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Abstract

GRILLIX employs the flux-coordinate independent approach (FCI), which allows us
to study boundary plasma turbulence in realistic diverted configurations. Recently,
the physical model in GRILLIX has been extended to a global drift reduced Bragin-
skii model, without any separation between background and fluctuations. It includes
electromagnetic and thermal dynamics with hot ions, relaxation of the Boussinesq
approximation and non-linear parametric dependencies. This contribution presents
solutions to associated issues, i.e. the ion diamagnetic polarisation and the stiff par-
allel heat conduction. Simulations based on parameters characteristic for the Alcator
C-Mod tokamak were carried out. In circular geometry, the self-consistent electric
field contains zonal flows and geodesic acoustic modes in the confined region. In
the scrape-off layer the electron parallel heat conduction and its boundary condition
determine the temperature and electric field, leading to sheared flows at the LCFS.
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1 INTRODUCTION

A fundamental issue investigated with turbulence codes like GRILLIX [1] is the competition between the turbulent perpendicular
heat flux and the parallel one in the scrape-off layer (SOL), which determines the SOL width and the survival of the wall
components of future fusion power plants. A comprehensive and self-consistent physical model is required that describes both
effects in realistic and experimentally relevant magnetic geometries. The latter is discussed in a separate contribution to these
proceedings [2], while the physical model and its implementation is discussed herein.
The global drift reduced Braginskii model, described in section 2, does not separate between background and fluctuations,

which is shown to be important for the edge plasma [1,3–6]. Alternatively, global gyrokinetic [7] or gyrofluid [8] models are being
developed. In GRILLIX, we recently implemented the crucial ion temperature dynamics and an implicit treatment of (electron)
parallel heat conductivity. The consistent time discretization with the 3rd order Karniadakis [9] scheme is detailed in section 3,
as well as the matrix-free parallelized solution of the resulting system of equations by the PIM library [10].
We demonstarate the importance of the newly implemented thermal effects by performing Alcator C-mod like L-mode simu-

lations in circular geometry, illustrated in section 4. Compared to previous work [6], we confirm that the turbulence is stabilized
by higher temperature and destabilized by higher density. The electric field in the confined region exceeds the ion pressure
gradient and contains zonal flow as well as geodesic acoustic mode (GAM) components. In the SOL, it follows the electron
temperature and its profile is strongly dependent on the electron parallel heat conductivity, while the ion conductivity plays a
minor role. A sheared electric field at the last closed flux surface (LCFS) results. This is also summarized in section 5.
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2 PHYSICAL MODEL

The drift reduced Braginskii model [11,12] describes edge and SOL turbulence in the low frequency regime ! ≪ eB
Mic

. In the
following, time scales are normalised to R0∕cs0, with R0 the major radius and cs0 =

√

Te0∕Mi the sound speed at reference
electron temperature Te0. Perpendicular scales are normalised to the sound Larmor radius �s0 = c

√

Te0Mi∕(eB0) and parallel
scales to R0. The dynamical fields evolved in GRILLIX are the density n normalised to a reference density n0, the electrostatic
potential � normalised to Te0∕e, the parallel ion velocity u∥ normalised to cs0, the electron and ion temperatures Te and Ti
normalised to reference values Te0 respectively Ti0, the parallel current j∥ normalised to en0cs0 and the parallel component of
the perturbed electromagnetic potential A∥ normalised to (�0B0�s0)−1 with �0 = 4�n0Te0∕B20 :
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where we have introduced as auxiliary variables the parallel electron velocity v∥ = u∥ − j∥∕n and the electron and ion pressures
pe = nTe respectively pi = nTi, The parallel gradient is defined as ∇∥ ∶= b ⋅ ∇ with b = B∕B the unit vector of the static
background magnetic field. The advective derivative is defined as d

dt
∶= )
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⋅ ∇ and the curvature operator as
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⋅ ∇f . The dimensionless parameters of the system are the drift scale �0 ∶= R0∕�s0, the dynamical
plasma beta �0 defined above, the electron to ion mass and temperature ratios � ∶= me∕Mi respectively � ∶= Ti0∕Te0, the nor-
malised parallel resistivity �∥0 ∶= 0.51
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and normalised parallel electron and ion heat conductivities �∥e0 ∶= 3.15
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, where �e0 and �i0 are the electron respectively ion collision times evaluated at reference. The
equations are supplemented by sources for density, electron and ion temperature and by numerical dissipation terms.
Insulating Bohm sheath boundary conditions [13] are applied at the limiter/divertor target plates:

