse direction.

The full frequency-wavenumber power spectra give insights into
how electrostatic turbulence saturates in dipole-confined plasma: the exis-
tence of modes propagating in the opposite direction of the unstable linear
eigenmode. Figure 3 illustrates this feature of the power spectrum by
showing PCðx; nÞ for x=2p ¼ 1 kHz and 2kHz for the time periods
before lithium-pellet injection and after. In all cases, the mode number
spectrum is broad with multiple modes propagating in both toroidal
directions. For any given mode number n, the fluctuations have a time-
varying frequency with a broad frequency spectrum. This is consistent
with previous observations.12 These features of the power spectrum were
not indicated from the ensemble cross phase in Fig. 5 of Ref. 8.

The processes leading to the saturated spectrum are not under-
stood; however, the linear eigenmodes provide useful insights. The
most intense modes correspond to unstable entropy modes. The modes
with phase velocities in the opposite direction are weakly damped rotat-
ing convective cells. As described in Ref. 8, the linear gyrofluid equa-
tions define three modes: a pair of unstable and stable modes that
copropagate in the same direction plus a weakly damped convective
cell that propagates in the opposite direction. The three gyrofluid
eigenmodes are given by Eqs. (4)–(6) of Ref. 8. For simplicity, ion flow
damping is modeled with a scale-independent friction �i although the
physical form of momentum damping is not known. The gyrofluid
quasineutrality condition is hr � J?i ¼ 0, where J? is the perturbed
perpendicular current. With cold ions, this condition becomes

ðxþ i�iÞq�2s m2
?

~U þ ~pe ¼ 0; (6)

where the same notation and normalization are used in Eq. (6) here as
were used in Eq. (6) of Ref. 8.

For low-frequency flute-type modes in a dipole-confined plasma
with Te � Ti, the gyrofluid eigenmodes depend on the equilibrium
radial profiles of plasma density and pressure. Plasma confined by levi-
tated current rings tend to have so-called “stationary” profiles where
the number of particles within flux tubes are constant and where the
pressure profile is near marginal stability for interchange instability.
When both of these conditions are satisfied, g ¼ ðc� 1Þ ¼ 2=3, and
the three linear eigenvalues are a pair of stable entropy waves that
propagate either faster or slower than the electron diamagnetic drift,
x ¼ c6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðc� 1Þ

p
, and a stationary convective cell, x ¼ �i�i, which

decays at the rate of ion flow damping.
When either the plasma density profile or temperature profile is

less centrally peaked, g 6¼ 2=3; the modes rotate toroidally at different
rates; and one entropy wave becomes unstable. When jg� 2=3j is not
too large (or too small), the linear gyrofluid dispersion relation is

FIG. 1. Computation of 2D power spectra from validation data with 10% noise lev-
els, using three methods as described in the text. While all three methods (a)–(c)
generate power spectra that represent the data, Capon’s MLM exhibits the most
reduced variance and the highest spectral resolution.
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x2 xþ i�ið Þ � 2=3� g
q�2s m2

?
: (7)

Before pellet injection, when g > 2=3 and the plasma temperature is
more highly peaked (i.e., the “warm core”), the dynamics of the unsta-
ble entropy mode and the rotating convective cell are

x � �i�i=3þ
1þ i

ffiffiffi
3
p

2
Xg; (8)

x � �i�i=3� Xg; (9)

where X3
g � j2=3� gj=q�2s m2

?. During pellet injection, when g < 2=3
and the plasma density is more highly peaked (i.e., the “cool core”),
the unstable modes change sign,

x � �i�i=3�
1� i

ffiffiffi
3
p

2
Xg; (10)

x � �i�i=3þ Xg: (11)

The propagation of unstable modes reverses direction as g changes,
while the damped convective cells always rotate in the direction oppo-
site to that of the linear unstable modes.

In summary, Capon’s “maximum likelihood method” is applied
to measurements of saturated electrostatic turbulence before, during,
and after lithium pellet injection. The full frequency-wavenumber
power spectrum PCðx; nÞ shows the existence of many modes with
different toroidal phase velocities at each frequency. In particular, the

FIG. 2. Power spectra as a function of frequency and wavenumber (a) before, (b)
during, and (c) after pellet injection. The most intense fluctuations reverse direction.
The full power spectra also show fluctuations that rotate toroidally in the direction
opposite to that of the unstable modes.

FIG. 3. Power spectra for two frequencies, x=2p ¼ 1 kHz and 2 kHz, as a function
of mode number (a) before and (b) during pellet injection. The toroidal mode num-
ber spectra are broad, and modes propagate in both toroidal directions. The highest
intensity modes propagate in the electron drift direction before and after pellet injec-
tion, but they propagate in the opposite direction during pellet injection.

Physics of Plasmas BRIEF COMMUNICATION scitation.org/journal/php

Phys. Plasmas 27, 014501 (2020); doi: 10.1063/1.5123719 27, 014501-4

Published by AIP Publishing

https://scitation.org/journal/php


spectrum shows the excitation of weakly damped convective cells that
rotate toroidally in the direction opposite to that of the unstable
entropy modes. While these measurements do not determine the pro-
cesses leading to saturated turbulence, they confirm the existence of
damped modes that mediate nonlinear energy transfer between
modes.
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