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Tracking space objects is important for managing space traffic and predicting collisions,

but is difficult in part due to data association and orbit model uncertainty. Expectation-

Maximization (EM) is a commonly used tracking method that has not been widely considered

for tracking space objects. The technique consists of iteratively computing data association

probabilities with a set of current element estimates, and updating estimates of the elements by

solving a non-linear weighted least squares regression problem where the weights are the data

association probabilities. This paper demonstrates the use of EM for probabilistic data asso-

ciation and orbital-element estimation by applying the technique to simulated data from two

angles-only tracking scenarios. In both scenarios, EM provides correct data associations and

accurate maximum likelihood estimates of orbital elements. One scenario considers tracking

a single object in clutter and quantifies the improvement of the orbital-element estimates and

data associations as the detection probability increases. However, standard application of EM

requires knowing the number of objects or may fail when a large number of objects are present.

To address these issues, this paper employs a multi-stage version of EM that is applicable when

there are a large and possibly unknown number of objects.

Nomenclature

J = Number of objects in mixture model

λ = Concentration parameter (rad−2)

πj = Prior data association probability for jth object

Θj = Orbital elements for jth object

ξ = Mixture model parameters to be estimated

n = Number of measurements

t = Time (s)

∗Statistician, Computational Engineering Division, bernstein8@llnl.gov.



ti = ith measurement time (s)

φi = (φi,1, φi,2) = ith angle measurement (rad)

Yi = Unit-vector form of ith angle measurement

yi = Corresponding index variable for unit vectors

Xi = ith latent data association variable

pξ (yi) = Distribution of a random variable Yi

pξ (xi) = Distribution of a random variable Xi

pξ (yi |Xi = j) = Conditional distribution of ith measurement from jth orbit

rO (t) = Position of observer

r (t;Θj ) = Position of jth object

w(h)
i j = Data association probability

Subscripts

i = Measurement index

j = Orbit or clutter model index

Superscripts

h = EM algorithm iteration index

I. Introduction
Space object tracking is required to manage space traffic [1], predict collisions [2], and attain Space Situational

Awareness (SSA). However, this task is complicated by non-object measurements referred to as clutter, data association

and orbit model uncertainty, sparse data, and orbital motion being non-linear [3]. Recall that data association uncertainty

in the tracking context refers to not knowing which measurements belong to which objects or are clutter. Several

techniques are currently used to track space objects, and are discussed later in this section, but new techniques may

be required in the future. Expectation-Maximization (EM) appears to have only recently been used for space object

tracking [4–9], but its generality and flexibility suggest it may be adapted to meet future space tracking needs.

A particular need is the ability to track a large number of space objects simultaneously. Previous work that considers

tracking space objects by fitting mixture models with EM demonstrate the approach on three or fewer objects [6, 8, 9].

However, the standard EM approach to mixture model estimation may not scale-well with the number of objects due to

the high-dimensionality of the parameter space. This paper considers an extension of the general EM approach for

mixture model estimation, referred to as multi-stage EM, that is shown in a simulation to enable data association and

orbit determination for more objects than standard EM.

The multiple space object tracking problem considered here is summarized for context. Data are assumed to have
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been collected from clutter or one or more objects at different times, but their associations are not known. The tracking

problem is to associate the measurements to the different objects or clutter and to determine, or estimate, the orbits

of the objects; these tasks are referred to as data association and orbit determination, respectively, though it is also

common to refer to data association as track linkage or uncorrelated track (UCT) linkage. Data association and orbit

determination are coupled in that orbit determination is simplified given the data associations, and similarly data

association is simplified given the orbits. Variations of the orbit, detection, or measurement model can be made, but

these do not fundamentally change the statistical tracking problem.

Literature reviews on multiple space object tracking can be found in [3, 10], and more general reviews on multiple

object tracking include [11–17]. Current tracking or space object tracking approaches include joint probabilistic data

association (JPDA) [18, 19], maximum likelihood PDA [20], multiple hypothesis tracking (MHT) [21–24], random

finite set (RFS) methods [25–29], multitarget intensity filters [30], the Distinguishable and Independent Stochastic

Populations (DISP) filter [31] and the related method [32], and reversible jump Markov Chain Monte Carlo (MCMC)

[33]. The methods are typically filter-based and designed to account for data association ambiguity and an unknown

number of objects, and are distinguished by the underlying statistical models they assume or their implementation.

While the approaches demonstrate good performance in challenging tracking scenarios, many are not as well-known or

known as broadly as Expectation-Maximization (EM). Hence, a goal of this paper is to increase interest in EM as a

space object tracking technique and to interest a broader range of researchers in this problem as well.

EM is often used for multiple object tracking and is applied to a variety of models and tracking scenarios in

[15, 34–45]. Much of the work on tracking with EM considers the probabilistic multiple hypothesis tracking (PMHT)

technique [46], which uses a filter for state prediction and has several variations in the literature. [47] and [48] review

the literature on EM and PMHT for tracking, respectively. In general, EM can be used to compute maximum likelihood

estimates of motion model parameters or object states and data association probabilities under those estimates. The

approach tends to be applicable when there is a notion of missing data, and so is well-suited for tracking problems

where the data associations are not known. For estimating parameters in the mixture model formulation of the multiple

object tracking problem, EM is sometimes called maximum likelihood PMHT, or ML-PMHT [49]. EM is also used

in particle filter [50] or RFS [29, 51] methods to estimate Gaussian mixture models related to the state of an object.

In contrast, this paper represents the states of objects deterministically and uses EM to simultaneously estimate the

elements for each of the objects.

Despite EM being a well-established approach to solving missing data problems, the method and its variant PMHT

do not appear to be commonly used for tracking space objects. PMHT is applied in [4] and [7] to decametric radar and

event based sensor data, respectively, and to track-before-detect in [5]. In [48, Sec. 12.5], PMHT is applied with random

matrices to track a large number of stars and satellites. [8] use EM for data association and tracking a maneuvering

object assuming a mixture model of spherical distributions, but do not discuss estimating orbital elements with EM. [6]
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and [9] apply different EM algorithms for data association and orbit determination to Gaussian, or similar to Gaussian,

mixture models of angles-only data; their approaches differ partly due to the former linearizing the motion model

to obtain a least-squares update of the state of the objects. In general, there is some variation in how EM has been

implemented for mixture models in this domain, so a goal of this paper is to provide a general presentation that refines

the technique.

In particular, the mixture model, EM algorithms, and results presented here differ from those previously considered

for space object tracking in several ways. For example, angle measurements are modeled as realizations of the spherical

normal distribution [52] in order to avoid potential problems with modeling angle measurements as Gaussian; the

Gaussian error model may not describe angle data well since angles describe points on the unit sphere. A clutter

model is also included as a possible measurement model, which can help facilitate linkage as discussed in Section II.

Additionally, the approach considered here does not rely on linearizing the orbit model and so avoids errors from this

approximation. These points are addressed in different parts of the literature, but they are considered together here for

completeness.

The main contribution of this paper is a consideration of a multi-stage EM procedure for orbit determination in the

mixture model formulation of the multiple space object tracking problem. The procedure is an iterative application

of EM, in which measurements unambiguously linked to an orbit model in one implementation or stage of EM are

set-aside and EM is reapplied to the remaining measurements. Multi-stage EM is shown to determine a greater number

of orbits than the standard EM approach, referred to here as EM or single-stage EM depending on the context, when

there are tens of objects. Alternative multi-stage tracking procedures include multistage maximization [13, Sec. 10.6]

and multi-stage MHT [53], and [49] consider a similar iterative application of EM to linear, Gaussian mixture models.

Convergence and estimation properties of orbital-element estimates obtained with single-stage EM are also illustrated

in two distinct tracking scenarios. Specifically, numerical simulations demonstrate that EM produces maximum

likelihood estimates of orbital elements and show the decrease in estimator bias as the detection probability increases.

The Rand index statistic [54] from cluster analysis is also employed to show that the approach correctly associates

measurements with objects and identifies clutter. The presentation is intended to be general enough that the EM

algorithms presented here can be modified to apply to other tracking scenarios, orbit models, or data types.

