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urements of physical quantities are often made relative to a reference quantity, simplifying the i
tion of the measurement and its uncertainties. However, if applied without careful considerations,
ique can carry with it a significant and complex systematic error that is usually ignored. For exam
rements of continuous neutron spectra relative to a reference spectrum yield a result that does
rly include the important effects of neutron scattering in the experimental environment. These eff

distort the measured spectrum shape and create notable errors in spectrum-integrated quant
this effect is one of a series of known potential sources of systematic error including, but not limit

t impurities, angular distributions, incident beam flux, and others, the error introduced from differe
ironmental scattering effects between the reference and desired spectra are frequently overlooked
ork, we demonstrate the origin of this error using simulated data corresponding to measurements o
on-induced prompt fission neutron spectra of 233U, 235U, 238U, and 239Pu as well as the spontan

neutron spectrum of 252Cf. Errors in the spectrum shape can be as high as 10–15% depending on
ination of incident and outgoing neutron energy. The spectrum integral and average spectrum en
ontain errors that change with incident neutron energy and can be as high as ∼2%. While this s
ed on simulated data, we also show a method for proving that this error exists in an experimental
d we show a correction that can be applied to results of this type to obtain a more accurate re

by largely removing systematic errors from environmental scattering effects. The potential for t
of errors should be considered in measurements producing continuous neutron spectra.

troduction

he use of a well-known reference in the measurement of a desired quantity is a common technique a
all areas of physics, especially in nuclear physics fields (see Refs. [1, 2] and references therein). T

nces are typically standards [3], whether it be proton or neutron capture, scattering, fission, or ano
on of interest, and are generally used in lieu of a separate measurement or simulation of the dete
ncy or a particle flux. While measurements relative to a reference can be reliable and simpler to inte
a measurement without a reference, underlying systematic errors in the data may also be easily glo
based on a misplaced trust in the reference or the method itself. For example, when measuring
rum of neutrons emitted during fission, generally termed the prompt fission neutron spectrum here

ajority of measurements have been made relative to the 252Cf spontaneous fission neutron spect
ed 252Cf(sf). See the summary of experiments listed in Tables I–IX of Ref. [4] spanning measurem

neutron-induced prompt fission neutron spectrum of 232Th, 233U, 235U, 238U, 237Np, 239Pu, 24

, 242Pu, 241Am, 242mAm, 243Am, 243Cm, 244Cm, 245Cm, and 246Cm, all with at least one impa
rement made as a ratio to the 252Cf(sf) spectrum. In total, these tables contain 44 experiments l
ectly measuring as a ratio to the 252Cf(sf) spectrum, though others also used 252Cf(sf) to mea
tion efficiencies, which amounts to a nearly identical analysis process.
general, the measurement of a desired spectrum with respect to a reference requires careful corre

fferences in background effects, angular distributions, target impurities, target density, and other eff
of which can carry with it a systematic error and uncertainty. However, in this work we narrow
to the fact that measurements of continuous neutron spectra (e.g., neutron spectra from fission, neu
ring, (n,xn), and other reactions) relative to a reference spectrum do not properly account for

rtant effects of neutron scattering in the experimental environment. The majority of existing litera
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s for prompt fission neutron spectra likely contain systematic errors related to this effect. Interesti
xperiment summary shown in Ref. [4] also notes that there appear to be systematic errors in
sets that appear to have not been taken into account. While there are many possible sources for t
own systematic errors, the errors discussed in the present work have rarely been considered and ma
jor contributor.

this work, we first demonstrate the importance of the distortion of a measured spectrum from
imental environment in Sec. 2. This process is easily shown for neutron spectra as neutrons ha
vely high probability to scatter before detection, and so this distortion is important even in environm
ed to achieve minimal neutron scattering. Subsequently, we show the errors introduced by measur

th spectrum relative to a single reference in a general way in Sec. 3. The existence of these errors is
n in Sec. 4 through an extraction of the reference spectrum using the inverse of the process describ
. We also show a method to reduce the errors on the shape of the measurement in Sec. 5 by consid
ccuracy with which the reference spectrum can be reproduced. The power of this correction is

be calculated for an experiment, where the true measured spectrum is not known. Sections 6
n contain demonstrations of the concepts in the previous three sections using the ENDF/B-VIII.
ations of prompt fission neutron spectra from the actinides 233U, 235U, 238U, and 239Pu, all of w
full theoretical descriptions of multichance fission and pre-equilibrium neutron emission process
F/B-VIII.0 and most of which have been involved in recent measurements using a reference spect
n 6 focuses on the distortions of the measured shapes, while Sec. 7 shows the errors introduce

rum-integrated quantities.

