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Abstract—This paper presents a multi-period active distribution
network planning (ADNP) with distributed generation (DG). The
objective of the proposed ADNP is to minimize the total planning
cost, subject to both investment and operation constraints. The
paper proposes a multi-stage stochastic optimization model to ad-
dress DG uncertainties over several periods, in which the decisions
are made sequentially by only using the present-stage information.
A nested decomposition method is proposed which applies the
stochastic dual dynamic integer programming (SDDIP) method
to address computational intractabilities of the proposed ADNP
approach. The presented numerical results and discussions on a
33-bus distribution system and a large-scale 906-bus system verify
the effectiveness of the proposed ADNP method and its solution
method.

Index Terms—Distribution network planning, uncertainty,
distributed energy resources, multi-stage stochastic programming.

NOMENCLATURE

Name Abbreviation

LN, ST, TR, DG Denote transmission lines, substa-
tions, transformers, and distributed
generators (DGs).

Indices

i, j, k, r Indices of buses.

Manuscript received April 15, 2020; revised August 9, 2020 and October 3,
2020; accepted October 17, 2020. Date of publication October 21, 2020; date of
current version April 19, 2021. This work was supported in part by National Key
Research and Development Program of China under grant 2016YFB0901900,
in part by National Natural Science Foundation of China under Grant 51977166,
in part by China Postdoctoral Science Foundation under Grant 2017T100748, in
part by Natural Science Foundation of Shaanxi Province under Grant 2020KW-
022, and in part by the auspices of U.S. Department of Energy by Lawrence
Livermore National Laboratory under contract DE-AC52-07NA27344 with IM
release number LLNL-JRNL-815905. Paper no. TPWRS-00623-2020. (Corre-
sponding author: Tao Ding.)

Tao Ding, Ming Qu, and Zekai Wang are with the Department of Electrical
Engineering, Xi’an Jiaotong University, Xi’an 710049, China (e-mail: tding15@
mail.xjtu.edu.cn; quming@stu.xjtu.edu.cn; dcxxx212@stu.xjtu.edu.cn).

Can Huang is with the Lawrence Livermore National Laboratory, Livermore,
CA 94550 USA (e-mail: can7huang@gmail.com).

Pengwei Du is with the Electric Reliability Council of Texas, Austin, TX
76574 USA (e-mail: pengwei.du@ercot.com).

Mohammad Shahidehpour is with the ECE Department, Illinois Institute of
Technology, Chicago, IL 60616 USA (e-mail: ms@iit.edu).

Color versions of one or more of the figures in this article are available online
at https://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPWRS.2020.3032830

t, h Indices of periods.
V Indices of segments in piecewise

linearization.
Sets

ΩN/ΩB Set of buses/lines.
ΩLN, ΩST, ΩTR, Set of transmission lines, substations,

transformers, DGs and load buses.ΩDG, ΩLD

Parameters

Rjk/Xjk Resistance/ Reactance of line (j, k).
μ Maximum penetration rate of DGs.
σ Annual interest rate.
PLD
k,t , QLD

k,t Active and reactive loads at bus k at
period t.

Nb Number of buses.
T Number of planning periods.
θk Power factor angle of the load at

bus k.
δLN
kr,t, δ

ST
k,t , δ

TR
kr,t, δ

DG
k,t Investment prices of (k, r)-th line, k-th

substation, (k, r)-th transformer and
k-th DG at period t.

γLN
kr,t, γ

ST
k,t , γ

TR
kr,t, γ

DG
k,t Maintenance prices of (k, r)-th line,

k-th substation, (k, r)-th transformer
and k-th DG at period t.

χLN
kr , χST

k , χTR
kr , χDG

k Equipment lifetime of (k, r)-th line,
k-th substation, (k, r)-th transformer
and k-th DG.

λt
ST Electricity purchase price at period t.

Umin
k , Umax

k , U0
k Lower and upper bounds of voltage

magnitude at bus k; the specified volt-
age at substation k.

ILN,min
kr , ILN,max

kr Lower and upper bounds of current on
(k, r)-th transmission line.

ITR,min
kr , ITR,max

kr Lower and upper bounds of current on
(k, r)-th transformer.

SLN,max
kr , STR,max

kr Apparent power capacities on (k, r)-
the transmission line and transformer.

PST,max
k , QST,max

k Active and reactive power capacities
of k-th substation.

PDG,max
k , SDG,max

k Active and apparent power capacities
of k-th DG.

M A large number.
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N Number of sampled scenarios.
Nt Number of sampled scenarios at pe-

riod t.
Nv Number of segments for linearization.

Variables

xLN
kr,t, x

ST
k,t , x

TR
kr,t, x

DG
k,t Binary variables representing the in-

vestment decisions of (k, r)-th line,
k-th substation, (k, r)-th transformer
and k-th DG at period t.

yLN
kr,t, y

ST
k,t , y

TR
kr,t, y

DG
k,t Binary variables representing the op-

eration decisions of (k, r)-th line, k-th
substation, (k, r)-th transformer and
k-th DG at period t.

OLN
kr,t, O

ST
k,t Binary variables representing the

accumulation of binary variables
xLN
kr,t, x

ST
k,t , x

TR
kr,t, x

DG
k,t from 1 to t.

OTR
kr,t, O

DG
k,t

Pkr,t, Qkr,t Active and reactive power flows on
(k, r)-th transmission line and trans-
former at period t.