The paper is organized as follows. A general description of the space object tracking problem is given in Section II

and a simulated data set is provided as a motivating example. Section III presents a mixture model formulation of

the multiple object tracking problem that characterizes the data association model, object state, and measurement

uncertainties. Section IV describes the EM algorithm for fitting this mixture model and describes the multi-stage EM

extension that is applicable when the number of objects is large or unknown. EM is shown to provide correct data

associations and accurate maximum likelihood estimates of orbital elements for the presented data in Section V.A;

Section V.B illustrates multi-stage EM on similarly simulated data but with more objects. Section VI presents results for
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a different tracking scenario in which a single object is tracked in clutter, but here the focus is on the performance of EM

over multiple data sets; the mixture model and EM algorithm for this scenario are given in the appendix. Section VII

considers limitations of EM, the computational cost of EM, and briefly discusses EM for the more general state space

model formulation of the multiple object tracking problem, which allows for tracking objects while accounting for

process noise. The paper is summarized and future research directions are suggested in Section VIII.

II. Problem Description
A qualitative description of the tracking problem considered here is now given before describing the formal mixture

model framework and EM approach for its solution. A single observer is assumed to collect angle measurements

over time of one or more objects. The association of the measurements to the objects is not known, but some prior

information, such as the range of the elements, may be available. Measurements can also be clutter, or false alarms, that

do not correspond to any of the objects. Only one measurement is permitted at each time for now; Section VI considers

an example where multiple measurements can be available at each time. The objects are assumed to follow deterministic

orbits parameterized by a set of elements whose values are not known.

The goals are to link the measurements to the objects and to estimate the elements for each orbit. More specifically,

probabilistic data associations are desired that describe the uncertainty in associations between objects and measurements,

and maximum likelihood estimates of orbital elements are sought that take data association uncertainty into account.

This paper focuses on the use of EM for data association and point estimation of orbital elements, but discusses

approximations for the distributions of the element estimates in Section VI.A.

The modeling and estimation framework considered here assumes that the orbits are described by a set of constant

parameters that do not vary in time. This paper mostly assumes the objects have Keplerian orbits, which implies that the

elements or parameters describing each orbit are constant in time. Elements for other deterministic orbit models may

vary over time, but the modeling and estimation framework adopted here are still applicable in these cases since these

orbits can be parameterized with an initial position and velocity or element set. These initial conditions can then be

treated as the constant parameters that are estimated for each orbit with EM; an example of this estimation is given in

Section VII, where the Keplerian orbits are perturbed as a result of Earth being oblate. Other parameters characterizing

the orbital motion, such as drag coefficients, could therefore also be estimated in principle by suitable expansion of the

parameter space. The basic modeling framework assumed here does not extend to the case where process noise is used

to account for perturbations as discussed further in Section VII.

As a motivating example, Fig. 1 shows four-hundred simulated azimuth and elevation angle measurements. The

measurements are of four objects or clutter, and the observer is space-based with a Keplerian orbit as well; the

supplement provides more details on how the data was simulated. Figure 1a shows the angle data without indicating data

associations, so the measurements are not associated to specific objects or clutter. In Fig. 1b, the angle measurements
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are associated to objects by color and clutter is marked as triangles. The corresponding time series plots of the angle

measurements are shown in Fig. 1c-1f. Comparing the two sets of plots, it is not apparent which measurements belong

to which objects or are clutter. Determining the orbits of the objects is required to reduce this uncertainty.

Clutter, or spurious measurements, may not be a major concern in practice for linking angle measurements of space

objects, though it may be for other data types. This paper considers clutter to demonstrate the ability of EM to account

for this phenomenon and as a possible model choice for unlinked measurements. Including a clutter model can help with

orbit determination, even if no measurements are clutter, since it allows measurements to not be linked to a particular

orbit. For example, suppose there are measurements of two objects, but both orbit models are inaccurate. If clutter is

not included as a possible model choice and the measurements are initially associated to the incorrect orbit model, then

it may be difficult to improve the orbit models. In contrast, if a clutter model is allowed, then the measurements can be

associated as clutter until the orbit models are refined sufficiently so that the measurements can be linked correctly.

Hence, clutter effectively acts as a temporary label for unlinked measurements until the measurements can be associated

to the correct orbit model.

In order to determine the different orbits by estimating their elements, it is first necessary to specify a statistical

model that is assumed to generate the data. Under certain assumptions, multiple object tracking data with unknown data

associations can be modeled as a mixture model. The mixture model formulation of the tracking problem is described

next and an EM algorithm for estimating parameters in the model, including the orbital elements, is discussed in Section

IV. In general, different EM algorithms are required for different statistical models, but the procedure for constructing

EM algorithms is standard for mixture models [55, 56].

III. Statistical Model
This section combines the data association and measurement error models with the orbit models into a statistical

framework called a mixture model. For notation, let J denote the number of orbit models to be included in the mixture

model. Each object is assumed to have a single orbit model, so J is also the number of objects. The number of objects

is often not known in practice but the multi-stage EM approach discussed in Section IV effectively allows this number to

be estimated. Parameters in the mixture model that require estimation are denoted ξ and are listed at the end of this

section.

Since the data associations are not known, they are represented by an unobserved discrete-random variable whose

values correspond to the different objects or clutter. In particular, the latent data association variable Xi is defined such

that Xi = 0 if the ith measurement is of clutter and Xi = j if the ith measurement is of the jth object for j = 1, . . . , J.

The ability of the observer to take a measurement of an object may depend on their separation distance, whether the

line-of-sight from the observer to the object is blocked by Earth [57, 58], and other factors. However, for simplicity the
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Fig. 1 Simulated data for four objects tracked in clutter. Data associations (DA) are either indicated (colors
for objects, triangles for clutter) or not.

7



probabilities of observing clutter or one of the objects are modeled as constant in time,

pξ (Xi = j) = πj, (1)

for j = 0, 1, . . . , J, which are non-negative and sum to one. The assumption that these probabilities are constant over

the time the measurements are collected is reasonable if there is not significant prior information about the objects

suggesting otherwise. The latent data association variables are assumed to be independent as well.

In general, the observer could be space-based or at a fixed-location on Earth’s surface. The position of the observer

is assumed to be known at all times and denoted rO (t). The position of the jth object at time t is denoted r (t;Θj ), where

Θj denotes the elements for object j. This paper parameterizes the Keplerian orbits with equinoctial elements [59], so

that Θj = {τj, a j, h j, k j, pj, qj }, where τj and a j denote the time of perigee passage and semi-major axis, respectively.

As described in [59], the remaining elements {h j, k j, pj, qj } are functions of the eccentricity of the orbit and Keplerian

elements defining the orbital plane; the supplement provides additional details and references on the relationship between

equinoctial and Keplerian elements and an expression for the position of an object, r (t;Θj ), with a Keplerian orbit.

The time of perigee passage is included so that the elements can be treated as a set of fixed but unknown parameters

requiring estimation. The relative position of the jth object with respect to the observer is

r̃ (t;Θj ) = r (t;Θj ) − rO (t), (2)

which defines the mean direction along which angle measurements are obtained.

Angle measurements are assumed to be available at times ti for i = 1, . . . , n. The ith azimuth and elevation angle

measurement is denoted φi = (φi,1, φi,2) and the corresponding unit-vector measurement is denoted Yi = (Yi,1,Yi,2,Yi,3).

Note that the ith unit-vector measurement can be obtained from the corresponding angle measurement via

Yi =



cos(φi,2) cos(φi,1)

cos(φi,2) sin(φi,1)

sin(φi,2)



, (3)

and the reverse transformation from a unit vector to a pair of angle measurements is given by

φi,1 = tan−1(Yi,2/Yi,1) (4)

φi,2 = sin−1(Yi,3/‖Yi ‖). (5)

For notation, Yi denotes a random variable or realization of a unit vector, whereas yi denotes the corresponding index
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variable for the distribution of Yi . Hence, if pξ (yi) is the distribution of the ith measurement Yi , then this relationship

is expressed as Yi ∼ pξ (yi), and pξ (Yi) is the contribution to the likelihood from Yi . This notation extends to the

discrete-random variable case, so Xi ∼ pξ (xi) implies that the ith data association variable, Xi , has distribution pξ (xi),

and pξ (Xi) is the contribution to the likelihood from Xi .

