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ABSTRACT
We present an analysis of quantum confinement of carriers and excitons, and exciton fine structure, in metal halide perovskite (MHP)
nanocrystals (NCs). Starting with coupled-band k ⋅P theory, we derive a nonparabolic effective mass model for the exciton energies in MHP
NCs valid for the full size range from the strong to the weak confinement limits. We illustrate the application of the model to CsPbBr3
NCs and compare the theory against published absorption data, finding excellent agreement. We then apply the theory of electron-hole
exchange, including both short- and long-range exchange interactions, to develop a model for the exciton fine structure. We develop an
analytical quasicubic model for the effect of tetragonal and orthorhombic lattice distortions on the exchange-related exciton fine structure
in CsPbBr3, as well as some hybrid organic MHPs of recent interest, including formamidinium lead bromide (FAPbBr3) and methylammo-
nium lead iodide (MAPbI3). Testing the predictions of the quasicubic model using hybrid density functional theory (DFT) calculations, we
find qualitative agreement in tetragonal MHPs but significant disagreement in the orthorhombic modifications. Moreover, the quasicubic
model fails to correctly describe the exciton oscillator strength and with it the long-range exchange corrections in these systems. Introducing
the effect of NC shape anisotropy and possible Rashba terms into the model, we illustrate the calculation of the exciton fine structure in
CsPbBr3 NCs based on the results of the DFT calculations and examine the effect of Rashba terms and shape anisotropy on the calculated fine
structure.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5127528., s

I. INTRODUCTION

Colloidal metal halide perovskite (MHP) nanocrystals (NCs)
developed over the last few years exhibit unprecedented, techno-
logically interesting properties. Cesium lead halide (CsPbX3) NCs
have been demonstrated to show bright emission covering the full
visible spectral range by virtue of compositional variation and quan-
tum size effects, with 90%+ quantum efficiencies without surface
passivation.1 The exciton radiative emission in these NCs at a low
temperature is very fast, with measured radiative decay rates in
the sub-nanosecond range,2 2–3 orders of magnitude faster than
in other common semiconductor NCs (e.g., CdSe3 or InP4). More-
over, the lifetime increases with increasing temperature;5 at room
temperature, they emit with nanosecond-scale lifetimes,1 more

than an order of magnitude faster than other semiconductor NCs
(e.g., CdSe and InP NCs) that have been optimized for over two
decades.

The phenomenology described above does not seem to be con-
sistent with the standard model of exciton fine structure in NCs that
worked out over the last 25 years, where, owing to the exchange
splitting of the exciton, it is expected that there is always a dark,
or dipole inactive, exciton ground state.6,7 In the MHPs, owing to
the two-fold degeneracy of the conduction and valence bands, each
of which can be described as corresponding to angular momentum
1/2 states in the cubic phase, the exchange interaction is expected
to split the ground exciton into a dipole-active (bright) triplet state
with total angular momentum 1 and a lower energy, dipole-inactive
(dark) singlet with total angular momentum 0. Such a fine structure
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was considered first in CuCl.8 Since the exciton would be expected
to cool into the lowest state at low temperature, the lifetime should
increase as the temperature is reduced. This discrepancy has spurred
a series of experimental investigations directed at the detection of the
ground dark exciton conducted on perovskite NC ensembles9–11 and
in single NCs.12–14 Indirect evidence for a dark ground-state exciton
has been reported based on three-level modeling of the tempera-
ture dependence of the photoluminescence decays in conjunction
with magnetic brightening either with external fields9,10 or via mag-
netic impurities,11 and direct observation of the dark ground exciton
state via magnetic activation has been reported in single formami-
dinium lead bromide(FAPbBr3) NCs.15 However, similar efforts to
directly detect a dark ground exciton in single CsPbBr3 NCs through
magnetic brightening have not been successful.12,13 The failure to
directly detect the expected dark ground exciton state in CsPbX3
(X = Cl, Br, I) NCs, in conjunction with the unusual temperature
dependence of the radiative lifetime in these systems, led to the
proposal that the fine structure in CsPbX3 NCs is determined not
by electron-hole exchange but by the Rashba effect, leading to the
prediction that the ground exciton state in CsPbX3 NCs is dipole
active.16

Apart from the question of the order of levels of the bright vs
dark exciton states, there remains the question of what mechanism—
short-range (SR) vs long-range exchange, intrinsic crystal field
and/or shape anisotropy, or the Rashba effect—determines the order
of levels amongst the optically active triplet exciton states in NCs
of CsPbX3 and other MHPs, and the magnitude of their splitting.
Low temperature investigations of single CsPbX3 NCs show either
a two- or a three-line structure with millielectronvolt-scale split-
tings (with no observation of lower lying dark exciton states).12–14,16

Three-line spectra observed by several groups are associated with
emission from three bright excitons, consistent with orthorhom-
bic symmetry.2,12,14,16 CsPbBr3 NCs of apparent tetragonal symme-
try consistently show fine structure comprising a low lying linearly
polarized line and an upper doublet, which is split in a magnetic
field.12 The observed level order of a singlet below a doublet has been
variously ascribed to being due to intrinsic crystal field splitting,12,14

splitting due to shape anisotropy,17–19 or the Rashba effect.19 In the
case of models involving intrinsic crystal field splitting, the magni-
tude and sign of the crystal field have been inferred from the level
structure observed in single NC measurements assuming no other
effects such as shape anisotropy; the resulting values estimated from
CsPbBr3 NCs12,14 have the opposite sign from the value calculated
for tetragonal CsPbBr3 using density functional theory (DFT).19

Another issue is that the magnitude of the measured bright exci-
ton splitting, that is, the splitting within the bright triplet manifold,
which is on the order of 1 meV in CsPbBr3 NCs,2,12,14 is larger
than the full singlet-triplet splitting expected due to the short-range
(SR) exchange interaction splitting calculated using density func-
tional theory (DFT).16,19 This has led to several different proposals
to explain the magnitude of the bright triplet level spacing in MHP
NCs: that it is due to the confinement enhancement of the short-
range exchange interaction;14 that the contribution of long-range
exchange exceeds that of the short-range contribution;15,17–19 or that
the Rashba effect16,19 determines the bright triplet level spacing in
MHP NCs. A quantitative understanding of these various contri-
butions to the exciton fine structure is critical if experimental mea-
surements are to be tied to a microscopic theory of the exciton fine

structure. For example, a quantitative exchange model is required
to determine whether measurements of the temperature depen-
dence of ensemble photoluminescence, which have been interpreted
in conjunction with phenomenological three-level system model-
ing,10,11 can be explained solely within an exciton fine structure
model.

Complicating the analysis of the experimental data pertaining
to exciton fine structure in MHP NCs is the fact that experimen-
tal values for key materials parameters needed to build quantitative
models are often unavailable. Indeed, effective masses and dielec-
tric constants, which determine the exciton radius and the NC-size
dependence of the exciton transition energies in NCs, have com-
monly been taken from density functional theory (DFT) calculations
in order to model size-dependent exciton structure.1,16,17 Taking
CsPbX3 as an example, however, the reported effective mass values
based on DFT1,16 are significantly different than the recent experi-
mentally measured values in bulk CsPbX3

20. Additionally, due to the
absence of direct experimental values, the exchange constants have
so far been estimated from DFT16,19 for the short-range exchange,
and for the long-range exchange, the constant has been estimated
from effective masses obtained either from DFT calculations15,17

or experimental measurement.18,19 In the case of CsPbBr3, the
resulting estimates of the LR exchange parameter h̵ωLT range from
3.5 meV19 to 6.3 meV,17 while a recent direct measurement gives
5.4 meV.21

These uncertainties outlined above underscore the need for
a comprehensive analysis of the size-dependent quantum confine-
ment energy and exciton fine structure in MHPs. To this end, in this
paper, we develop a quasicubic (QC) model for excitons in MHP
NCs. In a quasicubic model, we assume cubic symmetry to start with
and consider departures from cubic to tetragonal or orthorhom-
bic symmetry (either associated with a lattice distortion or a shape
asymmetry) via perturbation theory. We begin with a coupled-band
k ⋅ P model for the carrier confinement energies derived by Kang
and Wise22 for spherical NCs, and from it, we derive an isotropic,
nonparabolic effective mass model which can be applied to carriers
and excitons in MHP NCs. We apply the model to CsPbBr3 NCs
whose size is comparable to or a few times larger than the exci-
ton Bohr radius—that is, in an intermediate confinement regime
where correlated electron-hole motion is important—as distinct
from the usual strong confinement approximation where NC size
is much less than the exciton radius. To establish the validity of
the model, we test the coupled-band theory and the effective non-
parabolic mass model against absorption data measured in CsPbBr3
NCs reported by Brennan et al.23 Using parameters derived from
the measured bulk effective mass data of Ref. 20, we find excellent
agreement with the Brennan NC data. Next, we develop a quasicubic
model for the effect of tetragonal and orthorhombic lattice distor-
tions and apply this model to calculate the exchange-related exciton
fine structure in cube-shaped NCs of CsPbBr3 of tetragonal and
orthorhombic lattice symmetry. We use the model to predict the
exciton bright triplet level order for several hybrid MHPs of inter-
est and compare the results against DFT calculations. Finally, we
introduce the effect of NC shape anisotropy and possible Rashba
terms into the model. We conclude by calculating the fine struc-
ture of tetragonal CsPbBr3 NCs, with and without Rashba terms,
and discussing the results in the context of available experimental
data.

J. Chem. Phys. 151, 234106 (2019); doi: 10.1063/1.5127528 151, 234106-2

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

II. QUANTUM CONFINED LEVELS IN MHP
NANOCRYSTALS

We begin consideration of the quantum-confined carrier states
in metal halide nanocrystals by noting that both the conduction and
valence band-edge states in the cubic phase perovskites can be char-
acterized by angular momentum J = 1/2.24 As such, the conduction
and valence bands are both simple bands without the orbital degen-
eracy that complicates analysis, for example, of the valence bands
in the more familiar III-V and II-VI semiconductors. The simplest
model for the quantum confined levels in MHP nanocrystals can
therefore reasonably be based on a simple single-band effective mass
approximation.

In this approximation, the wavefunction of the ground quan-
tum size level in a cube-shaped NC with edge length L is given by

ψgr(x, y, z) = (2/L)3/2 cos(πx/L) cos(πy/L) cos(πz/L). (1)

Assuming parabolic band dispersion, we compute the ground state
confinement energy for this state as

Es =
h̵2

2 m∗
3(π

L
)

2
, (2)

where m∗ is the effective mass of the carrier. We note that exactly the
same ground state energy is obtained for a spherical NC with radius
aeff = L/

√
3, which has wavefunction in spherical coordinates of the

form

ψgr(r) =
¿
ÁÁÀ2π2

a3
eff

j0(πr/aeff )Y0
0(θ,ϕ), (3)

where Y0
0(θ,ϕ) is the spherical harmonic for the state with angular

momentum l = 0 and angular momentum projection m = 0 and jl
is the spherical Bessel function with index l = 0. We will therefore
refer to the state described by Eq. (1) as s-like. We give the corre-
sponding expressions for the excited p-like state with its nodal plane
perpendicular to z,

ψpz(x, y, z) = (2/L)3/2 cos(πx/L) cos(πy/L) sin(2πz/L),

Ep =
h̵2

2 m∗
6(π

L
)

2

(4)

ψpz(r) =
¿
ÁÁÀ 2

a3
eff

j1(α1,1r/aeff )
j2(α1,1)

Y0
1(θ,ϕ),Ep =

h̵2

2 m∗
(α1,1

aeff
)

2

.