nvironmental Detector Response Matrix

onte Carlo simulations (e.g., MCNPr [6], GEANT [7], and others) are a common tool in modern
ses to explore physical effects in experiments that sometimes can not be accessed any other way
, Monte Carlo simulations produce spectra that are the result of integrations over the environm
tor response matrix. This matrix describes the convolution of the spectrum (energy, mass, etc.
les initially emitted from a target of interest with physical processes encountered in the experim
nment, including within the detector itself, to produce the observed spectrum. While the qua
erest depends on the experiment, a common consideration is the distortion of the outgoing par
y before detection. In γ-ray experiments, for example, the outgoing γ rays may have a series of
d energies based on level de-excitations. These γ rays may scatter in the environment before detec
ng a lower-energy γ ray incident upon a detector. These γ rays may also only deposit a portio
energy in the detector itself, which also lowers the measured energy. Neutron energy measurem
sually fundamentally different than γ-ray measurements in that it is instead the neutron time of fl
s used to determine the neutron energy. However, nearly all interactions with the environment re
eutron energy from the desired, initial particle energy, though now the lower energy is inferred from
sed flight time from the target to the detector because of scatters within the environment. This pro
reased time of flight from increased neutron path length and reduced neutron energy is referred
scattering.
r the purposes of this work, we will consider the distortion of neutron energies from interactions

nvironment of the Chi-Nu experiment, which uses an array of EJ-309 liquid scintillator detector
measure fission neutron spectra. This environment was designed to provide minimal distortio

easured spectrum from neutron scattering, though scattering still occurs and is an inevitable
tron-detection experiments. Fission neutron spectra are typically smooth, continuous, and consi

ons from thermal to 10’s of MeV in energy. Each neutron particle energy has a different set of interac
the experimental environment based on the nuclear reactions available at that neutron energy, w
rise to the complicated response matrix, R(E,Ei), shown in Fig. 1. Here, Ei is the initial neu
y upon leaving the interaction region, and E is the measured neutron energy inferred from the neu
of flight. The diagonal band in this matrix shows neutrons that were detected with a time of flight n
to that expected from the initial neutron energy, but all other neutrons with a lower measured en
initial energy are the result of downscattering processes. A vital feature of this simulated resp
x is that the simulation itself is highly detailed, including but not limited to all structural compon
target and detectors as well as the detector support structure, all cables, gas lines, and equipment
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1: (color online) The Chi-Nu liquid scintillator response matrix, R(E,Ei) is shown here. This matrix was calcu
CNPX-PoliMi.

ing walls around the detector, the beam pipe leading to the target, and the air within the environm
nclusion of all of these objects within the simulation allows for a study of how neutrons interact
objects in the flight path. This simulation has also been extensively validated over the developme
hi-Nu experiment [11–14]. While the effect of some of these individual components may be small,
tive presence can be observed in Fig. 1 as the structures in the downscattered neutrons.
this work, the greek indices α and β are used to specify an underlying nuclear reaction reaction,

ally distinguish between a reaction of interest, α, and a reference reaction, β. The spectrum of
s, c(E), observed from an experiment to measure the underlying energy distribution of neutrons, pα
ey leave an interaction of interest, α, will be defined as cα(E). This spectrum can be independ
ated, or it can instead calculated with an accurate response matrix as

cα(E) =
N∑

i=1

R(E,Ei)pα(Ei),

N is the number of initial energy bins in the response matrix, and E is the measured neutron en
this equation, it is clear that the number of counts at each measured energy, E, are directly influe
wnscattering of all neutrons with initial energies Ei ' E, subject to detector resolution effects.

easurement With Respect to a Single Reference

he common approach for extracting a measurement, mα|β(E), of a desired underlying energy spect
), with respect to a known reference spectrum, pβ(E), is given by

pα(E) ≈ mα|β(E) ≡ cα(E)

cβ(E)
pβ(E).

phasize here that while swapping the indices α and β in Eq. (2) results in a valid equation, both Eq
t’s index-swapped form are not generally accessible for a single experiment and can lead to erron
l results. This can be understood in terms of an experimental measurement of pα(E), where pα(E
nown beforehand and instead only the measurement mα|β(E) is available as an estimate of pα(E)
a real experiment, there would be corrections to consider for background subtraction, detector
target impurities and densities, angular distributions, and many other effects. However, none of t
s exist in simulations because the experimental environment and angular distribution can be held ex
ant between the different measurements, and can thus be ignored for the present discussion. Th
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alent to assuming that these effects have been accounted for in an experiment, and are incorpor