Unit-vector measurements are assumed to follow the spherical normal distribution defined in [52], though other

choices are possible [8, 60]. The spherical normal distribution is characterized by a mean-direction vector and a

concentration parameter, λ, that controls the precision of the measurements. The mean-direction vector is taken to be

the unit vector pointing at the object from the observer, or r̃ (t;Θj )/‖r̃ (t;Θj )‖. The spherical normal distribution of the

unit vector associated with the ith angle measurement is

pξ (yi |Xi = j) = [C(λ)]−1 exp *
,
−
λ

2
arccos2 *

,

yTi r̃ (t;Θj )
‖r̃ (t;Θj )‖

+
-
+
-
, (6)

where the conditional dependency of the measurement on the jth object is made explicit and λ has units rad−2. To

interpret the distribution, note that arccos(uT1 u2) is the angular distance between two unit vectors u1 and u2. Hence, the

spherical normal distribution is a Gaussian distribution over the angular distance measurement error. The normalizing

constant C(λ) is derived in [52] and given in equation 21 of their supplement. The constant is a non-linear function of

the concentration parameter, but can be approximated as

C(λ) ≈
2π
λ

(7)

for large values of the concentration parameter, which is motivated by considering the normalizing constant for the

bivariate normal distribution. The approximation error is negligible for the range of measurement errors considered

here as illustrated in the supplement to this paper. Similar Gaussian approximations to a different spherical distribution

are considered in [8].

As in [52], angle measurements of clutter are modeled as corresponding to unit vectors that are uniformly distributed

over the unit sphere. Specifically, the clutter measurement distribution is

pξ (yi |Xi = 0) = (4π)−1 (8)

because the unit sphere has surface area 4π. More realistic clutter models are possible, such as uniform distributions

over regions centered around objects or spatial Poisson processes [61], but this model is a reasonable default choice.

Figure 2a shows the two-dimensional spherical normal distribution for an object measurement and the uniform

distribution for clutter. The origin represents the observer and the mean-direction vector, shown as an arrow, indicates
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Fig. 2 Spherical normal distributions characterizing the error distribution for angles-only measurements.

the direction of the object. Note that the spherical normal distribution concentrates its probability in the direction of the

object. In contrast, the clutter distribution is uniform on the unit circle, which reflects a lack of directional preference for

clutter. Comparing the two distributions shows that an angle measurement aligned with the mean direction is more

likely to be of an object than clutter, whereas an angle measurement orthogonal to the mean direction is more likely to

be clutter than of an object. Figure 2b shows that the variance of the spherical normal distribution increases as the

concentration parameter decreases. Note as well that the support of the probability distributions shown here is the unit

circle, but the support for angles-only measurements is the unit sphere.

The statistical model described in this section is called a mixture model since the marginal distribution of a

measurement is

pξ (yi) =
J∑
j=0

pξ (yi |Xi = j)πj, (9)

which follows by conditioning on the ith data association random variable. Note that the measurements, Y1:n, are

independent since the data association variables X1:n are independent; the notation ai:j = {ai, ai+1, . . . , a j−1, a j } is

used throughout this paper for any sequence a and indices i ≤ j. In the terminology of mixture models, the πj and

pξ (yi |Xi = j) are called mixing probabilities and mixture components, respectively. Data association probabilities are

defined as pξ (Xi = j |Yi), but discussion of how these probabilities are computed is deferred to the following section.

The full mixture model is parameterized by the mixing probabilities, orbital elements, and concentration parameter, so
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that ξ = {π0:J,Θ1:J, λ}. The next section gives the EM algorithm for computing maximum likelihood estimates of the

mixture model parameters and data association probabilities.

IV. Expectation-Maximization (EM)
EM is employed here to efficiently compute maximum likelihood estimates of the mixture model parameters, ξ,

defined in the previous section. In principle, the likelihood could be maximized directly without EM, but this is difficult

in practice since the data associations are not available. To see this, note that a maximum likelihood estimate (MLE) is a

maximizer of the marginal likelihood function

LY (ξ) =
n∏
i=1

pξ (Yi), (10)

which is treated as a function of ξ and can be expressed as a product since the Yi are independent. A log transformation

is applied to the likelihood to establish the EM algorithm. The log-likelihood, `Y (ξ) = log(LY (ξ)), is

`Y (ξ) =
n∑
i=1

log(pξ (Yi)) (11)

=

n∑
i=1

log *.
,

J∑
j=0

pξ (Yi |Xi = j)πj
+/
-
. (12)

The log-likelihood is difficult to maximize directly since it requires considering all possible data associations

simultaneously. EM algorithms avoid this problem by separating the data association and parameter estimation problems,

and therefore are often more effective at computing MLEs than methods that do not make this separation. In particular,

the algorithms iterate between updating data association probabilities and parameter estimates, so that at each iteration

data association probabilities are updated given the current parameter estimates, and the parameter estimates are updated

given the current data association probabilities. EM algorithms are often used for parameter estimation when there is a

latent variable that facilitates inference [62, 63], and are popular for fitting mixture models since the data associations

are not known [52, 55, 64, 65].

EM algorithms are built on the joint log-likelihood of the measurements and the latent data association variables.

The so-called complete-data log-likelihood (CDLL) for the mixture model is

`X,Y (ξ) = log
(
pξ (X1:n,Y1:n)

)
(13)

=

n∑
i=1

[
log(pξ (Yi |Xi)) + log(pξ (Xi))

]
, (14)

where pξ (Yi |Xi) is given in (6) and (8) for the different values Xi can assume and pξ (Xi) = πXi . Note, however, that
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this function cannot be evaluated since the latent data association variables are not known.

An EM algorithm consists of iteratively taking the conditional expectation of the CDLL with respect to the

measurements and maximizing the resulting function in the unknown parameters; these are called the expectation (E)

and maximization (M) steps, respectively. The E step weights terms in the CDLL with data association probabilities

computed from current parameter estimates, and the M step maximizes a related objective function with respect to the

parameters to be estimated. These probabilistic data association and parameter update steps are then iterated until a

measure of convergence is achieved. More formally, if ξ (h) = {π(h)
0:J ,Θ

(h)
1:J, λ

(h) } denotes the mixture model parameter

estimates of ξ at iteration h, then it can be shown that the parameter iterates ξ (h) converge to a local maximum or

stationary point of the log-likelihood function (11) as the number of iterations, h, goes to infinity [62, 66]. Furthermore,

for this implementation of EM, the estimated log-likelihood `Y (ξ (h)) does not decrease between iterations and tends to

increase until ξ (h) converges. Hence, the algorithm is typically stopped when the estimated log-likelihood, `Y (ξ (h)), or

the parameter estimates converge and the last ξ (h) is taken to be the MLE.

The EM algorithm for this mixture model consists of the following steps, which are provided here with explanatory

details:

1) Initialization: Specify starting values for the parameters, ξ (0) . Orbital elements can be initialized, for example,

using an initial orbit determination method or sampling a range of plausible values; the latter approach is taken

for the simulations in this paper based on hypothetical prior knowledge of the orbits. The mixing probabilities

are initialized to be equal, so that π(0)
j = (J + 1)−1 for all j, and the initial concentration parameter is taken to be

λ (0) = 102 rad−2. Setting the initial estimate of the concentration parameter to reflect a large measurement error

variance allows the orbital elements to move from their initial estimates to areas of the element space with higher

likelihood. Set h = 1.

2) E step: Given the current parameter estimates, ξ (h−1) , form the conditional expectation of the CDLL with respect

to the measurements,

Q(ξ, ξ (h−1)) = Eξ (h−1) [`X,Y (ξ) |Y1:n] (15)

=

n∑
i=1

J∑
j=0

[
log

(
pξ (Yi |Xi = j)

)
+ log(πj )

]
w(h−1)
i j , (16)

where the last term is the data association probability for measurement i and component j. The data association

probabilities are computed using Bayes’ rule as

w(h−1)
i j = pξ (h−1) (Xi = j |Y1:n) (17)

∝ pξ (h−1) (Yi |Xi = j)π(h−1)
j , (18)
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where the normalizing constant is pξ (h−1) (Yi) from (9) and measurements not from the ith time can be ignored

since Xi and Yi′ are independent for i , i′. In words, Bayes’ rule updates the prior probability of observing

component j, π(h−1)
j , with the corresponding likelihood, pξ (h−1) (Yi |Xi = j). Note from (6) that Q(ξ, ξ (h−1)) is a

weighted sum-of-squares function in the parameters ξ, where the w(h−1)
i j are the weights.