u∥ ≷
√

Te, j∥ = 0, � = ΛTe, ∇∥Te = −

e

(

�∥e0T
5∕2
e

)Tenu∥, ∇∥Ti = 0, ∇∥n = 0, (7)

where Λ ≈ 0.5 ln Mi

2�me
is the sheath floating potential and 
e ≈ 2.5 is the electron sheath transmission coefficient. Additionally,

the simulation domain is bounded by inner and outer limiting flux surfaces, where homogeneous Neumann boundary conditions
are applied to n, Te, Ti, u∥ and homogeneos Dirichlet boundary conditions to A∥. At the outer radial boundary � is set to ΛTe,
and in order to allow the potential to float at the inner boundary a zonal homogeneous Neumann boundary condition is applied,
i.e. )� ⟨�⟩� = 0 and � − ⟨�⟩� = 0, with ⟨⟩� denoting the flux surface average and � a coordinate perpendicular to flux surfaces.
We note that the model is global, which is reflected in the fact that all parametric dependencies are kept and the routinely

employed Boussinesq approximation is not applied. In comparison to the previous version [1], GRILLIX was extended by ion
thermal dynamics. However, magnetic flutter terms, as well as terms arising from the viscous part of the ion stress tensor,
e.g. magnetic pumping terms, are not yet implemented in the GRILLIX model.

3 NUMERICAL IMPLEMENTATION

GRILLIX is based on the flux-coordinate independent approach [14,15] (FCI), which avoids the common singularities of flux-
coordinates [16] at the separatrix and X-point(s). A cylindrical grid is used, where parallel operators are discretised via a field
line map between adjacent poloidal planes. For a comprehensive description of GRILLIX and the FCI implementation we refer
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to Stegmeir et al. [1], and we discuss here numercal techniques of the most recent extensions, i.e. ion thermal dynamics and the
implicit treatment of the parallel heat conduction.

3.1 Ion diamagnetic polarisation
The main difficulty in the implementation of ion thermal dynamics is the calculation of the electrostatic potential in presence
of the ion diamagnetic polarisation term in Eq. (2), where one has to take into account the time derivatives correctly. The time-
stepping scheme in GRILLIX is based on a 3rd order backward differentiation formula (BDF3), where a quantity f , subject to
)tf = F (f ), is evolved in time according to

f t+1 − 6
11
ΔtF t+1 = 18

11
f t − 9

11
f t−1 + 2

11
f t−2, (8)

with time-step Δt and F t+1 = F (f t+1). BDF3 is an implicit scheme that modifies to an explicit scheme (Karniadakis [9]) via
approximating F t+1 ≈ 3F t − 3F t−1 + F t−2. For the temporal discretisation of the vorticity equation we define the generalised
vorticity at time-step t
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where the F terms contain advection and the right hand side terms of eq. (2), which can be computed explicitely. We note that
before this step the continuity equation (1) has already been advanced and therefore Ωt0,−1,−2 can be computed directly as nt+1 is
available. The electrostatic potential at time t + 1 is finally obtained by solving
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where pt+1i is also available due to the prior advancement of the ion thermal equation (5). Therefore, eq. (11) is a two-dimensional
elliptic equation for �t+1 and is solved in GRILLIX via an efficient geometric multigrid solver within each poloidal plane
separately [1]. We note that the final implementation of the model with ion-thermal dynamics was verified successfully with the
Method of Manufactured Solutions [17], which is continuously integrated in GRILLIX.

3.2 Semi-implicit non-linear parallel heat conduction
With the Braginskii closure for the 3-moment fluid equations [11], the resulting parabolic heat conduction term leads to a severe
restriction on the allowed time step if treated with the same high order explicit scheme as the hyperbolic rest of the system.
In a global model this constraint depends on temperature and density and therefore on space and time, so that either the time
step or the heat conductivity have to be significantly reduced [1]. However, due to its crucial role in setting the SOL temperature
profile [1] and symmetrizing the temperature profile on closed flux surfaces [6] a remedy had to be found.
A natural solution is to treat this term implicitly. This can be done consistently within the Karniadakis time stepping scheme

by splitting the equations into an explicit and an implicit part, F (f ) = Fex(f )+Fim(f ), and approximating only the explicit part
by F t+1

ex ≈ 3F t
ex−3F

t−1
ex +F t−2

ex . The implicit part contains only the parabolic heat conduction terms for electrons and ions (as well
as penalisation terms [1,18] for parallel boundary conditions, omitted here for brevity), while the rest of the system of equations
is treated explicitly. This results in two non-linear 3D elliptic problems (for Te and Ti) that have to be solved at every time step,

