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Abstract

The use of high aspect ratio cylindrical pressure vessels and rotationally periodic burn-

ers in Pressurized Oxy-Coal (POC) furnaces leads to physical behavior that is 3D peri-

odic near the burner, but which transitions to axisymmetric towards the outlet. A fully

3D model would consume unneeded resources, and an axisymmetric model would fail

to capture periodic features of the near burner region, such as recirculation zones. The

present work evaluates the ability of a dimensionally adaptive mesh (i.e., one that tran-

sitions from 3D to axisymmetric and 1D) to improve computational speed while still

accurately calculating heat flux for such cylindrical systems. The Discrete Ordinates

Method (DOM) was used to solve the cylindrical Radiative Transfer Equation (RTE)

on both a dimensionally adaptive mesh and a fully 3D mesh. The effects of both spatial

and angular refinement on speedup and agreement between the adaptive and fully 3D

mesh were studied. For the four cylindrical combustor configurations studied, speedups

ranged from 46.6% on a coarse adaptive mesh to 49.1% on a fine mesh. Increasing an-

gular resolution decreased speedups from 48.0% at S2 to 37.1% at S8. Increasing

angular resolution from S2 to S4 reduced the overall percent difference between adap-

tive and 3D meshes from 0.656% to 0.381%. Increasing angular resolution beyond S4

did not significantly improve agreement between mesh types.
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Nomenclature

A Area

b Dimensionality multiplier for ordinate weights

D Reactor diameter

E Emissive power

e Error

f Diamond differencing factor

G Irradiation

I Radiative intensity

I Max value of i

i Radial direction index

J Radiosity

J Max value of j

j Azimuthal direction index

K Max value of k

k Axial direction index

L Reactor length

M Number of ordinates

P Periodicity

q Heat transfer

R Reactor radius

r Radial coordinate

S Total path length

s Path length

ŝ In-scattering direction

T Temperature
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w Ordinate weight

z Axial coordinate

α Absorptivity

β Extinction coefficient

ε Emissivity

ζ Arbitrary direction cosine

η Azimuthal direction cosine

θ Positional azimuthal angle

κ Absorption coefficient

µ Radial direction cosine

ξ Axial direction cosine

σ Stefan-Boltzmann constant

σs Scattering coefficient

Φ Scattering phase function

φ Arbitrary scalar

Ω Solid angle

ω Directional azimuthal angle

[ ] Indicates that [ ] is an averaged quantity

[ ]′′ Flux of [ ]

[ ]1D Indicates that [ ] is a property in the 1D region

[ ]3D Indicates that [ ] is a property in the 3D region

[ ]axi Indicates that [ ] is a property in the axisymmetric region

[ ]b Indicates that [ ] is a black body quantity

[ ]c Indicates that [ ] is a cell center quantity

[ ]g Indicates that [ ] is a gas property

[ ]inc Indicates that [ ] is an incident property

[ ]m Indicates that [ ] relates to the mth ordinate

[ ]med Indicates that [ ] is a property of a participating medium

[ ]p Indicates that [ ] is a particle property

[ ]r Indicates that [ ] is a radial property
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[ ]src Indicates that [ ] is a source property

[ ]t Indicates that [ ] is a total (gas and particle) property

[ ]u Indicates that [ ] is an axial velocity property

[ ]wall Indicates taht [ ] is a wall property

[ ]z Indicates that [ ] is an axial property

[ ]λ Indicates that [ ] is a spectral property

[ ]θ Indicates that [ ] is an azimuthal property

[ ]+ Indicates that [ ] is a property from a positive hemisphere

[ ]− Indicates that [ ] is a property from a negative hemisphere

1. Introduction

The differences in geometry and/or fluid properties between the emerging field of pres-

surized oxy-coal (POC) combustion and the more established areas of atmospheric5

air-coal, atmospheric oxy-coal, or even pressurized air-coal combustion necessitate

changes in both burner and furnace geometry. Unlike the other forms of coal com-

bustion mentioned, POC systems do not have an extensive collection of experimental

results or rules of thumb to guide burner design. For this reason, it is desirable to have

a computational tool, such as a multi-physics Computational Fluid Dynamics (CFD)10

code, that can rapidly simulate furnace performance and evaluate various burner de-

signs, particularly in the context of overall plant design and optimization. From a

computational standpoint, the difference in furnace geometry, namely that pressurized

combustion is done in high aspect ratio cylindrical pressure vessels, may be advanta-

geous. The high pressures involved somewhat limit the reactor diameter. In order to15

achieve comparable rates of heat transfer, given this limit, most POC reactor designs