α(E) and cβ(E).
hen Eq. (2) is used in analysis of an experimental data, it is usually assumed that mα|β(E) wi
to the true spectrum pα(E), but this is almost never the case. Replacing the counts in Eq. (2)

efinition in Eq. (1), we obtain

mα|β(E) =

∑N
i=1R(E,Ei)pα(Ei)∑N
j=1R(E,Ej)pβ(Ej)

pβ(E).

nly ways this equation comes out to be correct, meaning with mα|β(E) = pα(E), as desired, are e
ectra pα(E) and pβ(E) are identical in which case the measurement is meaningless, or if the resp

x is diagonal, so that only a single initial energy, Ei, contributes to a measured energy, E [12, 14
atter is effectively impossible in a real measurement, and so Eq. (2) almost always introduces a system
into the inferred result.

roof of Inaccuracy of the Result

he inaccuracy of the assumptions associated with the approach described in Sec. 3 can be proven u
ple method available to any real experiment: calculate mβ|α(E) as a measurement of the refer
rum, pβ(E), with respect to the measured spectrum mα|β(E). A common mistake at this point w

assume that the counts obtained from a measurement of mα|β(E) are equal to cα(E), the co
ned from the original measurement of pα(E). This assumption incorrectly leads to the trivial resu

µβ|α(E) =
cβ(E)

cα(E)
mα|β(E),

=
cβ(E)

cα(E)

cα(E)

cβ(E)
pβ(E),

= pβ(E),

we have introduced the µβ|α(E) as the incorrect result to avoid confusion with mβ|α(E) later in
In fact, Eq. (4) is not valid in general because mα|β(E) is not necessarily equal to pα(E), as n

c. 3, and thus the counts obtained from a measurement of mα|β(E) are not necessarily equal to t
ned from the measurement of pα(E).
order to obtain an equation of equivalent form to Eq. (2), we must propagate the measured spect
E), through an accurate response matrix, R(E,Ei), to obtain the counts from the measuremen

rum mα|β(E). If Eq. (2) is valid, then mα|β(E) will be identical to pα(E), yielding the trivial r
in Eqs. 4–6, but it is precisely the validity of Eq. 2 being tested here. So, instead we calculate

mβ|α(E) =
cβ(E)

∑N
j=1R(E,Ej)mα|β(Ej)

mα|β(E),

=
cα(E)

∑N
j=1R(E,Ej)mα|β(Ej)

pβ(E).

ing the response matrix is correct, then we also obtain

mβ|α(E) =

∑N
i=1R(E,Ei)pα(Ei)∑N

j=1R(E,Ej)mα|β(Ej)
pβ(E).

, it becomes clear that the inversion process to calculate a measurement, mβ|α(E), of the refer
rum, pβ(E), is a direct test of the response matrix and the validity of Eq. (2). The ratio of resp
x sums will almost certainly not be unity, and thus the inferred reference spectrum, mβ|α(E), wil
ual to the known reference spectrum, pβ(E). To reiterate, it is true that in a real experiment differe
en the target thickness, composition, contaminants, angular distributions, and other effects can c
alities in these sums if not treated correctly. However, all of these effects are held perfectly cons
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se simulations, and so none of these effects are the source of the inequality of these sums calculat
ork. The only source of discrepancy is the difference in the spectrum shapes, and thus the differe
net environmental response of these spectra is the reason that mα|β(E) will generally not be equ

).

roposed Method for Correcting the Measured PFNS

can be shown that the inaccuracy with which the reference spectrum, pβ(E), is calculated in Eq. (
y related to the inaccuracy with which the measured spectrum pα(E) is calculated in Eq. (2). In
atio between the known reference spectrum, pβ(E), and the calculated reference spectrum, mβ|α
e directly applied to mα|β(E), yielding an alternate measured spectrum, m′α|β(E). In terms o

red shape, this alternate measurement is always closer to the true, initial energy spectrum, pα
the original measurement, sometimes negligibly different.
athematically, the proposed correction process is shown as

m′α|β(E) =

(
mα|β(E)

)
×
(
mβ|α(E)

pβ(E)

)
,

=

(
cα(E)

cβ(E)
pβ(E)

)

×
(

cβ(E)

pβ(E)
∑N
i=1R(E,Ei)mα|β(Ei)

mα|β(E)