[
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T ∗ in the brackets has to be T t+1 according to the Karniadakis scheme, requiring Newton iterations for the solution of the non-
linear system of equations. However, the O(Δt) linearisation T ∗ = T t (or higher order approximations) can be used without
impact on the stability of the scheme.
In FCI, the grid can be toroidally sparse, keeping the condition number of the linear system low. The Karniadakis scheme

(BDF3), however, is not A-stable, and therefore large enough imaginary eigenvalues would make it unstable. The continuous
diffusion operator is self-adjoint and has only real eigenvalues, but this is not generally given on the discrete level in FCI - in
GRILLIX, these properties are preserved by the support operator method [15,19].
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FIGURE 1 Poloidal snapshot of a) density, b) potential, c) electron and d) ion temperature at t = 1.44 ms. The horizontal
coordinate is (R−R0)∕R0. The average profiles are (nearly) up-down symmetric, hence only half the plane is shown. The blue
dashed line indicates the limiter location on the inboard midplane (parallel sheath boundary region) and the LCFS.

To solve the linear system we use the Parallel Iterative Methods (PIM 2.3) library [10], particularly the well scalable restarted
GMRES algorithm [20], with a matrix-free implementation. This is useful because the matrix for parallel operators is somewhat
complex in FCI, has to be distributed among MPI processes and recomputed every time step due to the non-linearity. With PIM,
no matrix is ever built and (12) is simply defined by existing operators, saving memory space, computational cost and effort.

4 C-MOD L-MODE IN CIRCULAR GEOMETRY

The setup is based on [6], although we use a very different implementation, most notably a fully non-field-aligned grid. The
normalization parameters are: major radius R0 = 68 cm, minor radius a = 22 cm, equilibrium toroidal magnetic field B0 = 4.1
T, deuterium ion massMi = 2mp, density n0 = 8 × 1013 cm−3 and temperature T0 = 30 eV. For electron collisions, we use the
effective charge state Z = 1.5. This results in dimensionless parameters: � = 3520, �0 = 2.88 × 10−5, � = 2.72 × 10−4, � = 1,
�∥0 = 6.03 × 10−2, �∥e0 = 26.6, �∥i0 = 1.15. We define the normalized radial coordinate � =

√

(R − R0)2 +Z2, then the safety
factor q(�) = 4∕ (1 − 3.71(� − 0.305)) defines the poloidal magnetic field profile.
The grid consists of 16 poloidal planes and a uniform poloidal resolution of 3 × �s0 ≈ 0.58 mm. The time step is Δt =

5 × 10−5 R0
cs0
≈ 0.9 ns. The simulation domain is � ∈ (0.2412, 0.3685), with LCFS at � = 0.3235. In total, the grid consists of

circa 5.4 × 106 points. In order to test the resolution a simulation with 16 × 106 points was run until t = 0.6 ms and showed no
significant difference in the profiles. A sixth order hyperviscosity 4000∇6⟂ was applied in perpendicular direction on all fields
to cut off turbulent spectra on grid scale, as well as regular diffusion 0.05∇ ⋅ (b∇∥) on n,Ω and u∥ in parallel direction.
The reference simulation has as initial condition (n, Te, Ti) = (2, 3, 3) at the core boundary and n = Te = Ti = 0.2 in the

SOL, with a smooth transition in the edge region. The initial temperature profile is shown in figure 2. An adaptive source keeps
the profiles fixed at the core boundary and n > 0.03, Te > 0.07 and Ti > 0.03. Otherwise they are free to evolve in the rest
of the domain, with a sink given by sheath boundary conditions at the limiter boundary. Other fields are set to stabilize the
initial profile, i.e. an electric field balances the ion diamagnetic polarisation and Pfirsch-Schlüter currents balance the pressure
gradient. Additionally, one simulation with n = 4 at the core (double density) and one with Te = Ti = 6 (double temperature)
were carried out, as well as scans with parallel heat conductivity �∥0 at reference core parameters.
Simulations were run until t = 80R0

cs0
≈ 1.5 ms (for circa 9 days on the Marconi-A3 SKL partition, on 8 nodes with 2 MPI

processes per node times 24 cores). The resulting poloidal profiles of n, �, Te and Ti at t = 1.44 ms are displayed in figure 1.
All profiles except Ti are saturated, with Ti still rising at t > 3 ms [6]. Averaged toroidally and in time over 10R0

cs0
≈ 0.2 ms (40

snapshots), profiles and fluctuation amplitudes �2f = ⟨ f 2 ⟩ − ⟨f⟩2 at the outboard midplane are shown in figure 2.
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FIGURE 2 Mean radial profiles (Ti, Te, T initial, n,−�∕Λ from top to bottom) at the outboard mid-plane at t ≈ 1.4 ms. Dotted
lines indicate the ±�f fluctuation level. The negative potential −� and its fluctuation level are devided by Λ = 2.69. LCFS and
source region are marked. Left: reference simulation with �∥e0 = 26.6, �∥i0 = 1.15, 
e = 2.5. Top right: �∥e0 = �∥i0 = 1.15 and

e = 0.1 (case 2); bottom right: �∥e0 = 26.6, �∥i0 = 1.15, 
e = 0 (case 1, see section 4.1).