are cylindircal and feature high length to diameter ratios. Xia et al. [1], for example,

studied a design that involved an initial expansion zone followed by a prismatic section
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with a length to diameter ratio of 8.5. Some initial CFD results indicate that the high

length to diameter ratio of POC combustors allows for the flow to develop to the point20

that azimuthal periodicity in the near burner region (caused by the periodicity of the

burner) attenuates downstream to produce flow that is axisymmetric. For this reason, it

is believed that a balance between accurate burner performance prediction and compu-

tational efficiency can be struck by creating a CFD solver that is able to handle a mesh

that transitions from a cylindrical 3D, near burner region to an axisymmetric midsec-25

tion, and even a 1D plug flow region, if necessary (see Figure 1). Developing such a

tool involves multiple solvers for gas phase flow, particle transport, chemical reactions,

and radiative transport. It is the purpose of the present work to demonstrate the utility

of a dimensionally adaptive mesh by focusing on a single solver to be used in the larger

multi-physics problem, namely the radiative heat transfer calculations.30

The Discrete Transfer Method (DTM) and the Discrete Ordinates Method (DOM) are

two of the most widely used radiation calculation methods [2, 3, 4, 5, 6, 7, 8, 9]. Previ-

ous work already looked at DTM calculations on a dimensionally adaptive mesh [10],

therefore the present work will focus on the DOM.

Figure 1: Example of a dimensionally adaptive mesh with 3D region (darkest gray), axisymmet-
ric region (medium gray), and 1D region (lightest gray).

2. Theory35

The Discrete Ordinates Method (DOM) was first proposed by Chandrasekhar [11] for

modeling stellar and atmospheric radiation. It was later adapted for use in neutron

transport problems by Carlson and Lathrop [12] and radiative heat transfer by Truelove

[13]. The DOM separates the directional and positional dependencies of a radiation
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intensity field by assuming the intensity to be constant over each of a discrete number40

of solid angles [14]. This allows the integro-differential Radiative Transfer Equation

(RTE) [15]

dIλ

ds
= ~s ·∇Iλ = κIλ ,b−β Iλ +

σs

4π

∫
4π

Iλ (ŝi)Φ(ŝi, ŝ) dΩi (1)

to be replaced with a set of linear partial differential equations (PDEs). In cylindrical

coordinates, and under the gray assumption, the PDEs take the form

µm

r
∂ (rIm)

∂ r
+

ηm

r
∂ Im

∂θ
+ξm

∂ Im

∂ z
− 1

r
∂ (ηmIm)

∂ω
= −β Im+κIη , b+

σs

4π

M

∑
m”=1

Φ(m”,m)Im”wm”

(2)

The number of PDEs in the system is determined by the order of the calculations (i.e.,45

the level of refinement in the angular discretization), denoted by SN where N in an even

whole number, and requires the specification of a quadrature set. The quadrature sets

used in the present work are given in Table 1.
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Table 1: LSH quadrature sets for S2, S4, S6, and S8 simulations.

SN µm ηm ξm wm

S2 [15] 0.5773503 0.5773503 0.5773503 1.5707963

S4 [16] 0.295876 0.295876 0.908248 0.523599

0.90824 0.295876 0.295876 0.523599

0.295876 0.908248 0.295876 0.523599

S6 [16] 0.191486 0.191486 0.962635 0.178015

0.694022 0.191486 0.694022 0.345584

0.191486 0.694022 0.694022 0.345584

0.962635 0.191486 0.191486 0.178015

0.694022 0.694022 0.191486 0.345584

0.191486 0.962635 0.191486 0.178015

S8 [15] 0.142255 0.142255 0.9795543 0.1712359

0.5773503 0.142255 0.8040087 0.0992284

0.1422555 0.5773503 0.8040087 0.0992284

0.8040087 0.142255 0.5773503 0.0992284

0.5773503 0.5773503 0.5773503 0.4617179

0.142255 0.8040087 0.5773503 0.0992284

0.9795543 0.1422555 0.1422555 0.1712359

0.8040087 0.5773503 0.1422555 0.0992284

0.5773503 0.8040087 0.1422555 0.0992284

0.142255 0.9795543 0.1422555 0.1712359

When using a finite-volume computational grid, different spatial differencing schemes

can be applied to the DOM [17]. In the present study, the diamond differencing method50

was chosen. Assuming the medium is composed of both particles and gases, particles

are purely forward scattering (which has been shown to be a reasonable assumption for

coal combustion environments [18]), and applying the diamond difference scheme, an
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expression for the computational cell center intensity, Im,c, as a function of upstream

intensities at cell faces (Im,r, Im,θ , and Im,z) can be derived from Eq. 255

Im,c =
µmArIm,r +ηmAθ Im,θ +ξmAzIm,z +αmIm1/2,c +V (κgIb,g +κpIb,p)

