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Abstract6

The relations describing re
ection of three dimensional acoustic ray paths impinging on a non-
at7

surface are derived and used to approximate the propagation of infrasonic signals over irregular8

terrain in the geometric limit. The in
uence of non-
at ground is strongest for those paths which9

re
ect o� the surface multiple times such as those in the tropospheric waveguide; though, notable10

di�erences in source and receiver elevation for stratospheric and thermospheric paths can produce11

notable di�erences in travel times and arrival amplitudes. The interaction of ray paths with topo-12

graphical features is investigated using a simple hill to demonstrate the impact of topography on13

propagation within an azimuthal plane as well as cases in which the ground surface interaction de-14


ects the path out of the azimuthal plane. Finally, broadband waveform predictions are compared15

with observations for an event in the western US and a statistical analysis of scattering losses due16

to interaction with topography in the limit of geometric acoustics is used to improve the agreement17

between predicted and observed infrasonic signals.18
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I. Introduction21

Acoustic waves with frequency content below the threshold of human hearing (approximately22

20 { 40 Hz), termed infrasound, are known to propagate signi�cant distances through acoustic23

waveguides in the atmosphere de�ned by combinations of thermal and wind gradients. Infrasonic24

signals are produced by a number of natural sources including bolides, volcanos, tornados, and25

surf as well as anthropogenic sources including explosions, supersonic aircraft and missile26

launches, and various industrial activities. Due to the presence of these acoustic waveguides, the27

large source energy for these phenomena, and decreased thermo-viscous and absorption losses at28

lower frequencies, infrasonic signals are often observed hundreds or thousands of kilometers from29

the source. For such long distance propagation and particularly for propagation in low-altitude,30

tropospheric waveguides, interaction of infrasonic waves with topographic features such as31

mountain ranges, canyons, and similar terrain produces notable changes in propagation32

characteristics; however, such interactions are often not included in infrasonic propagation33

simulations beyond local distances of a few kilometers due to the mathematical and numerical34

challenges of including them in existing algorithms.35

Interaction of propagating waves with irregular terrain has been an ongoing area of study in36

acoustics, seismology, and other wave propagation research areas for decades (Bouchon, 1973;37

Pierce, 1974). Analysis of the interaction of radar waves with terrain using a parabolic equation38
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algorithm has been investigated with promising results by Donohue & Kuttler (1997, 2000) and39

such methods have been leveraged in modeling acoustic signal interactions with terrain (McKenna40

et al., 2012; Parakkal et al., 2012). Similar investigations have been made into the interaction of41

acoustic waves in the ocean with bathymetric features and prediction of the resulting forward and42

backward scatter of energy (Jensen, 1998). Additionally, a signi�cant amount of analysis has been43

conducted regarding the interaction of acoustic energy with topography using �nite di�erence44

time domain (FDTD) analyses in the context of source inversion using local distance observations45

(Lacanna & Ripepe, 2013; Kim et al., 2015; Iezzi et al., 2019) as well as analysis of propagation46

over large scale terrain features (de Groot-Hedlin, 2017).47

Ray tracing analysis is a computationally e�cient method of predicting wavefront refraction48

through a medium with spatial variations in propagation velocity and ambient 
ow; however,49

such modeling does not include the full range of scattering and di�raction e�ects that waves50

undergo due to the mathematical approximation of the geometric limit (Pierce, 1980;51

Brekhovskikh & Godin, 2013). In the context of interaction with boundaries, the geometric limit52

does not include di�raction at surface edges and similar �nite-frequency e�ects. Regardless,53

geometric acoustics has been investigated as a �rst order approximation for propagation through54

a medium including interaction with terrain and improved the accuracy of predicted signals55

(Jones, 1986; Lamancusa & Daroux, 1993; Arrowsmith et al., 2007). Recently, a robust56

framework for modeling infrasonic signals in the atmosphere has been developed and investigated57

using a Hamiltonian \ray shooting" approach including a Transport equation solution, eigenray58
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solver, and modi�ed geometry to model propagation of infrasound in an atmospheric layer59

surrounding the globe (Blom & Waxler, 2012, 2017; Blom, 2019). Here, re
ection conditions for60

ray paths in a three-dimensional, moving propagation medium incident on a ground surface61

de�ned by some smooth and di�erentiable function will be derived and utilized to model62

propagation of tropospheric infrasound over non-
at ground. This analysis provides a means of63

predicting the propagation of infrasound over realistic terrain in the geometric limit.64

The discussion presented here is organized as follows. Firstly, the mathematical framework65

needed to continue computing ray paths through re
ection from non-
at ground is developed.66

The resulting methods are used in analysis of propagation over a single hill at various locations67

downwind in an idealized tropospheric waveguide to investigate how ray paths interact with a68

single, simple topographical feature. Finally, a combined ray tracing and broadband modal69

analysis is applied to predict the signal several hundred kilometers downwind of a source and70

compared with an observed infrasonic signal produced by a surface explosions in the western US71

resulting in improved agreement between the predicted and observed infrasonic signals.72

II. De�ning re
ection conditions for non-
at ground73

The equations governing propagation through an inhomogeneous moving medium in the74

geometric limit can be obtained from the eikonal equation (Brekhovskikh & Godin, 2013),75

 2 =
c2

src

c2 (~x )

 

1 �
~ � ~v(~x )

csrc

! 2

; (1)

where ~x denotes the three dimensional spatial location along the ray path,~ is the eikonal vector76
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de�ned to be perpendicular to the acoustic wavefront, c is the adiabatic sound speed,csrc is the77

adiabatic sound speed evaluated at the source location, and~v is the ambient wind �eld. Using the78

eikonal equation to de�ne a Hamiltonian results in the familiar ray path equations (Brekhovskikh79

& Godin, 2013; Blom & Waxler, 2017),80

@~x
@s

=
~cg

cg
; ~cg = c

~ 
 

+ ~v; (2a)

@ j
@s

= �
1
cg

�
 

@c
@xj

+ ~ �
@~v
@xj

�
; (2b)

where~cg denotes the group velocity along a given ray path ands is the physical ray length,81

@s= j@~xj. Ray path equations have been derived for modeling propagation in a spherical82

coordinate system using an atmospheric layer surrounding the globe, which is found to introduce83

scaling factors and additional terms dependent on the curvilinear coordinate transformation as84

discussed by Blom (2019). For the analysis here, re
ection from non-
at ground can be85

investigated in the locally Cartesian coordinate system at the re
ection point such that the local86

unit vectors êx and êy map to the longitudinal and latitudinal components at the re
ection point87

and the radial component of the spherical coordinate system coincides with the ^ez of the local88

Cartesian system. Thus, re
ection conditions need only be developed in the simpler Cartesian89

geometry and can then be applied to the curvilinear geometry through this local mapping.90

The re
ected eikonal vector components for a ray path incident on non-
at ground can be91

computed using simple geometric analysis. Consider a vector,~a, re
ecting from a surface de�ned92
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Figure 1: A ray path incident on a non-
at ground surface produces a re
ection with outgoing orientation,

~b, that can be de�ned in terms of the incident orientation, ~a, and the surface normal,n̂, as de�ned in Eq.