3) M step: Maximize Q(ξ, ξ (h−1)) with respect to ξ to yield updated parameter estimates ξ (h) . The updates for a

set of orbital elements, Θ(h)
j , are not in closed-form due to the non-linearity of the log-likelihood, and so are

obtained with a non-linear weighted least-squares solver called the Levenberg-Marquardt algorithm [67]. The

weights are the data association probabilities, w(h−1)
i j . Hence, data association uncertainty quantified in the E

step is propagated into the parameter updates in the M step. The updates for the mixing probabilities can be

computed in closed-form as averages of the data association probabilities from the E step,

π(h)
j =

1
n

n∑
i=1

w(h−1)
i j , (19)

which can be derived using aLagrangemultiplier argument since they sum to one [68]. Using the approximation (7),

the concentration parameter can be updated as

λ (h) =

∑n
i=1

∑J
j=1 w

(h−1)
i j

1
2
∑n

i=1
∑J

j=1 arccos2
(
YT
i r̃ (ti ;Θ(h)

j )

‖r̃ (ti ;Θ(h)
j ) ‖

)
w(h−1)
i j

. (20)

Updating the concentration parameter by maximizing Q(ξ, ξ (h−1)) with respect to λ is more difficult without the

approximation because of the form of the normalizing constant, C(λ).

4) If convergence of the parameter estimates, ξ (h) , or marginal log-likelihood, `Y (ξ (h)), is achieved or a pre-specified

number of iterations is reached, stop and return ξ (h) . Else, let h = h + 1 and return to step 2.

The EM algorithm should be run from multiple initial starting values to reduce the chances that a local maximum or

stationary point of the likelihood surface is reached instead of the global maximum. Additional implementation details

are provided in the appendix and supplementary material.

The E step for this EM algorithm reduces to computing the probabilities for each possible association of object to

measurement. In particular, the association of measurement i with object j is the event {Xi = j}, and the probability of

this association, conditional on the measurements, is w(h)
i j . Each E step requires n(J + 1) data association probabilities

to be calculated, which is linear in the number of measurements, n, for a fixed number of orbit models, J. The parameter

updates in the M step are made with these probabilistic associations, rather than binary data associations based on the

most likely or most probable association. The E and M steps are repeated until the parameter estimates converge, so the

total number of data associations requiring evaluation is n(J + 1) multiplied by the number of iterations. Other EM
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algorithms or methods for multiple object tracking may scale exponentially due to different modeling assumptions, as

discussed further in Section VII.

In practice, the number of objects present in a set of measurements may not be known and must be estimated along

with the elements for each of their orbits. There are several approaches to estimating the number of components in

a mixture model, but they may require fitting the model with different numbers of components or specifying a large

number of components. Additionally, if the number of orbits is large, then the estimation problem may be expensive

or difficult since the parameter space is high-dimensional. However, one or more orbits may be identified in cycling

through the E and M steps, even if an EM algorithm converges to a local maxima or all of the orbits in the mixture

model are not identified. This suggests a multi-stage extension of EM in which measurements associated to orbits

identified in one implementation of EM are removed from the original dataset before repeating the E and M steps on the

remaining measurements.

The multi-stage EM procedure consists of appending the following steps onto the basic EM algorithm after

convergence has been reached in step 4:

5) Remove from consideration any measurements that can be unambiguously linked to a particular orbit in the

mixture model. If there are insufficient measurements to determine a new orbit or a different stopping criteria

has been met, the E and M iterations can be ceased.

6) Otherwise, return to step 1 with the subset of measurements not linked to an orbit.

Each cycling through of the E and M steps is referred to as a stage, so that the standard EM approach where EM is always

run on the full, original data set is referred to as single-stage EM. In contrast, in multi-stage EM the first cyling through

of the E and M steps is the first stage, the second cycling through is the second stage, and so on. As the stages progress,

the number of measurements is reduced as some are linked to specific orbits, which then simplifies the estimation

problem in subsequent stages since there are fewer measurements. Multi-stage EM may not find a local maximum of the

log-likelihood for all of the measurements, but is still guaranteed to converge to a local maximum of the likelihood

function at each stage. Also, the estimated mixing probabilities and data association probabilities from multi-stage EM

are less interpretable than in single-stage EM since they are relative to the data available at each stage. Despite these

potential drawbacks, multi-stage EM allows a large data set to be fit in smaller pieces and so enables scaling of EM to

larger data sets than standard EM.

This section is concluded with a summary of EM and multi-stage EM. At each EM iteration, data association

probabilities are computed in the E step given the current parameter estimates. The probabilities combine information

from the data, through the likelihood function, with prior information about the data association. The M step updates

estimates of the orbital elements by solving a weighted least-squares optimization problem, where the weights are the

data association probabilities from the E step. Iterating between the probabilistic data association and parameter update

steps produces an MLE of the mixture model parameters. In multi-stage EM, measurements associated to specific
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objects are removed from consideration and the E and M steps are repeated to maximize the likelihood of the remaining

measurements. Single-stage and multi-stage EM are demonstrated on simulated data in the following section.

V. Tracking Multiple Objects in Clutter
This section presents results for fitting data generated from the tracking scenario considered thus far, where an

angle measurement of one of multiple objects or clutter is sampled at each time. In Section V.A, the single-stage EM

algorithm comprised of steps 1-4 in Section IV is applied to the data shown in Fig. 1. In Section V.B, multi-stage EM

is shown to identify more orbits than single-stage EM for a data set with ten orbits and is shown to scale-well as the

number of orbits is increased.

A. Single-Stage EM

Single-stage EM is applied to the simulated data shown in Fig. 1 for six different initializations of the orbital

elements. Initial orbital-element estimates, Θ(0)
1:J , are sampled uniformly from a range containing the true values of the

elements. The initial estimates of the mixing probabilities and concentration parameter are given in Step 1 of the EM

algorithm discussed in Section IV. Figure 3a shows the estimated log-likelihoods, `Y (ξ (h)), for all six runs, and the

log-likelihood at the true parameter values, `Y (ξ). Note that the likelihoods do not decrease, and often increase, at each

iteration as discussed in Section IV, and that all of the runs converge within the maximum number of iterations. The

estimated log-likelihoods for five of the initializations do not converge to the largest likelihood value, suggesting they

converged to a local maxima or stationary point of the log-likelihood surface instead. The estimated log-likelihood for

the fourth initialization, referred to as run four, converges to the actual log-likelihood, `Y (ξ), and attains the largest

likelihood overall. Hence, the parameter estimates for run four are selected as the maximum likelihood estimate from

the ensemble of runs.

Data association accuracy is quantified with the Rand index [54], which in this context gives the percentage of pairs

of measurements that are correctly linked to the same orbit or correctly linked to different orbits. The Rand index values

for the six runs are shown in Fig. 3b to increase across EM iterations, indicating improved data association accuracy as

parameter estimates improve. Furthermore, the log-likelihood and Rand index values in Fig. 3a and Fig. 3b increase

together since better data assocations lead to better parameter estimates and vice-versa. For runs 3 and 4, the Rand

index approaches one, indicating that all pairs of measurements have been correctly linked as belonging to the same or

different orbits. Here, the ith measurement is linked to the orbit for which it has the largest data association probability;

that is, the measurement is linked to the jth orbit, or more generally mixture model component if clutter is considered, if

w(h)
i j ≥ w(h)

i j′ for j ′ = 0, . . . , J. The Rand index is therefore computed as

RI =
n1 + n2(

n
2

) , (21)
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where n1 is the number of pairs of measurements correctly linked to the same orbit, n2 is the number of pairs of

measurements correctly linked to different orbits, and n is the number of measurements. The denominator in the Rand

index is a binomial coefficient giving the number of pairs of measurements and equals n(n − 1)/2. Comparing data

associations pairwise avoids label switching problems due to arbitary component labels, which can make assessing

clustering algorithms difficult. [24] discusses similar statistics for quantifying data association accuracy, but a comparison

of these statistics is left as future work.

Clutter identification is also investigated as a special case of data association. The ith measurement is identified as

clutter if the clutter mixing probability is larger than all of the object data association probabilities, so that w(h)
i0 > w(h)

i j

for j = 1, . . . , J. Figures 3c and 3d show the accuracy and false discovery rate (FDR) of identifying clutter, respectively.

Accuracy is the percentage of measurements that are correctly identified as clutter or not clutter, whereas the false

discovery rate (FDR) for identifying clutter is the percentage of object measurements that are incorrectly identified as

clutter. Hence, the accuracy plot shows that EM correctly differentiates clutter and object measurements. In contrast,

the FDR plot shows that EM does not incorrectly identify object measurements as clutter. While an accuracy of one

implies an FDR of zero, the converse is not true, so both plots may be helpful in diagnosing incorrect data associations.