PST
k,t , P

DG
k,t , QST

k,t , Q
DG
k,t Active and reactive power outputs by

k-th substations and DG at period t.
Wij,t Power flow on line ij at period t in the

fictitious network.
WST

k,t ,W
LD
k,t Generation and load at bus k at period

t in the fictitious network.
Uk,t Squared voltage magnitude at bus k at

period t.
Ikr,t Squared branch current on the line (k,

r) at period t.
αkr,t,v, βkr,t,v Dummy variables for linearizing ca-

pacity constraints of line flows and
DGs.

αk,t,v, βk,t,v

I. INTRODUCTION

ACCORDING to the US Energy Information Administra-
tion (EIA) in International Energy Outlook 2016 [1], [2],

the share of total renewable energy production will expand from
22% in 2012 to 29% in 2040. China also has been actively
promoting the growth of renewable energy resources (RERs)
through several initiatives such as the Action Plan of Energy
Development Strategy issued by the state council. Among var-
ious RERs, Distributed Generators (DGs), which are flexible
and easy to install, are growing rapidly globally. It is expected
that DGs will play an increasingly important role in reshaping
the future of electric power systems. DGs often represent small,
stand-alone power generation systems which are less than 10
MW and installed in distribution networks near load centers to
defer long-distance power transmission lines.

RERs possess a low energy-density requiring an enormous
space for large-scale and often costly installations of wind or
solar power plant. An alternative is to develop DGs which could
be scattered in distribution systems with significant impacts on
large thermal power supply, transmission network, and retail
consumers [3]. The integration of DGs at high penetration levels
could have an effect on the economics and the reliability of
distribution networks. Thus, the distribution network planning

with DGs, known as the active distribution network planning
(ADNP), commands additional studies on power system cost-
benefit analyses with a special attention to the impact of ADNP
on power system operation and control.

ADNP is a mixed-integer nonlinear programming problem
which can be modeled as either static or dynamic system [4], [5].
In a static formulation, the ADNP problem is solved at a single
period and investment decisions are made at the beginning of
the planning period [6], [7]. In a dynamic formulation, network
investments are determined over several successive planning
periods according to the practical requirements of each period
[8], [9]. The dynamic approach is flexible, but suffers from large
dimensionality and faces difficulties in formulating and solving
the problem considering the linkage between periods.

In terms of solution, several numerical methods were widely
applied to the multi-period ADNP problem. Reference [10]
presented a spatial power network planning problem which
considers environmental factors in electric line routing. A joint
extension planning model of multi-period DGs and distribution
networks was proposed in [11] and [12] without considering
DG uncertainties. Reference [13] investigated the incorpora-
tion of DG investment decisions in a multi-period distribution
expansion planning problem considering the timing, location,
and sizing of DG units. Reference [14] proposed a multi-period
long-term expansion planning model which was linearized to
form a mixed-integer linear programming (MILP) model which
was solved by classical optimization tools. In [15], an integrated
model was set up by taking into account the load growth un-
certainty and multi-period and multi-objective optimal ADNP.
Reference [16] presented an ADNP model considering medium-
and low-voltage systems for minimizing investment, operation,
and reliability costs. In [17], a multi-period ADNP model was
proposed with a piecewise linear objective function and relia-
bility constraints.

Reference [18] presented a new model for considering DGs in
an ADNP, in which the optimal power flow (OPF) was proposed
to minimize capital costs for network upgrades, operation and
maintenance costs, where a modified genetic algorithm was
used to find the optimal solution. Reference [19] proposed a
mixed-integer conic programming formulation for the minimum
loss distribution network reconfiguration problem. Reference
[20] set up a model to incorporate both uncertainty and reliability
in the dynamic expansion planning of distribution network with
DGs, and proposed an iterative algorithm to yield a pool of
high-quality candidate solutions. In [21], a new multistage dis-
tribution expansion planning model was proposed to minimize
investments on distribution network, which included DG, energy
storage, and electric vehicle charging stations.

Reference [22] introduced a mixed-integer conic relaxation
technique to handle long-term distribution system expansion
planning. In [23] and [24], a two-stage robust optimization was
proposed for active distribution networks to address the im-
pact of uncertain DGs and a column-and-constraint generation
method was designed. Reference [25] reported a new model to
reformulate the microgrid problem in resilient distribution net-
works, in which the number of binary and continuous variables
was significantly reduced and the computational performance
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was improved. In the early literature, heuristic methods were
developed to deal with a nonconvex ADNP problem. References
[26]–[28] applied the improved Genetic Algorithm (GA) to the
multi-period, multi-level and multi-objective ADNP planning
model.

Reference [29] proposed an ADNP model based on GA in
which the DG access and load uncertainty were considered.
Reference [30] deployed data envelopment analyses along with
GA to solve multi-period ADNP in which a load location was
considered as a variable. Considering the use of nonconvex
distribution power flow equations in a complex ADNP, a decom-
posed ADNP optimization model with multiple subproblems
was proposed. In [21], the first subproblem was responsible
for identifying maximum stress conditions in each ADNP pe-
riod. The second subproblem defined the installation period in
network investments. Additionally, the improved Tabu Search
was proposed to solve a large-scale ADNP problem [32] and
[33]. Reference [34] proposed a multi-objective TSA to solve
the multi-period ADNP problem in which the system reliability
was evaluated.

To address the stochastic nature of DGs in distribution net-
works, a restricted operation scenario selection method was
proposed in [35] and implemented in the multi-period bi-level
ADNP model. To reduce the computational complexity, a selec-
tion technique was used based on shadow prices. Furthermore,
a multi-objective and multi-level oriented ADNP model was
set up in [36] to accommodate high-penetrated RESs, where a
K-means-cluster based multi-scenarios tool was employed to
address uncertainties. Then, a two-stage robust optimization
model was set up in [37] to deal with a dynamic reconfiguration
problem considering load and DG uncertainties. References
[38] and [39] developed a two-stage multi-period stochastic
planning model where load and renewable energy uncertainties
were considered. Similarly, a large-scale mixed-integer program
was presented as a two-stage stochastic programming model for
optimal DG locations [40].