(3).

by a normal vector, n̂ = nx êx + ny êy + nzêz. The re
ected vector can be de�ned by noting that93

the component of~a along n̂ changes sign and those perpendicular to ^n remain constant as shown94

in Fig. 1. The re
ected vector, ~b, satis�es,95

~b� n̂ = � ~a� n̂; (3a)
96

~b� n̂ = ~a� n̂; (3b)

Solving this system for the components of~b, one �nds,97

bx = ax

1 � n2
x

n2
z

+
n2

y
n2

z

1 + n2
x

n2
z

+
n2

y
n2

z

�
2nx

nz

1 + n2
x

n2
z

+
n2

y
n2

z

�
az + ay

ny

nz

�
; (4a)

98

by = ay

1 + n2
x

n2
z

�
n2

y
n2

z

1 + n2
x

n2
z

+
n2

y
n2

z

�
2ny

nz

1 + n2
x

n2
z

+
n2

y
n2

z

�
az + ax

nx

nz

�
; (4b)
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bz = � az

1 � n2
x

n2
z

�
n2

y
n2

z

1 + n2
x

n2
z

+
n2

y
n2

z

� ax
2nx

nz

1 + n2
x

n2
z

+
n2

y
n2

z

� ay
2ny

nz

1 + n2
x

n2
z

+
n2

y
n2

z

: (4c)

For a ground surface de�ned byzg (x; y), the ratios nx
nz

and ny
nz

are equivalent to � @zg
@x and � @zg

@y,99

respectively, so that the re
ected vector components are de�ned as,100

bx = C(x)
1 ax + C(x)

2

�
az � ay

@zg
@y

�
; (5a)

by = C(y)
1 ay + C(y)

2

�
az � ax

@zg
@x

�
; (5b)

bz = �C (z)
1 az + C(x)

2 ax + C(y)
2 ay : (5c)

with,101
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C(x)
1 =

1 �
�

@zg
@x

� 2
+

�
@zg
@y

� 2

1 +
�

@zg
@x

� 2
+

�
@zg
@y

� 2 ; (6a)

C(y)
1 =

1 +
�

@zg
@x

� 2
�

�
@zg
@y

� 2

1 +
�

@zg
@x

� 2
+

�
@zg
@y

� 2 ; (6b)

C(z)
1 =

1 �
�

@zg
@x

� 2
�

�
@zg
@y

� 2

1 +
�

@zg
@x

� 2
+

�
@zg
@y

� 2 ; (6c)

C(x)
2 =

2@zg
@x

1 +
�

@zg
@x

� 2
+

�
@zg
@y

� 2 ; (6d)

C(y)
2 =

2@zg
@y

1 +
�

@zg
@x

� 2
+

�
@zg
@y

� 2 : (6e)

This de�nition for ~b conserves the vector scale,
�
�
�~b

�
�
� = j~aj, and in the case of 
at ground,102

@zg
@x = @zg

@y = 0, one recovers the familiar re
ection condition, bx = ax , by = ay , and bz = � az.103

From this geometric analysis, the re
ection conditions for the eikonal vector can be de�ned104

utilizing the approach discussed in Blom & Waxler (2012, 2017). This leads to the re
ection105

condition,106

0

B
B
B
B
B
B
@

x (s0 + 0 + ; #; ' )

y (s0 + 0 + ; #; ' )

z (s0 + 0 + ; #; ' )

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

x0 + ( s � s0 (#; ' )) cos#ref sin ' ref

y0 + ( s � s0 (#; ' )) cos#ref cos' ref

zg (x0; y0) + js � s0 (#; ' )j sin#ref

1

C
C
C
C
C
C
A

+ O
�

(s � s0)2
�

: (7)

where s0 denotes the ray length to the re
ect point, 0+ denotes a small positive value so that the107

left-hand side is evaluated just following the re
ection, and O
�

(s � s0)2
�

denotes higher order108
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correction terms ass increases away froms0. Replacing the re
ection angle dependence with the109

non-
at ground vector transform, one has,110

0

B
B
B
B
B
B
@

x (s0 + 0 + ; #; ' )

y (s0 + 0 + ; #; ' )

z (s0 + 0 + ; #; ' )

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

x0 + ( s � s0) c
c0

�
C(x )

1  x; 0 + C(x )
2

�
 z;0 �  y; 0

@zg
@y

��

y0 + ( s � s0) c
c0

�
C(y )

1  y; 0 + C(y )
2

�
 z;0 �  x; 0

@zg
@x

��

zg (x0; y0) + js � s0j c
c0

�
�C (z)

1  z;0 + C(x )
2  x; 0 + C(y )

2  y; 0

�

1

C
C
C
C
C
C
A

+ O
�

(s � s0)2
�

; (8)

where the de�nitions of C1 and C2 are those in Eq. (6). From this relation, the re
ection111

conditions can be derived for a ray arriving at the ground at some point,z (s0; #; ' ) = zg (x0; y0),112

where x0 = x (s0; #; ' ) and y0 = y (s0; #; ' ). The ray path geometry must be continuous so that,113

x
�
s0 + 0 + ; #; '

�
= x (s0; #; ' ) ; (9a)

y
�
s0 + 0 + ; #; '

�
= y (s0; #; ' ) ; (9b)

z
�
s0 + 0 + ; #; '

�
= zg (s0; yy) : (9c)