µmAr +ηmAθ +ξmAz +αm +V κt
(3)

and

Ar =

(1+ f )Ai + f Ai+1 µ > 0

(1+ f )Ai+1 + f Ai µ < 0
(4a)

Aθ = (1+ f )A j (4b)

Az = (1+ f )Ak (4c)

where Ar and Ar+1 are the areas normal to the r-direction at the inner and outer radii

of a given cell, Aθ is the area of the surfaces normal to the θ -direction in a given

cell, Az is the area normal to the z-direction of a given cell, µ is a direction cosine

indicating the direction of intensity propagation in the radial direction, and f is the60

diamond differencing factor. The diamond differencing factor, f , can range between

0 and 1, which limits represent upwind and central differencing respectively. After

the cell-center intensity is found, the so called downstream intensities can be found

through extrapolation using

Im,r+1 = (1+ f ) Im,c− f Im,r (5a)

Im,θ+1 = (1+ f ) Im,c− f Im,θ (5b)

Im,z+1 = (1+ f ) Im,c− f Im,z (5c)

Im+1/2,c = (1+ f ) Im,c− f Im−1/2,c (5d)
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Equation 3 can be reduced for axisymmetric simulations to65

Im,c =
µmArIm,r +ξmAzIm,z +αmIm−1/2,c +V (κgIb,g +κpIb, p)

µmAr +ξmAz +αm +V κt
(6)

Additionally, under the axisymmetric assumption, I(r,θ ,z,µ,η ,ξ )= I(r,θ ,z,µ,−η ,ξ ).

This means that, instead of solving intensities in all eight octants as in 3D simulations,

they need only be calculated for four octants or one hemisphere. In the present work,

the +η hemisphere was chosen.

For 1D DOM calculations, Equation 6 can be further reduced to70

Im,c =

√
1−ξ 2

m AwallIm,wall +ξmAzIm,z +V (κgIb,g +κpIb, p)√
1−ξ 2

m Awall +ξmAz +V κt
(7)

Similar to axisymmetric cases, 1D calculations need only calculate intensities in two

octants. In the present work, the octants where both µ and η are positive were selected.

Incident heat flux, q′′, can be found using

q′′ = ∑
Ω=2π

bζ wmIinc (8)

where b is used to account for the fact that ordinates in only a limited number of octants

are calculated in the axisymmetric and 1D regions, ζ is an appropriate direction cosine,75

and wm is the weighting factor for each ordinate in a hemisphere. The specifications

for b, ζ , and Iinc can be found in Table 2.
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Table 2: Specifications of b, ζ , and Iinc used for finding incident flux at different boundaries.

Region Surface b ζ Iinc

3D Inlet 1 ξ Ik=1

Wall 1 µ Ii=I

Outlet 1 ξ Ik=K

Axisymmetric Inlet 2 ξ Ik=1

Wall 2 µ Ii=I

Outlet 2 ξ Ik=K

1D Inlet 4 ξ Ik=1

Wall 2 µ Ii=2

Outlet 4 ξ Ik=K

3. Methods

At the boundary between the 3D and axisymmetric regions, the intensities emitted from

the virtual boundary on the axisymmetric side were set to the area weighted intensities80

averaged over all values of θ incident on the 3D side, at the corresponding ordinate, r,

and z. This can be expressed mathematically as

Im,axi(r,z) =
∑

J
j=1 Az(r,θ j)

1
2

[
I+m, 3D(r,θ j,z)+ I−m, 3D(r,θ j,z)

]
∑

J
j=1 Az(r,θ j)

(9)

where, at the 3D-axisymmetric boundary, I+m and I−m refer to corresponding ordinates

in hemispheres where η is positive and negative respectively.

Intensities in the axisymmetric cells were then swept towards the boundary between85

axisymmetric and 1D regions. At the axisymmetric/1D boundary, the intensities leav-
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ing the 1D side were set equal to the average intensities incident on the axisymmetric

side. This can be expressed mathematically as

Im,1D(z) =
∑

I
i=1 Az(ri)

1
2

[
I+m, axi(ri,z)+ I−m, axi(ri,z)

]
∑

I
i=1 Az(ri)

(10)

where, at the axisymmetric-1D boundary, m+ and m− refer to intensities at correspond-

ing ordinates in hemispheres where µ is positive and negative respectively.90

Performance of the dimensionally adaptive DOM technique was evaluated using four

test cases. The first three, the black cavity, the gray cavity, and the gas filled cavity, are

idealized cases that are meant to evaluate potential sources of error. The final test case,

the POC reactor, examined performance when modeling a real system. Convergence

was defined to be the point at which the maximum change in the incident flux for any95

given wall cells from one iteration to the next was less than 1%.