)
,

=
mα|β(E) cα(E)

∑N
i=1R(E,Ei)mα|β(Ei)

,

= pβ(E)
cα(E)

cβ(E)

cα(E)
∑N
i=1R(E,Ei)mα|β(Ei)

,

=
pβ(E) c2α(E)

cβ(E)
∑N
i=1R(E,Ei)mα|β(Ei)

.

tion (10) shows that we are simply multiplying the mα|β(E) by the ratio of the calculated refer
E), to the known reference, pβ(E). However, Eq. (12) shows that this method effectively amo
easurement of pα(E) using the spectrum mα|β(E) from Eq. (2) as the reference. While this so

ar, it is actually an ideal case. Equation (2) gets increasingly accurate as the desired spectrum, pα
loser to the reference spectrum, pβ(E), and the measured spectrum, mα|β(E), should be much c
(E) than another reference. Interestingly, the corrected result in Eqs. (10)–(14), specifically Eq.
nts to the first iteration of the iterative spectrum unfolding method described in Ref. [16] with the
approximation of mα|β(E) given by Eq. (2) instead of by cα(E) as suggested in Ref. [16], though

for arriving at this solution here was quite different than its original derivation.
he correction suggested in Eq. (14) is especially powerful for correcting a series of measurements
ent underlying spectra (e.g., measurement of a single target nucleus for a range of incident beam ener
se Eq. (2) will bias the measured spectra towards the single reference, but the magnitude of that
es with the magnitude of the difference between the measured and reference spectra. Thus, as
red spectra get increasingly different from the reference, the underlying bias will increase as well. W

orrection, the bias is significantly reduced because the correction changes with the measured spect
s a final comment on this correction, successive applications or iterations of this correction follow
of Eq. (12) [16]

m
(n+1)
α|β (E) =

m
(n)
α|β(E)cα(E)

∑N
i=1R(E,Ei)m

(n)
α|β(Ei)

,

n is the iteration number. It should be noted here that the counts, cα(E), appear twice in Eq.
with n = 0), meaning that the statistical variations in this data set could be amplified if the resp
x is not diagonal, though these variations are small in the simulated data used for this work. Succe
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ations of this method will introduce additional factors of cα(E) and cβ(E), and thus statistical varia
be further exaggerated. Therefore, it may not be appropriate to carry out successive, or possibly

applications of this correction to data with significant statistical variations. However, we also p
hat these potentially amplified statistical fluctuations do not necessarily result in a correspond
sed covariance of the result because of the strong correlations between parameters in Eq. (14). Not
easurement mα|β(E) and the counts cα(E) are highly correlated from Eq. (2), and the measurem

E) in the numerator may largely cancel with m
(n)
α|β(Ei) in the denominator of Eq. (15) if the E

dominate the sum over the response matrix, i.e., if R(E,Ei) is close to diagonal. The determina
hether this correction should be applied must be made by the experimenter by comparing the si
orrection and the resulting covariance to that of the statistical variations in the data. Uncertai
iated with this general procedure are also discussed in Ref. [17].

emonstrations of Spectral Distortion and Proposed Corrections

e will now demonstrate the concepts described in Secs. 3, 4, and 5 using a series of fission neu
ra corresponding to recent nuclear data evaluations of the 239Pu(n,f) and 235U(n,f) prompt fi
on spectra [5]. It is extremely common for these smooth spectra spanning orders of magnitud
ing neutron energy to be measured relative to the spontaneous fission neutron spectrum of 252Cf
Eq. (2) (see Ref. [4] and the discussion provided in Sec. 1), and this spectrum is included in

nstrations shown in this section. An alternative method, referred to as the ratio-of-ratios method,
in Refs. [8, 10, 19] in which the correction to the measured spectrum is calculated for a series of cand
ra, and the average of these corrections is then applied to the measured spectrum. This procedu
ent from a typical reference measurement, and so the concepts are not directly comparable in the pre
ssion. Nonetheless, we include the average of the candidate spectra used in the ratio-of-ratios met
other spectrum in this discussion.
gures 2 and 3 show twenty examples each of a simulated measurement of a desired fission neu
rum, changing with each new panel along the x axis, with respect to reference spectrum, changing
new panel along the y axis. Figure 2 shows these examples for 239Pu(n,f) while Fig. 3 shows them
n,f). Spectra were calculated using the response matrix shown in Sec. 2. Each example is show
n panel with a label (a – e) for the different α indices and (1–5) for the different β indices. Since
rement of a spectrum using itself as a reference returns a trivial result as in panels (a5), (b4),
and (e1), these panels show the spectrum itself as a ratio to a 1.42 MeV Maxwellian distribution
-axis scale shown on panel (a5) applying to all of these panels. All panels have the same x-axis s
uld be emphasized that prior to division by the chosen Maxwellian distribution, PFNS distribu
nerally a factor of 10 or more higher at 2–3 MeV outgoing neutron energy than at 10–12 MeV. T
e error in the PFNS at a high outgoing energy may be less impactful than a more modest error