Combining Eqs. (2a) and (8) , one �nds that the eikonal components after re
ection can be114

speci�ed as,115
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 x
�
s0 + 0 + ; #; '

�
= C(x)

1  x;0 + C(x)
2

�
 z;0 �  y;0

@zg
@y

�
; (9d)

 y
�
s0 + 0 + ; #; '

�
= C(y)

1  y;0 + C(y)
2

�
 z;0 �  x;0

@zg
@x

�
; (9e)

 z
�
s0 + 0 + ; #; '

�
= �C (z)

1  z;0 + C(x)
2  x;0 + C(y)

2  y;0: (9f)

As expected, for 
at ground, C(x)
1 = C(y)

1 = C(z)
1 = 1 and C(x)

2 = C(x)
2 = 0, so that  x and  y are116

continuous through the re
ection and  z changes sign. Re
ection conditions for the auxiliary117

parameters utilized in calculating geometric spreading losses and eigenray analysis are118

signi�cantly more involved and their derivation is summarized in Appendix A. Again, in the case119

of spherical coordinate ray tracing, the geometry near the re
ection point can be de�ned as a120

local Cartesian coordinates for whichêx and êy are oriented east and north, respectively, and ^ez is121

along the radial component of the spherical coordinate system.122

It should be noted that the re
ection conditions developed here correspond to specular123

re
ection of the wavefront from a locally smooth ground surface. Supplemental analysis might124

consider surface roughness so that the incident ray produces a specularly re
ected ray as well as a125

number of di�usely re
ected rays emitted at a distribution of angles depending on the surface126

roughness; though, such e�ects are frequency dependent, require statistical models of the surface127

roughness, and contribute at higher order. While di�use re
ection is useful in considering room128

acoustics and similar applications, given the relatively large scale of infrasonic wavelengths,129

typical terrain features are likely to produce dominantly specular re
ection so that the methods130
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developed here are su�cient to model infrasonic propagation in the geometric limit.131

III. Propagation Over a Hill132

Numerical modeling of the propagation of infrasonic waves through the troposphere over133

realistic, irregular terrain is needed to fully analyze and predict propagation characteristics for134

comparison with data; however, interpreting such predictions can be a challenge without some135

understanding of the interaction of the propagation paths with irregular terrain. Therefore, it is136

useful to consider a simpli�ed scenario in which energy propagates through a waveguide with a137

single instance of terrain such as a hill. Similar analysis has been conducted by Lamancusa &138

Daroux (1993) for two-dimensional propagation using the e�ective sound speed as well as139

including ambient winds; however, a fully three-dimensional analysis will provide additional140

insights into both the in-plane and out-of-plane re
ection e�ects resulting from propagation over141

terrain.142

Consider �rst the de
ection of rays propagating over the crest of the hill such that the143

gradients in the topography are purely along the propagation azimuth (that is, ray propagating in144

the x; z plane such that @zg
@y = 0). Several examples of this scenario are shown in Fig. 2 where a145

hill de�ned by a Gaussian distribution with standard deviation of 25 km and 2 km peak elevation146

is located 50 to 90 kilometers downwind of a source on the ground surface. The lower left panel of147

the �gure shows the sound speed pro�le in gray and the e�ective sound speed for propagation148

downwind (de�ned as the sum of the sound speed and wind in the direction of propagation) in149

black. Note that, although the e�ective sound speed is shown here, the simulation utilized the full150
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moving medium ray tracing solution. The right panels show the propagation paths predicted for151

this idealized tropospheric waveguide with the hill at various distances from the source using a152

colormap to visualize the geometric losses computed using the methods in Appendix A. The153

uppermost panel in the �gure shows the predicted propagation paths without the hill for154

comparison.155

The location along the hill at which the ray paths return to the ground produces notable156

di�erences in the propagation path following re
ection. In the case that the ray paths are incident157

on the far, down-slope side of the hill, many of the ray paths are re
ected at shallower angles158

from an elevated location such that they no longer return to the ground surface downrange and159

propagate aloft in a pattern similar to that of a SOund Fixing And Ranging (SOFAR) channel in160

the ocean. In the case that additional terrain features are present further downrange, these ray161

paths may reach the ground surface again; however, this singular instance of topography produces162

elevated paths that no longer ensonify the ground surface. As the hill is shifted nearer to the163

source, many of the ray paths re
ecting from around the hill top encounter little to no terrain164

gradient. These ray paths simply re
ect from the hilltop and continue propagating within the165

tropospheric waveguide; however, their arrival locations become scattered and the energy is166

distributed more uniformly along the ground instead of in bands as would be the case over 
at167

ground. Lastly, those paths incident on the near, up-slope side of the hill are re
ected with a168

steeper angle and escape from the tropospheric waveguide. Energy that is scattered out of the169

tropospheric waveguide can be refracted by the stronger wind and temperature gradients in the170
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Figure 2: Ray paths computed in a model tropospheric waveguide incident on a hill centered at 50 to 90

kilometers from the source location shows the in-plane impact of topography on propagation paths. The

uppermost panel shows the propagation over 
at ground for comparison.
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stratosphere or by the strong thermal gradients in the thermosphere returning to the ground171

further downrange; though, such returns are not included in the simulations shown in the �gure172

as the atmospheric speci�cation used does not include a stratospheric jet and thermospheric173

refracted signals return to the ground at distances greater than 250 kilometers. Thus, the impact174

of irregular terrain gradients along the propagation direction on tropospheric propagation paths is175

to scatter the energy within the waveguide producing a more uniform distribution of arrivals,176

with up- and down-slope interactions potentially resulting in energy scattering into higher177

altitude waveguides and into elevated channels, respectively.178

In addition to this in-plane interaction that occurs when gradients in the terrain are along179

the propagation direction, analysis in three-dimensions allows for gradients in the terrain that are180

normal to the propagation direction. In the scenario of a single hill considered here, ray paths at181

azimuths away from 90o interact with the sides of the hill and are de
ected further away from the182

900 azimuth. An overhead view of a number of such propagation paths is shown in the left panel183

of Fig. 3 where rays have been computed across a fan of azimuth angles centered on 90o with a184

constant inclination of 10o out to a maximum range of 250 kilometers. The blue and red paths in185

the �gure show the x; y locations of the ray paths over 
at ground and including the hill,186

respectively, and the points along the lines denote those locations at which the rays re
ect from187

the ground surface. The black circle denotes the base of the hill used in the calculation.188

The blue arrivals occur in bands at approximately 65, 125, and 190 kilometers corresponding189

to the direct, single re
ection, and double re
ection arrival bands for propagation paths launched190
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Figure 3: Ray paths computed in a fan of azimuths with a constant 10o inclination angle towards a model hill

centered at 60 kilometers demonstrates how interaction with topography introduces out of plane perturba-

tions. Paths computed over 
at ground and over the hill are shown in blue and red, respectively. In the left

panel, an overhead view of propagation paths is shown with points denoting arrivals at the ground surface.