The top line in the equation above gives the wavefunction and
energy for a cube-shaped NC, while the lower line shows the expres-
sions for the corresponding state in a spherical NC. In the last line,
the term α1,1 ≈ 4.493 is the first root of the spherical Bessel function
j1(x). Using the effective radius aeff = L/

√
3 in the expression for the

spherical NC gives a confinement energy within 2.2% of the result
calculated for the cube-shaped NC.

While the parabolic, simple band approach above is certainly
valid for sufficiently large NCs, growth and characterization of
CsPbBr3 NCs with sizes down to edge lengths of ∼3 nm, comparable
to the typical exciton radius in these materials, have recently been

reported.23 For such small NCs, the confinement energies are appre-
ciable and we expect band nonparabolicity and band coupling effects
to become important. A model for treating this problem for spher-
ical NCs with isotropic bands, which utilizes the fact that quantum
size levels in a spherical NC are eigenstates of total angular momen-
tum, was developed by Kang and Wise22. Of course a complica-
tion in applying this model to MHP nanocrystals is that the fact
that MHP nanocrystals have a nanocube morphology with cubic or
nearly cubic shape.1,25 The difference between a cubic shape and a
spherical shape can be described in terms of a perturbation; writ-
ing the perturbation in terms of a spherical harmonic expansion,
the lowest order terms in the perturbation potential have angular
momentum L = 4. These terms can have no effect in first order
on the lowest energy quantum size levels and only a weak effect
in second order since the coupling is via highly excited states.26

It is therefore a good approximation to model cube-shaped MHP
nanocrystals as spherical with an effective radius aeff = L/

√
3. As

noted above, this correspondence is exact for the ground state and
within ∼2% for the excited p states within the simple effective mass
approximation.

The energy of quantum confined levels is determined by the
boundary conditions. Here, we assume impenetrable boundary con-
ditions. For the lowest quantum confined levels, which have total
angular momentum F = 1/2, the energies, E, are determined by the
relations (see the supplementary material)

jl(kaeff )
j∣1−l∣(kaeff )

= (−1)l+1

√
h̵2

2m0

√
Ep
3

k
(Ev − E)

, (conduction band)

(5)
jl(kaeff )

j∣1−l∣(kaeff )
= (−1)l+2

√
h̵2

2m0

√
Ep
3

k
(Ec − E)

(valence band),

where for the s-like ground quantum size level l = 0 and for the
first excited p-like states l = 1. Note that these expressions represent
the fact that the s-like state in the conduction band is coupled to a
p-like state in the valence band and vice versa. The quasimomenta k
in Eq. (5) are determined by the bulk band dispersion relation,

(Ec − E)(Ev − E) =
1
3
h̵2

m2
0
P2k2 = Ep

3
h̵2

2m0
k2. (6)

In Eqs. (5) and (6), the Kane energy Ep is given by

Ep = 2∣P∣2/m0, (7)

where the Kane momentum matrix element P = −i⟨s∣P̂∣Z⟩ and m0 is
the free electron mass. To connect this picture to the simple effec-
tive mass theory, we note that in the 2-band model the band edge
effective masses for the conduction and valence bands are given by19

m0

mc
= m0

mv
= Ep

3Eg
. (8)

In Fig. 1, we show the confinement energy for the ground,
s-like, and first excited, p-like, quantum size levels in the conduc-
tion band of CsPbBr3 nanocrystals, using the experimentally derived
effective mass parameters from Ref. 20 which are summarized in
Table I. The comparison of the confinement energies calculated
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FIG. 1. Electron confinement energy E − Ec for the ground s-like and first excited p-like quantum confined states in CsPbBr3 NCs. In panel (a), the confinement energy
relative to the conduction band edge is plotted vs edge length, L, of a cube-shaped NC, while in panel (b) the confinement energy is plotted vs the inverse square of the
NC edge length. The solid black lines show the results of the full 2-band calculation, Eq. (5). Also shown for comparison are the calculated energies in the parabolic band
approximation [Eq. (2) for the s-state, Eq. (4) for the p-state, red dashed lines], the hyperbolic band approximation of Ref. 27, [Eqs. (10) and (11), blue dashed lines], and
finally, the “s/p” nonparabolic approximation derived here in Eqs. (12) and (13) (black dashed line). In the calculations, we used bandgap Eg = 2.342 eV and Kane energy
Ep = 27.88 eV which correspond to the low temperature bandgap and effective mass measured experimentally for CsPbBr3 in the work of Yang et al.;20 see Table I.

using the parabolic band model, Eq. (2), with the 2-band result,
shown in Fig. 1, reveals that the two-band model has significantly
lower confinement energy than that calculated in the parabolic
model. In part, this is due to the nonparabolic dispersion of the bulk
bands in the two-band model. This can be accounted for in principle
by employing an energy-dependent effective mass. We illustrate this
for the conduction band states. Starting with the 2-band dispersion
relation, Eq. (6), we rearrange to obtain the expression

E − Ec =
h̵2

2m0

Ep
3(E − Ev)

k2 = h̵2

2m0

m0

mc(E)
k2, (9)

where the energy-dependent effective mass m0/mc(E) ≡ Ep/3(E − Ev)
reflects the hyperbolic bulk band dispersion. The energy-dependent
effective mass defined in the last equation reflects the hyperbolic
bulk band dispersion. When implemented in single band effective
mass theory, it leads to the following hyperbolic expression for the

confinement energy, Es = E − Ec, of the ground state developed by
Wang et al. in Ref. 27,

Es =
h̵2

2m0

Ep
3(Eg + Es)

( π
aeff
)

2

= h̵2

2m0

Ep
3(Eg + Es)

3(π
L
)

2
,

∴Es =
−Eg +

√
E2
g + 2Ep

m0
h̵2( πL )

2

2
.

(10)

The corresponding expression for the excited p-state is, with
Ep = E − Ec,

Ep =
h̵2

2m0

Ep
3(Eg + Ep)

(α1,1

aeff
)

2

≈ h̵2

2m0

Ep
3(Eg + Ep)

6(π
L
)

2
,

∴Ep =
−Eg +

√
E2
g + 4Ep

m0
h̵2( πL )

2

2
.

(11)

TABLE I. Summary of electronic structure parameters used in calculating the quantum size levels and exciton energy vs size
of CsPbBr3 NCs in Figs. 1 and 3. The first column shows the low temperature experimental values for bulk orthorhombic
CsPbBr3 reported by Yang et al. in Ref. 20. The Kane energy is determined using Eq. (8) assuming that the effective masses
of the conduction and valence bands are equal. For comparison to the room temperature CsPbBr3 NC absorption data of
Brennan et al.,23 the Kane energy and dielectric are constrained to the reported values, while the bandgap (and with it the
reduced effective mass) is determined by the best fit to the data, as shown in Fig. 3.

Experimental value (2 K)
from the work of Best fit

Parameter Yang et al., Ref. 20 model (300 K)

Bandgap Eg (eV) 2.342 2.454
Exciton reduced mass μ/m0 0.126 0.132
Kane energy Ep = 3Egm0

2μ (eV) 27.88 27.88 (constrained)
Dielectric ϵeff 7.3 7.3 (constrained)

Exciton radius ax (mm) 3.07 2.93
Exciton binding energy Bx (meV) 32.2 33.7
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Using these hyperbolic expressions results in confinement energies
which approach the full 2-band result more closely than the simple
parabolic band approximation, as shown in Fig. 1, but still system-
atically overestimate the confinement energy calculated in the full
two-band model.

The reason for the remaining discrepancy is that in the full
two-band model, the ground conduction band state, which is pre-
dominantly s-like, is coupled to the p-like valence band state and
vice versa for the ground valence band state [see Eq. (5)]. As a result,
the dispersion relation which governs the quantum confined levels
differs from the bulk dispersion relation, Eq. (9). In the case of the
conduction band s-state, we approximate the difference by replacing
the term Ev in Eq. (9) by the energy of the lowest p-like valence band
quantum size level, namely, Ev −Ep, where Ep is taken from Eq. (11).
For the excited p-like conduction band state, which couples to the
s-like valence band state, we use the replacement Ev − Es, where Es is
taken from Eq. (10). This leads to the modified nonparabolic expres-
sions for the confinement energies of the ground and first excited
states, respectively, denoted as E′s and E′p,

E′s =
h̵2

2m0

m0

m′
3(π

L
)

2
, (12)

E′p =
h̵2

2m0

m0

m′
6(π

L
)

2
, (13)

where the energy-dependent effective mass, m′, is given in this “s/p”
nonparabolic approximation as

m0

m′
≡ Ep

3(Eg + Es + Ep)
. (14)

In the last expression, we use Eqs. (10) and (11) for Es and Ep to
obtain

m′

m0
≡

3(
√

E2
g + 2Ep

m0
h̵2( πL )

2 +
√

E2
g + 4Ep

m0
h̵2( πL )

2)

2Ep
. (15)

Note that, unlike in the hyperbolic approximation, Eqs. (10) and
(11), the expressions for the energies of the s- and p-like states in
Eqs. (12) and (13) now both involve the same energy-dependent
effective mass, m′, defined in Eq. (15). Remarkably, using this
expression for the nonparabolic effective mass reproduces the full
two-band result very closely in contrast to either the simple parabolic
band approximation or the hyperbolic approximation, as shown in
Fig. 1.

III. EXCITONS IN MHP NANOCRYSTALS
Having developed expressions for the quantum size levels of

electrons and holes in MHP nanocrystals in Sec. II, we now con-
sider the problem of excitons. We begin with a parabolic band
approximation as before.

As discussed previously, cube-shaped MHP nanocrystals are
now being fabricated with edge lengths L ranging from a few
nanometers to ∼15 nm, that is, the grown sizes range from the
exciton Bohr radius to several multiples of it. Such NCs are in an

intermediate confinement regime,16,19 where confinement effects on
the carrier energies are significant but the motion of the electron and
hole are correlated. To capture the correlated motion of the electron
and hole, we write the envelope function of the confined excitons
using a one-parameter ansatz function,16,19

f (re, rh) =
1√
N(β)

e−β∣re−rh ∣ψgr(re)ψgr(rh). (16)

Here, ψgr is the confined wavefunction found previously for carri-
ers in the strong confinement limit, Eq. (1). This function satisfies
the boundary condition that the envelope function vanishes at the
NC surface, while the term involving β, the variational parameter,
builds correlated electron-hole motion into the ansatz wavefunction.
In the expression, N(β) is a normalization factor. In the variational
approach, we calculate the expectation value of the two-particle
Hamiltonian,

Ĥeff = − h̵2

2me
∇2

e −
h̵2

2mh
∇2

h −
e2

ϵin∣re − rh∣
, (17)

where ϵin is the dielectric constant inside the NC. The procedure
involves computing the kinetic energy [the expectation value of the
first and second terms on the right-hand side of Eq. (17)] and the
potential energy [the expectation value of the third term on the right-
hand side of Eq. (17)]. Expressing these as dimensionless integrals
(given in Ref. 19), we can write the exciton energy Ex relative to the
bandgap, Eg , as

Ex(L, b) = Eg −
h̵2

L2 [
1
2
( 1
me

+
1
mh
) IK(b)
N(b) ] −

e2

ϵinL
IC(b)
N(b) . (18)

For a given NC size L, we minimize the energy with respect to the
dimensionless variational parameter b = β L to obtain the exciton
energy Ex(L, bopt), as described in Refs. 16 and 19. We find that
the ground state exciton energy smoothly varies between the strong
confinement result when L < ax,

EStr
x (L) = Eg +

h̵2

2 μ
(3π2

L2 ) − 3.05
e2

ϵinL
,

= Eg + Bx(
3π2

(L/ax)2 − 2 × (3.05)ax
L
), (19)

and the weak confinement result when L≫ ax,

EWeak
x (L) = Eg + Bx{

μ
Mx
( 3π2

(L/ax)2 ) − 1}. (20)

In these expressions, the exciton binding energy, Bx, is given in terms
of the hydrogen Rydberg, Ry, as

Bx =
μ

m0ϵ2
in
Ry = h̵2

2 μa2
x
= 1

2
e2

ϵinax
. (21)

μ = memh/(me + mh) is the reduced effective mass given in terms of
the electron and hole masses, me and mh, and Mx = me + mh is the
total exciton effective mass.