Comparing all of the plots in Fig. 3 indicates that identifying clutter improves data association for all mixture model

components and vice-versa.

Figure 4a shows the convergence of the concentration parameter estimates to the actual value used in the simulation.

The corresponding convergence of the standard deviations of the angular distance measurement errors is shown in

Figure 4b; note that an expression for the variance, and equivalently the standard deviation, as a function of the

concentration parameter is given in [52]. The estimates for the different EM runs are in sync with the data association

results in Fig. 3. Specifically, improvements in data association accuracy occur as the measurement error variance

decreases, and the runs that result in a close estimate of the concentration parameter are also the runs that achieve high

data association accuracy.

Figure 5 shows estimates of the orbital elements across EM iterations for the run that led to the largest final estimated

log-likelihood. The convergence of the estimates from their initial values to the true values is apparent for all four sets

of orbital elements, demonstrating that the EM algorithm can correctly determine the orbits of the objects. Figure 6

shows the mixing probability estimates simultaneously converging to the actual values. In the first iteration, the mixing

probabilities for the objects that are most consistent with the measurements increase sharply and the other mixing

probabilities decrease towards zero since the probabilities sum to one. As the iterations progress and the orbital-element

estimates converge to the true values, the mixing probabilities converge to their actual values. Note as well that the

time-independent observation probability assumption in (1) does not appear to have a biasing effect on estimates of the

orbital elements or mixing probabilities.

The supplementary material discusses diagnostic plots for validating the orbit model estimates based on prediction
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Fig. 3 Figure 3a shows the estimated log-likelihoods and actual log-likelihood (dashed line). Figures 3b-3d
show data assocation statistics and reference values (dashed lines). Colors indicate different EM initializations.
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Fig. 4 Estimates of the concentration parameter and the standard deviation of the measurement errors for
different EM initializations. The dashed black lines indicate the actual values.

residuals. In particular, time series and quantile-quantile plots are suggested for assessing the independent and identically

distributed measurement error assumptions.

The results in this section demonstrate that EM is effective at orbit determination and probabilistic data association

for a particular data set when the number of objects is assumed known. In practice, however, the actual number of

objects may not be known. Furthermore, EM will produce an estimate of elements for J orbit models, but some of these

orbits may not be accepted as real if they are inconsistent with the measurements. That is, the number of orbits accepted

at the maximum likelihood estimate as actual orbits may be less than J or the actual number of objects. This may be

indicative of EM reaching a local maxima of the likelihood function or misspecifying J. The following section shows

that multi-stage EM can use this information to determine a larger number of orbits than single-stage EM and considers

an example where the number of objects is unknown.

B. Multi-Stage EM

To motivate the need for multi-stage EM, fifty data sets are simulated as in the previous simulation and each fit with

single-stage EM until at least one orbit is obtained. Each data set consists of one-thousand measurements from ten

objects; clutter measurements are excluded from this simulation but a clutter model is included in the mixture model for

reasons discussed in Section II. The orbital elements for the observer are the same in each data set, but are varied across

objects as discussed in the supplement. Since the number of orbits is not assumed known, J = max(dn/80e , 2) orbits

are initialized, where n is the number of measurements and dxe is the ceiling function. Note that n will decrease across

stages as orbits are identified and the associated measurements are removed from the data set. For this simulation, the
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Fig. 5 Element estimates (solid lines) for run four and their actual values (dashed lines) across EM iterations.
Each color represents a different orbit.
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Fig. 6 Mixing probability estimates (solid lines) for run four and actual proportions in the data (dashed lines).
Colors for orbit models match Fig. 5.

jth mixture component is declared to be an actual orbit if more than 40 measurements have w(h)
i j as their largest data

association probability and if the maximum angular distance residual for that set of measurements and orbit is 250

arcseconds, which is approximately three standard deviations of the measurement error distribution.

Figure 7a shows the estimate of the number of orbits obtained with single-stage EM for the fifty data sets. For

all but one of the data sets, single-stage EM identifies less than the total number of orbits due, for example, to EM

converging to a point in the parameter space corresponding to a subset of the total number of orbits. One option would

be to run single-stage EM for each simulated data set multiple times and vary the initial starting values each time as

in Section V.A, but this can be computationally expensive and does not take advantage of information obtained in

previous runs. Instead, we proceed with implementing multi-stage EM by removing measurements corresponding to any

identified orbits and applying EM again to the remaining measurements. Figure 7b shows the estimate of the number of

orbits obtained with multi-stage EM. Multi-stage EM does not always determine the correct number of orbits, but in

general identifies more orbits than single-stage EM and in most cases identifies the correct number of orbits. Hence, this

simulation illustrates that multi-stage EM can scale better than single-stage EM to linkage problems with tens of objects.

Figure 8 shows how many orbits are identified at each stage of multi-stage EM for three different initializations. For

the first run, three orbits are identified in the first and fourth stages, two orbits are identified in the third stage, and one

last orbit is identified in the tenth stage for nine orbits total. Similarly, for the second run, four orbits are identified in

the first and third stages and one orbit is identified in the second and fourth stages for ten orbits total. Note that zero

orbits may be identified in some stages, and all multi-stage EM runs shown in this figure converged by the tenth stage as

determined by a pre-specified stopping criteria. The stopping criteria will vary by need, but here is taken to be if either

less than fifty measurements are left unlinked or sixty stages have been completed.
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Fig. 7 Estimated number of orbits with single-stage and multi-stage EM.
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Fig. 9 Multi-stage EM estimates of the number of orbits (5th, 50th, and 95th percentiles) and a reference line
in blue.

Figure 9 shows how multi-stage EM scales as the number of objects increases. As the number of orbits is increased

from five to fifty in increments of five, one-hundred data sets are simulated and fit with multi-stage EM. The figure

shows percentiles of the estimated number of orbits across the hundred data sets. In this simulation, multi-stage EM

identifies the correct number of orbits in most of the data sets with a slight increase in variance and bias as the number

of objects approaches fifty.

A consideration in multi-stage EM is determining when ameasurement is linked to an orbit since linkedmeasurements

are not considered in later stages as possibly belonging to different orbits. The linking criteria used in this example was

based on hypothetical knowledge of the simulation settings in this paper; other criteria will be necessary for different

orbit propagators or measurement error distributions. This consideration is not required for single-stage EM because

measurements are not linked to specific orbits, but rather are given probabilities of belonging to the different orbits.

Measurements of ambiguous origin can be identified after running multi-stage EM by computing data association

probabilities under the orbit models identified across all stages. If there are measurements consistent with two or

more orbit models, then EM could be applied to the measurements linked to these orbits to try to refine the associated

orbit models and determine the association of the measurements whose origins are not clear. Similarly, the criteria to

identify an orbit as real will depend on how many measurements are available for each object, the distribution of the

measurement error, and the fidelity of the force propagator.

Another consideration with multi-stage EM is the number of orbit models to include in the mixture model at each

stage, though this consideration is also present for single-stage EM. In multi-stage EM, if Jk denotes the number of orbit

models included in the mixture model at stage k, then up to
∑

k Jk orbit models can be determined overall. However, in

single-stage EM the number of orbits that can be determined is at most J. Hence, multi-stage EM allows more flexibility

in specifying the number of orbit models in the mixture model than single-stage EM.
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The next simulation considers single-stage EM again and quantifies the bias and uncertainty in EM estimates over

multiple data sets. A different tracking scenario is assumed to demonstrate that EM is adaptable to different tracking

scenarios.

VI. Tracking a Single Object in Clutter
An EM algorithm is now discussed for a second tracking scenario in which a single object is tracked in clutter, but

multiple measurements of clutter are allowed at each measurement time. The detection model assumes that the object is

observed with the same probability of detection at each time and that the object detections are independent. Hence, it is

not known whether there is a detection at a particular time, and if there is a detection, the measurement index of the

object is not known. The structure of this tracking scenario is therefore similar to the previous scenario with J = 1

objects and probabilities of detection and non-detection given by pD = π1 and 1 − pD = π0, respectively, but now

the detection model is slightly different due to the multiple clutter measurement possibility. The mixture model and

EM algorithm for data generated from this scenario are given in the appendix. A more general model would combine

the model in this section with the previously discussed model by allowing for multiple objects and measurements at

each observation time, though the number of possible data associations to consider here would be large. Section VI.A

discusses approximations of the distribution of the estimates of the elements.