2–3 MeV.
these examples we use the ENDF/B-VIII.0 [5] evaluation of the 239Pu(n,f) and 235U(n,f) pro
neutron spectra at three different incident neutron energies: thermal incident neutron energy, 7 M

4 MeV. These incident neutron energies were chosen because they yield very different spectra du
hysical processes involved. Namely, second-chance fission (emission of a neutron from the acti
on compound nucleus before fission) becomes possible at approximately 6–7 MeV incident neu
y, and both third-chance fission (emission of two neutrons from the actinide-neutron compound nu
e fission) and pre-equilibrium neutron emission (emission of a neutron prior to fission with no comp
us formation) become possible near approximately 12–14 MeV incident neutron energy. See Ref. [4
nces therein for a description of these processes. Additionally, the thermal incident energy spectr
ally believed to be well understood, and thus testing the methods shown in this work on these sp
ticularly interesting [4, 5]. Incident neutron energies from 1–20 MeV have been measured for 239P
of three separate experiments using a single reference [10, 20, 21]. In Refs. [20] and [21], the 252C
rum was used as a reference for these spectra, and the ratio-of-ratios technique was used in Ref.
ar future publications for 235U are likely as well, and so the results shown here are also relevant to t
ses.
ch off-diagonal panel of Figs. 2 and 3 shows three curves: (1) the ratio of the measured spect
E), to the true spectrum, pα(E), as the solid, black line; (2) the ratio of the calculated refer
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2: (color online) Each panel of this figure shows the ratio of the spectrum shapes calculated from Eq. (2) (solid,
Eq. (9) (dashed, blue lines), and Eq. (14) (dotted, red lines), with the diagonal panels showing the spectra chose

demonstrations. Note that the y-axis scale for each panel along the diagonal is given on the y axis of panel (a5).
n contains measurements of a single spectrum with respect to each reference along the y axis, and conversely, eac
the measurements of each spectrum along the x axis for a single reference. See the text for a discussion.Jo
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3: (color online) Each panel of this figure shows the ratio of the spectrum shapes calculated from Eq. (2) (solid,
Eq. (9) (dashed, blue lines), and Eq. (14) (dotted, red lines), with the diagonal panels showing the spectra chose

demonstrations. Note that the y-axis scale for each panel along the diagonal is given on the y axis of panel (a5).
n contains measurements of a single spectrum with respect to each reference along the y axis, and conversely, eac
the measurements of each spectrum along the x axis for a single reference. See the text for a discussion.Jo
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rum from inverting Eq. (2), mβ|α(E), to the known reference spectrum, pβ(E), as the dashed,
3) the ratio of the alternate measured spectrum from Eq. (14), m′α|β(E), to the true spectrum, pα

e red dotted line. Partially-transparent, horizontal dash-dotted lines are also shown on these p
icate a ratio of 1% and 5% above and below unity. Panels that are reflected over the diagona

r analyses, swapping the measured and reference spectra. Each column in Figs. 2 and 3 shows
ent answers one would obtain for a single measured spectrum using a variety of references, and
hows the accuracy with which a variety of measured spectra can be reproduced for a given referenc
of practical application of the results shown in this work, the blue, dashed lines can be measured

periment provided the response matrix of the experimental environment is known, and the meas
E) spectra can be corrected by direct multiplication by the blue, dashed lines. Ideally, one would ins
t the measured spectrum by dividing mα|β(E) by the black lines on these figures, trivially yielding
d pα(E) spectrum, but as pα(E) is not known beforehand, these lines cannot be determined i
iment. Finally, as the blue, dashed line is calculated using spectra that are distorted through
tion, environmental scatters, and other effects, the correction is generally not perfect, and so the

d lines are typically not perfectly equal to unity.
f particular interest is row 2 in Figs. 2 and 3, showing measurements with 252Cf(sf) as a referenc
(a2) of Fig. 2, the trends for mα|β(E), mβ|α(E), and m′α|β(E) are all equal to 1 within 1% becaus