The right panel shows the de
ection of paths as the launch azimuth angle compared with the azimuth of the

arrival points.
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with this inclination angle propagating over 
at ground. Introducing the hill shifts the direct191

arrival locations at 65 kilometers due to the elevated ground surface and the re
ected paths return192

to the ground surface at scattered locations due to the spatially varying ground surface gradients193

across re
ection points on the hill (note, however, that a symmetry plane exists along the crest of194

hill so that the propagation paths at 90o � � ' are mirrored). At each re
ection point, the launch195

azimuth angle and azimuth from the source to the re
ection point have been compared to196

determine non-planar de
ections and the results are shown in the right panel of the �gure. Along197

the crest of the hill and away from the hill, the launch azimuth and arrival azimuths are nearly198

identical as the path at 90o encounters only in-plane topography gradients that shift the arrival199

range as discussed above but do not de
ect the path out of thex; z plane. Away from the hill, the200

topography gradients are overly weak and produce no signi�cant changes in the path geometry. It201

should be noted that as azimuths shift away from eastward, the purely eastward tropospheric202

winds produce some cross wind de
ection; though, this is practically negligible for these paths.203

The y-gradients along the sides of the hill produce the strongest de
ection for ray paths 5 {204

10o away from eastward resulting in de
ection out of the azimuthal plane by up to 2 � 4o. For205

propagation over the hill, each ground intercept produces a distinct arrival azimuth so that, while206

the blue points along each ray path fall at the same location in the plot, the distinct arrivals207

(direct, single re
ection, double re
ection, etc.) each produce a unique arrival azimuth value208

when the hill is included. Note that the ray paths computed in this example only extend out to209

250 kilometers and this di�erence will continue to increase at larger propagation distances. These210
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non-planar terrain gradients produce additional scattering of energy resulting in a more uniform211

distribution of arrivals along the ground surface and can lead to increased scatter in the back212

azimuth of signals. Analysis of propagation through a tropospheric waveguide including this213

single, simple instance of terrain shows that modeling propagation of infrasonic signals over214

realistic, irregular terrain should be completed in three dimensions in order to include the full215

e�ect of interactions with terrain gradients. This includes those variations in terrain along the216

propagation plane as well as those normal to the propagation direction. These interactions are217

expected to produce an overall decrease and smoothing in arrival amplitude while increasing the218

scatter in back azimuth and travel time as paths are scattered out of the azimuthal plane.219

IV. Tropospheric Propagation over Realistic Terrain220

The Forensics Surface Experiment (FSE) was a series of chemical explosions with yields of 87221

{ 1000 kg of TNT equivalent and height-of-burst (HOB) of 0 { 2 meters conducted at the Nevada222

National Security Site (NNSS) in the fall of 2016 with support from the National Nuclear Security223

Administration (NNSA) and Defense Threat Reduction Agency (DTRA) (Kim et al., 2018; Blom,224

2019). A large number of seismic and acoustic measurements were taken within a few kilometers225

of the explosions, and an infrasonic array was deployed near St George, Utah approximately 220226

kilometers to the east of the source (94.8o relative to north) to capture stratospheric and227

tropospheric signals produced by the explosions. The array included six Hyperion infrasonic228

sensors with sample rate 200 Hz and porous hoses for wind noise reduction. As noted in Blom229

(2019), infrasonic arrivals were observed from all four events with celerities consistent with230
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tropospheric and stratospheric paths so that, given the relatively rough terrain in Nevada and231

Utah, this data set provides a useful scenario to investigate interaction of tropospheric infrasonic232

propagation with irregular terrain.233

The infrasonic signal produced by FSE-4, a 1,000 kg TNT equivalent chemical explosion on234

the ground surface, observed at St George is shown in Fig. 4. The waveform has been �ltered235

between 0.5 and 5.0 Hz and has been processed via beamforming analysis to reduce background236

noise. The earlier phase arriving between 630 and 660 seconds after the explosion is likely237

tropospheric given the celerity (horizontal group velocity) of 330 { 340 meters-per-second, and the238

later phase is stratospheric with arrival celerity of 290 { 310 meters-per-second. Additionally,239

comparing the best beam between the two phases �nds that the tropospheric phase has a back240

azimuth of � 84:7 � 1:9o with a trace velocity of 356 � 4:6 meters-per-second, while the241

stratospheric arrival back azimuth is � 85:8 � 2:4o with trace velocity 377 � 11 meters-per-second.242

The higher trace velocity of the second phase indicates a steeper arrival inclination, consistent243

with a stratospheric phase refracted from the middle-atmosphere. The arrival shown in the �gure244

has been computed using a shift-and-stack combination across the array channels for a back245

azimuth of 85o and 365 meters-per-second trace velocity in order to capture both phases. Similar246

shift-and-stack estimates have been computed for the two distinct phases and the slight di�erence247

in trace velocity is found to have a minimal impact on the estimated signal so that the entire248

waveform is well predicted using a trace velocity of 365 meters-per-second. Additional analysis of249

the signals on the St George array has been presented in Blom (2019).250
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Figure 4: Infrasonic signal recorded at an array located 218 kilometers east of a surface explosion in the

western US during the winter.