3.1. Black Cavity

The black cavity test simulated radiative transfer in a black, cylindrical cavity with an

L/D ratio of 10. The inlet (top) and outlet (bottom) boundaries had temperatures of

900 K and 800 K respectively, and the side wall had an axial temperature profile of100

Twall

( z
D

)
= 900+100 sin

(
3π

20
z
D

)
(11)

which can also be seen in Figure 2.
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Figure 2: Axial temperature profile of the side wall of the cylindrical black cavity.

The 3D mesh used for the black cavity had 8 cells in the radial direction, 20 in the

azimuthal direction, and 81 in the axial direction (corresponding to 27 axial cells in

each dimensional region) for a total of 12,960 cells. The dimensionally adaptive ver-

sion had dimensional boundaries placed at z ≈ 3.33 and z ≈ 6.67, splitting the reactor105

into thirds. This resulted in a dimensionally adaptive mesh with 4,320 3D cells, 216

axisymmetric cells, and 27 1D cells for a total of 4,563 cells, an almost 65% reduction

in total number of cells.

3.2. Gray Cavity

The gray cavity test used the same mesh as the black cavity, but the number of az-110

imuthal cells was increased to 40 for a total of 25.92×103 cells in the fully 3D mesh
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and 8.88×103 cells in the adaptive mesh (an almost 66% reduction in the number of

cells) and the side wall temperature profile varied azimuthally according to

Twall

(
θ ,

z
D

)
= 900+100 sin

(
3π

20
z
D

)
+50 cos(2θ) exp

(
−2
∣∣∣∣10

6
z
D

∣∣∣∣2.5
)

(12)

where the exponential term provides azimuthal variation that reduces to < 1% at z = 0

and z = 3.33, the former allowing for a uniform temperature at the inlet and the latter115

corresponding to the boundary between 3D and axisymmetric regions (see Figure 3).

Finally, the inlet (top) and outlet (bottom) boundaries were set to temperatures of 900 K

and 800 K respectively. The emissivities of the inlet, walls, and outlet were set to 0.3,

0.5, and 0.7 respectively.

Figure 3: Temperature profile of the side wall of the cylindrical gray cavity.
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3.3. Gas Filled Cavity120

The gas filled cavity has boundaries identical to the gray cavity, but is filled with a par-

ticipating medium. Two different property profiles were considered. The first involved

a profile that varied only axially according to

Tg

( z
D

)
= 950−10

( z
D

)
(13)

with a uniform value of κt and shall henceforth be referred to as the axially varying gas

filled cavity. The second profile also had a uniform value of κt , but had a temperature125

profile that varied radially and azimuthally in appropriate dimensional regions accord-

ing to Equation 14 and shall henceforth be referred to at the fully varying gas filled

cavity.

Tg

( z
D

)
= 950−10

( z
D

)
+25 cos(2θ)

r
R

exp

[
−2
(

z
D
− 10

6

)2
]

+25
[

1−
( r

R

)2
]

exp

[
− 1

25

(
z
D
− 10

3

)4
]

(14)

3.4. POC Modeling

Brigham Young University’s (BYU’s) POC reactor is a down-fired pilot scale combus-130

tor designed to operate at a maximum firing rate of 100 kWt and a maximum pressure

of 20 atm. The main body of the reactor is a cylindrical pressure vessel composed

of a steel shell housing refractory layers measuring 76.2 cm (30 in) outer diameter,

20.32 cm (8 in) inner diameter, and 182.9 cm (6 ft) in length. Extending from the main

body are several clusters of view ports that extend out through the refractory walls,135

and also a section that tapers down to a slag tank and exhaust outlet. The early design

concept used as the basis for the present work can be seen in Figure 4.
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Figure 4: Early concept design of the interior of the POC reactor with burner inlet (top, white),
view ports (black) and flue gas outlet (dark gray).

As part of the POC reactor design process, Reaction Engineering International (REI)

was contracted to simulate the reactor using GLACIER software. GLACIER is an

established two-phase reacting CFD code with extensive coal combustion simulation140

capabilities [19, 20, 21, 22]. For the present work, the relevant gas and particle proper-

ties (κg,κp,Tg,Tp, and q′′inc) were extracted from the results of a converged GLACIER

simulation that utilized the burner configuration seen in Figure 5.