For this tracking scenario, the detection probability, orbital elements of the object, and concentration parameter are

not known and so are estimated with EM. As in the previous scenario, the EM algorithm for this model iterates between

computing data association probabilities for object detections in the E step and updating estimates of the mixture model

parameters in the M step. Previous work on tracking a single object considers the probabilistic data association (PDA)

filter [11, 69], nearest neighbor filter [70], and EM or probabilistic MHT (PMHT) algorithms [42, 71, 72]. The PDA

filter and PMHT approaches are compared in [42]. In general, when the motion of an object is described by a parametric

set of equations, estimating the motion model parameters by directly maximizing the likelihood may be feasible when

there are few parameters to estimate. However, this approach generally becomes less efficient than EM at parameter

estimation as the number of parameters increases.

To demonstrate the performance of the EM algorithm over a range of conditions, one-thousand data sets are simulated

at detection probabilities of i/10 for i = 1, . . . , 10. Each dataset consists of measurements collected at one-hundred

times, where the semi-major axis and eccentricity elements are the same in each data set but the other orbital elements

are randomly varied across data sets. At each time the number of clutter measurements is simulated from a Poisson

distribution with mean five. Angle measurements of clutter are simulated uniformly around the angle of the object,

so the clutter tends to follow the object as it moves through space. Furthermore, at each time the random variable

representing an object detection follows a Bernoulli distribution with the detection probability as the probability of

success. An example data set is shown in Fig. 10, where the detection probability is 0.5. For each simulated data set,
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Fig. 10 Example data for Section VI. In Fig. 10a, the data associations are not known. Fig. 10b indicates the
object or clutter associations.

the EM algorithm is run fifty times with different, randomly selected initial starting values of the orbital elements and

detection probability. Of the fifty EM runs, the run with the largest final log-likelihood estimate is saved and the Rand

index and parameter estimates are recorded. As for the previous tracking problem, the goal is to determine which

measurements are of the object in orbit and to determine the orbital elements of the object.

Figure 11 shows summary results of the Rand index, detection probablity, and concentration parameter estimates.

Similarly, Fig. 12 shows results of the semi-major axis and eccentricity estimates; analogous plots are not shown for

the other orbital elements since they were varied across simulated data sets. In general, the estimates at low detection

probabilities have large variance and some estimates, such as the concentration parameter, appear to be biased. As the

detection probability increases, the bias and variance is reduced since more measurements of the object are available to

estimate the elements and other mixture model parameters. Figure 11b indicates that reduced variance in the parameter

estimates is also associated with increased data association accuracy. Note as well the relatively small concentration

parameter estimates in Fig. 11c at low detection probabilities. The measurement error model is poorly learned at low

detection probabilities since there are insufficient object measurements to learn the orbit model well.

A. Distributions of Element Estimates

This paper uses EM to compute maximum likelihood estimates of orbital elements, and therefore methods for

approximating the distribution of maximum likelihood estimates are applicable. Two common approaches for this task

are to approximate the maximum likelihood estimates as Gaussian or to use bootstrapping; a detailed discussion and

comparison of these approaches is provided in [63] or [56], for example. The former approach relies on approximating
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Fig. 11 Estimate percentiles across one-thousand simulated data sets for tracking a single object in clutter.
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Fig. 12 Element estimate percentiles (solid lines) and their actual values (dashed lines).

the asymptotic variance-covariance matrix of the element estimates, and so in principle requires a large number of object

measurements. Bootstrapping, in contrast, requires simulating multiple data sets from the fitted mixture model and

estimating the model parameters for each of the new data sets; Fig. 13 shows an example of element estimates from a

bootstrap distribution for a simulated data set with pD = 0.4. Confidence intervals for the elements can then be obtained

from the sample covariance matrix or quantiles of the bootstrapped estimates. Overall, the Gaussian approximation is

less expensive to implement than bootstrapping for this application, but is more difficult to justify in a small data setting.

Figure 14 shows the confidence interval coverage for the six orbital elements using a Gaussian approximation and

bootstrap method. The confidence interval coverage is the percentage of confidence intervals that contain the actual

values of the elements, which are known because the data is simulated. Here, the confidence intervals are constructed at

a nominal confidence level of 95%, so their coverage should be approximately the same over multiple data sets. In

Fig. 14a, the coverage of the intervals from the Gaussian approximation increases with the detection probability. This

trend is expected since the Gaussian approximation improves as the number of measurements increases, though the

coverage is high for values of pD above 0.6.

Figure 14b shows the bootstrap confidence interval coverage, which is close to the nominal level of 95% for

all values of pD for the p and q elements. The coverage for the elements a and k increases from about 60-70% at

pD = 0.1 to 100% for pD = 0.6, and the coverage for the elements τ and h is close to 100% for all values of pD . The

near 100% coverage for both confidence interval types may be due to the small measurement errors and the large

number of measurements, which allows the elements to be estimated with high-precision and accuracy. In contrast,

the less-than-nominal coverage for small values of pD is likely due to inaccurate estimates of the elements resulting

from a small number of measurements of the object. Gaussian confidence intervals are centered around the element
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Fig. 13 Example distribution of bootstrapped orbital-element estimates (black circles) andmaximum likelihood
estimates (red lines). The numbers are the sample correlations of the bootstrap estimates.

estimates, so if the element estimates and their standard errors are inaccurate, then the confidence intervals are not

expected to have the nominal coverage. Additional sources of variability in the coverage include Monte Carlo error

due to simulation of data sets. Improving the coverage of bootstrap confidence intervals by, for example, considering

alternative procedures for constructing the bootstrap distribution is left as future work.

The assumed mixture model does not lead to quantifying state uncertainty with a filter, though data association

uncertainty is accounted for when updating elements in the M step. Filter-based EM algorithms for multiple object

tracking are considered in [34] or [46], but may not be necessary if process noise can be ignored. When process

noise can be ignored, EM produces point estimates of orbital elements by processing all measurements simultaneously.

Alternatively, a Bayesian method could be employed to quantify uncertainty in the elements with a posterior distribution,

which would lead to a different form of data association uncertainty than the weights computed with EM, but this

is often more expensive than computing maximum likelihood estimates with EM since the joint parameter and data

association space are high-dimensional. The trade-off between the quality of these approximations and computational

cost should be considered when choosing a method for analysis in practice. In particular, fitting a mixture model with

EM is often cheaper than implementing Bayesian inference of a state space model, but the latter quantifies uncertainty

more naturally.

Summary statistics across ensembles of simulated data sets provide insight into how EM may perform for a new data

set. This simulation estimated the confidence interval coverage for orbital-element estimates as the detection probability

changes, for example. For the simulation settings considered here, EM tends to provide accurate estimates even at low

detection probabilities. However, the performance is expected to deteriorate if less data are collected or clutter is more

prevalent. Additional limitations of EM and modeling issues are discussed in the following section.
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Fig. 14 Empirical confidence interval coverage of orbital elements. The red dashed line is at 95%.

VII. Discussion
This paper considers the use of multi-stage EM for the multiple space object tracking problem when the number of

objects is not known. Recall that the procedure is to specify a number of objects, fit the corresponding mixture model

with EM, remove measurements corresponding to any identified orbits, and repeat these steps with the same or smaller

number of orbit models in the mixture model until a stopping criteria is met. Alternatively, the number of orbit models

can be set to an upper limit on the number of objects believed to be present. The hope is then that there are only as

many non-zero mixing probabilities as there are objects. In practice, however, multiple orbit models can describe the

same object, so regularization is often used to keep the orbit models distinct. A standard approach to allowing a large

number of mixture model components that incorporates this regularization is with a Dirichlet process; details on its

incorporation into EM algorithms are available in [73]. The general idea is to weight the mixing probabilities towards

zero, so that most mixing probabilities are effectively zero. Alternative approaches for tracking an unspecified number

of space objects are given in Section I.

The computational cost of a multiple object tracking algorithm depends on the assumed statistical model, the force

propagator, and other choices. For maximum likelihood estimation, the cost is therefore in large part dependent on the

likelihood of the model and how efficiently the likelihood can be maximized. Recall that the log-likelihood for the

mixture model consists of n(J + 1) terms by equation (11), which increases linearly in the number of orbit models for a

fixed number of measurements. Directly maximizing the likelihood of a mixture model is generally intractable, but EM

efficiently computes maximum likelihood estimates by iteratively maximizing the objective function defined in (15).