Consider �rst the propagation e�ects for in-plane paths propagating from the source at251

NNSS along the great circle bearing towards the receiver at St George. Propagation paths have252

been computed for the single azimuth of 94:8o using both 
at ground and realistic topography as253

obtained for the region using ETOPO1 (Amante & Eakins, 2009) and are shown in Fig. 5. The254

ETOPO1 ground elevation information has been interpolated using sequential cubic splines to255

ensure second order derivatives are well de�ned for computation of the Transport equation. The256

upper left panel of the �gure shows the atmospheric speci�cation used in computation as257

retrieved from the Ground-to-Space (G2S) archive for the date and time of the event (Drob et al.,258

2003). The gray and black lines denote the adiabatic and e�ective sound speeds, respectively.259

Comparison of the atmospheric speci�cations at NNSS and St George show that for this relatively260

short propagation distance, the atmosphere can be considered strati�ed and only a single261

speci�cation is needed for computing propagation paths. Previous analysis by Blom & Waxler262

(2017) found that range dependence typically becomes signi�cant for propagation distances263

greater than 500 { 700 kilometers so that for this notably shorter propagation distance of just264
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Figure 5: Propagation paths for the event producing the signal shown in Fig. 4 for ray tracing analysis with


at ground (top, blue) and realistic terrain (bottom, red) using the atmospheric speci�cation for the time

and location of the event (top left).

over 200 kilometers, the atmosphere can be considered strati�ed. The right panels of the �gure265

show the propagation paths over 
at ground and realistic topography in blue (top) and red266

(bottom), respectively. Lastly, the green triangle near -113.6o longitude denotes the location of267

the St George array. Note that the pair of local maxima in the e�ective sound speed near the268

stratopause (40 - 55 kilometer altitude) produce multiple stratospheric pairs unlike the typical269

single pair (Waxler et al., 2015).270

The propagation paths along the source-receiver azimuth within the tropospheric waveguide271

are shown in Fig. 6 in the same panel layout as Fig. 5 with the blue and red paths denoting those272

over 
at ground and realistic terrain, respectively. The ground elevation in the 
at ground273
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calculation used a constant value of 1.2 kilometers, which is the approximate mean elevation274

between the source and receiver. It should be noted that while the simple tropospheric waveguide275

model used in Sect. III included winds only at the tropopause, the G2S speci�cation includes276

non-zero winds near the ground surface which have been enveloped to zero at the ground surface277

to satisfy the no-slip condition assumed in the re
ection conditions (Blom & Waxler, 2012, 2017).278

Inclusion of winds near the ground surface is discussed in Appendix B and requires introduction279

of a vertical wind component in order to maintain continuity of mass and momentum in the280

boundary layer. The ray paths in the �gure show similar propagation interactions to those281

discussed in Sect. III in that steep up-slope terrain near -115.8, -115.6, and-114.9o longitude as282

well as other locations produce scattering of energy into the upper atmosphere. Also, the location283

of the receiver within a valley is expected to leave some arrivals elevated aloft and decrease the284

overall signal amplitude predicted at the receiver.285

The out-of-plane re
ection e�ects for realistic terrain produce a signi�cant scatter in the286

propagation paths from NNSS towards St George as shown in Fig. 7. The propagation paths287

shown in the �gure are those previously visualized in Figs. 5 and 6 now shown from overhead.288

The overhead visualization shows the southward bending of rays following the great circle path289

along the globe and, even in the case of 
at ground, a notable scatter is found. Once again, the290

blue and red paths show the propagation over 
at ground and realistic terrain, respectively, and291

the green triangle denotes the location of the array near St George. Propagation over 
at ground292

through the G2S atmospheric speci�cation introduces a scatter in the arrivals at -113.0o longitude293
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Figure 6: Propagation paths in the troposphere from the simulation shown in Fig. 5 shows that additional

energy is scattered into the middle and upper atmosphere from topographical features while some fraction

of the energy remains within the tropospheric waveguide.

extending from 36.90 to 36.98o latitude due to the interaction of ray paths with cross winds, while294

the inclusion of terrain scatters energy between 36.83 and 37.02o. Thus, modeling propagation295

over realistic terrain in this scenario produces scattering of energy horizontally within the296

waveguide that is larger by a factor of nearly 2.4 times compared with that introduced by cross297

winds. This particular multiplying factor is unique to this speci�c source-receiver geometry, the298

G2S speci�cation of the atmosphere used in the analysis, and the terrain in the region so that299

additional analysis would be needed to determine the range of scattering factors introduced for300

propagation through a given region. Further, it should be noted that the energy analyzed here is301

that emitted from the source at a single azimuthal angle so that, while this energy scatters into a302

wider area, the energy initially at other azimuths will scatter similarly resulting in a mixing of303

back azimuth angles and propagation times and not necessarily a loss of energy within the304
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Figure 7: Overhead view of propagation paths shown in Figs. 5, 6 with and without inclusion of topography

in red and blue, respectively. Propagation over three dimensional terrain produces de
ection of propagation

paths out of the azimuthal plane, widening the azimuthal coverage of the energy and producing a larger

scatter in propagation time and back azimuth angles of rays arriving at a given location.

waveguide due to non-planar re
ection e�ects.305

Analysis of the propagation of signal from the source at NNSS to the receiver at St George306

could be performed using eigenray analysis as discuss by Blom & Waxler (2017); however, due to307

the large number of ground re
ections for tropospheric paths at more than 200 kilometers,308

identifying all eigenrays is a challenge. The eigenray analysis requires identi�cation of starting ray309

paths su�ciently close to the receiver that the Levenberg-Marquardt relation in the algorithm is310

able to stably compute launch angle perturbations that shift the arrival towards the receiver311

location. The non-planar re
ection scattering introduced when including topography make such312

analysis di�cult to impossible for propagation paths with more than a few re
ections. Thus,313

eigenray analysis could be used to identify the stratospheric paths, but not the multitude of314

tropospheric paths. Instead, a statistical analysis can be conducted by computing a dense ray315
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�eld and analyzing the characteristics of rays arriving within some distance of the receiver.316

Ray paths have been computed within azimuth bounds of 84.8o and 104:8o using a step of317