The previous papers for the multi-period ADNP utilized a
two-stage stochastic programming model, in which planning
decisions were made before the realization of uncertainties and
could not be adjusted in a multi-period horizon. In order to gener-
ate more flexible planning decisions that address uncertainties,
this paper proposes a multi-stage stochastic programing in a
multi-period ADNP optimization model with DG uncertainties.
The main contributions are presented as:

1) A multi-stage stochastic programming approach is pro-
posed for the multi-period ADNP to address DG uncer-
tainties over planning periods. The proposed model, which
outperforms a traditional two-stage stochastic program-
ming approach, is equivalent to a dynamic programming
reformulation in which the planning decisions are sequen-
tially made with the realization of uncertainties.

2) A stochastic nested decomposition method, referred to as
stochastic dual dynamic integer programming (SDDIP),
is introduced to decompose the large-scale optimization
model and reduce the computational complexity of the
proposed large-scale multi-stage stochastic programming
model.

The paper is organized as follows: in Section II, a determin-
istic ADNP model with DGs is set up. Section III designs a
nested decomposition by SDDIP for the proposed ADNP model
to address uncertainties. Here, forward and backward passes
are conducted iteratively with strengthened Benders cuts. In
Section IV, numerical results are provided and analyzed.
Section V draws the main conclusions.

II. DETERMINISTIC ADNP MODEL WITH DGS

In this paper, the ADNP model is conducted by a distribution
company for investing on the distribution equipment, including
lines, substations, transformers, and DGs, to satisfy load require-
ments. Intuitively, additional investments on DGs could reduce
the respective substations costs. Therefore, the two planning
alternatives should be traded off.

A. Objective Function

For the proposed ADNP model, the objective is to minimize
the total investment and operation costs. The net present value
(NPV) of the ADNP objective is expressed as

min

T∑
t=1

(1 + σ)−t (Cinv
t + Coper

t

)
(1)

where Cinv
t and Coper

t are investment and operation costs at
period t, respectively.

1) Investment Cost: We consider the investment on four
types of assets including lines, substations, transformers and
DGs. The total investment cost of each equipment will be
transformed into annual investment cost based on the equipment
lifetime [18]. Considering equipment lifetimes, the investment
cost in the proposed model can be formulated as

Cinv
t =

∑
(k,r)∈ΩLN

σδLN
kr,tx

LN
kr,t

1− (1 + σ)−χLN
kr

+
∑

k∈ΩST

σδST
k,t x

ST
k,t

1− (1 + σ)−χST
k

+
∑

(k,r)∈ΩTR

σδTR
kr,tx

TR
kr,t

1− (1 + σ)−χTR
kr

+
∑

k∈ΩDG

σδDG
k,t x

DG
k,t

1− (1 + σ)−χDG
k

(2)

2) Operation Cost: The operation cost includes maintenance
and power purchase costs. The distribution network maintenance
cost is expressed as

CM
t =

∑
(k,r)∈ΩLN

γLN
kr,ty

LN
kr,t +

∑
k∈ΩST

γST
k,t y

ST
k,t

+
∑

(k,r)∈ΩTR

γTR
kr,ty

TR
kr,t +

∑
k∈ΩDG

γDG
k,t yDG

k,t (3)

The power purchase cost is expressed as

CE
t = λST

t

∑
k∈ΩST

PST
k,t (4)

The total operation costCoper
t is expressed as

Coper
t = CM

t + CE
t (5)
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B. Constraints

The ADNP constraints include those of power flow, network
topology requirements, and logical constraints.

1) Power Flow Constraints: The ADNP solution would
maintain power and voltage magnitudes within permissible
ranges shown in (6)–(19). We use the square of voltage mag-
nitude Uk,tand branch current Ikr,t. Specifically, (6) defines the
square of nodal voltage limits and (7) specifies the square of
substation voltage magnitude(

Umin
k

)2 ≤ Uk,t ≤ (Umax
k )2, ∀k ∈ ΩN , t = 1, . . . , T (6)

Uk,t =
(
U0
k

)2
, ∀k ∈ ΩST , t = 1, . . . , T (7)

Constraint (8) specifies the square of branch current limits for
lines and transformers. If a line or a transformer is on outage,
there is no current flow.

0 ≤ Ikr,t ≤ yLN
kr,t

(
ILN,max
kr

)2
, ∀ (k, r) ∈ ΩLN , t = 1, . . . , T

(8a)

0 ≤ Ikr,t ≤ yTR
kr,t

(
ITR,max
kr

)2
, ∀ (k, r) ∈ ΩTR, t = 1, . . . , T

(8b)

Constraint (9) specifies active and reactive power flows for
lines and transformers. If a line or transformer is on outage, the
respective active and reactive powers will be zero.√

P 2
kr,t+Q2

kr,t≤yLN
kr,tS

LN,max
kr , ∀ (k, r) ∈ ΩLN , t = 1, . . . , T

(9a)√
P 2
kr,t+Q2

kr,t≤yTR
kr,tS

TR,max
kr , ∀ (k, r) ∈ ΩTR, t = 1, . . . , T

(9b)

Constraints (10)–(13) are substation and DG capacity limits.
Likewise, if a substation or DG is not operational, the corre-
sponding power is zero.