The exciton energy calculated in these limits for parabolic band
dispersion, with energy independent electron and hole masses me
and mh, is shown in Fig. 2. In the figure, energy is given in units
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FIG. 2. Exciton energy Ex − Eg plotted in units of the exciton binding energy, Bx ,
vs (ax/L)2, where L is the edge length of a cube-shaped NC and ax is the exciton
radius. The solid black line represents the result of a variational calculation valid for
the intermediate confinement limit, L ∼ ax , Eq. (18). The black dashed line labeled
“Approx. Inter.” shows the intermediate confinement energy evaluated using the
approximate expression given in Eq. (23). Also shown for reference are the exciton
energies calculated in the strong confinement limit [L ≪ ax , blue dashed line,
Eq. (19)], the weak confinement limit [L≫ ax , red dashed line, Eq. (20)], and the
exciton binding energy Bx (black dashed line).

of the exciton binding energy Bx relative to the bandgap Eg and is
plotted against the dimensionless quantity (ax/L)2. The energy in
the intermediate confinement limit is shown in the figure as the solid
black line. For small NC sizes, this converges as expected with the
result calculated in the strong confinement limit, Eq. (19), plotted as
the blue dashed line. For large sizes, it converges to the weak con-
finement limit, Eq. (20), shown as the red dashed line, approaching
the exciton binding energy Bx for large sizes.

From the plot, it is clear that for sizes as large as L < ∼3ax, the
intermediate confinement energy is very close to that calculated in

the strong confinement limit. Indeed, a reasonable approximation to
the energy in the intermediate confinement limit is to use the kinetic
energy term associated with the strong confinement limit in Eq. (19)
but to replace the Coulomb energy term [the third term on the right
hand side in Eq. (19)] by the square root of the sum of the squares of
the exciton binding energy Bx and the Coulomb energy calculated in
first order perturbation theory,

EInter
Coul(L) ≈ −Bx

√
1 + (2 × (3.05)ax

L
)

2
. (22)

The resulting approximate expression for the exciton energy in
intermediate confinement is given by

EInter
x ≈ Eg + Bx

⎛
⎝

3π2

(L/ax)2 −
√

1 + (2 × (3.05)ax
L
)

2⎞
⎠

. (23)

The exciton energy calculated in Eq. (23) is shown in Fig. 2 as the
black dashed line and is seen to represent an excellent approximation
to the full variational calculation shown in the figure.

The consideration of excitonic effects above was conducted in
the parabolic band approximation. To account for band nonparabol-
icity, we can take the reduced effective mass as energy-dependent, or
equivalently as dependent on the NC size, L, using μ(L)−1 = 2/m′(L),
where Eq. (15) defines the effective nonparabolic mass in the Kane
model. This approach allows us to use Eq. (23) for nonparabolic
bands with μ(L)−1 = me(L)−1 + mh(L)−1 and introducing the size
dependence of exciton binding energy Bx(L) = μ(L)/(m0ϵ2

in) ⋅ Ry.

A. Comparison of exciton quantum confinement
models to experimental data

We now compare the models developed above to experimen-
tal data. In Fig. 3(a), we show the room temperature absorption

FIG. 3. CsPbBr3 NC absorption peak energy vs NC size. Panel (a) shows room temperature absorption peak energy plotted vs edge length L for cube-shaped CsPbBr3

NCs, while panel (b) shows the absorption peak energy plotted vs the inverse square of NC size L. The data points in the figure are from the work of Brennan et al.23 The
theoretical curves shown are calculated using the T = 300 K parameters in Table I, which are taken from the 2 K magneto-transmission measurements on bulk CsPbBr3,
Ref. 20, with the exception of the bandgap, Eg. Eg was adjusted to achieve the best fit to the measured NC absorption data using the intermediate confinement model,
Eq. (18), with the size-dependent nonparabolic effective mass given in Eq. (15); this calculation is plotted using solid black lines in the figure. For comparison, we also show
by blue dashed lines the energy calculated within the parabolic band model described by Eq. (18) using the band edge effective mass and by red dashed lines the energy
calculated within the full 2-band model using Eqs. (5) and (6) to determine the kinetic energy and the approximate expression [Eq. (22)] for the potential energy in intermediate
confinement.
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peak energy of cube-shaped CsPbBr3 NCs measured as a function
of nanocrystal edge length, L, reported by Brennan et al. in Ref. 23.
Panel (b) of the figure shows the same data plotted vs 1/L2 to empha-
size the departure of the measured data from parabolic dispersion,
which would show a linear dependence on 1/L2. In the figure, we
show the theoretical exciton energy calculated within the intermedi-
ate confinement approximation, corresponding to Eq. (18), for sev-
eral approximations. First, the solid black line shows the intermedi-
ate confinement energy, Eq. (18), calculated within the nonparabolic
model, using the size-dependent effective mass given in Eq. (15). The
T = 300 K parameters used in this calculation are based on the mea-
surements of Yang et al.,20 summarized in Table I. The only param-
eter adjusted from their measured low temperature bulk values is
the room temperature bandgap Eg(300 K) which was adjusted to
achieve best fit to the measured room temperature CsPbBr3 NC data
of Ref. 23. To underscore the failure of the parabolic band approxi-
mation, we also show as a blue dashed line in the figure the exciton
energy calculated for parabolic band dispersion, using Eq. (18) with
the band-edge reduced exciton effective mass. This calculation only
matches the data for the largest NC sizes; owing to significant band
nonparabolicity, a parabolic dispersion model does not match the
experimentally measured size dependence. Finally, for reference, we
show the result of a full 2-band model, using Eqs. (5) and (6), to
determine the kinetic energy and the approximate expression for
the potential energy in intermediate confinement, given by Eq. (22).
This calculation matches both the data of Brennan et al. and the non-
parabolic effective mass model very well with only a slight departure
in energy at the smallest NC sizes.

IV. EXCHANGE INTERACTION AND CRYSTAL
FIELD SPLITTING

Having developed a model for the quantum confinement of
excitons in MHP NCs in Sec. III, we now turn to the description of
the exciton fine structure, that is, the millielectronvolt scale struc-
ture created by spin-dependent interactions between the electron
and the hole. We start the discussion with the short-range (SR)
exchange.

A. Short-range exchange
The SR exchange can be written in the form of a spin-

dependent contact interaction,19,28

ĤSR
exch =

1
2
CΩ[I − (σe ⋅ σh)]δ(re − rh). (24)

In this expression, I is the 4 × 4 unit matrix, σe and σh are Pauli
operators representing the electron and hole spin (true spin, not
their total angular momenta), Ω is the volume of the crystal unit
cell, while C is the exchange constant. To obtain the size-dependent
SR exchange energies, we simply average the exchange interaction
over the total exciton wavefunction, including the underlying peri-
odic part as well as the slowly varying envelope. We write the gen-
eral form of the total exciton wavefunction, first, for a NC of cubic
symmetry,

ψJe ,Jh(re, rh) = u
v
Jh(re)u

c
Je(rh)f (re, rh). (25)

Here, f (re, rh) is the envelope function for the exciton which
describes the electron and hole motion within the NC. Within the
intermediate confinement regime, f (re, rh) is given by Eq. (16). The
Bloch functions ucJe(re) and uvJh(rh) represent the band-edge peri-
odic basis functions for the exciton which contain the spin func-
tions. For a cubic perovskite, as noted previously, the conduction
and valence band states each have angular momentum J = 1/2. For
the valence band edge, which has s-symmetry, these are the even par-
ity states of angular momentum J = 1/2, which we write uv1/2,±1/2,
given by16

uv1/2,1/2 = S ↑, uv1/2,−1/2 = S ↓, (26)

where the spinor functions ↑ and ↓ are the eigenfunctions of the
electron spin projection operator sz = ±1/2. The spin-orbit inter-
action splits the conduction band, which has p-symmetry, into
lower, band-edge states with angular momentum J = 1/2 and upper
states with J = 3/2. The conduction band edge states uc1/2,±1/2 are
given by16

uc1/2,1/2 =
−1√

3
[(X + iY) ↓ +Z ↑],

uc1/2,−1/2 =
1√
3
[−(X − iY) ↑ +Z ↓],

(27)

where X, Y, and Z are the three orbital Bloch functions which trans-
form as the functions having p symmetry. Since there are two con-
duction band states and two valence band states, it is clear that the
exchange interaction, described by Eq. (24), will take the form of
a 4 × 4 matrix. Diagonalization of the resulting matrix shows that
exchange splits the exciton into an upper, optically active triplet and
a ground optically passive dark singlet. The size dependence of the
exciton fine structure splitting can be obtained by averaging Eq. (24)
over the wavefunction of the confined exciton. Since the envelope
function in Eq. (25) is not itself spin-dependent, the result of this
averaging takes the form

H̃SR
exch = CM̃SRΘ(L). (28)

Here, C is the exchange constant, M̃SR is a dimensionless matrix
determined by the Bloch functions, Eqs. (26) and (27), while Θ(L)
is the overlap factor representing the probability of the overlap of
the electron and hole in the same unit cell,

Θ(L) = Ω∬
V

d3red3rhf
∗(re, rh)δ(re − rh)f (re, rh)

= Ω∫
V
d3r∣ f (r, r)∣2. (29)

The integral above is taken over the volume V = L3 of the cube-
shaped NC with edge length L. Diagonalization of M̃SR for cubic per-
ovskites yields a singlet level with eigenvalue 0 which corresponds
to the dark exciton and 3 degenerate upper levels with eigenvalues
equal to 2/3CΘ which are optically allowed.19 The size dependence
of the splitting is given by the overlap factor Θ(L). Using the ansatz
function, Eq. (16), in the intermediate confinement regime, we have

ΘInter =
1

N(bopt)
27
8

Ω
L3 , (30)
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where N(bopt) is the normalization calculated for each L for the vari-
ational optimum parameter b = bopt(L). We show this function in
Fig. 4, normalized to the value of the overlap calculated in the bulk,
Θbulk = Ω/πa3

x, and plotted vs the ratio L/ax of the edge length, L,
of a cube-shaped NC to the exciton radius ax. The function N(bopt)
→ 1 for L ≪ ax recovering the well-known 1/L3 dependence of the
overlap Θ in the strong confinement limit. However, the exchange
splitting calculated this way is seriously underestimated for L > ax
because the correlated motion of the electron and hole is neglected
in this limit since the overlap factor approaches the bulk value in the
weak confinement limit L≫ ax: Θ → Ω/πa3

x. Analytical expressions
for the overlap in the strong, weak, and intermediate approximations
are derived in Ref. 19.

For NCs with tetragonal and orthorhombic crystal structure,
we expect that the 3 upper triplet levels will be split. The splitting is
described by matrix M̃SR, which will be different for tetragonal and
orthorhombic lattice symmetry due to a modification of the Bloch
functions of the conduction band edge, relative to those shown in
Eq. (27). In Sec. IV A 1, we review the quasicubic model, which
shows how the modified Bloch functions depend on the perovskite
crystal symmetry for the tetragonal and orthorhombic phases,
which serves as a starting point for our understanding of the fine
structure.