(n,f) prompt fission neutron spectrum at thermal incident neutron energy is reasonably similar to
Cf(sf). These small errors are reassuring considering the precision to which the thermal incident en
spectra is believed to be known [4, 5]. However, at 7 MeV incident neutron energy new physics fea
esent in the pα(E) spectrum (compare panels (a5) and (b4) in Fig. 2). While these new features are
uous, the 252Cf(sf) reference spectrum now produces a less accurate result for the measured spect
E), in panel (b2), with errors on the order of 2–3% in some regions. Finally, the 239Pu(n,f) pro
neutron spectrum at 14 MeV incident neutron energy now contains sharp features that are mark

ent from the 252Cf reference, and the measured spectrum is poorly reproduced in panel (c2) with e
% from E = 1–2 MeV, 3–4% from E = 4–7 MeV, and up to 10–13% from E = 7–10 MeV. Effect
me conclusions are true for the use of the ratio-of-ratios average spectrum in panels (a1), (b1),

though there are differences between the measured spectra using these different references on the o
1.5% at certain energies owing to the differences between the reference spectra.
itching from 239Pu(n,f) to 235U(n,f), row 2 in Fig. 3 shows errors in mα|β(E) that are significa
than those in Fig. 2 due to the differences in the 235U(n,f) prompt fission neutron spectra comp

Pu(n,f) and 252Cf(sf). The errors in mα|β(E) for 235U are on the order of 1–3%, 2–5%, and 4–
cident energies of 1, 7, and 14 MeV, respectively, and the shapes of the deviations from the the co
) distribution are quite different from 239Pu as well. Though they are not shown in this work, the re
ned in Fig. 3 were similar to those obtained for 233U(n,f) and 238U(n,f) because of the similar spec

and features between the uranium isotopes.
ith the exception of row (3) and column (c), i.e., the panels containing the fission neutron spect
eV incident neutron energy, the measured reference spectra, mβ|α(E) (blue, dashed lines), are

equal to the reflection over the line y=1 of the measured spectra, mα|β(E) (black, solid line
Figs. 2 and 3. This is perhaps not surprising since the measured reference spectra were calculate
ing the equation for mα|β(E). However, when sharper features like those in the 14 MeV spectra

nt, the measured reference, mβ|α(E), is notably not equal to the reflection of mα|β(E) over the
ecause these sharp features are distorted through neutron interactions in the environment. Fin
cases, the alternate measured spectra, m′α|β(E) (red, dotted lines), have a ratio closer to unity

riginal measurement, mα|β(E). In fact, for all panels outside row (3) and column (c), the alter
red spectrum is equal to the true measured spectrum, pα(E), within 1%. This accuracy is also tru
rements of the 14 MeV spectra of both 239Pu and 235U, but only for outgoing neutron energies b

V, i.e., below the sharper feature present in this spectrum. The error in the m′α|β(E) is still up to
E = 7 MeV.

pact on Spectrum-Averaged Quantities

stead of the spectrum itself, sometimes only the spectrum-averaged quantities are of interest.
ple, if one is concerned with measuring the integral of a prompt fission neutron spectrum per fi
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4: (color online) The errors in the integrals of spectra calculated according to Eq.(2) (mα|β(E)) and Eq. (14) (m′
α|

own as the solid and dashed lines, respectively, as a function of the lower integration energy limit. The upper
ways chosen to be 20 MeV. The black, red, and blue lines correspond to the ENDF/B-VIII.0 evaluation of the 2

neutron spectrum at incident neutron energies of 1, 7, and 14 MeV. The reference spectrum was chosen to be the
neous fission neutron spectrum in every case. See the text for a discussion.

tain an estimate of the average number of prompt neutrons emitted per fission, referred to as ν̄p,
tegral of both the reference spectrum and the measured spectrum are important. The impact on

rum integral is discussed in Sec. 7.1. Another common quantity of interest is the average energy o
on spectrum, typically termed the mean energy or 〈E〉. This quantity amounts to a division o
y-weighted spectrum integral by the unweighted integral. We explore the errors introduced in 〈E
.2.
clarify the meaning of the results in this section, in every case the results are shown as a ratio o
red quantity to the correct answer, which is known for the calculations done here. Thus, if one
ering using these trend lines as something like a correction factor for a measured data set, the co
r should be obtained by dividing the errors into the measured results, as opposed to multiplying.

ple, if an error of +2% is observed, then the measured result should be decreased by 2% to obtain
t answer.

