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A coordinate transformation technique between straight magnetic field line coordi-

nate system (Ψ, �) and Cartesian coordinate system (R,Z) is presented employing a

Solov’ev solution of the Grad-Shafranov equation. Employing the equilibrium solu-

tion, the poloidal magnetic flux Ψ(R,Z) of a diverted tokamak, magnetic field line

equation is solved computationally to find curves of constant poloidal angle �, which

provides us with explicit relations R = R(Ψ, �) and Z = Z(Ψ, �). Correspondingly,

conversion from one coordinate to the other along particle trajectories in the vicin-

ity of separatrix is demonstrated. Based on the magnetic structure, a finite element

mesh is generated in a diverted tokamak geometry to solve Poisson’s equation.

1 INTRODUCTION

For numerical simulation of plasma dynamics in toroidal devices, to incorporate resonance of perturbations on the mode rational

surfaces correctly, magnetic flux coordinate system is employed more often in place of Cartesian coordinate system. On the other

hand, to understand particle transport in diverted tokamaks, it is crucial to have both the magnetic structure of closed and open

magnetic field line regions and its topological separation, as accurate as possible near the X-point. To resolve plasma dynamics

along the magnetic field in the vicinity of the X-point, we also would like to employ the magnetic flux coordinate system.

On the separatrix, the magnetic field line is purely toroidal at the X-point (an infinite number of toroidal transits is required

for a magnetic field line to reach the X-point from any other point on the separatrix). As a result, if we are to generate mesh

points in accordance with the magnetic field line pitch, the mesh points concentrate near the X-point which results in distortion

of the mesh, whether we employ a finite element method or a finite difference method. Employing a simple test model, Ref. [1]

demonstrates singular behavior of the X-point and difficulties of constructing mesh points on the separatrix. In this paper,

we employ a plasma equilibrium solution [2,3] with a more realistic magnetic field profile of tokamaks, revisit the mesh point

generation, and discuss how we can remedy the problem.

From the particle orbit point of view, while the straight field line coordinate system [4] can be applied to the closed field

line region, one needs to employ a Cartesian coordinate system [5,6] in the vicinity of the separatrix because of the X-point

singularity. As a preliminary study, two guiding center orbit following computations are employed separately. We demonstrate

that connecting the two approaches can be done without losing accuracy. The model will also act as a prototype for the core-edge

coupling scheme across the separatrix.

This paper is organized as follows. In section 2, we present our method of coordinate transformation provided by solving

magnetic field line equations. In section 3, we show an example particle orbit across the separatrix. In section 4, we apply

the finite element method including mesh points on the separatrix, and solve the two-dimensional Poisson’s equation with a

sparse matrix solver attached to Portable, Extensible Toolkit for Scientific Computation (PETSc) [7,8]. We summarize this work

in section 5.
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2 MAGNETIC FIELD LINE EQUATION AND COORDINATE TRANSFORMATION
TECHNIQUE

In this section, we describe how we obtain a coordinate transformation between straight magnetic field line coordinate system

(Ψ, �) and Cartesian coordinate system (R,Z). Our main task is to obtain constant � curves on the R − Z plane based on the

magnetic field line trajectories.

First, we succinctly describe the Solov’ev solution [2] of a tokamak equilibrium we have employed. A comprehensive formu-

lation is given by Cerfon and Freidberg in Ref. [3]. By obtaining Ψ = Ψ(R,Z) as a polynomial based expansion in R and Z,

magnetic field components are given by BR = −(1∕R))ZΨ and BZ = (1∕R))RΨ. Here, we define normalized poloidal flux

label which varies within 0 ≤  ̄ ≤ 1 from the magnetic axis ( ̄ = 0) to the separatrix ( ̄ = 1). An example of equilibrium

magnetic surface is shown in Fig.1(a) for an elongated zero triangularity double null diverted tokamak. The specific equilib-

rium in this paper is up-down symmetric. In principle, computational tools developed in this paper can be applied to numerical

solutions of the Grad-Shafranov equation [9].

Secondly, to construct the coordinate transformation between Cartesian and flux coordinate system, we solve magnetic field

line equations

dR∕d� = B ⋅ ∇R∕B ⋅ ∇� (1)

and

dZ∕d� = B ⋅ ∇Z∕B ⋅ ∇� (2)

numerically, where B = BR∇R+BZ∇Z−B0R0∇� . Here,B0 is the toroidal magnetic field strength at the geometrical magnetic

axis R = R0, and � is the toroidal angle.