1. Quasicubic model for the crystal field
In the quasicubic model, we consider the effect of the noncu-

bic lattice structure as a simple distortion of the unit cell from the
cubic phase.29 The approach is motivated by the observation that
the lattice constants of the tetragonal and orthorhombic phases are
typically within ≈1 − 2% of those of the cubic α phase, viewed in
a nonprimitive supercell aligned to the tetragonal or orthorhombic
unit cell, as appropriate. Alternately, the unit cell parameters of the
noncubic phases can be expressed in “normalized” form in terms
of an equivalent distortion of the lattice parameters of the cubic
lattice.33 Either way, the differences can be quantified by defining
strains along the principle axes relative to the cubic lattice. Having
defined the strains, we then parameterize the effect on the conduc-
tion band edge states using a deformation potential model.30 The
strain deformation Hamiltonian is constructed using the theory of
invariants as

FIG. 4. Size dependence of the exchange splitting. The exchange overlap factor,
Θ, Eq. (29), is calculated vs NC size, L. In the plot, Θ is given in terms of the
bulk overlap factor, Θbulk = Ω/(πa3

x), and is plotted vs the ratio L/ax of the edge
length, L, of a cube-shaped NC to the exciton radius ax .

H̃d = Ud(exxL2
x + eyyL2

y + ezzL2
z − 2/3(exx + eyy + ezz)I), (31)

where Ud is a deformation potential; eii are the components of the
strain tensor with i running over x, y, z, taken parallel to the crys-
tal principal axes; and Lx,y,z are the matrices representing the x, y,
and z projections of angular momentum l = 1. Together with the
3 × 3 unit matrix, I, the matrices Lx,y,z serve as base matrices for
the deformation potential Hamiltonian for the p-like conduction
band with no spin-orbit coupling. Since we are only interested in
the splitting caused within the conduction band manifold, we have
subtracted off the volume dilatation in Eq. (31). In the basis |l,m⟩
with l = 1, taken in the order |1,1⟩, |1,0⟩, |1,−1⟩, the deformation
potential Hamiltonian then has the form

H̃d = Ud

⎛
⎜⎜
⎝

1
3(ϵzz −

ϵxx+ϵyy
2 ) 0 1

2 ϵxx − ϵyy )
0 − 2

3(ϵzz −
ϵxx+ϵyy

2 ) 0
1
2(ϵxx − ϵyy) 0 1

3(ϵzz −
ϵxx+ϵyy

2 )

⎞
⎟⎟
⎠

.

(32)

Equation (32) can be rewritten via symmetry-adapted strain combi-
nations and we define the tetragonal, δ, and orthorhombic, ζ, crystal
field parameters accordingly,

δ = Ud ϵtet , ζ = Ud ϵortho,

ϵtet = ϵzz −
ϵxx + ϵyy

2
, ϵortho =

ϵxx − ϵyy
2

. (33)

For the valence bands, which are known to have s symmetry,24

the only effect of the strain is a volume dilatation term—since the
valence bands are orbitally quenched, there is no splitting as in the
case of the conduction band; as a result, the valence band Bloch
functions are unmodified in the quasicubic model.

To find the modified Bloch functions, we need to add spin-
orbit coupling, ĤSO = 2

3ΔSOL ⋅ S, to the quasicubic strain defor-
mation model, where L is the orbital angular momentum and S
is the spin. Then, it is straightforward to find the modified Bloch
functions for the conduction and valence bands within a six-band
model for the conduction electrons. For perovskites of tetragonal
symmetry, these functions were found in Refs. 31 and 32. This the-
ory was extended in first order perturbation theory to the case of
NCs with orthorhombic symmetry by Fu et al.12 In the supplemen-
tary material, we follow Fu et al. and show that the Bloch func-
tions for the conduction band edge can be written approximately
for all three perovskite crystal symmetries (cubic, tetragonal, and
orthorhombic) as

uc1 = − cosϕ sin θZ ↑

+
(sinϕ − cosϕ cos θ)X − i(sinϕ + cosϕ cos θ)Y√

2
↓,

uc2 =
(sinϕ − cosϕ cos θ)X + i(sinϕ + cosϕ cos θ)Y√

2
↑

+ cosϕ sin θZ ↓.

(34)

Here, the terms X, Y, and Z denote the orbital Bloch functions which
transform as the functions having p symmetry. The angles θ and ϕ
are defined via the spin-orbit splitting, ΔSO, of the conduction band
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and the tetragonal31,32 and orthorhombic12,14 crystal fields, δ and ζ,
respectively, as follows:

tan 2θ = 2
√

2ΔSO

ΔSO − 3δ
, θ ≤ π

2
, (35)

tan 2ϕ = −4ζ cos θ
ΔSO + δ +

√
Δ2

SO − (2/3)ΔSOδ + δ2
. (36)

It is worth noting that in the case of cubic symmetry, δ = 0, ζ = 0
so that tan 2θ = 2

√
2 or θ ≈ 35.26○ and ϕ = 0. In this case, the

conduction band Bloch functions reduce to those in Eq. (27). In
the tetragonal case, ζ = 0 so that ϕ = 0, and therefore, the conduc-
tion band Bloch functions can be represented as eigenstates of the
projection of total angular momentum along the c-axis, taken to be
along z.31,32

The spin-orbit coupling parameter ΔSO can be obtained from
experiments (by measuring the spacing between the conduction
band edge states and the higher lying states of angular momentum
J = 3/2) or can be calculated using DFT (which is the approach taken

later on in this paper). The crystal field parameters δ and ζ can also
be determined by calculation using DFT. Absorption measurements
can be used to determine the splitting as suggested in Ref. 14; how-
ever, if this approach is taken, polarization resolved measurements
are required in order to distinguish which of the J = 3/2 upper con-
duction band states moves upwards and which moves downwards
under the action of the crystal field, which is required to determine
the sign of the crystal field splitting. For example, in the tetrago-
nal case, a positive crystal field causes the Jz = ±3/2 states, which
are inactive for light polarized along the ẑ axis, to move upwards in
energy while the J = 3/2, Jz = ±1/2 states, which are active for ẑ polar-
ized light, to move downwards.19 This trends become transparent in
the no-spin-orbit coupling case, where the Z state is shifted down-
wards relative to the X and Y orbital states for a positive crystal field;
see Eqs. (32) and (33).

Averaging Eq. (24) over the four conduction and valence band
Bloch function products, |c1⟩|v↑⟩, |c1⟩|v↓⟩, |c2⟩|v↑⟩, and |c2⟩|v↓⟩,
we obtain the short-range exchange operator in the same from as
Eq. (28), but now the matrix M̃SR = M̃SR(θ,ϕ) is a function of
the Bloch function phase angles which encode the symmetry. This
matrix is given by

M̃SR(θ,ϕ) =

⎛
⎜⎜⎜⎜⎜
⎝

cos2 θ cos2 ϕ + sin2 ϕ 0 0 cos θ sin 2ϕ
0 cos2 ϕ sin2 θ cos2 ϕ sin2 θ 0

0 cos2 ϕ sin2 θ cos2 ϕ sin2 θ 0

cos θ sin 2ϕ 0 0 cos2 θ cos2 ϕ + sin2 ϕ

⎞
⎟⎟⎟⎟⎟
⎠

. (37)

Within the exchange model, the matrix M̃SR(θ,ϕ) again determines
the level order and the oscillator transition strengths of each level,
independently of the envelope wavefunction of the confined exciton.
Diagonalizing the matrix M̃SR in Eq. (37) for angles θ and ϕ defined
in Eqs. (35) and (36) results in energies for each exciton eigenstate
Xi, where Xi = {X, Y, Z, D}, expressed in the general form

EXi(θ,ϕ) = CΘẼXi(θ,ϕ) = 3
2
h̵ωST ẼXi(θ,ϕ)( Θ

Θbulk
) . (38)

Here, the energy scale is set by CΘ, while ẼXi(θ,ϕ) is a dimen-
sionless eigenvalue of the matrix M̃SR. Note that in the equation
above, we have made the replacement, h̵ωst = 2/3CΘbulk, where h̵ωst
is the bulk exciton singlet-triplet splitting and Θbulk = Ω/(πa3

x) is
the overlap factor for the bulk. The functions ẼXi are easy to eval-
uate and are given within the k ⋅P model in Table II for the cubic,
tetragonal, and orthorhombic phases. The average of ẼXi(θ,ϕ) taken
over the 3 triplet states X, Y, Z is 2/3 in all cases, as shown in the
table. As a result, the average singlet-triplet splitting always equals
2/3CΘ. In the cubic and tetragonal phases, ϕ = 0, while ϕ ≠ 0 in the
orthorhombic phase.

The transition dipole matrix elements for each exciton sub-
level are found as the matrix element of the momentum operator, p̂,
between the exciton eigenfunction, ψXi , and the crystal ground state,

G. The result can be expressed for each exciton eigenstate, Xi, in the
general form19

PXi(θ,ϕ) = OpXi
(θ,ϕ) = OPp̃Xi

(θ,ϕ), (39)

where P is the Kane momentum matrix element defined above,
p̃Xi
(θ,ϕ) is a dimensionless function describing the dependence of

the matrix element on the crystal structure, and O is an overlap
integral between the electron and hole wavefunctions, given by

O ≡∬
V

f (re, rh)δ(re − rh)d3red3rh = ∫
V
f (r, r)d3r, (40)

where the integral is taken over the entire NC volume V. Analytical
expressions for p̃Xi

(θ,ϕ) for NCs with different crystal symmetries—
cubic, tetragonal, and orthorhombic—are shown in Table II. Using
the dipole matrix elements defined in Eq. (39), we can calculate the
oscillator strength for each exciton state Xi,

fXi = O2f0 f̃Xi(θ,ϕ), (41)

where f 0 = Ep/h̵ω is the oscillator transition strength of a free car-
rier transition at the band edge, approximately equal to f 0 ≈ Ep/Eg,
O is the overlap integral [see Eq. (40)], and finally, f̃Xi = ∣p̃Xi

(θ,ϕ)∣2
is a reduced oscillator strength function that determines the relative
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TABLE II. Dimensionless energy, ẼXi(θ,ϕ), and the dimensionless transition dipole matrix elements (DMEs) p̃Xi for each exciton eigenstate X i in perovskite NCs with cubic,
tetragonal, and orthorhombic crystal structure. p̃Xi are expressed in the vector format {p̃x , p̃y, p̃z}, where the x, y, z axes are aligned to the a, b, c axes of the respective unit
cell. The order of levels in the table is shown for a positive crystal fields δ and ζ with ζ < δ.

Cubic Tetragonal Orthorhombic

State (Xi) Energy (ẼXi ) DME (p̃Xi
) Energy (ẼXi ) DME (p̃Xi

) Energy (ẼXi ) DME (p̃Xi
)

Z 2
3

√
2
3{0, 0, 1} 2 sin2 θ {0, 0,

√
2 sin θ} 2 cos2 ϕ sin2 θ {0, 0,

√
2 cosϕ sin θ}

Y 2
3

√
2
3{0, i, 0} cos2 θ i{0, cos θ, 0} (sinϕ + cos θ cosϕ)2 i{0, cos θ cosϕ + sinϕ, 0}

X 2
3

√
2
3{1, 0, 0} cos2 θ {cos θ, 0, 0} (sin ϕ− cos θ cos ϕ)2 {cos θ cosϕ− sinϕ, 0, 0}

Triplet ave f̃ 2
3 NA 2

3 NA 2
3 NA

Dark 0 {0, 0, 0} 0 {0, 0, 0} 0 {0, 0, 0}

oscillator strength of each exciton sublevel. Notably, within the six-
band k ⋅P/quasicubic model for the conduction bands, f̃Xi is the same
function of θ and ϕ as the function ẼXi that appears in the expres-
sions for the energy, Eq. (38).19 Later, in this paper, we will check
the validity of this result for several materials (CsPbBr3, FAPbBr3,
and methylammonium lead iodide, MAPbI3) using DFT. We find
that while the relationship is approximately true for the tetragonal
phases of these materials, the relationship typically fails for the more
complicated orthorhombic phases.