It should be noted that in the GLACIER simulation, the POC view ports were modeled

as being fully open (i.e., open to the flame). The significance of this is that, given the145

geometric limitations of the DOM code, the view ports could not be directly modeled.

While the presence of open view ports could have been approximated in the DOM

code through the proper modification of boundary conditions, it was chosen instead

to approximate incident flux at the holes by taking advantage of the periodicity of the

reactor by mapping wall boundary conditions from 90° offsets. While this does make150

the heat flux more axisymmetric, especially downstream from the burner, the presence

of the view ports is still felt in the form of lower gas and particle temperatures at radial

positions near the view ports.
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Figure 5: POC burner configuration used in the present work.

The GLACIER simulations used 1.60×106 cells to model just the main body of the

reactor whereas the present work used coarse, medium, and fine meshes with the fully155

3D versions containing 0.48×106, 0.96×106, and 1.91×106 cells respectively, and

only modeled the main body of the reactor (i.e., the observation ports and tapered

outlet were excluded). The reason for the difference in the number of cells is that,

while both used 163 cells in the axial direction, GLACIER used a 3D Cartesian mesh

with higher resolution to resolve the curvature of the reactor walls while all meshes160

used in the present work were cylindrical and did not require as much grid refinement

at the reactor walls.

3.5. Dimensional Boundaries

The location of the dimensional boundaries, i.e., the transition planes between 3D, ax-

isymmetric, and 1D sections of the dimenisonally adaptive simulations, were selected165

by calculating a parameter named the periodicity factor, which is defined as the cross-
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sectionally averaged magnitude of the tangential derivatives at a given axial location,

or symbolically as

P(z) =
1
r

∂φ

∂θ

∣∣∣∣∣
z

(15)

The periodicity of three variables was considered, axial velocity, temperature, and ra-

diative source terms (κgIb,g +κpIb,p). Plots of these periodicity factors can be seen in170

Figure 6.

Figure 6: Normalized periodicity factors for axial velocity, temperature, and radiative source
terms in the POC reactor.

The periodicity of the three variables considered did not all asymptote at the same

axial location. The radiative source term periodicity, PI , was chosen as the basis for

placing the transdimensional boundaries because it is the most relevant parameter for

calculating radiative heat flux. The boundary between the 3D and axisymmetric regions175

was placed at the local minimum value closest to the burner that was within 10% of

the average periodicity of the final 10% of the reactor length, placing it at z = 0.924 m

(36.4 in). The boundary between the axisymmetric region and the 1D region was then,
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somewhat arbitrarily, placed halfway between the 3D/axisymmetric transition and the

outlet, placing it at 1.38 m (54.2 in).180

4. Results

4.1. Black Cavity

The heat flux to the side wall of the black cavity was calculated on a dimensionally

adaptive mesh for S2, S4, S6, and S8 simulations (see Figure 7). It is clear that the

S2 simulation gives an inaccurate prediction of the heat flux, however, the difference185

in magnitude between the S2 calculations and the others is the result of using crude

angular resolution, not the result from using a dimensionally adaptive mesh. The effect

of the mesh, specifically the presence of the dimensional boundaries, can be seen in the

form of numerical oscillations, the severity of which decreases with increasing solution

order. In examining intensities incident on the side wall (see Figure 8) there are two190

things worth noting. First, it can be seen that the ordinates with the highest magnitude

of ξ display the greatest oscillations. This happens because the dimensional bound-

aries only directly affect intensities at z-normal surfaces. Second, it can be seen that

the oscillations appear predominately in intensities that are swept from the 1D region

towards the 3D region (i.e., that increase in dimensionality as they sweep axially). It is195

believed that this happens because, in a fully 3D simulation and for a given set of cells

at the same axial location, Im,r and Im,z follow the same general profile. However, in

a dimensionally adaptive simulation, Im,z is uniform over the entire axisymmetric-1D

boundary. Thus, when sweeping intensities across these cells in the ξ < 0 hemisphere,

a step change is introduced because Im,z does not match the behavior of Im,r. It is200

possible that this issue could be mitigated by assigning a variable intensity to the di-

mensional boundaries, or, because all ordinates are not equally affected by these step

changes, by using a different ordinate set.
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Figure 7: Comparison of incident heat flux to the side wall for different calculation orders run
on a dimensionally adaptive mesh.

(a) (b)

Figure 8: Incident wall intensities from an S6 calculation for a single octant for which (a) ξ > 0
and (b) ξ < 0.