Finally, we construct the relationships R = R(Ψ, �) and Z = Z(Ψ, �) from the solution of Eqs.(1) and (2). To this end, we

need to obtain the orthogonal frame of poloidal flux Ψ and poloidal angle � which are equally apart. As a reminder, one of the

methods to obtain the safety factor q = q(Ψ) is to measure effective “time” spent along the magnetic field line (time here is

represented by the toroidal angle). The toroidal angle (time) �2� is recorded along the test magnetic field line trajectories for the

poloidal angle to rotate from � = 0 to � = 2� (q = �2�∕2�). After measuring �2� accurately, to construct the transformation

relations, we follow the magnetic field line equations again. We take a new modified step Δ� = �2�∕N , where the integer N is

the number of discretization we take for one poloidal rotation (we know that the test trajectory evolves one poloidal rotation with

�2�). Accordingly, we record R(Ψ, �) and Z(Ψ, �). Separation of the poloidal angle is given by Δ� = Δ�∕q(Ψ) = �2�∕q(Ψ)N

which automatically provides us with the equi-distantly separated � mesh. The constant � curves for the equilibrium solution are

plotted in Fig.1(b) for both the closed and the open magnetic field line regions. The safety factor inside the separatrix is given

in Fig.1(c). Likewise, the inverse relation � = �(R,Z) can be obtained by following the magnetic field line trajectories [while

Ψ = Ψ(R,Z) is given directly from the Solov’ev solutions].

3 COORDINATE TRANSFORMATION APPLIED TO THE GUIDING CENTER EQUATION
OF MOTION IN THE VICINITY OF THE SEPARATRIX

In this section, the coordinate transformation given in Sec.2 is incorporated into the computation of particle trajectories. As we

discussed above, in the vicinity of the divertor separatrix, we need to solve the guiding center equation of motion in Cartesian

coordinates on the poloidal plane. Incorporating the analytical equilibrium magnetic field, the following guiding center equations

of motions [10] are time advanced. In the (R,Z, �, v‖) coordinate [v‖ (v
⟂

) is the parallel (perpendicular) velocity], assuming

)R|B| ≫ )Z |B| (here, |B| is the magnetic field strength), the four components of the guiding center equation of motion are

given by
dR

dt
= v‖

BR

B∗
‖

(3)

dZ

dt
= v‖

BZ

B∗
‖
+
�|B| + msv2‖
QsB

∗
‖|B|2

B0R0

R

)|B|
)R

(4)

d�

dt
= −v‖

B0R0

B∗
‖R

2
(5)

dv‖

dt
= −

�

ms

BR

B∗
‖

)|B|
)R

(6)
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FIGURE 1 (a) Equilibrium flux surface of Solov’ev solution for a double null diverted tokamak configuration. Parameters are

given by major radius of R0 = 1.67m, minor radius ra = 0.67m, and B0 = 2T . An elongation � = 2 and a triangularity of � = 0

are given for the up-down symmetric tokamak. In this paper, we assume there are guide limiters at the outermost open flux

surface signified by the red curves. (b) Constant � curves signified by black curves. (c) Safety factor profile versus normalized

poloidal flux  ̄ (labeled as  normalized). The edge q value at  ̄ = 0.9995 is 6.32.

where the mass and the charge of the particle species s are given by ms and Qs, � = msv
2
⟂
∕2|B| is the magnetic moment. Here,

B⋆‖ = B
⋆
⋅ b, where b = B∕B and B

⋆ = B + msv‖∕Qs∇ × b.

On the other hand, in the flux coordinate system (Ψ, �, � , v‖), we time advance

dΨ

dt
= −B0R0

�|B| + msv2‖
QsB

∗
‖|B|2

)|B|
)�

J−1 (7)

d�

dt
= −

v‖

B∗
‖q

B0R0

R2
+ B0R0

�|B| + msv2‖
QsB

∗
‖|B|2

)|B|
)Ψ

J−1 (8)

and Eqs.(5) and (6), where J−1 = ∇Ψ × ∇� ⋅ ∇� is an inverse of Jacobian. The orbit following code in the flux coordinate

system is for self-consistent numerical simulation in the future. Macroscopic and microscopic instabilities resonate on mode

rational surfaces labeled by Ψ. In describing the resonant perturbations accurately, the flux coordinate system is preferred over

the cylindrical coordinate system.

Demonstrated in Fig.2 (a) is a banana orbit of a Ti = 1125 eV deuterium ion with an initial pitch of v‖∕v0 = −0.75 where

v0 =
√
2QiTi∕mi. The ion is reflected by the mirror force, crosses the separatrix, and reaches the inboard divertor plate (this

is because the reflection takes place to the left of the X-point. The detailed mechanism of the ion orbital loss depending on the

triangularity is discussed in Ref. [11]). A coordinate transformation from (Ψ, �) coordinates to the (R,Z) coordinates is applied in

the vicinity of the separatrix. As shown in Fig.2(b), our integration scheme conserves the total energy �|B|+msv2‖. The parallel

energy msv
2
‖ and the perpendicular energy �|B| are given in Fig.2(b) separately. Note that the equations of motion in the open

field line regions can be solved in the (Ψ, �) coordinate system as well (which makes our density gathering straightforward).