2. Estimation of fine structure level order
Having developed the quasicubic model to describe the exci-

ton fine structure created by lattice distortion, we will estimate the
SR exchange constant and the crystal field parameters for several
materials of interest. DFT will be used for these calculations as well
as for the testing of the quasicubic model. We start however with a
qualitative estimation of the effect of the lattice distortion within the
quasicubic model.

Using the expressions in Table II for the energy of each exciton
state ẼXi , and the definitions of the phase angles θ, ϕ in Eqs. (35) and
(36) in terms of the crystal field parameters δ, ζ in Eq. (33), we can
write expressions for the fine structure energies simply in terms of
the lattice constants of each material. To do this, we note that the
expressions for the exchange energies in Table II can be linearized
for small crystal field parameters δ≪ ΔSO, ζ ≪ ΔSO. The lattice dis-
tortion causes the dimensionless exciton energies to deviate from the
average value 2/3 by an amount ΔẼZ,X,Y = ẼZ,X,Y − 2/3 which can be
written as

ΔẼZ ≈
8
9

δ
ΔSO
≈ 4

9
Ud

ΔSO
(2ϵzz − ϵxx − ϵyy),

ΔẼY ≈ −
4
9

δ
ΔSO
− 4

3
ζ

ΔSO
≈ 4

9
Ud

ΔSO
(2ϵyy − ϵzz − ϵxx),

ΔẼX ≈ −
4
9

δ
ΔSO

+
4
3

ζ
ΔSO
≈ 4

9
Ud

ΔSO
(2ϵxx − ϵyy − ϵzz).

(42)

In Eq. (42), we have expressed the crystal field parameters δ, ζ in
terms of the deformation potential and the lattice strains relative to
the cubic phase. It bears emphasis that the assumption underlying

the model is that the crystal field can be described in terms of a single
deformation potential. To the extent that this assumption is valid,
the result above shows that we can predict the order of levels solely
on the basis on the quasicubic strain, which is determined by the
lattice constants of a given material.

Given a material with tetragonal or orthorhombic lattice struc-
ture, we must first determine the strain associated with each prin-
ciple axis. To consider the electronic structure of the tetragonal or
orthorhombic phases in the quasicubic approximation, we need to
transfer from the primitive unit cell of the cubic phase to a non-
primitive cell aligned to the tetragonal or orthorhombic primitive
cell. For example, for the orthorhombic lattice structure, it is conve-
nient to transfer to a nonprimitive cell of the cubic lattice spanned
by vectors a, b, c with dimensions

√
2a0 :

√
2a0 : 2a0, where ao is

the cubic phase lattice constant, and the vectors a and b are rotated
by 45○ to the cubic phase x, y axes, while the vector c is aligned to
the cubic phase z axis and twice the length of the primitive vector.
Equivalently, we can define scaled quasicubic lattice parameters for
the tetragonal and orthorhombic phases which represent a distorted
primitive cubic cell.33 These scaled cell parameters, ai, are equal to
bi/γi, where bi are the lattice parameters of the given noncubic phase
(tetragonal or orthorhombic) and the factor γi is the dimension of
the corresponding nonprimitive cubic cell in the absence of any lat-
tice distortion from cubic symmetry. In the orthorhombic case, for
example, γx = γy =

√
2, while γz = 2. Finally, to eliminate volume

dilatation, rather than computing the strain relative to the cubic
phase, we can simply compute the quasicubic strain relative to the
parameter āN = (axayaz)1/3, which is the lattice parameter of a prim-
itive cubic cell with the same volume as the scaled noncubic cell
volume,

ϵii =
ai − āN
āN

. (43)

In Table III, we show this analysis for tetragonal CsPbBr3 and
FAPbBr3 both corresponding to space group P4/mbm, No. 127.
Also for comparison, we analyze tetragonal MAPbI3 (space group
I4/mcm, No. 140). Assuming a positive deformation potential in
Eq. (42) for all three materials, we expect that CsPbBr3 and MAPbI3
will have a fine structure with a singlet Z-polarized exciton higher in
energy than the degenerate X/Y polarized doublet, while FAPbBr3
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TABLE III. Quasicubic (QC) analysis of tetragonal CsPbBr3 (P4/mbm), FAPbBr3 (P4/mbm), and MAPbI3 (I4/mcm). Lattice parameters are given for the primitive tetragonal
unit cell, from Refs. 33–35. Scaled lattice parameters labeled ai refer to a distorted primitive cubic cell; these are equal to bi /γi , where γi gives the ideal ratio of the tetragonal
supercell to the primitive cubic cell in the absence of any lattice distortion from cubic symmetry. For each axis, the strain is referenced to the parameter āN , which is the lattice
parameter of a primitive cubic cell with the same volume as the normalized tetragonal cell volume. The tetragonal strain ϵtet = ϵcc − 1/2(ϵaa + ϵbb), as described in the text. In
the last two rows, we give the level order of the exciton states ordered from high energy to low expected based on Eq. (42) within the QC model and the level order calculated
using DFT; see Table V. In the case of FAPbBr3 and MAPbI3, the DFT calculation is performed on a mimic structure with the experimental lattice structure but with the organic
cation replaced by Cs; see text.

P4/mbm-CsPbBr3 P4/mbm-FAPbBr3 I4/mcm-MAPbI3

bi (nm) γi ai (nm) ai−aN
aN

bi (nm) γi ai (nm) ai−aN
aN

bi (nm) γi ai (nm) ai−aN
aN

a 0.826
√

2 0.584 −1.14% 0.837
√

2 0.5921 +0.01% 0.877
√

2 0.620 −0.71%
b 0.826

√
2 0.584 −1.14% 0.837

√
2 0.5921 +0.01% 0.877

√
2 0.620 −0.71%

c 0.605 1 0.605 +2.32% 0.592 1 0.5919 −0.03% 1.267 2 0.633 +1.43%
aN 0.591 0.5920 0.624

ϵtet +3.45% −0.04% +2.14%

QC Z, X/Y, D X/Y, Z, D Z, X/Y, D
DFT Z, X/Y, D X/Y, Z, D Z, X/Y, D

is expected to have the opposite level order, namely, the Z-polarized
exciton should lie below the X/Y polarized doublet. Anticipat-
ing results to be developed later, we show in the table the level
orders calculated using DFT for tetragonal CsPbBr3 as well as
mimic structures corresponding to the experimental FAPbBr3 and
MAPbI3 lattice structures in which the organic cations have been
replaced by Cs. In each case, the level order agrees with expec-
tations based on the quasicubic model, validating the qualitative
applicability of the quasicubic model for the tetragonal structures
as well as the assumption of a positive deformation potential
constant.

The quasicubic analysis can be applied to the orthorhombic
phases as well. In Table IV, we show the analysis for orthorhombic
CsPbBr3, FAPbBr3, and MAPbI3, all characterized by space group

Pnma, No 62. Again assuming a positive deformation potential in
Eq. (42) as was validated for the tetragonal phases for all three
materials, the expected level order for orthorhombic CsPbBr3 and
FAPbBr3 should be, from highest to lowest, Z, Y, X above the ground
dark state, while for MAPbI3 the order is expected within the qua-
sicubic model to be Y, Z, X, D, as shown in the table. In each case
however, the level order calculated using DFT for CsPbBr3 and the
two mimic compounds disagrees with the order expected in the
quasicubic model.

We turn in Sec. IV A 3 to the calculation of the exchange fine
structure for tetragonal and orthorhombic CsPbBr3, FAPbBr3, and
MAPbI3 using DFT, both to test the quasicubic model and to deter-
mine exchange constants and crystal field parameters that can be
used for modeling the properties of NCs.

TABLE IV. QC analysis of orthorhombic (Pnma) CsPbBr3, FAPbBr3, and MAPbI3. Lattice parameters bi are given for the primitive orthorhombic unit cell, from Refs. 33, 36, and
37, respectively. Scaled lattice parameters referred to a distorted primitive cubic cell labeled ai ; these are equal to bi /γi , where γi gives the ideal ratio of the orthorhombic cell
to the primitive cubic cell in the absence of any lattice distortion from cubic symmetry. For each axis, the strain is referenced to the parameter āN , which is the lattice parameter
of a primitive cubic cell with the same volume as the normalized tetragonal cell volume. The tetragonal and orthorhombic strains are calculated as described in the text. In the
last two rows, we give the level order of the exciton states ordered from high energy to low expected based on Eq. (42) within the QC model and the level order calculated using
DFT; see Table VI. In the case of FAPbBr3 and MAPbI3, the DFT calculation is performed on a mimic structure with the experimental lattice structure but with the organic cation
replaced by Cs; see text. For all cases, the QC model fails to predict the level order correctly.

Pnma CsPbBr3 Pnma FAPbBr3 Pnma MAPbI3

bi (nm) γi ai (nm) ai−aN
aN

bi (nm) γi ai (nm) ai−aN
aN

bi (nm) γi ai (nm) ai−aN
aN

a 0.822
√

2 0.581 −1.35% 0.837
√

2 0.5922 −0.08% 0.855
√

2 0.605 −4.78%
b 0.830

√
2 0.587 −0.39% 0.838

√
2 0.5926 0.00% 0.925

√
2 0.654 +2.94%

c 1.20 2 0.600 +1.77% 1.186 2 0.5930 +0.07% 1.296 2 0.648 +2.01%
aN 0.589 0.5926 0.635

ϵtet +2.64% −0.11% +2.93%
ϵorth −0.48% −0.04% −3.86%

QC Z, Y, X, D Z, Y, X, D Y, Z, X, D
DFT X, Z, Y, D Y, X, Z, D Z, X, Y, D
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3. Test of quasicubic model against DFT calculations

In order to evaluate the validity of the quasicubic model as
well as to determine exchange constants and crystal field parame-
ters that can be used for modeling, we calculated the SR exchange
Hamiltonian in a basis of the conduction- and valence-band-edge
wavefunctions as determined in hybrid DFT38,39 as implemented in
the VASP code,40 for all the materials of interest. Diagonalization
of the resulting exchange Hamiltonian enables determination of the
bulk SR exchange constant CSR as well as the crystal field param-
eters. The details of this calculation are described in detail in the
supplementary material and in Ref. 19.

We first calculated the SR exchange constants and crystal field
parameters for tetragonal and orthorhombic CsPbBr3, using an
experimental crystal structure reported in Ref. 33. In our calcula-
tions, all lattice parameters and atomic positions were subsequently
relaxed to ensure self-consistency. These hybrid functional calcu-
lations yielded lattice parameters and energy gaps that are in good
agreement with experiment33,41 (see Table S1 of the supplementary
material).

For a broader test of the quasicubic model encompassing differ-
ent MHP lattice structures, we defined “mimic” FAPbBr3 structures,
comprising CsPbBr3 in tetragonal and orthorhombic structures with
lattice constants and Pb and Br ion positions matching to those in
the experimental FAPbBr3 P4/mbm structure reported in Ref. 34 and
the Pnma structure reported in Ref. 36, respectively. The organic
cations in these structures were replaced by Cs to preserve the

inversion symmetry following the approach suggested in Ref. 24 for
MAPbI3. Similarly, we defined mimic MAPbI3 structures, compris-
ing CsPbI3 structures with lattice parameters taken from the experi-
mental measurements of Refs. 35 and 37 for the tetragonal (I4/mcm)
and orthorhombic (Pnma) modifications, respectively, again with
the replacement of the organic cation by Cs to preserve the inversion
symmetry of the experimental structure. For these mimic structures,
the Cs atoms were explicitly placed at the high-symmetry sites which
were nearest to the center of the organic cations, and the atomic
positions were not relaxed prior to calculation of the band structure
and band edge wavefunctions.