FIGURE 3 Frequency spectrum of poloidally and
toroidally averaged electrostatic potential fluctuations.

FIGURE 4 Outboard mid-plane ion temperature snapshot at 1.44
ms in: double density, reference, double temperature (left to right).
Horizontal axis is (R−R0)∕R0. LCFS marked by blue dashed line.

With the updated voriticity equation, the electric field in the confined region is proportional to the ion pressure gradient,
exceeding it by circa 50%. On the other hand, due to sheath boundary conditions the potential in the SOL is following � = ΛTe.
A potential maximum results at the separatrix, leading to a jump in the electric field and consequently sheared E ×B flows. The
potential oscillations in the confined region contain a strong poloidally and toroidally symmetric part at acoustic frequencies,
indicating the presence of GAMs [21]. Figure 3 shows the frequency spectrum. The radial profile of the acoustic frequency
f̂ ≈

√

2
2�

√

Te + Ti is shown as a reference, f =
cs0
R0
f̂ = 56 kHz×f̂ in physical units.

We confirm the results by Zhu et al. [6] in that the turbulence is enhanced with increasing density and suppressed with increas-
ing temperature, most visible in Ti which is shown in figure 4. However, investigating the different behaviour of electron and
ion temperature, we find a surprising dependence on parallel heat conductivity, discussed in the following section.

4.1 Parallel heat conduction
To test the relevance and effect of the parallel heat conduction, four additional simulations were carried out. Comparing to the
reference (n|core = 2, T |core = 3) with �∥e0 = 26.6, �∥i0 = 1.15 and 
e = 2.5 these have

1. �∥e0 = 26.6, �∥i0 = 1.15, 
e = 0

2. �∥e0 = �∥i0 = 1.15 and 
e = 0.1

3. �∥e0 = �∥i0 = 0.1 and 
e = 0.01

4. �∥e0 = 26.6, �∥i0 = 30, 
e = 2.5
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Te and Ti for cases 1 and 2 are shown in figure 2 on the right. In the reference run, and also double n and double T , ions are
hotter in the SOL then electrons, as expected from experiments. This is due to the electron heat sheath transmission. Without
this boundary condition (case 1), electrons are hotter. This trend extends into the confined region. A lowered electron heat
conductivity (case 2) also requires a reduced 
e to avoid unphysical gradients at the sheath, and hence also has the same effect.
Additionally, a reduced electron heat conductivity increases the Te and Ti fluctuation level and flattens profiles, likely due to the
lowered flux surface symmetrization and fluctuation damping.
Further reducing both heat conductivities (case 3) has no effect on neither the profiles nor fluctuation levels at the outboard

mid-plane. However, the up-down asymmetry becomes more visible, as in the results of Zhu et al. [6].
The difference in heat conductivity between electrons and ions does not explain the different saturation time of Te and Ti. In

fact, setting �∥i0 = 30 (case 4) or lowering it to 0.1 has barely any influence on the profiles at all. The electron heat conductivity
has a much higher impact on both electron and ion transport - only Te enters Ohm’s law and sheath boundary conditions, thereby
setting the SOL potential and currents.

5 CONCLUSION

The thermal model in GRILLIX was extended by ion temperature dynamics, including the ion diamagnetic polarisation drift,
leading to a self-consistent electric field with zonal flows and GAMs. In circular geometry simulations, the electric field on
closed field lines balances the ion pressure gradient, somewhat exceeding it. In the SOL the electric potential follows the electron
temperature due to sheath boundary conditions andOhm’s law. This leads to amaximum in the electrostatic potential at the LCFS
and a jump of the electric field. Turbulence is destabilized by higher density, while higher temperature is somewhat stabilizing.
A 3D iterative implicit solver now allows for a realistically large parallel heat conductivity without affecting the time step

and hence simulation time. The electron parallel heat conductivity, together with sheath heat transmission boundary conditions,
largely determines the SOL temperature profile - for both electrons and ions. In the confined region it leads to flux surface
symmetrization and fluctuation reduction. The ion heat conductivity, on the other hand, plays a much smaller role.
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