nnormalized Spectrum Integral

hile the integral of a fission neutron spectrum is irrelevant in many cases because the measured spec
ically treated as a normalized probability distribution [22, 23], it is sometimes possible to ex
ities that depend on the integral of the observed spectrum. The average number of neutrons, ν̄p
ple, could potentially be extracted from fission neutron spectrum data as in Refs. [24, 25]. The
uced in the integral of the measured spectrum, mα|β(E), and in the alternate measured spect
E), can be determined as a ratio to the integral of the true spectrum, pα(E). However, as can be
. 2, there is typically an intermediate measured energy at which the measured spectrum switches
higher (lower) to being lower (higher) than the true spectrum. Thus, it follows that the accura
ectrum integral depends on the chosen integration limits.
gure 4 shows the errors introduced in integrals of mα|β(E) (solid lines) and m′α|β(E) (dashed l

e 239Pu(n,f) spectra considered in Fig. 2. The reference, β, is chosen to be the 252Cf(sf) spec
anel (d2) of Fig. 2) because this reference is particularly common in prompt fission neutron spec
rements. The upper limit of the integration is set to 20 MeV in all cases, which is above the energ
the spectrum becomes negligibly small. For reference, the lower integration limits of 0.4, 0.85,

nd 4.5 MeV represent the inclusion of approximately 90%, 70%, 50%, 30% and 10% of true spect
), in the integral. As would be expected by the trends in Fig. 2, the mα|β(E) integral contains a
for higher integration limits, and gets increasingly accurate as the lower limit is decreased. As a p
erence for typical uncertainties in ν̄p, the 252Cf(sf) spontaneous fission ν̄p value is evaluated to hav
tainty of 0.42% [5] with comparable uncertainties quoted for other nuclei, and so even errors below
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5: (color online) The errors in the integrals of spectra calculated according to Eq.(2) (mα|β(E)) and Eq. (14) (m′
α|

own as the solid and dashed lines, respectively, as a function of incident neutron energy. The integration range was a
to be 0.2–20 MeV. The black, red, green, and blue lines correspond to the ENDF/B-VIII.0 evaluations of the

238U, and 239Pu fission neutron spectra. The reference spectrum was chosen to be the 252Cf spontaneous fission ne
um in every case. See the text for a discussion.

e important. However, there appears to be a crossing point at approximately 0.5–0.7 MeV where
al starts to again become less accurate. On the other hand, the integral of m′α|β(E) remains accu

n approximately ±0.2% for all chosen integration lower limits. Measurements of ν̄p would ideally ex
to 0 MeV outgoing neutron energy, though this is difficult for the detectors used in this work. How
rors at 0 MeV lower integration limit may be roughly estimated by extrapolating the trends to 0 M
e mα|β(E) spectra discussed in Fig. 4, this yields errors of approximately +0.25%, −0.25%, and −

cident neutron energies of 1, 7, and 14 MeV, respectively, while the m′α|β(E) integrals appear to re

n ±0.2% below a 3 MeV lower integration limit.
addition to the errors in the 239Pu(n,f) fission neutron spectra as a function of lower integration l

so consider the error introduced in the mα|β(E)-based spectrum integrals over the full integration r
0 MeV) as a function of incident neutron energy in Fig. 5 for 233U(n,f), 235U(n,f), 238U(n,f),
(n,f). The general trends of increasing and decreasing error in Fig. 5 are reflective of the ons
ent fission channels. While the channels themselves are common to all of these isotopes, the thresh

agnitude of the resulting features in the prompt fission neutron spectra varies with isotope. Als
e seen from the 239Pu(n,f) mα|β(E) trend (solid, blue line), the incident energies of 1, 7, and 14
tually the minimally-impacted incident energies for this isotope, but the same energies can also b
ally-impacted incident neutron energies for another isotope, as is generally the case for the uran

es with the exceptions of Eincn = 14 MeV for 238U(n,f) and the increasing error trend in 233U(n,f
nc = 20 MeV. The corrected spectra are able to reproduce the correct spectrum integrals for all inci
on energies within 0.2% for all isotopes considered here.

ean Energy of Spectrum

he average neutron spectrum energy, 〈E〉, calculated as a ratio of the the energy-weighted spec
al to the unweighted integral discussed in the previous section, includes effectively two instances o
rum integral. The errors introduced in 〈E〉 values based on mα|β(E) and m′α|β(E) for the ENDF