4.2. Gray Cavity

As was seen in the black cavity test, the dimensionally adaptive meshes displayed205

numeric oscillations (see Figure 9). Examining the tangential flux profile (see Figure

9a) it can be seen that, while the magnitude of the incident flux has greater variability,

it is still a smooth curve. This suggests that the numerical oscillations only propagate
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axially and that the increased variation in the tangential flux profile is the result of

the axially propagating oscillations seen in Figures 9b-9d. This occurs because the210

oscillations are produced, as noted in Section 4.1, by a mismatch in the form of either

an over prediction or an under prediction between Im,z and the other intensities in the

cells adjacent to the dimensional boundaries. This mismatch is then inverted (i.e.,

under predictions become over predictions and vice-versa) when Eq. 5d is applied to

extrapolate across the cell.215

Quantitative results of the differences in incident wall heat flux can be seen in Table

3, which reports the percent difference averaged over each region of the adaptive mesh

as well as averaged over the whole reactor. As can be seen, the difference between the

fully 3D and the adaptive mesh simulations tends to improve with increased angular

resolution. One exception to this trend is the 1D region of the S4 calculations. The220

reason for this is that the gray walls allow the oscillating flux in the axisymmetric

region to reflect downstream into the 1D region, producing a difference in incident

flux, relative to the 3D simulations. These differences are then normalized relative to

the 3D solutions. It was observed that, similar to how the S2 flux was≈ 30% higher on

average than the S4 flux, the S4 flux is≈1.2% higher on average than the S6 flux, which225

in turn is ≈ 0.2% higher on average than the S8 flux. Thus, the behavior observed is

the result of the absolute difference decreasing with increased angular refinement while

the percent difference is normalized against lower values, which increases the percent

difference.
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(a) (b)

(c) (d)

Figure 9: Incident heat flux from the S4 calculations plotted along (a) z/D = 1.05 (b) θ = 0◦

(c) θ = 45◦, and (d) θ = 90◦.

Table 3: Percent difference in incident side wall flux between the fully 3D and dimensionally
adaptive mesh simulations of the gray cavity.

% Difference

Region

SN
S2 S4 S6 S8

3D 3.87% 2.17% 1.98% 1.58%

Axisymmetric 1.21% 1.25% 0.46% 0.45%

1D 0.84% 0.40% 0.49% 0.33%

Overall 1.97% 1.28% 0.97% 0.79%
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4.3. Gas Filled Cavity230

The gas filled cavity was used to investigate the effect of a participating medium on the

numerical oscillations seen in the Section 4.2. As noted in Section 3.3, two different

gas profiles were used; one that varied only axially and the other having axial, radial,

and azimuthal variations. The purpose of examining two different gas property profiles

was to determine whether results were improved by the mere presence of a participating235

medium or by the specific profile of a participating medium. Because S4 calculations

are widely used for combustion simulations (given their reasonable balance of angular

refinement, accuracy, and computational efficiency), S4 calculations were performed

with both gas profiles under five different conditions, namely optical diameters (κ×D)

of 0.25, 0.5, 1, 2, and 4.240

Accuracy results for the axially varying and fully varying gas filled cavities can be

seen in Table 4 and 5 respectively. It can be seen that both cases follow similar trends,

with accuracy in the 3D and axisymmetric regions improving with increased optical

thickness. However, the axially varying cavity tends to be more accurate in the 3D

and axisymmetric regions versus the fully varying cavity. This suggests that the mere245

presence of a participating medium can improve agreement between the adaptive and

fully 3D mesh simulations in the 3D and axisymmetric regions, but also, to a lesser

extent, shows the specific profile of the medium matters. Additionally, it can be seen

that accuracy in the 1D region initially decreases with increased optical thickness, but

eventually improves. It is believed that this happens because Equation 7 essentially250

represents radiation between two parallel plates which are separated by a distance, D.

However, it can be shown that the view factor weighted average path length of a circle

to itself is 8
3π

D. In order to estimate the amount of error that this might introduce,

consider the paradigm used by Adams and Hosler [18] wherein incident intensity at a

given surface, Iinc, is expressed as a weighted sum of an intensity from a source, Isrc,255

such as a wall or a flame, and an intensity from the medium separating the two, Imed .