Diagonalization of the exchange Hamiltonian enables determi-
nation of the bulk SR exchange constant CSR as well as the crys-
tal field parameters. The results of these calculations are shown in
Table V for the tetragonal phase of CsPbBr3 and the tetragonal
FAPbBr3 and MAPbI3 mimic structures, and in Table VI for the
corresponding orthorhombic phases. The SR exchange constant CSR

is given for each phase along with the unit cell volume. Since the
exchange constant scales as the inverse of the unit cell volume, it is
useful to define a quasicubic exchange constant CSR

qc as the exchange
constant multiplied by the ratio of the unit cell volume to the nor-
malized cubic cell volume as defined in Table III. In each table, the
reduced energy of each exciton state, ẼXi , is given, with the singlet
state energy defined as the zero of energy.

In Sec. IV A 2 in discussing the quasicubic model, we antici-
pated the results for the reduced energies calculated in DFT shown
in Tables V and VI. To recap briefly, for all of the tetragonal

TABLE V. Short-range exchange constants, exciton energies, oscillator strengths, and crystal field parameters for tetragonal MHPs calculated using DFT with hybrid functionals.
The first column shows results for tetragonal CsPbBr3 calculated for the P4/mbm structure given in Ref. 33. The second column shows CsPbBr3 calculated for a mimic structure
with lattice parameters matching that of P4/mbm FAPbBr3 from Ref. 34, while the third column shows CsPbI3 in a mimic structure matching MAPbI3 from Ref. 35, corresponding
to space group I4/mcm. The SR exchange constant CSR for each structure is determined by diagonalization of the SR exchange Hamiltonian using band-edge functions
calculated in DFT. The quasicubic exchange constant CSR

qc is the exchange constant multiplied by the ratio of the unit cell volume to the normalized cubic cell volume, ā3
N , where

āN is given for the corresponding structure in Table III. For each phase, the energy of each exciton state, ẼXi , calculated relative to the dark exciton energy, is given in units of
CSRΘ, with the singlet state energy defined as the zero of energy (ED = 0). Also given is the reduced oscillator strength, f̃i; see Eq. (41). The x, y, z axes are defined as the
a, b, c axes of the respective unit cell. The phase parameters θ and ϕ from Eq. (34), determined separately from the DFT exciton energies and oscillator strengths using the
expressions in Table II, are shown in the table, as are the crystal fields determined using Eqs. (35) and (36) using spin-orbit coupling parameters ΔSO determined from DFT and
given in the table.

P4/mbm CsPbBr3 P4/mbm CsPbBr3, FA mimic I4/mcm CsPbI3, MA mimic

CSR CSR
tet = 223.4 meV CSR

tet = 254.8 meV CSR
tet = 101.5 meV

Cell vol. Ω Ωtet = 0.4127 nm3 Ωtet = 0.4150 nm3 Ωtet = 0.9740 nm3

CSR
qc CSR

qc = 446.7 meV CSR
qc = 509.5 meV CSR

qc =406.1 meV

State (Xi) ẼXi f̃Xi ẼXi f̃Xi ẼXi f̃Xi

Z 0.754 0.806 0.662 0.681 0.758 0.748
Y 0.622 0.597 0.669 0.659 0.621 0.626
X 0.622 0.597 0.669 0.659 0.621 0.626
Triplet ave 0.667 0.667 0.667 0.667 0.667 0.667

SOC ΔSO 1543 meV 1460 meV 1550 meV

Tetr. phase θ 37.901○ 39.408○ 35.108○ 35.702○ 38.012○ 37.707○

Tetr. CF δ +146.3 meV +226.7 meV −8.5 meV +23.5 meV +153.0 meV +136.4 meV
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TABLE VI. Short-range exchange constants, exciton energy, oscillator strength, and crystal field parameters for orthorhom-
bic MHPs calculated using DFT with hybrid functionals. The first column shows results for CsPbBr3 calculated in its
Pnma structure given in Ref. 33. The second column shows CsPbBr3 calculated for a mimic structure with lattice param-
eters matching that of Pnma FAPbBr3 from Ref. 36, while the third column shows CsPbI3 in a mimic structure match-
ing MAPbI3 from Ref. 37. The SR exchange constant CSR for each structure is determined by diagonalization of the
SR exchange Hamiltonian using band-edge functions calculated in DFT. The quasicubic exchange constant CSR

qc is the

exchange constant multiplied by the ratio of the unit cell volume to the normalized cubic cell volume, ā3
N , where āN is

given for the corresponding structure in Table IV. For each phase, the energy of each exciton state, ẼXi , calculated rel-
ative to the dark exciton energy, is given in units of CSRΘ, with the singlet state energy defined as the zero of energy
(ED = 0). Also given is the reduced oscillator strength, f̃i; see (39). The x, y, z axes are defined as the a, b, c axes
of the respective unit cell. The phase parameters θ and ϕ from Eq. (34), determined separately from the DFT exci-
ton energies and oscillator strengths using the expressions in Table II, are shown in the table, as are the crystal fields
determined using Eqs. (35) and (36) using spin-orbit coupling parameters ΔSO determined from DFT and given in the
table.

Pnma CsPbBr3 PnmaCsPbBr3, FA mimic Pnma CsPbI3, MA mimic

CSR CSR
orth = 108.9 meV CSR

orth = 102.9 meV CSR
orth = 75.8 meV

Cell vol. Ω Ωorth = 0.8188 nm3 Ωorth = 0.8324 nm3 Ωorth = 1.0261 nm3

CSR
qc CSR

cub = 435.4 meV CSR
qc = 411.5 meV CSR

qc = 303.2 meV

State (Xi) ẼXi f̃Xi ẼXi f̃Xi ẼXi f̃Xi

Z 0.663 0.699 0.597 0.809 0.726 0.795
Y 0.628 0.620 0.744 0.645 0.571 0.570
X 0.709 0.681 0.659 0.545 0.702 0.635

Triplet ave 0.667 0.667 0.667 0.667 0.667 0.667

SOC ΔSO 1543 meV 1460 meV 1550 meV

Tetr. phase θ 35.162○ 36.234○ 33.139○ 39.524○ 37.099○ 39.105○

Tetr. CF δ −5.5 meV +54.7 meV −118.2 meV +220.3 meV +103.1 meV +211.6 meV
Orth. phase ϕ −1.387○ −1.089○ +1.463○ +1.864○ −2.361○ −1.206○

Orth. CF ζ +45.5 meV +36.8 meV −43.4meV −65.1 meV +82.1 meV +44.2 meV

structures calculated, the level order calculated using DFT agrees
with the expectations based on the quasicubic model. However, in all
of the orthorhombic structures, the calculated level order disagrees
with the analytical quasicubic model.

This discrepancy goes deeper than this however. Tables V and
VI also show the reduced oscillator strengths, f̃Xi , calculated in
DFT. This quantity is found from the band-edge transition oscilla-
tor strength fXi using the relation fXi = (Ep/h̵ω)f̃Xi , [see Eq. (41)]. In
k ⋅P theory, the reduced exciton energy ẼXi of the Xi exciton is equal
to f̃Xi . Inspection of Table V shows that the relationship between
f̃Xi and EXi obtained by DFT qualitatively follows the k ⋅P predic-
tion for the tetragonal phases of CsPbBr3 and the mimic MAPbI3
structure; however, the relationship is not followed for the tetragonal
mimic FAPbBr3 structure or for any of the orthorhombic structures.
In these cases, the order of levels in energy differs from the order
of levels ranked by oscillator strength. Nevertheless, in all cases, the
averages of the quantities ẼXi and f̃Xi over the triplet states X, Y, Z are
2/3 as expected within the quasicubic model.

To emphasize the departure of the DFT calculation from
the quasicubic model, the crystal field parameters δ and ζ were

calculated, first, using the reduced energies determined using DFT,
and then second, for comparison, using the reduced oscillator
strengths determined using DFT. This is a two step process. First,
from the reduced energies, ẼZ and ẼX , or the reduced oscilla-
tor strengths, f̃Z and f̃X , calculated within DFT, we determine the
phase angles θ and ϕ using the expressions in Table II. Then, using
Eqs. (35) and (36), we determine δ and ζ in terms of the two phase
angles θ and ϕ and the spin-orbit coupling ΔSO, also calculated by
DFT. The values of the crystal field parameters calculated in this
manner are shown for comparison in Tables V and VI.

For the tetragonal CsPbBr3 structure and the tetragonal CsPbI3
MA mimic, we find positive crystal fields when calculated either
using the reduced energy or the reduced oscillator strength. How-
ever, the magnitudes of the crystal fields determined by the two
methods are significantly different: In several cases, such as for
the tetragonal FAPbBr3 mimic structure, and two of the three
orthorhombic structures calculated, the crystal field has the oppo-
site sign when calculated using the reduced energies vs the reduced
oscillator strengths, which is a result that runs completely contrary
to the analysis within the 6-band quasicubic model.
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As expected, this discrepancy between the DFT calculation and
the quasicubic model is connected with the presence of higher con-
duction bands not included in the 6-band quasicubic conduction
band model. The root of the failure has to do with the restricted
basis within which the crystal field Hamiltonian, Eqs. (31)–(33), is
written. Indeed, the quasicubic model completely fails to describe
the relationship between the crystal field and the upper conduction
band energies for tetragonal CsPbBr3.19 In that case, in addition to
the 6 conduction bands included in the quasicubic analysis, which
are folded onto the Z-point of the tetragonal Brillouin zone (BZ)
from the R-point of the cubic structure, there is an additional 2-fold
degenerate band close in energy above the four J = 3/2 states which
originates from the z-directed X-point of the BZ of the cubic struc-
ture which couples with the R-point derived states. The resulting
level repulsion increases the upper J = 3/2 conduction band splitting
by nearly a factor of ∼3 above what is predicted in the quasicubic
model.19 Moreover, preliminary results indicate that the increased
oscillator strength ratio f̃Z/f̃X/Y relative to the fine structure energy
ratio ẼZ/ẼX/Y in this structure is explained by coupling to the higher
conduction band.

Despite the significant discrepancy between the DFT results
and the quasicubic model, we can still employ the relations devel-
oped above within the effective mass theory for the SR exchange,
such as Eq. (38). However, we must account for the fact that the
reduced energy ẼXi in Eq. (38) and the reduced oscillator strength
f̃Xi in Eq. (41) have different physical origins—despite their pre-
dicted identical dependence on crystal field phase angles within the
6-band quasicubic model. The importance of this distinction will
become clear when we consider the effect of long-range exchange in
Sec. IV B.

B. Long-range exchange
In addition to the SR exchange interaction addressed above,

the long-range exchange interaction28,42,43 also contributes to the
fine structure splitting of bound excitons44 and in semiconductor
NCs.45–50 The long-range exchange energy can be calculated directly
as the Coulomb energy associated with the exciton polarization.43

In the case at hand, considering exciton states Xi = {X, Y, Z} with
orthogonal transition dipoles, we have

HLR
Xi = ∫V1

dV1 ∫
V2

dV2[−∇1 ⋅PXi(r1)]∗
1

ϵ∞∣r1 − r2∣
× [−∇2 ⋅PXi(r2)]. (44)

Here, ϵ∞ is the high frequency dielectric constant, while polarization
PXi(re) is the dipole moment density connected with exciton state
Xi. As will be shown later, the LR exchange described by Eq. (44) is
proportional to the oscillator strength of the exciton.