0 ≤ PST
k,t ≤ yST

k,t P
ST,max
k , ∀k ∈ ΩST , t = 1, . . . , T (10)

0 ≤ QST
k,t ≤ yST

k,t Q
ST,max
k , ∀k ∈ ΩST , t = 1, . . . , T (11)

0 ≤ PDG
k,t ≤ yDG

k,t P
DG,max
k , ∀k ∈ ΩDG, t = 1, . . . , T (12)√(

PDG
k,t

)2
+
(
QDG

k,t

)2
≤ yDG

k,t S
DG,max
k , ∀k ∈ ΩDG, t = 1, . . . , T (13)

Finally, (14) restricts the DG penetration capacity to maintain
the distribution system safety.∑

k∈ΩDG

PDG
k,t ≤ μ

∑
k∈ΩST

PST
k,t , t = 1, . . . , T (14)

The precise line flow model [19] is utilized to characterize the
distribution power balance and voltage drop,⎧⎪⎨
⎪⎩

∑
(k,i)∈ΩB

Pki,t −
∑

(j,k)∈ΩB

Pjk,t = PDG
k,t + PST

k,t − PLD
k,t∑

(k,i)∈ΩB

Qki,t −
∑

(j,k)∈ΩB

Qjk,t = QDG
k,t +QST

k,t −QLD
k,t

,

∀k ∈ ΩN , t = 1, . . . , T (15)

−M
(
1− yLN

kr,t

) ≤ Uk,t − Ur,t − 2 (RkrPkr,t +XkrQkr,t)

+
(
R2

kr +X2
kr

)
Ikr,t ≤ M

(
1− yLN

kr,t

)
,

∀ (k, r) ∈ ΩLN , t = 1, . . . , T (16a)

−M
(
1− yTR

kr,t

) ≤ Uk,t − Ur,t − 2 (RkrPkr,t +XkrQkr,t)

+
(
R2

kr +X2
kr

)
Ikr,t ≤ M

(
1− yTR

kr,t

)
,

∀ (k, r) ∈ ΩTR, t = 1, . . . , T (16b)

However, (9a), (9b) and (13) are convex with second-order
cone (SOC) nonlinear constraints, which can be tightly lin-
earized [19]. For a general SOC constraint,

√
z21 + z22 ≤ z3,

we consider Nv segments to linearize the SOC constraint with
dummy variables (α0, . . . , αNv

) and (β0, . . . , βNv
), such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−α0 ≤ z1 ≤ α0

−β0 ≤ z2 ≤ β0

αv = cos
(

π
2v+1

)
αv−1 + sin

(
π

2v+1

)
βv−1

−βv ≤ − sin
(

π
2v+1

)
αv−1

+ cos
(

π
2v+1

)
βv−1 ≤ βv

αNv
≤ z3

βNv
≤ tan

(
π

2Nv+1

)
αNv

, v = 1, . . . , Nv

(17)
Furthermore, (9a), (9b) and (13) are linearized by the follow-

ing constraints⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−αkr,t,0 ≤ Pkr,t ≤ αkr,t,0

−βkr,t,0 ≤ Qkr,t ≤ βkr,t,0

αkr,t,v = cos
(

π
2v+1

)
αkr,t,v−1 + sin

(
π

2v+1

)
βkr,t,v−1

−βkr,t,v ≤ − sin
(

π
2v+1

)
αv−1

+cos
(

π
2v+1

)
βkr,t,v−1 ≤ βkr,t,v

αkr,t,Nv
≤ yLN

kr,tS
LN,max
kr

βkr,t,Nv
≤ tan

(
π

2Nv+1

)
αkr,t,Nv

,

∀ (k, r) ∈ ΩLN , t = 1, . . . , T, v = 1, . . . , Nv (18a)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−αkr,t,0 ≤ Pkr,t ≤ αkr,t,0

−βkr,t,0 ≤ Qkr,t ≤ βkr,t,0

αkr,t,v = cos
(

π
2v+1

)
αkr,t,v−1 + sin

(
π

2v+1

)
βkr,t,v−1

−βkr,t,v ≤ − sin
(

π
2v+1

)
αv−1

+cos
(

π
2v+1

)
βkr,t,v−1 ≤ βkr,t,v

αkr,t,Nv
≤ yTR

kr,tS
TR,max
kr

βkr,t,Nv
≤ tan

(
π

2Nv+1

)
αkr,t,Nv

,

∀ (k, r) ∈ ΩTR, t = 1, . . . , T, v = 1, . . . , Nv (18b)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−αk,t,0 ≤ PDG
k,t ≤ αk,t,0

−βk,t,0 ≤ QDG
k,t ≤ βk,t,0

αk,t,v = cos
(

π
2v+1

)
αk,t,v−1 + sin

(
π

2v+1

)
βk,t,v−1

−βk,t,v≤− sin
(

π
2v+1

)
αv−1+cos

(
π

2v+1

)
βk,t,v−1≤βk,t,v

αk,t,Nv
≤ yTR

k,t S
DG,max
k

βk,t,Nv
≤ tan

(
π

2Nv+1

)
αk,t,Nv

,

∀ (k, r) ∈ ΩDG, t = 1, . . . , T, v = 1, . . . , Nv (18c)
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Fig. 1. 6-bus Network diagram.