Other procedures for computing maximum likelihood estimates of a mixture model will have the same cost of evaluating

the likelihood, but will generally require more likelihood evaluations and so are less efficient and more expensive overall.
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In a state space model formulation of the multiple object tracking problem, the number of terms in the likelihood

generally increases faster than linearly due to the dependency structure of the model; recall that state space models

generalize mixture models to allow for dependency in the latent state or data association processes. Specifically, the

number of terms can increase exponentially with the number of measurements, so that the likelihood cannot always be

evaluated in practice. Some EM or EM-based algorithms for state space models scale linearly [36, 46], but others scale

exponentially [34]. In the latter case, a track management procedure such as pruning is required to remove unlikely data

associations from consideration. This discussion is meant to emphasize that the complexity of an EM algorithm for

multiple object tracking depends on the assumed underlying model and is not inherent to EM itself. The advantage of

using EM for multiple object tracking is not necessarily its scaling, which varies by model and implementation, but the

framework it provides for probabilistic data association and efficient maximum likelihood estimation.

The main computational cost of fitting a mixture model with EM is updating the elements in the M step since it

requires evaluating each orbit model multiple times as part of a non-linear least squares solve. As with other methods,

the cost of updating the elements therefore increases with the fidelity of the orbit model, the number of measurements,

and other possible factors. There are several approaches to mitigating the cost of EM, if needed, but two are discussed

here, namely generalized EM and increasing the fidelity of the orbit model across EM iterations.

Generalized EM (GEM) reduces the computational cost of EM by effectively replacing the maximization, or M, step

with a step that updates the elements by increasing the objective function; details are provided in [62] or [56], for example.

Increasing the objective function can be more computationally tractable than finding a local maximum and also move

the elements towards areas of the element space with higher likelihood. As the iterations progress, more computational

resources can be made available to implement a full maximization in the M step. To demonstrate the advantages of

GEM, Fig. 15 compares the run times and Rand indices for fifty initializations of single-stage EM, multi-stage EM, and

multi-stage GEM. The simulated data set for this example consists of one-thousand measurements of ten objects or

clutter. The element-update step in the GEM algorithm is obtained by limiting the number of Levenberg-Marquardt

(LM) iterations at each M step, so there is no guarantee that the updated elements will maximize the objective function in

the M step. Specifically, the number of allowed LM iterations starts at two and is increased to five, ten, and twenty at the

tenth, twentieth, and thirtieth EM iterations, respectively. In general, Fig. 15 shows that single-stage EM is the slowest

method and has the smallest data association accurary on average as judged by the Rand index statistic. Multi-stage EM

is faster than single-stage EM and tends to have better data association accuracy. Multi-stage GEM is the fastest method

of the three considered methods and has the highest average Rand index value, suggesting GEM has additional data

association accuracy benefits. The improvement in data association accuracy may be due to less aggressive updating of

the elements initially, which could lead to finding local maxima of the likelihood function. Further investigation is

needed to investigate the rate at which the number of LM iterations should be increased across EM iterations.

A second approach to mitigating the cost of EM is to increase the fidelity of the orbit model over successive EM

29



10 20 30 40 50
7
5

8
0

8
5

9
0

9
5

1
0
0

Run Time (sec)

R
a
n
d
 I
n
d
e
x
 (

%
)

Single−stage EM
GEM
Multi−stage GEM

Fig. 15 Comparison of single-stage EM, multi-stage EM, and multi-stage, generalized EM (GEM).

iterations. The likelihood is not guaranteed to increase at each iteration if the fidelity of the orbit model changes, but a

low-fidelity orbit model may move the elements towards values with greater likelihood where using a higher-fidelity

model may be more beneficial. This is shown in Fig. 16, where data is simulated for four objects and clutter as before,

but now J2 perturbations from Earth’s oblateness are modeled [57]. For the first thirty iterations of six different EM

initializations, a Keplerian orbit model is assumed and the elements estimated as before. Since the Keplerian orbit

model can quickly be evaluated, this first set of EM iterations improves the initial orbit estimates without significant

computational cost. The orbit model is then changed to include the perturbations, and the position and velocity of each

object at the initial measurement time are estimated; convergence plots for these parameters are given in the supplement.

When the orbit model is changed, the concentration parameter is reduced from its current estimate to a new initial value

of λ (0) = 103 rad−2 to allow the parameters to move through the element space. This creates the sharp decrease in the

log-likelihood shown in Fig. 16a. The likelihood eventually recovers after the model changes and runs 3 and 6 reach

values close to the likelihood of the actual unknown parameters. Similarly, Fig. 16b shows that the data association

accuracy converges to values between 50% and 85% for the Kepler model, but increases for most runs after the orbit

model is updated with runs 3 and 6 reaching Rand indices close to 100%. More research can be done on determining

how quickly to increase the fidelity of the orbit models and ensuring smoother transitions between models of different

fidelities.

The EM algorithms discussed here may not perform well in all tracking scenarios, though these limitations apply

to other tracking algorithms as well. When the angular measurement errors are large, the data associations will be

innaccurate and the parameter estimates can be biased or have high variance. Alternatively, if the initial orbital-element

estimates are poor, then the data association probabilities for the objects will be near-zero and thus the orbital elements

will not be updated in the M step. In this case, better initial orbital-element estimates may possibly be obtained with
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Fig. 16 Results for EM implemented for a Keplerian orbit model for the first 30 iterations and with J2
perturbations for the next 40 iterations.

the aid of a different object tracking algorithm. EM may also perform poorly if the likelihood function is effectively

zero except at the actual orbital elements, which can occur when the concentration parameter is large. This situation

will also lead to near-zero data association probabilities that make updating the orbital elements in the M step difficult.

To summarize, successful implementation of EM requires good initial starting values for the orbital elements and a

likelihood function that allows the M step to move the elements through the parameter space to regions of higher

likelihood.

Another limitation of the EM algorithms discussed here are that they only apply to deterministic orbit models. EM

algorithms can also be derived for orbit models that include stochastic perturbations that are modeled with process

noise, such as atmospheric drag or solar radiation pressure. The resulting statistical model is then a state space model as

discussed previously in this section. The basic mixture model framework considered here is not applicable in this case

since the likelihood of the measurements is no longer given by (10) due to the temporal dependency induced by the

process noise. One approach for adapting EM to state space models is to implement a filter or smoothing algorithm in the

E step to obtain the conditional distribution of the object states given the measurements. For a linear, Gaussian model,

this is the Kalman filter, and for a non-linear stochastic motion model a particle filter could be used. Parameters in the

motion and measurement model are then updated in the M step as for the deterministic orbit model case. Probabilistic

MHT (PMHT) is one of the main uses of EM for multiple object tracking when a state space model formulation of the

problem is assumed [16, 46]; references for the application of PMHT to space object tracking are given in Section I.

However, there are many filtering algorithms for state prediction that account for process noise [58, 74, 75] that have not

been incorporated into EM algorithms for space object tracking, and other EM algorithms have been used for multiple

object tracking in the state space model framework [34], so constructing new EM algorithms for space object tracking
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with these or other filters is potentially of interest as well.

VIII. Conclusion
Expectation-Maximization (EM) is commonly used for probabilistic data association and parameter estimation in

a variety of applications. In the space object tracking context, EM associates measurements with objects or clutter

and computes maximum likelihood estimates of orbital elements and other mixture model parameters. This paper

demonstrated the data association and parameter estimation properties of EM for two different space object tracking

scenarios. Simulations showed that estimates of orbital elements and data associations are nearly unbiased at low

detection probabilities and that the bias and variance decreases with increasing measurements of the object. The paper

also investigated a multi-stage EM approach that is useful when the data includes measurements from a large and

possibly unknown number of objects. Recall that multi-stage EM is a procedure to systematically decrease the number

of orbit models in the mixture model as orbits are identified, so that the linkage problem becomes simpler and more

manageable. In simulations, the procedure accomplished the linkage task more accurately for tens of objects than

single-stage EM and correctly identifed up to 50 orbits with high-accuracy and low variance.