Polarization P is not to be confused with the transition dipole
moment in Eq. (39). However, they are related:

PXi(re) = i
h̵e

m0Eg ∫
d3rh f (re, rh) pXi

δ(re − rh)

= i h̵e
m0Eg

f (re, re) pXi
. (45)

Here, the unit cell transition momentum matrix element pXi
can be

rewritten via the dimensionless function p̃Xi(θ,ϕ) that appears in

Eq. (39): pXi
= Pp̃Xi(θ,ϕ), where P is the Kane matrix element, and

we used the relation between matrix elements of the electric dipole
and the momentum operators, ⟨1∣μ̂∣2⟩ = i(eh̵/m0)⟨1∣p̂∣2⟩/(E2 − E1),
and have approximated the transition energy as E2 − E1 = Eg/h̵.
Since we have expressions for the exciton envelope wavefunctions
f (re, rh), we can thus calculate the polarization and then evaluate the
integral over the NC in Eq. (44). Calculations of the exchange split-
ting created by the LR exchange interaction within the k ⋅ P model
were conducted in Ref. 19. Accounting for the inequivalence of the
reduced energy ẼXi and the reduced oscillator strength f̃Xi established
in Sec. IV A 3, the result can be written in the absence of a dielectric
discontinuity at the NC surface as

EXi(θ,ϕ) = 3
2
[h̵ωST ẼXi(θ,ϕ) +

h̵ωLT

3
f̃Xi(θ,ϕ)]( Θ

Θbulk
) . (46)

In this expression, the size effect term,Θ, is not changed from before,
but the magnitude of the splitting is modified by the correction term
of magnitude h̵ωLT/3, where the bulk longitudinal/transverse (LT)
splitting, h̵ωLT , is given by

h̵ωLT =
4

3ϵ∞a3
x

Ep
m0
( h̵e
Eg
)

2

. (47)

Here, Ep is the Kane energy defined above in Eq. (7). We can thus
calculate h̵ωLT if we know the band-edge transition dipole, which
can be calculated in DFT, or the Kane energy Ep can be determined
from measured effective masses using, e.g., Eq. (8). For example, the
value of Ep based on the measured exciton reduced effective mass is
given for CsPbBr3 in Table I.

1. Dielectric effects
One further consideration is that the NC is typically embed-

ded in a medium of dissimilar dielectric constant. In this case, there
is an additional correction associated with the interaction of the
exciton polarization in Eq. (44) with surface image charges. The
leading order correction was estimated in Ref. 19. The resulting
correction is parameterized in terms of the ratio, κ = ϵNC∞ /ϵmed

∞ ,
of the high frequency dielectric inside the NC, ϵNC∞ , to that in
the surrounding medium, ϵmed

∞ , resulting in the total exchange
energy,

EXi(θ,ϕ) =3
2
{h̵ωST ẼXi(θ,ϕ) +

h̵ωLT

3
[1 +

12
π2 (

κ − 1
κ + 2

)]

× f̃Xi(θ,ϕ)}( Θ
Θbulk

). (48)

2. Shape effects
Another important effect which has been shown to affect the

exciton fine structure in MHP NCs is NC shape anisotropy.17,18

Referring to Eq. (44), it is clear that an asymmetry in the shape of a
NC, such as an elongation along one axis, will act to create a splitting
between excitons whose transition dipoles are oriented parallel vs
perpendicular to the axis of elongation, even in the absence of intrin-
sic crystal field splitting. The effect could be significant because there
is experimental evidence that CsPbBr3 NCs are elongated along the
c-axis by 20%.25
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To calculate the effect of such a single-axis shape distortion,
we evaluate the polarization density of the exciton using Eq. (44).
The shape anisotropy enters the analysis via the boundary condi-
tions on the exciton envelope function, f (re, rh), which are written
in terms of the ground particle in a box wavefunction ψgr(x, y, z)
as in Eq. (16) in Sec. III; however, to reflect shape distortion from
a cubic shape to a right square prism shape, we set the z-dimension
of the NC distinct from the x, y dimensions: Lz ≠ Lx = Ly = L.
The envelope function is then rewritten in terms of the modi-
fied ground particle in the box wavefunction appropriate for this
geometry as

ψgr(r) = (
8

L2Lz
)

1/2
cos(πx/L) cos(πy/L) cos(πz/Lz). (49)

Taking r = Lz/L, as the anisotropy parameter, we preserve NC vol-
ume L3 by writing Lz = Lr2/3 and Lx = Ly = Lr−1/3. The calculation
of the LR exchange interaction was conducted using Eqs. (44) and
(45). Using (45) with the exciton envelope wavefunction f (re, rh) and
substituting into Eq. (44), we find that the derivatives in Eq. (44) act
only on the envelope functions. Pulling out the prefactors and using
Eq. (47) and f̃Xi = ∣p̃Xi

(θ,ϕ)∣2, we find that the LR exchange energy
for exciton state Xi, where Xi = X, Y, or Z, can then be written,

HXi(r,L) =
h̵ωLT

2
f̃XiAXi(r,L)(

Θc(L)
Θbulk

). (50)

Here, Θc(L) is the exchange overlap function for a cube of volume
L3, and we have defined anisotropy functions AXi(L, r) as

AXi(r,L) ≡
3

4π
ΩIXi(r,L)
Θc(L)

, (51)

where IXi denotes exchange integrals for the Xi exciton. The integrals
IZ and IX = IY are given explicitly in terms of the exciton envelope
function f (re, rh) as

IZ =
+ Lz

2 , L2 , L2

∭
− L

2 ,− L
2 ,− Lz

2

dx1dy1dz1

+ L
2 , L2 , Lz2

∭
− L

2 ,− L
2 ,− Lz

2

dx2dy2dz2

× [df (r1, r1)
dz1

]
∗ 1
∣r1 − r2∣

[df (r2, r2)
dz1

], (52)

IX =
+ Lz

2 , L2 , L2

∭
− L

2 ,− L
2 ,− Lz

2

dx1dy1dz1

+ L
2 , L2 , Lz2

∭
− L

2 ,− L
2 ,− Lz

2

dx2dy2dz2

× [df (r1, r1)
dx1

]
∗ 1
∣r1 − r2∣

[df (r2, r2)
dx1

]. (53)

Evaluation of Eqs. (51)–(53) in the strong and weak confinement
regimes gives identical results and shows that A(r) is indepen-
dent of L while Θ is independent of r. In principle, in the inter-
mediate confinement approximation, the normalization factor N(β)
in Eq. (16) should depend on the anisotropy r. This is a small
effect, however, for small |r − 1|, and we neglect it. Additionally,
we note that Eq. (50) is derived neglecting image charge effects.
Including the dielectric corrections to the lowest order as dis-
cussed in Sec. IV B 1 results in a modification of the prefactor in
Eq. (50),

FIG. 5. Effect of NC shape anisotropy on exchange energy. The shape response
function, AXi , Eq. (51), is plotted as a function of the aspect ratio r for a uniaxial
elongation along the z direction; here, r = Lz/L, where we preserve NC volume
V = L3 by writing Lz = Lr2/3 and Lx = Ly = Lr−1/3. The plot shows the relative
shift of the LR exchange energy for the Z and orthogonally polarized X and Y
excitons due to the shape effect. At a ratio r = 1, the NC is cube shaped and there
is no splitting; for an elongation of 20% as reported by Bertolotti et al. in Ref. 25,
the Z exciton drops in energy relative to the X /Y doublet by roughly 20% of the LR
exchange energy.

HXi(r,L) =
3
2
[ h̵ωLT

3
+ h̵ωLT

4
π2 (

κ − 1
κ + 2

)]

× f̃Xi(θ,ϕ)AXi(r,L)(
Θc(L)
Θbulk

). (54)

Figure 5 shows the calculated dependence of AXi as a function of
the aspect ratio r for a uniaxial elongation along the z direction;
the plot shows the relative shift of the LR exchange energy for the
Z and orthogonally polarized X and Y excitons due to the shape
effect.

V. CALCULATED FINE STRUCTURE: CsPbBr3 NCs
Putting together all of the results derived above, we can now

write an expression for the exchange-related fine structure for a
MHP NC with intrinsic crystal field splitting and a shape anisotropy,
accounting for both short- and long-range exchange. The result for
the dark exciton singlet state is just ED = 0, while for the triplet
exciton states Xi = X, Y, or Z, the result is

EXi(θ) =
3
2
{h̵ωST ẼXi + [ h̵ωLT

3
+ h̵ωLT

4
π2 (

κ − 1
κ + 2

)]

× f̃XiAXi(r,L)}(
Θ(L)
Θbulk

). (55)

We note that within the quasicubic model, the reduced energy
ẼXi and the reduced oscillator strength f̃Xi are equal; however, the
DFT calculations presented in Sec. IV A 3 clearly show that these
are generally unequal. To factor this into account, we have distin-
guished between the reduced energy and reduced oscillator strength
in the expression for the exchange energy for each exciton state
Xi. Within the context of the quasicubic model, we can then write
ẼXi = ẼXi(θE,ϕE) and f̃Xi = f̃Xi(θf ,ϕf ) to reflect the fact that the
effective phase angles that determine the reduced energy (θE and ϕE)
and reduced oscillator strengths (θf and ϕf ) are different, as shown
in the DFT calculations performed for MHP structures of tetrago-
nal and orthorhombic symmetry. This is shown in Tables V and VI,
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respectively. The effect of the different phase angles was not taken
into account in Ref. 19.

To illustrate the use of these expressions, we apply them to cal-
culate the fine structure for CsPbBr3 NCs with tetragonal, or appar-
ently tetragonal, symmetry, motivated by the experimental studies
of Fu et al.12 and Ramade et al.14 Both of these studies reported
single CsPbBr3 NC photoluminescence spectra at liquid He tem-
perature consisting of polarized doublets with a linearly polarized,
lower-lying singlet line, which were ascribed to the existence of
polyphase NCs with some NCs having tetragonal lattice structure.
In the Fu study, magneto-optic measurements on a single NC of
∼ 9 nm size demonstrated magnetic field splitting of the upper line,
consistent with an assignment as an unresolved doublet, as expected
for tetragonal symmetry.

Figure 6 shows the size dependence of the exciton fine structure
levels in CsPbBr3 NCs assumed to have tetragonal lattice structure.
In panel (a), we show the fine structure calculated with Eq. (55)
including both short-range exchange and long-range exchange, for
cube shaped NCs, while in panel (b) we show the calculation for
NCs elongated 20% along the c-axis, taken as the z-direction, con-
sistent with the measurements of Bertolotti et al.25 In both cases, the
point symmetry is D4h. For these calculations, we used the short-
range exchange constant and the reduced energies ẼXi and oscillator
strengths f̃Xi calculated in DFT for tetragonal CsPbBr3 shown in

Table V. To determine the size dependence, we used the exciton
radius, effective mass, and effective dielectric constant from the low
temperature measurement of Yang et al.,20 shown in Table I, and the
Θ(L/ax) calculated in the intermediate confinement regime, shown
in Fig. 4. The corresponding bulk singlet-triplet splitting parame-
ter h̵ωst = 0.7 meV. We calculated the fine structure energies using
two values for the long-range exchange parameter h̵ωLT . Solid lines
in the figure are calculated with h̵ωLT = 5.4 meV, as reported in
Ref. 21, which matches the value calculated using Eq. (47) using
the Kane energy Ep = 27.9 eV derived from the experimental effec-
tive mass data of Yang et al. and using a high frequency dielec-
tric of ϵ∞ = 4.8, consistent with measured refractive index data for
CsPbBr3.51 We also show the calculation using a lower value of the
Kane energy, Ep = 14.3 eV, calculated by DFT, corresponding to
h̵ωLT = 2.8 meV. In both cases, the dielectric corrections in Eq. (55)
are calculated using κ = 2.1 for a NC with a high frequency dielec-
tric of ϵ∞ = 4.8 embedded in a medium of a refractive index of
n = 1.49.

