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We examine the fermionic entanglement in the ground state of the fermionic Lipkin model and
its relation with bipartite entanglement. It is first shown that the one-body entanglement entropy,
which quantifies the minimum distance to a fermionic Gaussian state, behaves similarly to the
mean-field order parameter and is essentially proportional to the total bipartite entanglement be-
tween the upper and lower modes, a quantity meaningful only in the fermionic realization of the
model. We also analyze the entanglement of the reduced state of four single-particle modes (two
up-down pairs), showing that its fermionic concurrence is strongly peaked at the phase transition
and behaves differently from the corresponding up-down entanglement. We finally show that the
first measures and the up-down reduced entanglement can be correctly described through a basic
mean-field approach supplemented with symmetry restoration, whereas the concurrence requires at
least the inclusion of RPA-type correlations for a proper prediction. Fermionic separability is also

discussed.

I. INTRODUCTION

Quantum correlations have attracted much attention
ever since the theory of quantum mechanics was intro-
duced [1, 2]. In particular, quantum entanglement has
become a central concept in present-day physics, due to
its role as a resource in quantum information science [3—
7] and the deep insight it provides in many-body physics
[8-13] and fundamental problems [14-16]. Nonetheless,
the definition of quantum entanglement relies heavily on
the tensor product structure of the Hilbert space and
the subsequent notion of locality [17]. When consider-
ing systems of indistinguishable particles, the standard
definition cannot be directly applied, thus preventing a
straightforward extension of well-known measures.

In the last years, there has been a great interest in
generalizing the notion of entanglement to fermionic sys-
tems [18-39]. Two different approaches have been taken:
mode entanglement [24-28|, where the subsystems are
described as a collection of single-particle (sp) modes
(with the fermion number of each subsystem not nec-
essarily fixed) and entanglement depends on the chosen
basis for the whole sp space; and particle entanglement
[18-23, 29-35], where entanglement is basis independent
and defined beyond antisymmetrization, i.e., as a vanish-
ing quantity in the case of a Slater Determinant (SD). In
the case of two fermions, a Schmidt-like decomposition
of a general pure state in terms of SD’s can be performed
[18], and this entanglement can be associated with that
of two distinguishable fermions, in the sense of occupying
orthogonal subspaces [18-21].

In [32] an entropic measure of mode entanglement was
introduced, which, after minimization over all sp bases,
becomes a measure of fermionic entanglement, in the
sense of vanishing iff the state is a SD. The ensuing
quantity is based upon the one-body density matrix and
represents essentially a minimum distance to a fermionic
Gaussian state [35]. It can be extended to states with no
fixed fermion number (but fixed number parity) through

the quasiparticle density matrix, vanishing iff the state is
a quasiparticle vacuum [32]. These measures can also be
applied to mixed states through convex roof extension.
In a sp space of dimension 4 (first nontrivial case) they
can be evaluated by means of a fermionic concurrence
[18, 32], analogous to the standard concurrence [40], van-
ishing iff the state is a convex combination of fermionic
Gaussian states.

The aim of this work is to examine these measures
in the well-known Lipkin model, considering the origi-
nal fermionic version [41-43]. This model can be exactly
solved through its mapping onto a spin system and has
been extensively used as a benchmark for testing many-
body approximations and studying quantum phase tran-
sitions and dynamics [41-50]. It has also been employed
for analyzing entanglement in its spin realization [51-59].
Its simulation with circuit QED was considered in [60].

We first analyze the one-body entanglement entropy in
the exact ground state (GS) for a finite size. We show
that this quantity exhibits a close correlation with the
mean-field (MF) order parameter, becoming significant
in the symmetry breaking MF phase and saturating for
strong couplings. We also show that it is approximately
proportional to the bipartite mode entanglement entropy
between all up and down fermionic modes, a quantity
physically accessible only in the fermionic realization of
the model. We then analyze the entanglement of the re-
duced state of four fermionic modes (two up-down pairs).
Its fermionic concurrence, which measures the deviation
of the reduced state from a mixture of SD’s, is explicitly
evaluated. It is shown to correspond to the spin-pair con-
currence, exhibiting a peak at the MF GS transition and
being strongly affected by the coupling anisotropy. In
contrast, the up-down mode entanglement of the reduced
state, which can be measured through the pertinent nega-
tivity, behaves similarly to previous global measures. The
analytic description of these quantities through differ-
ent approximations, including standard and symmetry-
restored MF approaches as well as RPA (random-phase



approximation)-based schemes are also provided. The
isotropic limit and the fermionic GS separability are as
well discussed.

The formalism is briefly reviewed in section II, while
the model and its fermionic entanglement are analyzed
in ITI. Conclusions are finally provided in IV.