2) Network Topology Constraints: During investment and
operation periods, the distribution network can be reconfigured
to achieve the optimal operation. However, the radial property
and the connectivity should be strictly preserved. According to
the necessary condition stated by the graph theory [41]–[44],
the total number of lines in a radial network is equal to the total
number of buses minus the number of roots (i.e., substations),
so ∑

(k,r)∈ΩLN

yLN
kr,t +

∑
(k,r)∈ΩTR

yTR
kr,t

= N b −
∑

k∈ΩST

yST
k,t , t = 1, . . . , T (19)

However, (19) cannot sufficiently guarantee the radiality of
distribution network. For example, Fig. 1 depicts a 6-node
system, where bus 3 is an isolated node and there is a loop. The
topology in Fig. 1 satisfies (19), but the distribution network is
not a connected network.

To address the problem, we consider a fictitious network
where all nodes have loads except for the substation. Fictitious
network is a network has the same topology as that of the
physical network but has different net loads. To realize the idea,
the flow decision variables for physical and fictitious networks
are different while the topology decision variables are the same.
If all nodes in the fictitious network can satisfy power flow
conditions, the connectivity of all nodes will be guaranteed. The
power flow equations in the fictitious network will only constrain
the connectivity of buses, so the equations are simplified as∑
(i,k)∈ΩB

Wik,t −
∑

(k,j)∈ΩB

Wkj,t = WST
k,t −WLD

k,t , (20)

∀k ∈ ΩN , t = 1, . . . , T

− yLN
kr,tM ≤ Wkr,t ≤ yLN

kr,tM, ∀ (k, r) ∈ ΩLN , t = 1, . . . , T

(21)

− yST
k,t M ≤ WST

k,t ≤ yST
k,t M ∀k ∈ ΩST , t = 1, . . . , T

(22)

WLD
k,t = 1, ∀k ∈ ΩLD, t = 1, . . . , T (23)

where (20) specifies the power balance at each mode in the ficti-
tious network; (21) and (22) indicate that the power flow should
be zero if the line or substation is not constructed; (23) shows that
the load demand at each node in the fictitious network is specified
as 1 unit. Constraints (20)–(23) refer to the commodity flow. If
(20)–(23) are satisfied, there is at least one path that connects
the sink with each node, suggesting that the network must be
connected. It is noted that the original power flow constraint
(15) cannot fully guarantee the network connectivity because
some nodes might have a zero power injection. If all the nodes

have nonzero power injection, (20)–(23) are redundant and can
be eliminated.

3) Logical Constraints: First, the investment on each equip-
ment is done only once, which is expressed as

T∑
t=1

xLN
kr,t ≤ 1,∀ (k, r) ∈ ΩLN ,

T∑
t=1

xST
k,t ≤ 1, ∀k ∈ ΩST (24)

T∑
t=1

xTR
kr,t ≤ 1, ∀ (k, r) ∈ ΩTR,

T∑
t=1

xDG
k,t ≤ 1, ∀k ∈ ΩDG (25)

Second, binary variables representing the network topology
(yLN

kr,t , y
TR
kr,t ) are coupled with investment decision variables.

However, an equipment is put into operation once it is planned,
i.e., (yLN

kr,t , y
TR
kr,t ) = 1. This condition gives way to the follow-

ing constraints,

yLN
kr,t ≤

t∑
h=1

xLN
kr,h, ∀ (k, r) ∈ ΩLN , t = 1, . . . , T (26)

yST
k,t ≤

t∑
h=1

xST
k,h, ∀k ∈ ΩST , t = 1, . . . , T (27)

yTR
kr,t ≤

t∑
h=1

xTR
kr,h, ∀ (k, r) ∈ ΩTR, t = 1, . . . , T (28)

yDG
k,t ≤

t∑
h=1

xDG
k,h , ∀k ∈ ΩDG, t = 1, . . . , T (29)

Moreover, a transformer is added only after its substation is
planned. This constraint is expressed as

xTR
kr,t ≤

t∑
h=1

xST
k,h , yTR

kr,t ≤ yST
k,t , ∀k ∈ ΩST , t = 1, . . . , T

(30)
However, temporal constraints (24)–(30) linking more than

two periods are equivalent to those in dynamic programming
reformulation in which the decision at period t would only
depend on that of the previoius period. Define

OLN
kr,t =

t∑
h=1

xLN
kr,h, O

ST
k,t =

t∑
h=1

xST
k,h, O

TR
kr,t

=

t∑
h=1

xTR
kr,h, O

DG
k,t =

t∑
h=1

xDG
k,h

, t = 1, . . . , T (31)

5
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Constraints (24)-(30) are exactly reformulated as

OLN
kr,T ≤ 1,∀ (k, r) ∈ ΩLN , OST

k,T ≤ 1,∀k ∈ ΩST

OTR
kr,T ≤ 1,∀ (k, r) ∈ ΩTR, ODG

k,T = 1, ∀k ∈ ΩDG
(32)

t = 1, . . . , T

yLN
kr,t ≤ δLN

kr,t, ∀ (k, r) ∈ ΩLN , yST
k,t ≤ δST

k,t , ∀k ∈ ΩST

yTR
kr,t ≤ δTR

kr,t, ∀ (k, r) ∈ ΩTR, yDG
k,t ≤ δDG

k,t , ∀k ∈ ΩDG
(33)

, t = 1, . . . , T

OLN
kr,t = OLN

kr,t−1 + xLN
kr,t, ∀ (k, r) ∈ ΩLN ,

OST
k,t = OST

k,t−1 + xST
k,t , ∀k ∈ ΩST

OTR
kr,t = OTR

kr,t−1 + xTR
kr,t, ∀ (k, r) ∈ ΩTR,

ODG
k,t = ODG

k,t−1 + xDG
k,t , ∀k ∈ ΩDG

, t = 1, . . . , T

(34)

xTR
kr,t ≤ xST

k,h , yTR
kr,t ≤ yST

k,t , ∀k ∈ ΩST , t = 1, . . . , T (35)