In panel (a) of the figure, calculated for cube-shaped NCs, the
bright Z exciton is higher in energy than the X/Y exciton levels. This
level order obtains regardless of the value of the Kane energy, or the
NC size, since the level order is determined only by the crystal field
parameters in this calculation. As noted in Ref. 19, the calculated
level order is opposite to the level order reported for apparently

FIG. 6. Exciton fine structure of CsPbBr3 NCs with tetragonal crystal symmetry vs NC size. Plots show fine structure energy plotted vs edge length L of a cube-
shaped NC. The top panels show results accounting for electron-hole exchange only, for a cube-shaped NC (r = 1) in panel (a) and for a NC elongated along the ẑ,
or c, direction by 20% (r = 1.2) in panel (b). In both cases, the point symmetry is D4h. The fine structure is calculated using the Kane energy of Ep = 27.9 eV, solid
lines, based on the experimental effective mass data from Ref. 20, using the high frequency dielectric of ϵ∞ = 4.8 in order to match the bulk LT splitting energy of
̵hωLT = 5.4 meV measured in Ref. 21. The resulting κ = 2.1 for a NC embedded in a medium of a refractive index of n = 1.49. Additionally, we show calculations in dashed
lines using Ep = 14.3 eV, based on the DFT calculation, with all other parameters being the same. In panels (c) and (d), the exciton fine structure is shown with the addition of
a phenomenological exciton Rashba energy ER set for each set of parameters to reproduce the experimental14 1 meV splitting between the Z and X/Y excitons at a NC size
of 7 nm. All other parameters are the same between panel (c) and panel (a) and between panel (d) and panel (b). The point symmetry for the structures modeled in panels
(c) and (d) is C4v , reflecting inversion symmetry breaking along the z axis.

J. Chem. Phys. 151, 234106 (2019); doi: 10.1063/1.5127528 151, 234106-16

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

tetragonal CsPbBr3 NCs12,14 and runs contrary to the theoretical
explanation given in Refs. 12 and 14, where the level structure was
explained in terms of a negative tetragonal crystal field. Panel (b)
in the figure shows the fine structure calculated for NCs elongated
by 20% along the z direction, consistent with recent experimental
measurements of the shape of CsPbBr3 NCs.25 These calculations
also produce a level order with the Z exciton above the X/Y dou-
blet, albeit with a smaller energy splitting between these levels than
in the calculations shown in panel (a) for the perfect cubic shape.
Notably, this level order is still inconsistent with the measurements
of Refs. 12 and 14, despite the significant elongation along the z
direction. Although in fact the elongation along the z-direction, in
conjunction with the LR exchange, tends to reduce the Z exciton
energy and increase the energy of the X/Y doublet as shown in
Fig. 5, this effect is insufficient to overcome the effect of the tetrag-
onal crystal field. In particular, reference to the DFT calculation
for the tetragonal CsPbBr3 structure in Table V shows that there is
a significantly larger oscillator strength for the Z exciton, f̃Z , than
for the X/Y exciton, f̃X/Y , which directly affects the LR exchange
contribution to the energy and pushes the Z exciton upwards
[see Eq. (55)].

In order to describe the observed level order, we retrace the
argument made in Becker et al.,16 pertaining to the effect of Rashba
terms on the exciton fine structure. In that paper, it was proposed
that inversion breaking in conjunction with the large spin-orbit cou-
pling in CsPbX3 would create Rashba terms which were shown to
lead to corrections to the exciton fine structure energies. For a NC of
tetragonal symmetry with inversion symmetry breaking along the z
axis, the correction is given by16

ΔER = −2(Ac − Ar)ER(τexτhx + τeyτ
h
y). (56)

Here, Ac = 128/(27π2) ∼ 0.48 and Ar = (64/81
√

3)2 ∼ 0.21
are numerical coefficients reflecting the center-of-mass and relative
motion of the exciton, and ER = αeαhμ/h̵2 is the exciton Rashba
energy, given in terms of Rashba coefficients of the electron and hole
(αe and αh, respectively) and the exciton reduced effective mass μ.
Most importantly, the operators τi in this expression are the projec-
tions of the Pauli operators for the electron total angular momentum
operator for J = 1/2 and for the hole spin s = 1/2, (τei and τhi , respec-
tively). [We denote these operators as τi to distinguish them from the
true spin Pauli operators σi used in Eq. (24).] For Rashba coefficients
αe and αh with the same sign, the effect of this term is to create energy
shifts opposite to that of the electron-hole exchange interaction. In
the tetragonal case specifically, it tends toward a reversal of the order
of levels between the Z exciton and the dark singlet, without affect-
ing the energy position of the XY doublet. The Z state moves down
in energy by −4(Ac − Ar)ER ∼ −1.09ER, while the dark state moves
upwards by +4(Ac − Ar)ER ∼ 1.09ER.

In panels (c) and (d) of Fig. 6, we show the effect of the Rashba
term on the size-dependent exciton fine structure for a cube-shaped
and an elongated NC, respectively. For both these panels, the point
symmetry of the structure is C4v reflecting inversion symmetry
breaking along the z direction. These calculations include exchange,
using exchange and shape parameters exactly as in panels (a) and
(b) but with the addition of a phenomenological Rashba correc-
tion, Eq. (56), with exciton Rashba energy ER fixed for each set of

parameters to reproduce the experimental14 1 meV splitting between
the Z and X/Y excitons at a NC size of 7 nm. All other parameters are
the same between panel (c) and panel (a) and between panel (d) and
panel (b). This requires values ER = 2.30, 3.27 meV in panel (c) and
ER = 1.51, 1.73 meV in panel (d), for values of Ep = 14.2 and 27.9 eV,
respectively. These values correspond to Rashba coefficients ranging
from 0.30 eV-Å to 0.45 eV-Å, assuming that the electron and hole
coefficients are equal.

From the plots, it is clear that the bright state level order in both
panels (c) and (d) agrees with the experimental level order reported
by Fu et al.12 and Ramade et al.14 Importantly, the model predicts
that for NCs larger than ∼7–10 nm depending on the parameters, the
ground exciton state is a bright state, as proposed in Ref. 16. How-
ever, the model indicates that this will not be true in small NCs where
the exchange splitting, which increases as ∼ 1/L3 with decreasing size
L, exceeds the Rashba term. For small NCs, the ground state must be
a dark exciton state.

An important point that becomes apparent upon inspection
of panels (c) and (d) of Fig. 6 is that, when the Rashba term is
present, the bright state level spacing decreases with decreasing
size of the NCs, which is opposite from the behavior expected in
a pure exchange model. In the latter case, the fine structure split-
ting increases with decreasing size L as ∼1/L3, as shown in panels

FIG. 7. Energy of fine structure splitting in tetragonal CsPbBr3 NCs. Data are taken
from the work of Ramade et al.14 and Fu et al.12 The dashed line shows the
average dependence of the splitting as a function of emission energy, calculated
via a best linear fit. Error bars are estimated as 1 σ values assuming Gaussian line
shapes.
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(a) and (b) of the same figure. The size dependence of the split-
ting between the optically active states is thus an important feature
that can be tested experimentally to distinguish whether the fine
structure is determined purely by exchange or whether the Rashba
effect plays an important role. Significantly, this assessment can be
made without direct detection of the dark exciton state. To illus-
trate this type of analysis with the available experimental data, Fig. 7
shows the measured fine structure splitting in nominally tetragonal
CsPbBr3 NCs reported in Refs. 12–14. The plot shows that the fine
structure splitting is not increasing with increasing exciton emis-
sion energy as would be expected in a pure exchange model; indeed,
a best line fit through the data indicates a slight decrease in split-
ting with increasing emission energy, as noted in Ref. 14. While
this is certainly not a definitive test given the variability in the data,
the result is suggestive and should motivate further studies of the
size-dependent fine structure splitting over a broader range of NC
sizes.

VI. DISCUSSION OF FINE STRUCTURE
IN OTHER MHP NCs

Recently, magnetic activation of the lower, dark ground singlet
level predicted by the exchange model was directly detected in sin-
gle FAPbBr3 NCs by Tamarat et al.15 This result shows that Rashba
terms which can reverse the singlet/triplet level order in MHP sys-
tems16 must not exist in this material. Additionally, the fine structure
splitting was in fact observed to increase with increasing exciton
emission energy as expected for a fine structure dominated by the
electron-hole exchange interaction. Referring to the discussion in
Sec. V, this result is in contrast to what has been reported so far12,14

for CsPbBr3 NCs where magnetic detection of a lower dark singlet
has not been observed.

Regarding the specifics of the exchange interaction in FAPbBr3
NCs, our results here indicate that the interplay between the intrin-
sic crystal field and NC shape asymmetry is expected to work out
differently for FAPbBr3 than in CsPbBr3 NCs. Referring to Table V,
for the calculations done here on the FAPbBr3 mimic structure, the
crystal field is very small so that the SR exchange splitting and the
difference in the oscillator strengths of the X, Y, and Z excitons are
found to be almost negligible, as assumed in the theoretical anal-
ysis of Ref. 15. As a result, the shape effect should dominate over
the intrinsic crystal field in this system, leading to a level struc-
ture with the singlet Z state below the X/Y doublet, as observed in
Ref. 15. Along the same lines, reviewing the DFT calculations for
the orthorhombic FAPbBr3 mimic structure in Table VI, the order
of the reduced energies ẼXi and the reduced oscillator strengths
f̃Xi are opposite each other. Equivalently, the crystal field δ deter-
mined from the SR exchange energies vs the oscillator strengths
have opposite signs. Thus, the SR exchange and LR exchange terms
tend to cancel each other, leading again to minimal net crystal field
splitting.

VII. SUMMARY
To summarize, a general description of the size dependence

of the lowest electron, hole, and exciton levels in spherical and
cube-shaped NCs of metal halide perovskites was developed within
simple parabolic and nonparabolic coupled-band effective-mass

models. The semianalytical expressions derived in this paper accu-
rately reproduce results of the exact theoretical solutions, which in
turn provide an excellent description of the experimental size depen-
dence of the exciton absorption line in cube-shaped CsPbBr3 NCs.
We also presented a complete description of the size-dependent
exciton fine structure in cube-shaped and nearly cube-shaped metal
halide perovskite NCs that takes into account the short- and long-
range exchange interactions; cubic, tetragonal, and orthorhombic
crystal structure; the effect of dielectric confinement; and the con-
tribution of the Rashba effect; as well as the effect of elongation of
the NC shape. The analytical theoretical analysis of the exciton fine
structure that was conducted within the quasicubic 6-band model
was assessed against first principles hybrid DFT calculations. The
comparison of the two approaches provides an important insight
into the relationship between the oscillator transition strengths and
the exchange splitting of the three bright excitons, which is over-
simplified within a 6 band effective mass model. DFT calculations
conducted here provide parameters necessary for the description
of the exciton fine structure in CsPbBr3, FAPbBr3, and MAPbI3
perovskites. The comparison of our theoretical calculations of the
exciton fine structure with PL spectra measured in single CsPbBr3
NCs of different sizes and the absence of the dark exciton line in
the reported spectra suggest that an important role is played by the
Rashba effect in these NCs.

SUPPLEMENTARY MATERIAL

See the Supplementary material for the coupled band k ⋅P
model for quantum confined carrier states in spherical NCs, deriva-
tion and analysis of the validity of the quasicubic model for
orthorhombic lattice symmetry, and details of the DFT band struc-
ture and exchange calculations.
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