4 CONSTRUCTION OF FINITE ELEMENT MESH ALONG STRAIGHT MAGNETIC FIELD
LINE COORDINATE SYSTEM

In this section, we construct a finite element mesh including mesh points on the separatrix. Based on the finite element method,

we solve Poisson’s equation employing a sparse matrix solver attached to PETSc [8]. We employ the simplest linear elements [7].
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FIGURE 2 Demonstration of coordinate transformation along a banana orbit which reaches one of the divertor plates. (a) The

ion trajectory and (b) kinetic energy versus time. Here, time is normalized by the ion cyclotron frequency Ωi of a deuterium

ion. The black curves are the parts solved in the (Ψ, �) coordinate system, while the red curves are the parts solved in the (R,Z)

coordinate system. The transformation is applied in the vicinity of the separatrix [given by the blue dashed curves in (a)]. In (b),

the solid curves are the total energy �|B| + miv2‖∕2, dotted curves are the parallel energy miv
2
‖∕2, and long dashed curves are

the perpendicular energy �|B|.

The key to avoid the distortion of the elements is in how to determine the mesh points on the separatrix. In this paper, we find

mesh points on the separatrix as intersections of two lines: the separatrix and the line between the mesh points on the outermost

closed flux surface (which we denote  ̄ =  ̄in =  ̄sep−Δ ̄ where  ̄sep is the poloidal flux at the separatrix) and the mesh points

on the innermost open flux surface (which we denote  ̄ =  ̄out =  ̄sep + Δ ̄). By taking the limit of Δ ̄ → 0, the two points

asymptote to the constant � mesh points on the separatrix. Strictly speaking, there are only two mesh points on the separatrix

which are the X-points. In practice, we take finite non-zero values of Δ ̄ .

After determining the points on the separatrix, finite element meshes are constructed based on the magnetic structure of Fig.1.

The mesh points are taken along equally distant points in terms of  ̄ and �. The mesh generation in the double null divertor

configuration of Fig.1 is shown in Fig.3. Figure 3 (a) shows the global mesh structure in the lower half of the poloidal plane.

Relatively coarse grid size (an order of magnitude larger than the ion Larmor radius) is taken for demonstration purposes. In

this work, being different from Ref. [7], we employ a logically rectangular mesh (this is because we have taken  ̄ as a radial label

which increases roughly proportionally to the square of the minor radius. The logically rectangular mesh keeps the triangle area

of finite elements nearly constant). In this work, the two dimensional mesh generation is done by numbering the vertices and

the elements and finding out the relations between the two (done by hand) instead of commonly used Delaunay method. The

indices of the vertex are labeled counter-clockwise as in Ref. [7] Casting the local matrices to the global matrix is also done in the

same manner. The method developed here is also applicable to tokamaks with single null divertor [12] and asymmetric double

null divertor. The mesh generation technique as well as the Poisson solver is applicable for both the Lagrangian approach and

the Eulerian approach.

In Fig.3(b), the expansion of the mesh structures in the vicinity of the lower X-point is shown. Mesh points on the separatrix

are given by taking cross sections with the lines between the points on  ̄ = 0.995 and  ̄ = 1.005 (Δ ̄ = 0.005) which

corresponds to those on the original flux surface suggested by the green curves in Fig.3(b). As we see, while the mesh points

tend to accumulate toward the X-point for all the four separatrix lines, the final distance between the last mesh point and the X-

point is relatively large. This latter feature is reflecting the hyperbolic nature of the magnetic field line trajectories in the vicinity

of the X-point. As a reminder, the X-point is an unstable saddle point. Two adjacent magnetic field line trajectories (but on the

other side of separatrices) will eventually separate from each other exponentially. In comparison, in Fig.3(c), the mesh points

on the separatrix are taken by referring to the constant � mesh points on  ̄ = 0.9985 and  ̄ = 1.0015 (Δ ̄ = 0.0015) surfaces.
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Based on the finite element mesh, we solve a simple form of Poisson’s equation ∇2Φ(R,Z) = −1. We employ PETSc [8] as

in Ref. [7] to solve our sparse matrix equation. We adopt homogeneous Dirichlet boundary conditions (Φ = 0) on the divertor

plates and on the guide limiters whose locations we have signified by red curves in Fig.1 (a). The values of Φ are essentially

determined by the distance from the boundaries. Figure 4(a) is a surface plot of the solution Φ, employing the finite element

mesh of Fig.3(c). The validity of the solutions are confirmed by substituting the values of Φ(R,Z) back into the Poisson’s