0:2o and inclination angles covering a bound from 0:1o to 45o with a step of 0:05o. The resulting318

arrival locations at which rays intersect the ground surface as well as propagation path319

characteristics such as launch angles, travel time, turning height, arrival inclination and back320

azimuth are stored for further analysis. Those arrivals within 2.5 kilometers of the St George321

array have been extracted from the results and used to de�ne pseudo-eigenrays that can be used322

to predict arrival characteristics in the vicinity of the St George array. The propagation paths323

identi�ed in this analysis are shown in Fig. 8 and include several stratospheric paths refracted by324

the pair of local maxima in the winds near the stratopause, tropospheric paths that propagation325

over the realistic terrain while remaining within the tropospheric waveguide, and a number of326

paths that are scattered out of the troposphere some distance from the source and refracted back327

to the receiver by the wind gradients in the lower stratosphere. These scattered paths are similar328

to those observed and modeled by Arrowsmith et al. (2007) in analysis of infrasound produced by329

a bolide as well as those investigated by Lamancusa & Daroux (1993); however, these previous330

analysis considered only propagation along the azimuthal plane (great circle path in this case due331

to the longer propagation distances) and not the full three dimensional propagation investigated332

here.333

The arrival values and approximate distributions for celerity and back azimuths for these334

pseudo-eigenrays are shown in Fig. 9, once again denoting those predictions over 
at ground and335
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Figure 8: Pseudo-eigenrays near the St George array for realistic terrain are de�ned by identifying those

paths that arrive within 2.5 kilometers of the receiver from a dense ray �eld. Results include stratospheric

paths, tropospheric paths, and some paths that scatter from the troposphere some distance from the source

and are refracted back to the receiver from the lower stratosphere.

realistic terrain in blue and red, respectively. The central panel shows the scatter of arrival back336

azimuth and celerity values while the upper and right panels show the distributions of arrival337

back azimuths and celerities, respectively. The vertical, right panel of the �gure shows the338

distribution of arrival celerities near the St George array and indicates that over 
at ground, a339

large fraction of arrivals are tropospheric with celerities in a narrow band of 335 - 340340

meters-per-second. A second set of arrivals with celerities of 305 - 310 meters-per-second arrive341

after being refracted from the stratosphere. Inclusion of realistic terrain in the propagation342

simulation produces two notable changes in the propagation characteristics. Firstly, the width of343

the distributions of celerities expand so that tropospheric and stratospheric arrivals cover 335 -344

345 and 295 - 315 meters-per-second, respectively. Secondly, the fraction of ray path re
ections345

corresponding to tropospheric and stratospheric returns reverses so that, while propagation346
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Figure 9: The scatter (center) and distributions of arrival celerity (right) and back azimuth (top) for rays

intersecting the ground within 2.5 kilometers of the St George array using 
at ground and realistic topography

in blue and red, respectively.

modeling over 
at ground predicts a large tropospheric phase and relatively lower amplitude347

stratospheric phases, the inclusion of realistic terrain produces a predicted arrival wavetrain such348

that the stratospheric phase contains a higher fraction of the energy in agreement with the349

observed infrasonic signal in Fig. 4.350

The upper panel of Fig. 9 shows the distributions of back azimuths for arrivals within 2.5351

kilometers of the St George array and both the 
at ground and realistic terrain predictions, again352
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in blue and red, respectively, predict bimodal distributions for back azimuth. In the 
at ground353

simulation, the larger fraction of arrivals produce a back azimuth centered near -83.5o with a354

width of approximately 1 o and a second smaller contribution centered at -86.3o of similar width.355

Comparing this with the scatter in the larger panel of the �gure, the peak near -83.5o is produced356

by a combination of tropospheric arrivals for which cross winds are typically negligible and357

shallower stratospheric paths associated with the slow arrival of the stratospheric pair. The358

distribution of back azimuths for only the stratospheric arrivals is found to be relatively359

symmetric because the shallow, slow arrivals exhibit weaker de
ection because cross winds are360

weaker at these lower turning heights, while a nearly equal contribution is found for the fast361

arrivals for which the turning height is increased and stronger cross winds produce enhanced362

de
ection. Comparing these predicted arrival celerities and back azimuths with the observed363

signal, one �nds that the back azimuth of the tropospheric phase is slightly more northward than364

the stratospheric arrival as observed in the beamforming analysis of the observed signals.365

In eigenray analysis, the solution to the transport equation can be used to compute the366

geometric spreading losses along paths connecting source and receiver; however, identi�cation of367

eigenrays is not feasible in this current analysis so that another means of estimating amplitude of368

arrivals is needed. For a uniform distribution of launch angles, the density of arrival points on the369

ground surface is directly related to the geometric spreading amplitude due to its relation to the370

ray tube cross section and the Blokhintzev invariant (Pierce, 1980). Thus, taking the density of371

arrivals within the region and comparing the simulations with and without terrain provides a372
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means of estimating the losses introduced by the interaction with topography in the geometric373

limit. The arrival �elds for ray paths with turning heights at or below the tropopause are shown374

in the upper and middle panels of Fig 10 for 
at ground and realistic terrain, respectively.375

Propagation over 
at ground is dominated by a dense number of arrivals produced by376

tropospheric arrivals with short distances between re
ection points while inclusion of terrain377

produces an overall loss of energy due to scattering of energy out of the waveguide, but also378

exhibits higher amplitude regions on the up-slope sides of mountains with lower density regions in379

the shadow of these features. Each of these arrival �elds have been used to compute a density380

map through a kernel density estimate (KDE) and the ratio of the two is shown in the lower381

panel of the �gure. Near the source, the two simulations produce relatively similar propagation382

predictions out to a distance where the �rst major topographical feature is located. At this383

distance, a notable fraction of the energy is scattered into the middle atmosphere and the384

amplitude on the ground decreases in the case of terrain. At the array location, this results in a385

scaling factor of 0.04 for the tropospheric phase comparing 
at ground and realistic terrain. This386

analysis has been repeated for propagation paths with turning heights above the tropopause in387

order to compare the stratospheric arrival characteristics for the two simulations and one �nds a388

scaling factor of 1.38. This value is greater than unity due to scattered rays from near the source389

returning via the stratospheric waveguide as shown in Fig. 8.390

An estimate of the arrival waveform at St George can be computed using a �nite frequency391

analysis; however, openly available implementations of such algorithms do not include terrain so392
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Figure 10: Ray path intersections with the ground surface in the 
at ground modeling scenario (top) and

those computed when including realistic topography (middle). Arrivals include only those paths with turning

heights in the troposphere. The density of arrival points has been computed for each scenario and the ratio

of the two (bottom) provides an estimate of how much energy is lost out of the troposphere due to the

topography.
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that the analysis discussed above in the geometric limit must be leveraged to perform a hybrid393

propagation analysis. Normal mode methods developed for audible sound in the atmospheric394

boundary layer and extended for infrasonic analysis have been utilized to compute the waveform395

over 
at ground (Waxler, 2004; Waxler et al., 2017b). A near-source reference waveform has been396

de�ned with central frequency of 1 Hz as observed in the arrival in Fig. 4 and a peak overpressure397

de�ned such that the impulse (that is, the integrated positive phase of the acoustic waveform) is398

equivalent to that predicted by the scaling laws de�ned by Kinney & Graham (2013) for399

blastwaves from explosions. Propagation e�ects have been computed using the same G2S400

speci�cation used in the ray tracing analysis covering frequencies up to 5 Hz using a Cartesian401

normal mode algorithm in the NCPAprop software suite (Waxler et al., 2017a). The simulation402

assumed a 
at ground surface at 1.2 kilometers elevation similar to the propagation paths in Fig.403