239Pu fission neutron spectra at incident energies of 1, 7, and 14 MeV are shown in Fig. 6
ion of the integration lower limit, again as solid and dashed lines, respectively. As in Sec. 7.1
(sf) spontaneous fission neutron spectrum was chosen as the reference for the trends in Fig. 6, and
ation upper limit was held constant at 20 MeV. Conversely to the behavior of the spectrum integral

α|β(E) gets increasingly inaccurate below an integration lower limit of approximately 3.25 MeV,
polations down to 0 MeV of roughly -0.3%, 0.5%, and 1.0% for the 1, 7, and 14 MeV trends, respecti

uncertainties are to be compared to statistical uncertainties of 0.2–0.6% for recent measuremen
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6: (color online) The errors in the average spectrum energies, 〈E〉, for spectra calculated according to Eq.(2) (mα|
q. (14) (m′

α|β(E)) are shown as the solid and dashed lines, respectively, as a function of the lower integration energy

pper limit was always chosen to be 20 MeV. The black, red, and blue lines correspond to the ENDF/B-VIII.0 evalu
239Pu fission neutron spectrum at incident neutron energies of 1, 7, and 14 MeV. The reference spectrum was chos
252Cf spontaneous fission neutron spectrum in every case. See the text for a discussion.

9Pu fission neutron spectrum [10, 21] and to the evaluated uncertainties of ≈1% for 〈E〉 values
F/B-VIII.0, and thus represent potentially dominant sources of systematic error. However, the corre
rement, m′α|β(E), yields a an error of ≤0.1% for all calculation lower limits, and shows little indica

erent behavior for the extrapolation to 0 MeV. This improved accuracy of the 〈E〉 is to be expe
on the spectrum shape improvements shown in Fig. 2, but is notably different compared to the beh
spectrum integrals in Sec. 7.1.

s in Sec. 7.1, we also consider here the error trends for the full integration range as a function inci
on energy for all isotopes evaluated with complete treatments of multichance fission and pre-equilib
on emission processes in ENDF/B-VIII.0, shown in Fig. 7. It is first interesting to note that the
ctively constant for each isotope below 5 MeV incident neutron energy, implying that measurem
ing Eq. (2) are likely to produce the correct shape in the 〈E〉 as a function of incident neutron en
h the magnitude of this error appears to be the largest for 239Pu(n,f) in this incident energy ra
ermore, as opposed to a negative error slope at the introductions of new fission channels at ≈6
eV as in Fig. 5, 〈E〉 errors tend to increase sharply right at these energies. An overall positive
is also present in every isotope studied here. However, as was the case in the previous sections
E) trends have dramatically reduced errors compared to the mα|β(E) trends, staying within ≈
for all isotopes and incident energies shown here.

onclusions

this work we have demonstrated that the common method of using standard reference spectra to ex
sics results can yield considerable errors in the case of measurements of continuous spectra. This
ssed in the context of simulations of fission neutron spectra, but would also apply to measuremen
ons from neutron scattering, (n, xn), and similar reactions. Additionally, a method for proving that
exist in these types of measurements using a reference spectrum was demonstrated along with a me

rrecting the measured spectra to obtain a more accurate result. Considering all isotopes that cont
lete description of the relevant fission channels in the ENDF/B-VIII.0 nuclear data library, we sh
agnitude of these errors in the fission neutron spectrum shape and in spectrum-averaged quantities
tegral and the average energy of the neutron spectrum. The errors on these quantities can be
ared to evaluated uncertainties, and they change rapidly as alternate varieties of fission reactions,
chance fission and pre-equilibrium neutron emission, become available. However, in nearly every
roposed correction yielded a result with a greatly reduced error compared to the known input spe
ing the bias in the result by a factor of 10 or more in some cases. The demonstrations in this
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7: (color online) The errors in the average spectrum energies, 〈E〉, for spectra calculated according to Eq. (2) (mα|
q. (14) (m′

α|β(E)) are shown as the solid and dashed lines, respectively, as a function of incident neutron energy.

tion range was always chosen to be 0.2–20 MeV. The black, red, green, and blue lines correspond to the ENDF/B-V
tions of the 233U, 235U, 238U, and 239Pu fission neutron spectra. The reference spectrum was chosen to be the
neous fission neutron spectrum in every case. See the text for a discussion.

cally show that the overwhelmingly common technique of measuring fission neutron spectra as a
252Cf spontaneous fission neutron spectrum carries a systematic error that changes with the meas

rum and experimental environment that must be considered analyzing these data and using the
ar data evaluations.
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