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Abstract—This paper focuses on the speed planning problem
for connected and automated vehicles (CAVs) communicating
to traf�c lights. The uncertainty of traf�c signal timing for
signalized intersections on the road is considered. The eco-driving
problem is formulated as a data-driven chance constrained
robust optimization problem. Effective red light duration (ERD)
is de�ned as a random variable, and describes the feasible
passing time through the signalized intersections. Usually, the true
probability distribution for ERD is unknown. Consequently, a
data-driven approach is adopted to formulate chance constraints
based on empirical sample data. This incorporates robustness
into the eco-driving control problem with respect to uncertain
signal timing. Dynamic programming (DP) is employed to solve
the optimization problem. Simulation results demonstrate that the
proposed method can generate optimal speed reference trajecto-
ries with 40% less vehicle fuel consumption, while maintaining the
arrival time at a similar level compared to a modi�ed intelligent
driver model (IDM). The proposed control approach signi�cantly
improves the controller's robustness in the face of uncertain signal
timing, without requiring to know the distribution of the random
variable a priori.

Keywords—Data-driven, Eco-driving, Robust control, Traf�c sig-
nal, CAV.

I. I NTRODUCTION

Connected and automated vehicle (CAV) technology is
revolutionizing the automotive industry. In particular, CAVs
may signi�cantly improve safety, energy economy, and conve-
nience, with the abilities for self-driving, path/velocity plan-
ning, vehicle-to-infrastructure (V2I), and vehicle-to-vehicle
(V2V) communications [1], [2]. Optimal eco-driving control
– a promising technology enabled by CAVs – is de�ned as a
velocity planning and control method to achieve better energy
economy [3]. Intuitively speaking, optimal eco-driving seeks
the best velocity trajectory to minimize energy consumption.
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Fig. 1. Hierarchical control architecture for energy-optimal operation of
CAVs. Generally, 100% safety and energy-ef�cient can be achieved by
combining eco-driving with real-time planning/control. This paper focuses on
the global eco-driving control problem facing traf�c light disturbances.

A. Overall Control Architecture
In the literature, optimal eco-driving is also referred as

ecological driving, speed trajectory planning, driving advisory
or driver assistance systems [4]. One may conceptualize eco-
driving as one supervisory layer within a multi-layer hierarchi-
cal control architecture for CAVs, depicted in Fig. 1. Due to
space limitation, this architecture cannot be comprehensive, but
it covers the critical blocks required for CAV implementation.

� The eco-routing block determines the most energy-
ef�cient route, given user requirements and route data
(such as road grade, traf�c condition, or facilities [5]).
This block outputs the optimal route, i.e. a set of way-
points along with the intersection locations, speed limits,
road grade [6]. Note that eco-routing and eco-driving can
be coupled together and work simultaneously.

� The eco-driving block is the scope of this paper. This
block takes route information and computes the energy-
optimal speed trajectory. Some constraints depend on
the driving context: for instance, passing a signalized
intersection green phases. Historical data of signal phase
and timing (SPaT) and dedicated short range communi-
cations (DSRC) might be required.

Digital Object Identi�er: 10.1109/JIOT.2020.2968120

2327-4662 c
 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more info rmation.



LATEX CLASS FILES, IEEE TRANS ON 2018 5

CAV starts to drive CAV passes the intersection

Fig. 3. De�nitions of the symbols used to describe the SPaT at an intersection.

indicate the cumulative distribution function (CDF) of� i .
Equation (17) can be re-written as,

Pr(� i � ci
p � ci

r ) = F (ci
p � ci

r ) � 1� �; 8 � 2 [0; 1]: (18)

We assume the CDFF (�) is bijective, and therefore has an in-
verse functionF � 1(�). Thus, we can solve for the optimization
variableci

p to obtain

ci
p � ci

r + F � 1(1 � � ); 8 � 2 [0; 1]: (19)

Again, ci
p is the passing time of the subject vehicle through

the i th intersection in the signal-cycling clock, which is a
function of the control and state variables,ci

p(x; u). After
replacing the constraint (15) with (19), we arrive at the robust
optimal eco-driving control formulation. This formulation is
denoted asProblem 2, which requires the CDF of� i to be
known to solve the problem.

3) Problem 3: Random Timing with Unknown Probability
Distribution: Assume� i is a random variable over time 0 to
(ci

f � ci
r ), whose probability distribution is usually unknown

in real life. The distribution of� i might also vary at different
times of the day (rush hour versus 3:00 am), seasons or
locations. Thus,� i may not be accurately modeled by a single
probability distribution function.