5 and 6.404

The predicted arrival waveform at the St George array obtained from this broad band modal405

analysis is shown in the upper blue trace of Fig. 11. The resulting waveform prediction includes406

both tropospheric and stratospheric phases; however, as noted in the discussion of Fig. 9, the407

relative amplitude of the two phases does not match the observed signal due to the 
at ground408

assumption. The stratospheric phase predicted at St George is comprised of two contributions,409

one with a fast and slow pair at approximately 698 and 700 seconds, respectively, and a second410

with only a slow arrival near 710 seconds. These distinct arrivals can be attributed to the pair of411

local wind maxima in the zonal winds near the stratopause (at 42 and 52 km altitude,412
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Figure 11: Predicted arrival waveform at St George using the NCPAprop broadband modal analysis for an

acoustic impulse centered at 1 Hz and initial peak overpressure predicted by Kinney & Graham's blast wave

model (blue) and the modi�ed arrival prediction including the arrival density ratio as shown in Fig. 10 (red).

Comparison with Fig. 4 shows the scattering losses correction improves agreement with the observed signal.

respectively). This general structure of the stratospheric phase is in agreement with that of the413

stratospheric phase of the observed signal where an initial arrival at approximately 705 seconds414

contains a stratospheric pair and a second larger amplitude arrival is seen at 715 seconds (see Fig.415

4); though, the observed wavetrain includes a signi�cant amount of additional structure following416

the two primary contributions. This late arriving energy may be due to interaction with �ne scale417

structure in the atmosphere not included in the G2S speci�cation as well as arrivals scattered418

from the tropospheric waveguide and refracted back to the ground from the stratosphere.419

The scaling factors computed from the arrival density ratios for the tropospheric and420

stratospheric phases from the analysis in Fig. 10 can be combined with the modi�ed signal421

duration in Fig. 9. This enables one to estimate overall scaling factors for the tropospheric and422

stratospheric phases of the predicted arrival accounting for the change in energy arriving at the423
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location as well as the change in duration of the signals. The resulting hybrid waveform424

prediction using combined modal and ray tracing analysis is shown in the lower portion of Fig.11425

in red and is in signi�cantly stronger agreement with the observed arrival in Fig. 4 in that the426

tropospheric phase is notably lower amplitude than the extended stratospheric phase. The427

amplitude ratio is over corrected as the observed tropospheric arrival is on the order of13 the peak428

overpressure of the stratospheric phase while the ratio here is larger. This is likely due to the lack429

of di�raction e�ects in the geometric limit that overestimates the scattering of energy out of the430

waveguide. Also, the overall amplitude is underestimated by a factor of approximately 4431

compared with the observed signal; though, this is attributable to the use of a relatively simplistic432

source model and could potentially be corrected with a more accurate near-source waveform.433

Lastly, in addition to a hybrid waveform estimation using normal mode and ray tracing434

analyses, the arrival times corresponding to the celerity statistics in Fig. 9 can be used to de�ne a435

pseudo-envelope that denotes when energy is expected to arrive at the array. The distribution of436

predicted arrival times compared with the arrival waveform is shown shown in Fig. 12 where the437

blue and red distributions are those for 
at ground and realistic terrain, respectively, and the438

black trace is the observed signal. This analysis doesn't account for phase variations along the439

distinct propagation paths that may lead to destructive interference; though, for a broadband440

signal such as an acoustic impulse such considerations are secondary and the distribution of441

arrival times provides a leading order estimate of the distribution of energy with time at the442

receiver. The inclusion of terrain is found to signi�cantly improve the agreement of the predicted443
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Figure 12: Comparison of the predicted arrival time distributions for rays incident within 2.5 kilometers of

St George over 
at ground and realistic terrain (blue and red, respectively) compared with the observed

waveform (black) shows a high level of agreement for the signal durations and relative amplitudes.

signal envelope in both duration and relative amplitude between the two phases compared with444

the observed wavetrain. The longer duration and earlier arriving tropospheric phase is more445

accurately estimated when terrain is included and the contributions to the stratospheric phase446

following approximately 720 seconds are now included in the predictions and can be identi�ed as447

the result of interaction with terrain that scatters energy out of the tropopause and into the448

stratospheric waveguide as shown in Fig. 8. The lower altitude turning heights of these scattered449

propagation paths leads to slower propagation times compared with those stratospheric paths450

with higher altitude turning heights so that they arrive at the array slightly later than the direct451

stratospheric arrivals.452

V. Conclusions453

Re
ection conditions for ray paths have been derived for non-
at ground in three dimensions454

in order to simulate propagation of infrasound through the troposphere over realistic terrain in455
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the limit of geometric acoustics. Simulation of ray paths over a single, simple instance of terrain456

has been used to elucidate how interaction with the up-slope side of a hill can scatter energy into457

higher altitude waveguides while interaction with the down-slope side can leave ray paths in458

elevated channels and decrease amplitude in valleys. Additionally, modeling the propagation in459

three-dimensions is found to allow de
ection of ray paths out of the azimuthal plane due to460

gradients in the topography normal to the propagation direction that can be more than twice as461

severe as similar de
ection due to cross winds in the atmosphere. Interaction with terrain is found462

to produce scatter in arrival back azimuth and travel time as well as a loss of energy in the463

tropospheric waveguide due to rays scattering into the middle- and upper atmosphere.464