For the above planning model, define zt and qt as the sets
of binary and continuous decision variables, respectively. Con-
straints (2)–(23) are only related to the decision variables (zt, qt)
at each period, and (32)–(35) linking two consecutive periods
are only associated with binary variables (i.e., planning decisions
xt). Moreover, the current value of z0 is deterministic. Therefore,
the optimization model (1) subject to (2)–(23) and (32)–(35) is
mathematically stated as

min
zt,qt

T∑
t=1

(
cTt zt + dT

t qt

)
(36a)

s.t. Btzt−1 +Atzt ≥ bt, t = 1, . . . , T (36b)

zt ∈ {0, 1} , (zt, qt) ∈ Ωt, t = 1, . . . , T (36c)

III. NESTED DECOMPOSITION BY SDDIP FOR MULTI-STAGE

STOCHASTIC PROGRAMMING OF ADNP

The optimization model (36) is stated for a specific net load
(i.e., load demand minus DG output). In this paper, we consider
that all DGs are renewable with variable generation outputs.
Thus, the corresponding net load uncertainty will affect planning
decisions. This paper proposes a stochastic programming model
with multiple scenarios for calculating the uncertain decision
variables.

At first, we apply a scenario tree to characterize the uncertain-
ties and describe possible sequential realizations as depicted in
Fig. 2. Let (ξs1, ξ

s
2, . . . , ξ

s
T ) denote the s-th scenario with each

ξst representing a realization of the s-th scenario at the period t.
We consider that each scenario (ξs1, ξ

s
2, . . . , ξ

s
T ) is stage-wise

independent (i.e., Markovian). The detailed modeling for a
scenario tree can be found in [45].

Fig. 2. A scenario tree.

Since the distribution planning problem is essentially a multi-
period optimization problem, the decisions should be made
sequentially with respect to the gradual realization of the ran-
dom process for uncertainties ξ1, …,ξT, where ξt denotes the
uncertainty at period t. From the distribution planning model
(33), the uncertainties only exist in Ωt, i.e., Ωt(ξt). This gives
a multi-stage stochastic programming (MSSP) as shown in (37)
shown at the bottom of this page, [46], where the feasible region
is expressed as

χt (zt−1, ξt) = {zt ∈ {0, 1} |Atzt

≥ b−Btzt−1,t, (zt, qt) ∈ Ωt (ξt)
}

t = 1, . . . , T,

(38)

The multi-stage optimization model indicates that the plan-
ning decisions z1, …, zT should be flexible to the random
process, which have the form as: Observation (ξ1)→ Decision
{z1(ξ1)} → Observation (ξ1, ξ2) → Decision {z2(ξ1, ξ2)}
→···→ Observation (ξ1, ξ2, …, ξT) → Decision {zT(ξ1, ξ2, …,
ξT)}. This implies that the decision variables zt = zt(ξ1, ξ2, …,
ξt) for t = 1, …,T is a function of the random process (ξ1,
ξ2, …, ξt) up to time t. This is called a policy. The MSSP can be
cast as a nested mixed integer stochastic formulation [47]–[52].
To handle this problem, we present a nested decomposition by
SDDIP. The main idea includes four steps: (i) stop criteria; (ii)
random sampling, (iii) forward pass, and (iv) backward pass.
The detailed flowchart is shown in Table I.

Specifically, we state the following:
i) The stopping criterion can be chosen by estimating the

optimal gap. Let μ and σ represent the mean and the
variance of the objective value for N samples. The lower
bound is the objective value from any relaxed optimiza-
tion model. Usually, we can choose the optimal objective
value of a single-stage problem at the first stage as the
lower bound. The upper bound is a confidence interval
[μ− zα/2

σ√
N
, μ+ zα/2

σ√
N
], where zα/2 is the 1-α quan-

tile of the standard normal distribution. Intuitively, the

min
(z1,q1)∈χ1(z0,ξ1)

cT1 z1 + dT
1 q1 + E

[
inf

(z2,q2)∈χ2(z1,ξ2)
cT2 z2 + dT

1 q1 + E

[
. . .+ E

[
inf

(zT ,qT )∈χT (zT−1,ξT )
cTTzT + dT

TqT

]]]
(37)

6
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TABLE I
FLOWCHART OF NESTED SDDIP DECOMPOSITION

algorithm can be stopped if the gap between lower and
upper bounds is small enough. Since any value within the
confidence interval can be served as the upper bound, we
will choose the supremum of the confidence interval as the
upper bound to guarantee the optimality, which gives

UB − LB ≤ ε, UB = μ+ zα/2σ
/√

N (39)

where ε > 0 denotes the optimality gap.
ii) The random sampling generates N scenarios in the sce-

nario tree to approximate the recourse function at each
iteration.

iii) The forward pass will solve dynamic equations from t =
1 to t= T for each sampled scenario s. In the i-th iteration,
we have

Qi
ts

(
zi
t−1,s, ξ

s
t

)
= min

Atz
i
ts≥b−Btr

i
ts,r

i
ts=zi

t−1,s

(zi
ts,r

i
ts)∈{0,1},(zi

ts,q
i
ts,r

i
ts)∈Ωt(ξ

s
t )

cTt z
i
ts + dT

t q
i
ts + ϑt+1

(
zi
ts

)
(40)