The optimal eco-driving formulation of (10)-(14) with un-
known distribution of� i is denoted asProblem 3, which we
intend to solve via the data-driven chance constrained optimal
control in Section IV.

4) Problem 4: Random Timing with Unknown Probability
Distribution and Estimated Car Waiting Queue: Car waiting
queue impacts the velocity optimization problem by causing
greater delay on the feasible traveling time window while
the vehicle is driving through intersections. In this paper, we
assume the queue lengthsi

w and the caused delayt i
w are

estimated via high-resolution traf�c data, as illustrated in Fig.
3. Thus, we can have

ci
p � ci

r + t i
w + F � 1(1 � � ); 8 � 2 [0; 1]: (20)

This formulation while considering car waiting queue is de-
noted asProblem 4, which can also be solved via the proposed
data-driven chance constrained optimal control approach.

B. Dynamic Programming
Dynamic programming (DP) is employed to solve the non-

linear optimal control problems 1 and 2, with an implementa-
tion methodology described in [36]. By breaking a complicated

problem into simpler sub-problems in a recursive manner, DP
is able to solve multi-stage optimal decision making problems.

Denoting the cost at thekth step bygk (xk ; uk ), the cost
function (10) can be approximated by a discrete summation,

J =
N � 1X

k=0

gk (xk ; uk ) + gN (xN ): (21)

According to Bellman's principle of optimality equation, the
objective is to minimize the following cost-to-go function at
each stagek,

Vk (xk ) = min f gk (xk ; uk ) + Vk+1 (xk+1 )g (22)
= min f gk (xk ; uk ) + Vk+1 (f (xk ; uk ))g;

whereVk (xk ) is the value function (a.k.a. “cost-to-go” func-
tion). It represents the minimum cost from stagek to stage
N , given that the state is initialized toxk at stagek. Note,
also, that substitution of general dynamicsxk+1 = f (xk ; uk ).
The terminal cost atk = N is given by the boundary (a.k.a.
terminal) conditions in (14),

VN (xN ) = gN (xN ): (23)

Assume the optimal control and state variable trajectories
for the optimal control problem areU � andX � , respectively,
then

U � =
�
u�

0; u�
1; u�

2; :::; u�
N � 1

� T
;

X � = [ x �
0; x �

1; x �
2; :::; x �

N ]T ;
(24)

Based on terminal condition (23), the optimal control policy
can be computed by the following backward recursive algo-
rithm starting from step(N � 1) to 0,

u�
k = arg min

u k 2U D

f gk (xk ; uk ) + Vk+1 (f (xk ; uk ))g (25)

8xk 2 X D ;

whereUD and XD are the feasible control and state variable
constraint sets, respectively. Functionf (x; u) represents the
eco-driving control system dynamics. Interested readers are
referred to [37], [38] for a detailed exposition of DP.

IV. DATA -DRIVEN CHANCE CONSTRAINTS

When the probability distribution of� i is unknown, a data-
driven approach is employed to establish equivalent distribu-
tionally robust chance constraints forProblem 3 and 4.

A. Distributionally Robust Chance Constraints (DCCs)

The optimal eco-driving control solutions could be very
sensitive to ambiguous variations of the probability distribution
for � i . As such, the solutions may be suboptimal in practice
with improperly formulated chance constraints. In this case,
an optimization program with distributionally robust chance
constraints (DCCs) is proposed, where the constraint in (18)
is reformulated into

inf
P2D

Pf � i � ci
p � ci

r g � 1 � �; 8 � 2 [0; 1]; (26)
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and
l � = lim

x !+ 1
� (x)=x

� =

8
<

:

�1 ; for � ([f 0 = 0]) = 0
0; for � ([f 0 = 0]) > 0
1; otherwise

m(� �) := sup f m 2 R : � � 2 (�1 ; m]g
m(� �) := inf f m 2 R : � �(m) = + 1g

(43)

where � (�) represents the Lebesgue measure on R and [f 0 =
0] := f � 2 
 : f 0(� ) = 0 g, � � is the conjugate function of
� , � is a convex function de�ned on R+ , with � (1) = 0
and � (x) = + 1 , for x < 0. Variables z and z0 are
the dual variables corresponding to the following constraints,
respectively:

Z



�

 
f �(� )

f̂ (� )

!

f̂ (� )d� � d;

Z



f (� )d� = 1 :

(44)

Speci�cally, for general � -divergence, l � � m(� �) always
stands. Without any loss of generality, the constraint z0 + �z �
l � can be relaxed. Interested readers should consult Appendix
2 of [33].
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