Future work on using EM for tracking space objects includes allowing for a larger number of objects, investigating

higher-fidelity orbit models and tracking simulators, and replacing the deterministic motion model with a stochastic,

non-linear motion model that accounts for perturbations. Furthermore, this paper only considers off-line estimation, but

EM algorithms might also be derived for on-line tracking that consist of updating orbital elements as additional data

becomes available. For example, when new measurements are obtained, the current orbital-element estimates could be

updated by taking them to be starting values for EM and iterating the E and M steps until convergence.

A comparison of EM with more traditional approaches to space object tracking is also needed to establish the

method as competitive. Since most alternative methods are filter-based due to their consideration of process noise,

a fair comparison will require an EM algorithm that also accounts for process noise. Probabilistic MHT (PMHT) is

one EM-based filtering-approach that has been compared to MHT and other tracking methods, but a comparison does

not appear to have been made for tracking space objects. Furthermore, filter-based EM algorithms can be derived for

tracking that differ from PMHT as demonstrated in [34] or [45], for example. Hence, it will be interesting to compare

non-PMHT, filter-based EM algorithms to MHT or PMHT for space object tracking. Note that a filter-based EM

algorithm that accounts for process noise will differ from the EM algorithms presented here, but the basic E and M step

structure of the algorithm will be the same.

In general, EM algorithms for more complex orbit models and tracking scenarios remain to be derived in detail. The

desirable properties and intuitive structure of EM suggests it is likely to be useful for space object tracking scenarios

that have not been analyzed yet with EM. We plan to continue investigating the use of EM for these tracking scenarios

and models of interest.
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Appendix
This appendix describes the mixture model and EM algorithm used to track a single object in clutter in Section VI.

The main difference between this EM algorithm and the EM algorithm for tracking multiple objects is that now multiple

measurements may be available at each observation time, which changes the detection probability model slightly. The

derivation of the two EM algorithms is similar, but the derivation for this second EM algorithm is provided here for

completeness.

The data for this scenario are ni angle measurements taken at time ti for i = 1, . . . , n. Let φi j = (φi j,1, φi j,2)

denote the jth angle measurement at the ith time and let Yi j denote the corresponding unit vector for j = 1, . . . , ni; the

measurements at time i are denoted Yi = {Yi j }
ni
j=1. At each time, at most one measurement is allowed to be of the object.

Hence, if no detection occurs at a particular time, then all of the measurements at that time are of clutter. Conversely,

if there is a detection, then all but one of the measurements at that time are of clutter. All angle measurements and

detections are assumed to be independent for simplicity, though correlation could be modeled here if desired. The

parameters to estimate are ξ = {pD,Θ, λ}, where pD is the detection probability and Θ are the orbital elements for the

object.

The mixture model for this data is developed as in the multiple object tracking scenario. The latent data association

variable is denoted Xi , where Xi = 0 indicates no detection was made and Xi = j indicates measurement Yi j is of the

object. At each time, a detection occurs with probability pD , so that the detection probability model is

pξ (Xi = j) =




1 − pD, j = 0

pD/ni, j = 1, . . . , ni .
(22)

The angle measurement model is

pξ (yi |Xi = j) =




pξ (yi j |Xi = 0)ni , j = 0

pξ (yi j |Xi = j)pξ (yi j |Xi = 0)ni−1, j = 1, . . . , ni,
(23)

since all ni measurements are clutter for a non-detection and only the jth measurement is not clutter if there is a

detection. For the data in Section VI, the clutter measurement error model is taken to be uniform over a region R with

area 0.04 rad2, so that pξ (yi j |Xi = 0) = 25I{yi j ∈R }. The clutter distribution is assumed known from hypothetical prior

knowledge and so does not contain parameters that require estimation. The object measurement error model is taken to

be the spherical normal distribution with concentration parameter λ given in (6).
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To derive the E step for this EM algorithm, the CDLL for this model is

`X,Y (ξ) = log
(
pξ (X1:n,Y1:n)

)
(24)

=

n∑
i=1

[
log(pξ (Yi |Xi)) + log(pξ (Xi))

]
, (25)

where the likelihood terms are given in (23). The E step is to compute the conditional expectation of the CDLL with

respect to the measurements,

Q(ξ, ξ (h−1)) = Eξ (h)
[
`X,Y (ξ) |Y1:n

]
(26)

=

n∑
i=1

ni∑
j=0

[
log(pξ (Yi |Xi = j)) + log(pξ (Xi = j))

]
w(h−1)
i j , (27)

where the data association probabilities are derived with Bayes’ rule as

w(h−1)
i j = pξ (h−1) (Xi = j |Y1:n) (28)

∝ pξ (h−1) (Yi |Xi = j)pξ (h−1) (Xi = j) (29)

and the normalization constant is

pξ (h−1) (Yi) =
ni∑
j=0

pξ (h−1) (Yi |Xi = j)pξ (h−1) (Xi = j). (30)

For the M step, the orbital elements are updated by maximizing the function in (26) with respect to Θ; note that the

clutter likelihood terms and the mixing probabilities can be ignored since they are independent of Θ. Specifically, the

update for the orbital elements is

Θ
(h) = arg max

Θ

n∑
i=1

ni∑
j=1


−

1
2

arccos2 *
,

YT
ij r̃ (ti;Θ)

‖r̃ (ti;Θ‖
+
-


w(h−1)
i j . (31)

Again, the maximization is a weighted least-squares optimization problem that is solved with the Levenberg-Marquardt

algorithm. The update for the probability of detection is

p(h)
D = arg max

pD

n∑
i=1


log(1 − pD )w(h−1)

i0 +

ni∑
j=1

log
(

pD
ni

)
w(h−1)
i j


, (32)
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which can be accomplished with differentiation and yields the update

p(h)
D =

1
n

n∑
i=1

ni∑
j=1

w(h−1)
i j . (33)

The update for the concentration parameter is

λ (h) =

∑n
i=1

∑ni
j=1 w

(h−1)
i j

1
2
∑n

i=1
∑ni

j=1 arccos2
(
YT
i j r̃ (ti ;Θ(h) )

‖r̃ (ti ;Θ(h) ) ‖

)
w(h−1)
i j

, (34)

which is derived similarly to the update for λ in (20).

The log-likelihood for a set of mixture model parameters can be evaluated as

`Y (ξ) =
n∑
i=1

log(pξ (Yi)) (35)

=

n∑
i=1

log *.
,

ni∑
j=0

pξ (Yi |Xi = j)pξ (Xi = j)+/
-
, (36)

where the likelihood terms are given in (23) and the prior terms are given in (22). Similar expressions are provided in

equations 67-69 in [69].

The analysis in this paper was carried out with the statistical software R [76]. In the M step, the Levenberg-Marquardt

algorithm provided by the package minpack.lm [77] is used for updating the orbital elements. The Rand index is

implemented in the package clusteval [78] and the imaginary error function needed to evaluate the normalizing

constant C(λ) is available in the package pracma [79], though we approximated this value as discussed in Section III.

The likelihood function was written with the package NIMBLE [80] and called as compiled C++ code in R. Calculating the

position can be expensive since it requires solving Kepler’s equation to obtain the true anomaly, so doing the computation

in C++ significantly reduces the time it takes to evaluate the likelihood function. The package deSolve [81] was used

to compute the position and velocity for the perturbed orbits considered in Section VII.

Several implementation details of the EM algorithms discussed in this paper should be mentioned since they are not

obvious. In the E step, the data association probabilities are scaled to avoid numerical underflow when normalizing their

values to sum to one. Consider again the EM algorithm in Section IV, and let w̃(h−1)
i j denote the non-normalized data

association probabilities from

w(h−1)
i j ∝ pξ (h−1) (Yi |Xi = j)π(h−1)

j , (37)

where the normalizing constant is pξ (h−1) (Yi) =
∑J

j=0 w̃
(h−1)
i j . Furthermore, let w̃(h−1)

i∗ denote the maximum of the w̃(h−1)
i j
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over j. The logarithm of the normalizing constant can then be computed as

log *.
,

J∑
j=0

w̃(h−1)
i j

+/
-
= log

(
w̃(h−1)
i∗

)
+ log *.

,

J∑
j=0

exp
(
log

(
w̃(h−1)
i j

)
− log

(
w̃(h−1)
i∗

))+/
-
, (38)

which is discussed in more detail with relation to the softmax function in [82]. In the M step, using the equinoctial

representation of the orbital elements helps avoid parameter identifiability problems, such as when the orbit is

circular [59]. Scaling the orbital elements to have similar orders of magnitude may also help avoid numerical problems

in the M step.
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