Then, a feasible solution is obtained by (zi
1,s, . . . ,z

i
T,s) and

(qi
1,s, . . . , q

i
T,s). Then, the upper bound can be updated by (39).

iv) The backward pass starts from the last stage t = T to the
first stage t= 1 for each scenario s, which aims to generate
cuts at each period to tighten the lower approximation of
the recourse functions. Based on (zi

1,s, . . . ,z
i
T,s) from

the forward pass, the Lagrangian cut is obtained by solv-
ing the Lagrangian dual problem as

Zi
ts

(
zi
t−1,s, ξ

s
t

)
=

max
πi

ts

min
Atz

i
ts≥b−Btr

i
ts,(zi

ts,r
i
ts)∈{0,1}

(zi
ts,q

i
ts,r

i
ts)∈Ωt(ξ

s
t )

cTt z
i
ts + dT

t q
i
ts

+ ϑt

(
zi
ts

)− (πi
ts

)T (
rits − zi

t−1,s

)
(41)

Since the outer-level model is unconstrained, we can fix the
value by the multipliers from the linear relaxation of the inner
model, leading to a strengthened Benders cuts as

ϑt (zt) ≥
(

1

Nt

Nt∑
s=1

ρits

)T

zt +
1

Nt

Nt∑
s=1

Z
i
ts, t = T, . . . , 2

(42)
where ρitsand Z

i
ts are computed by (43) and (44), respectively.

Li
t

(
ρi
ts

)
= min cTt z

i
ts + dT

t q
i
ts + ϑt+1

(
zi
ts

)
s.t. Atz

i
ts ≥ b−Btr

i
ts,
(
zi
ts, q

i
ts, r

i
ts

) ∈ Ωt (ξ
s
t ) ,

rits = zi
t−1,s : ρ

i
ts (43)

Z
i
ts = min cTt z

i
ts + dT

t q
i
ts + ϑt+1

(
zi
ts

)− (πi
ts

)T
rits

s.t. Atz
i
ts ≥ b−Btr

i
ts,
(
zi
ts, q

i
ts, r

i
ts

) ∈ Ωt (ξ
s
t ) (44)

Discussion: The traditional stochastic programming for the
multi-period ADNP in an uncertain environment is essentially
a two-stage problem [37]–[40]. All discrete decision variables
are calculated as the first stage variables before the realization
of uncertainties. This means that first-stage variables are in-
dependent of any future information on uncertainties and are
identical in all scenarios. The continuous variables serve as
the second stage adjustable variables for uncertainties. For the
two models, which include two-stage and multi-stage stochastic
programming models, the “stage” and “period” are the same in
the latter model but different in the former model. The optimal
planning decision from the two-stage model is unchanged with
the realization of uncertainties, whereas that from the multi-stage
model is sequentially changed with respect to the scenarios of
uncertainties. At each stage, the decision for the next stage
is unique but decisions for future stages can be adjusted to
uncertainties. Therefore, the multi-stage model can yield more
flexible decisions than the two-stage model.

IV. CASE STUDY

A 33-bus distribution network depicted in Fig. 3, whose
data are available from [53], is considered for the simulation
over three periods. In this system, buses 2–32 are load buses,
and 1 and 34 are two candidate substations. Additional DG
parameters, cost coefficients and prices are provided in Table II.
A scenario tree in Fig. 3 is used to represent DG and load
uncertainties, where there are three stages and the corresponding
probabilities are given in Table III. For the first stage, there is
only one scenario to represent the current information, where
all decisions will be made from. For the second stage, there are

7
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Fig. 3. The candidate 33-bus distribution network.

TABLE II
BASIC PARAMETERS OF THE 33-BUS DISTRIBUTION NETWORK

TABLE III
SCENARIOS FOR UNCERTAIN DG OUTPUT AND LOAD DEMAND

two scenarios, representing high and low penetrations of DGs.
For the third stage, we set three scenarios, representing high,
medium and low penetrations of DGs. Furthermore, two-stage
stochastic programming (TSSP), and TSSP with only the load
uncertainty (TSWO) are two additional models which are used
for comparison with the proposed MSSP. The three models are
solved by GUROBI on a computer with quad-core, 2.4 GHz
CPU and 4 GB memory. The ADNP solutions for the three
distribution network models are shown in Figs. 4–6.

Table IV presents the annual electricity input and minimum
voltage profile for the three models. The investment cost (In-
vest.), annual electricity purchase (Purch.), and maintenance
cost (Main.) of the three models are shown in Table V. The
investment costs for all three models, occur in the first period.

TABLE IV
TOTAL ELECTRICITY (MWH) AND VOLTAGE LEVELS (P.U.)

TABLE V
ADNP COSTS (104 ¥)

At the beginning (1st period), the distribution network is con-
structed for supplying the load buses. This period will result
in high investment costs. At the second period, the model with
DGs will require an additional investment. However, load cannot
be met without the DG support at the third period because
the substation capacity is limited. Thus, another substation is
planned, which will increase the investment cost of TSWO.
Although the installation of DGs will increase the investment
cost at the initial stage, the DGs will significantly reduce the
total ADNP cost during the next two periods.

Compared with TSSP and TSWO, the proposed MSSP
model’s reduction in electricity purchase after adding DGs is
about 32207.46 MWh in the entire planning period. The to-
tal TSSP cost is reduced by 42.27%. In addition, the reverse
power flow of DGs will support the distribution network voltage
profile, where the minimum voltages in TSSP and MSSP are
higher than that of TSWO. In addition, the total MSSP cost is
reduced by 10.8% as compared with that of TSSP. Moreover,
it can be found that the planning scheme is different under
different scenarios, but the decision maker does not obtain the
precise prior information. Note that TSSP only produces one
planning scheme before the realization of uncertainties, which
is similar to TSWO. TSSP finds the ADNP model with the
minimum expected cost in which the ADNP solution is fixed
for the realization of uncertainties. In contrast, MSSP offers an
ADNP decision tree in which the uncertainties are realized as

8
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Fig. 4. The planning of the 33-bus distribution system with DGs (MSSP).