equation. The solution takes on the values of Φ within a relative difference of 0.5% compared to the case of Fig.3(b). However,

when Δ ̄ ≤ 0.001, we start to fail in obtaining accurate solutions. This is because one of the three angles of triangle elements

exceeds 180◦ violating our counter-clockwise labeling scheme of the vertices (the angles of each element are diagnosed by the

laws of cosine in our computation). The latter situation can take place when two corners of the triangles are on the separatrix and

one another corner on the adjacent flux label is far away from the other two. The third corner can flip to the wrong side due to

the local curvature of the separatrix. The problem we have been observing so far is not because of the distortion of the elements

in the vicinity of the X-points. Figure 4(b) is a bird’s eye view of the solution depicting the values on Z = 0 and Z = 0.9581

which is across the lower X-point (the blue curves) and the boundary whose values from the matrix equation are zero (the red

curves). In solving the sparse matrix equation, PETSc’s main solve employs the generalized minimal residual (GMRES) method

and the Jacobi method for the pre-conditioner. With the two dimensional solver we have developed, we can possibly investigate

equilibrium distribution function under the assumption of axisymmetry [13].
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FIGURE 3 A finite element mesh constructed for an elongated zero triangularity tokamak. (a) Lower half of the diverted

tokamak. Meshes in both the closed and the open magnetic field line regions are shown. Here, 25 radial and 50 poloidal mesh

points are taken inside the separatrix. A total of 3282 elements are generated. (b) A local expansion of meshes in the vicinity of

the lower X-point. Finer mesh points, 200 in radial and 400 in poloidal, are taken. A total of 203772 elements are generated. The

constant � mesh points on  ̄in = 0.995 and  ̄out = 1.005 (Δ ̄ = 0.005) are employed to provide mesh points on the separatrix.

Note that the mesh size can be further refined in the vicinity of the X-point as suggested by the red triangles. The green curves

are  ̄ labeled surfaces, just one layer adjacent to the separatrix. (c) A local expansion as in (b) except that  ̄in = 0.9985 and

 ̄out = 1.0015 (Δ ̄ = 0.0015) are employed. The blue dashed curves are the separatrix.

5 SUMMARY AND DISCUSSION

In this work, a coordinate transformation technique between straight magnetic field line coordinate system and Cartesian coor-

dinate system is presented. Magnetic field line equation is solved numerically to find curves of constant poloidal angle �, which

provides us with explicit relations R = R(Ψ, �) and Z = Z(Ψ, �), and their inversion relation. Furthermore, the coordinate

transformation technique is applied to guiding center orbit following code [6,11] which incorporates divertor geometries. In the

vicinity of the separatrix, the particle trajectories are smoothly connected from the straight magnetic field line coordinate system

in the closed field line regions to the Cartesian coordinate system in the open field line regions.

Based on the magnetic structure obtained from the constant � curves, a finite element mesh is constructed for a diverted

tokamak. To construct mesh points on the separatrix, we have taken the cross section of the separatrix and lines between constant
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� points of the outermost closed flux surface and that of the innermost open flux surface. By the finite element method, a test

Poisson’s equation is solved employing homogeneous Dirichlet boundary conditions.

In this work, a local cluster of eight processors employing PETSc is used for computation. Extension to massively parallel

computation and construction of a global field aligned mesh [14–16] (which follows the helically twisted structure of the closed

magnetic field line region) [7] can be our eventual goal. For the three dimensional computation in shaped plasmas, we need to

solve three dimensional Poisson’s equation. In magnetized plasmas, heat conductivity in the direction parallel to the magnetic

field is orders of magnitude larger than that in the perpendicular direction. Such anisotropic heat conduction can induce artificial

perpendicular transport due to truncation errors [17]. In this study, we have employed a linear shape function. Higher order

shape functions can be employed to accurately incorporate the anisotropic heat conduction. This work is supported by Taiwan

MOST 107-2112-M-006-0013-. This research was also supported by the U.S. Department of Energy under Grant No. DE-FG02-

04ER54742 (IFS). One of the authors (Y.N.) is grateful for discussions with Professor R. D. Hazeltine.
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FIGURE 4 (a) A solution of the test Poisson’s equation ∇2Φ(R,Z) = −1 given by a surface plot with a color gradient. The

solution is given by inverting the sparse matrix representation of the Laplacian from the finite element method. Homogeneous

boundary conditions are given on the guide limiters and on the plates. (b) The same solution from (a) but given by scattered

data to depict values along Z = 0 (blue points, the solution is up-down symmetric) and Z = 0.9581 (blue points through the

X-point). The green data points are the values of Φ along one of the constant � curves. The values at the boundaries (the red

points) are zero.
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