The relative contributions of the two sources on incident flux is a function of the optical

thickness of the medium, κ S. The incident flux is dominated by Isrc for an optically
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thin medium and by Imed for an optically thick medium. This relation can be expressed

mathematically for a single ray of intensity in one direction as260

Iinc = exp(−κS) Isrc +[1− exp(−κS)] Imed (16)

It can be shown that the percent error, e, for Equation 16 for S = D versus S = 8D
3π

is

given by

e =
[exp(−κD)− exp(− 8κ

3π
D)] (Isrc− Imed)

exp(− 8κ

3π
D) Isrc +[1− exp(− 8κ

3π
D)] Imed

(17)

Figure 10 compares the error from the two gas filled cavities and Equation 17 with Isrc

set to gray body emission at an emissivity of 0.5 and a temperature of 836.3 K (the

emissivity and average temperature of the wall in the 1D region), and Imed being set to265

black body intensity at 866.7 K (the average gas temperature in the 1D region). It can

be seen that the error in the 1D region of the gas filled cavities agrees with the behavior

of the percent error defined in Equation 17.

Table 4: Percent difference in predicted incident wall heat flux between the 3D and dimension-
ally adaptive simulations of the axially varying gas filled cavity.

% Difference

Region

κ×D
0 0.25 0.5 1 2 4

3D 3.87 1.39 0.98 0.46 0.14 0.02

Axisymmetric 1.21 0.59 0.40 0.15 0.06 0.03

1D 0.84 2.65 3.84 4.00 2.92 0.96

Overall 1.97 1.55 1.74 1.54 1.04 0.33
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Table 5: Percent difference in predicted incident wall heat flux between the 3D and dimension-
ally adaptive simulations of the fully varying gas filled cavity.

% Difference

Region

κ×D
0 0.25 0.5 1 2 4

3D 3.87% 1.43% 1.03% 0.53% 0.19% 0.03%

Axisymmetric 1.21% 0.54% 0.31% 0.14% 0.15% 0.14%

1D 0.84% 2.60% 3.78% 3.96% 2.91% 0.96%

Overall 1.97% 1.52% 1.71% 1.54% 1.08% 0.38%

Figure 10: Percent error introduced by approximating a cylinder as a 1D slab compared to per-
cent differences seen in the 1D region of the gas filled cavities.

4.4. POC Modeling

The POC design was used to test the performance of dimensionally adaptive simula-270

tions on a realistic system. The balance between agreement and speedup was examined
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as a function of both spatial and angular refinement. The number of iterations and time

required to run said iterations is based solely on successful iterations (i.e., iterations for

which no negative intensities were encountered which would have required adjusting f

and restarting the sweeps). This was done in part because the number of iterations re-275

quired for radiation to converge, when used as part of a multi-physics problem, varies

throughout the simulation; as the problem approaches convergence, each individual

solver typically requires fewer iterations to converge.

The impact of increasing spatial and angular refinement on agreement can be seen in

Tables 6 and 7 respectively. The medium mesh was used for the angular refinement280

study. As was seen in the gas filled cavities, the 1D region was most impacted by the

switch from a fully 3D mesh to a dimensionally adaptive mesh. This occurs because

the 1D region has an average optical thickness of κ×D≈ 0.75. This places it near the

maximum observed in Figure 10.

Table 6: Percent difference in incident side wall heat flux between the fully 3D and adaptive
results at different levels of spatial refinement.

% Difference

Region Coarse Medium Fine

3D 0.08 0.04 0.04

Axisymmetric 0.32 0.35 0.30

1D 1.20 1.13 1.14

Overall 0.42 0.38 0.38
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Table 7: Percent difference in incident side wall heat flux between the fully 3D and adaptive
results at different levels of angular refinement.

% Difference

Region

SN
S2 S4 S6 S8

3D 0.165 0.035 0.031 0.029

Axisymmetric 0.211 0.349 0.347 0.344

1D 2.130 1.131 1.147 1.146

Overall 0.656 0.381 0.382 0.380

The impact of increasing spatial and angular refinement on run time can be seen in285

Tables 8 and 9 respectively. The speedup per iteration from using an adaptive mesh

increased with increasing spatial resolution. The overall speedup did not increase or

decrease monotonically because the number of iterations required for convergence was

not consistent across all the meshes. Increasing angular resolution tended to decrease

the speedup seen per iteration. One hint as to why this is the case is that the very first290

iteration, having no previous iteration to use for an initial guess for I j, requires more

sweeping in the azimuthal direction and therefore takes more time than the others. The

S2 simulation on the fully 3D mesh, however, showed less improvement in computa-

tional time between the first and subsequent iterations than the other simulations. Once

again, trends in total runtime are skewed slightly by the fact that the coarsest simula-295

tions converged in a different number of iterations than the other simulations, however,

the trends in total speedup tend to follow the trends in per-iteration speedup.