Fig. 5. The planning of the 33-bus distribution system with DGs (TSSP).

the ADNP solution progresses. Accordingly, the ADNP decision
is a wait-and-see scheme which is not completed before the
realization of uncertainties.

Using the proposed MSSP solution, there is only one plan-
ning decision and several possible future decisions in the first
period. In the second period, decision makers wait and see which
scenario truly happens and choose the corresponding planning
as uncertainties are realized. For example, if the probability of
a scenario is 0.3, the remaining planning scheme at the second
period will be chosen and the future periods still have multiple
possibilities. Once the third period uncertainties are realized, the
third period planning will be determined. Therefore, the MSSP
decision is more flexible than that of TSSP which can be adjusted
according to future period uncertainties. As shown in Table V,

Fig. 6. The planning of the 33-bus distribution system without DGs.

the restriction on nodal voltages is in fact loose in the MSSP
model, but the restriction is not always loose.

Now, we design four cases to explain this viewpoint on the
33-bus distribution network.

Case 1: The restriction on nodal voltages is removed;
Case 2: The upper bound of voltages is 1.05 p.u., and the lower

bound is 0.95 p.u.;
Case 3: The upper bound of voltages is 1.03 p.u., and the lower

bound is 0.97 p.u.;
Case 4: The upper bound of voltages is 1.025 p.u. and the lower

bound is 0.975 p.u.

The results of the cost and the minimum voltage are shown in
Table VI. In both Cases 1 and 2, the minimum voltages during
three periods are 0.9729 p.u., 0.9867 p.u. and 0.9676 p.u., and

9
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TABLE VI
TOTAL COST AND VOLTAGE LEVEL IN FOUR CASES

TABLE VII
SCALABILITY OF THE PROPOSED METHOD

the total cost is the lowest at 30.1772 million ¥. This indicates
that the voltage magnitudes are not active for these cases. But in
Case 3, the minimum voltages during three periods are 0.9729
p.u., 0.9853 p.u. and 0.9700 p.u.; in Case 4, the minimum
voltages during three periods are 0.9751 p.u., 0.9919 p.u. and
0.9750 p.u.

This shows that the minimum voltage magnitude reaches the
lower bound of the allowable nodal voltages. As a result, the
restriction on nodal voltages is tight. Compared with Cases 1 and
2, we conclude that if the lower bound of nodal voltages is below
0.9676 p.u., the voltage restriction will be loose; otherwise, it
will be tight. Moreover, we find that increasing the lower bound
of voltages will increase the total cost because the feasible region
of the optimization model becomes smaller.

In addition, the scalability of the proposed MSSP method is
tested for different numbers of periods (# of Pers) and scenarios
(# of Sces). Table VII shows that the number of binary variables
(# of BVs), continuous variables (# of CVs) and constraints (# of
Cons) will increase with increasing the # of Pers and/or Sces, and
the computation time will increase accordingly. Moreover, the
SDDIP for MSSP (T1) is faster than that of the straightforward
method by directly using the CPLEX solver (T2) for 1% gaps.
In small-scale cases, i.e., T1 compared with T2 accelerates the
speed by 3–10 times. In large-scale cases, T2 fails to solve the
proposed MSSP model due to the limited memory space while
T1 can still handle the MSSP. Moreover, by increasing either the
# of Pers or the # of Sces, T1 will save more time with the help
of decomposition and strengthened Benders’ cuts.

Finally, we have added a 906-bus distribution network for
simulation validation and checking the computation efficiency of

TABLE VIII
COMPUTATION TIME AND COST FOR THE 906-BUS DISTRIBUTION SYSTEM

the MSSP model for different numbers of periods and scenarios.
The data of 906-bus distribution system can be available from
[50]. The computation time and the optimal cost are shown in
Table VIII. As the numbers of periods and scenarios increase, the
computation time will increase from 798s to 5288s accordingly.
In particular, the proposed method can efficiently solve the
large-scale multi-stage stochastic optimization model within two
hours for the case with 5 periods and 40 scenarios, where there
are 3278400 continuous variables, 1821600 discrete variables,
and 6750028 constraints. Moreover, the optimal cost ranges
from 4,000 million ¥ to 5,000 million ¥ for different numbers
of periods and scenarios. The increase in the number of periods
will reduce the optimal cost because the feasible region of the
optimization model becomes larger and there are more choices
for decision makers. For the same numbers of time periods, the
cost will increase as the number of scenarios increases because
some extreme scenarios will result in a higher cost than the
expected cost.

V. CONCLUSION

This paper developed a multi-stage stochastic programming
for the multi-period ADNP model with uncertain DGs. Com-
pared with a traditional two-stage stochastic programming
model which makes the decision simultaneously before the
realization of uncertainties, the proposed multi-stage stochastic
programming model will give a sequential decision with uncer-
tainties realized at each period. A 33-bus distribution network
and a large-scale 906-bus system are tested to show that the
multi-stage stochastic approach can provide a better optimal
planning scheme than the traditional two-stage stochastic ap-
proach. Moreover, the nested SDDIP decomposition method can
efficiently solve the proposed model over multiple periods.
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