Propagation of infrasonic signals through a tropospheric waveguide over realistic terrain in465

the western US has been computed for comparison with observed arrivals produced by a chemical466

surface explosion in Nevada as observed approximately 200 kilometers away in southwestern467

Utah. Broad band, normal mode analysis of the event assuming 
at ground produces a prediction468

including an overly large tropospheric arrival not observed in the data. Analysis of the ray tracing469

predictions over the terrain in Nevada and Utah provides corrections to the arrival back azimuth,470

travel time, and amplitude that improves agreement between the observed and predicted signals.471

Speci�cally, the number of ray paths contained within the tropospheric waveguide is found to472

decrease notably due to interaction with terrain so that instead of an arrival waveform dominated473

by a tropospheric phase, the arrival is expected to have a large stratospheric phase and relatively474

smaller tropospheric contribution as observed in the data. This corrective term computed using475
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ray tracing analysis over realistic terrain on a spherical globe combined with a �nite frequency476

waveform computation demonstrates the hybrid propagation analysis needed to accurately predict477

and understand propagation of infrasonic signals even at relatively short distances. Also, in the478

scenario considered here, arrivals in the tail of the stratospheric phase are found to be at least in479

part due to energy scattering out of from the tropospheric waveguide and being subsequently480

refracted back to the ground from the lower altitude edge of the stratospheric waveguide.481
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Appendix492

A. Re
ection Conditions for Auxiliary Parameters493

Auxiliary parameters have been introduced in previous ray tracing analyses de�ned by494

variations in the spatial location of the ray path as well as the eikonal vector components due to495

variations in the initial inclination and azimuth angles , # and ' , respectively, of the ray path496

(Blom & Waxler, 2012),497

X (#) =
@x
@#

; 	 (#)
x =

@ x
@#

(10)

with an identical set of auxiliary parameters for the launch azimuth, ' . The spatial variations, X ,

Y, and Z are needed to compute the Jacobian determinant in the Transport equation used to

de�ne the geometric spreading losses; therefore, computing geometric losses through a re
ection

requires analysis of these auxiliary parameters through re
ection. Taking launch angle derivatives

of Eq. (8) leads to an identical relation to that found for the eikonal vector components for the

re
ected auxiliary spatial parameters,
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Lastly, the re
ection conditions for the eikonal vector auxiliary parameters can be shown to be,
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In these results, thes derivatives of ~ can be de�ned from the Eikonal equation, as previously498

noted, and derivatives of a spatial function with respect to the ray launch angles can be de�ned499

using,500

@
@#

f (x; y; z) =
@f
@x

@x
@#

+
@f
@y

@y
@#

+
@f
@z

@z
@#

= ~X (#) � ~r f (x; y; z) : (17)

Note that while only the gradient of the ground surface is needed to compute the ray path501

re
ection geometry, the curvature of the ground surface is introduced in derivatives of the502

coe�cients C(:::)
j so that the geometric spreading calculation through the re
ection requires503

knowledge of the ground curvature. Because of this dependence, numerical implementation of this504

method requires a multivariate interpolation of the ground surface that is smooth and continuous505
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to second order. For the analysis here, a multi-stage cubic interpolation scheme has been506

implemented to ensure well de�ned derivatives. This set of auxiliary parameter re
ection507

conditions have been included in the modeling of propagation paths over the single, simple hill in508

Sect. III, speci�cally in Fig. 2, and show how the interaction with the curvature of the ground509

surface results in focusing and defocusing of energy.510

B. Modi�cation to the Boundary Layer Winds511

The presence of non-
at ground with boundary layers winds introduces a complication in the512

physical realism of the atmosphere speci�cation. For a sloping ground surface and non-zero winds513

in the boundary layer, conservation of mass and momentum require introducing a vertical514

component of the wind within the boundary layer as the 
ow interacts with the surface. At515

leading order, one can neglect viscous e�ects and simply introduces a vertical wind that conserves516

the necessary quantities. Neglecting density or pressure deviations in the near-ground layer, the517

combined wind �elds are expected to satisfy the continuity of mass and momentum equations,518

~r � ~v = 0 ;
�

~v � ~r
�

~v = 0 ; (18)

respectively. Following familiar boundary layer analysis and keeping only the �rst order519

horizontal derivatives (Chanson, 2004), these two relations can be combined to show that the520

vertical component of the winds must satisfy,521
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w = �
u
uz

�
u2

x + uyvx
�

+ v
vz

�
v2

y + uyvx
�

�
u uxz

uz
+ ux

�
+

�
v vyz

uz
+ vy

� ; (19)

where subscriptx, y, and z denote derivatives with respect to that parameter andu and v are the522

x and y components of the winds. Note that in the one-dimensional case,v = 0, if the second523

order derivative term, uxz , term is neglected, this reduces to the expected non-viscous boundary524

layer relation (Chanson, 2004),525

w(1d) = � u
ux

uz
: (20)

Ray tracing analysis has been conducted using a simple, single terrain element with and526

without this boundary layer wind correction to determine whether it has a notable impact on the527

ray geometry. The 2 kilometer tall hill previously used to investigate propagation over528

topography in Sect. III has been used here with a downward refracting, logarithmic boundary529

layer wind pro�le to investigate a narrow band of rays contained within the boundary layer530

waveguide resulting in the propagation paths shown in Fig. 13. The band of rays remains within531

the waveguide as it propagates up the near side of the hill and separates as it reaches the crest532

into a number of paths that escape the boundary layer and several that remain within the533

waveguide on the down-slope side. In the �gure, the blue paths denote those computed without534

the vertical wind included and those in red include this correction. The presence of the boundary535

layer vertical wind results in enhanced upward refraction for the upper most ray paths as they536

escape the boundary layer waveguide (the red paths are above the blue) and stronger downward537
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Figure 13: Propagation paths for energy in the boundary layer waveguide over a topographic feature with

(red) and without (blue) inclusion of the vertical wind component needed to balance the mass and momentum

conservation for 
ow over irregular terrain.

refraction for both shallower rays that still escape as well as those that are contained following538

cresting the hill (the red paths are below the blue). Thus, this additional wind component539

produces a stronger near-ground waveguide that keeps energy propagating at very shallow angles540

along the surface contained in the waveguide as the terrain varies and should, therefore, be541

included in in analysis when boundary layer winds are present.542
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