It is also apparent that the dimensionally adaptive meshes took more iterations to con-

verge. The 1D outlet was observed to take the most time to converge, though the 1D

region as a whole converged slower than the 3D and axisymmetric regions. The con-300

vergence of the 1D region of the adaptive mesh would most likely improve if Equation

7 was modified to better represent the cylindrical geometry. This improved conver-

gence behavior would in turn improve the overall speedup, pushing it closer to the per
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iteration speed up. Optimization of under-relaxation factors may also improve perfor-

mance.305

Table 8: Calculation times for the 3D and dimensionally adaptive POC calculations at different
levels of spatial refinement.

(3D mesh / Adaptive mesh)

Mesh Coarse Medium Fine

Time per

iteration (min) 8.28 / 4.42 16.00 / 8.27 33.02 / 16.82

Speedup per

iteration (%) 46.6 48.3 49.1

Number of iterations 10 / 12 9 / 12 9 / 12

Total time (min) 82.8 / 53.1 144.0 / 99.2 297.2 / 201.9

Total speedup (%) 35.9 31.1 32.1

Table 9: Calculation times for the 3D and dimensionally adaptive POC calculations at different
levels of angular refinement.

(3D mesh / Adaptive mesh)

SN S2 S4 S6 S8

Time per

iteration (min) 5.7 / 3.0 16.00 / 8.27 30.1 / 16.5 48.8 / 30.7

Speedup per

iteration (%) 48.0 48.3 45.1 37.1

Number of

iterations 9 / 14 9 / 12 9 / 12 9 / 12

Total time (min) 51.1 / 41.3 144.0 / 99.2 270.7 / 198.2 439.5 / 368.4

Total speedup (%) 19.1 31.1 26.8 16.2
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5. Conclusion

The discrete ordinates method was applied to dimensionally adaptive computational

meshes representing high aspect ratio cylindrical combustors. DOM calculations per-

formed on four such configurations were seen to reduce run time while introducing

minimal error. These errors primarily stem from numerical oscillations that are created310

at dimensional boundaries when sweeping from a region of lesser to a region of higher

dimensionality. Participating media were observed to dampen out these oscillations

with the 3D region being most benefited by increased optical thickness. The present

work effectively modeled the 1D region of the dimensionally adaptive simulations as

1D slabs. This approximation introduces error that is most pronounced for moderately315

thick systems (κ×D≈ 1).

When applied to BYU’s POC system, the use of dimensionally adaptive meshes im-

pacted the incident heat flux calculations, on average, by less than 1% across all tests.

Additionally, speed increases per iteration of between 37.1% and 49.1% were observed

and increases for the overall process of between 16.2% and 35.9%. The discrepancy be-320

tween per iteration speedup and overall speedup was due to the dimensionally adaptive

simulations requiring more iterations to converge, with the 1D region being the slowest

to converge. The number of iterations would likely be improved by improving the 1D

portion of the dimensionally adaptive model to better represent curved geometry.

Although the results presented herein were specific to cylindrical reactors, it is expected325

that any combustor geometry that can reasonably be modeled as having distinct sequential

3D, 2D, and 1D property regions would exhibit similar trends in numerical behaviors,

namely, a reduction in computational time and a propensity for dimensional boundaries

to produce numerical oscillations which are dampened by participating media. The

extent of the computational speedups and numerical oscillations would depend on the330

specific combustor geometry, properties, and relative spatial dimensions of the different

dimensional regions.
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Future work on the current cylindrical DOM implementation should include deter-

mining optimal under-relaxation factors, improving the 1D portion of the model, and

evaluating the robustness of the technique as part of a multi-physics simulation.335

Acknowledgment

Acknowledgment: This material is based upon work supported by the Department of

Energy under Award Number DE-FE0029157.

Disclaimer: This report was prepared as an account of work sponsored by an agency of

the United States Government. Neither the United States Government nor any agency340

thereof, nor any of their employees, makes any warranty, express or implied, or as-

sumes any legal liability or responsibility for the accuracy, completeness, or usefulness

of any information, apparatus, product, or process disclosed, or represents that its use

would not infringe privately owned rights. Reference herein to any specific commer-

cial product, process, or service by trade name, trademark, manufacturer, or otherwise345

does not necessarily constitute or imply its endorsement, recommendation, or favoring

by the United States Government or any agency thereof. The views and opinions of

authors expressed herein do not necessarily state or reflect those of the United States

Government or any agency thereof.

References350

[1] F. Xia, Z. Yang, A. Adeosun, A. Gopan, B. M. Kumfer, R. L. Axelbaum, Pres-

surized oxy-combustion with low flue gas recycle: Computational fluid dynamic

simulations of radiant boilers, Fuel 181 (2016) 1170–1178.
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