II. FORMALISM

We consider an n-dimensional single-particle (sp)
Hilbert space H spanned by the fermionic operators CI,

i = 1,...,n, satisfying the anticommutation relations
{ci,c;-} = bij, {ci,ci} = {cj,c}} = 0. Given a pure

fermionic state |¥) (assumed to have a definite number

of fermions: ), cle|W) = N|®)), the elements of the

one-body density matrix are p;; = (c}cz) = <\If|c;cz|\ll>

In [32] we defined the one-body entanglement entropy as
E(|¥)) = Trh(p™)
== frlogy fi + (1= fi)logy(1 = fi), (1)
k

where h(f) = —flog, f — (1 — f)logy(1 — f) and f) =
<a,1ak> denote the eigenvalues of p* (ar, = ), Ugic;, with
U unitary satisfying (a}a@ = (UpUNm = frdw). Eq.
(1) is proportional to the minimum, over all sp bases of
‘H, of the average entanglement entropy between a single
fermionic mode and its orthogonal complement [32]:

E(v)) :%j?zh(@cm- (2)

This quantity is a measure of fermionic entanglement, in
the sense that it vanishes iff |¥) is a Slater Determinant
(SD), i.e. iff (pP)2 = p* (fr = 0 or 1 V k), and re-
mains invariant under one-body unitary transformations
|U) — exp[—ictOc]|¥) (with ¢'Oc = D i Oijc;-fcj an her-
mitian one-body operator), which just lead to a unitary
transformation of p*P (p*P — e~ pPei0),

As shown in [35], Eq. (1) can also be interpreted as
the minimum relative entropy (in the grand canonical en-
semble) between p = |U)(¥| and any fermionic Gaussian
state p':

E(|)) = Min 5(pll¢') - (3)

Here S(p|lp’) = Trp(logy p — log, p’) is the quantum
relative entropy [61, 62] satisfying S(p|lp’) > 0, with
S(pllp’) = 0 iff p’ = p, and p’ is the exponent of a one-
body operator:

p' = exp[-Xo — ¢'Ad], (4)

with Ao = In Tr exp[—cfAc] = 3", In(1 + e™**) and A
the eigenvalues of the matrix A. Therefore, Eq. (1) repre-
sents a measure of the distance between p and its closest
fermionic Gaussian state, thus vanishing whenever |¥) is

a SD. The formalism can be extended to pure states |¥)
with no fixed fermion number but fixed number parity
Py = exp|—in Y, clei] [32, 35].

In the case of a two-fermion state, which can be always
written by means of the fermionic Schmidt decomposi-
tion [18-20] as W) = Yopo, VAxchel0), with Ay > 0,
> u Ak = 1 and n, the Slater rank (k,k denote orthog-
onal sp states), it is easily seen that fi = fr = Ay and
E(|W)) =23, h(Ax) > 0iff ng > 1, ie., iff [¥) is not a
SD. The state can then be viewed as an entangled state of
two fermions occupying orthogonal subspaces, spanned
by the sp states k and k respectively, with 1E(|¥)) a
measure of the associated bipartite entanglement.

Let us consider now a subset of sp states spanning a
subspace H 4 of the sp space H, with Hp its orthog-
onal complement (Ha ® Hp = H). A general state
can be written as [V) = 37  Cpl|pv), where |uv) =

n)

Mie ()™ M Lep ()™ )10y are SDs and o = 0,1
the occupation number of sp state ¢ in configuration
v. The reduced state of H4 can be obtained by tak-
ing the partial trace, pa = >_, . (CCTY | 1) (1|, such
that (U|04|¥) = Trg paO4 for any observable O4 built
with fermion operators acting just on H 4. Its entropy
S(pa) = —Trpalog, pa measures the bipartite mode en-
tanglement between this set and its orthogonal comple-
ment. For instance, if H 4 contains just one sp level i,

pa = (<T0> » ) )

in the basis {c/|0),]0)}, with (c;c]) = 1 — (cl¢;), and
S(pa) = h((cjci)) is the mode entanglement entropy be-
tween ¢ and all remaining sp states, used in (2).

The convex-roof extension of the one-body entropy (1)

for a mixed state pa (with [pa, ) ;4 czci] =0)is

: A
Bl = o oiblugizps 1Pa0) ©)
where ¢, > 0, )", ¢o = 1 and minimization is over all de-
compositions of p4 as convex combinations of pure states
|92}y (with definite particle number) [20, 32]. This quan-
tity, analogous to the bipartite entanglement of formation
[63], is a measure of fermionic entanglement for mixed
states in the sense of vanishing iff p4 is a convex mixture
of SD’s, remaining invariant under one-body transforma-
tions pa — e~ '0¢p 1eic'Oc Moreover, if |U) is a SD,
E(pa) = 0 for any subspace H 4 since, due to the valid-
ity of Wick’s theorem, p4 will be a Gaussian state [35].
In order to have E(pa) > 0, a subspace H4 of di-
mension > 4 is required, since any pure state with
fixed particle number in a subspace of lower dimension
is always a SD [18, 32]. And for H4 of dimension 4,
E(pa) > 0 ensures finite biparitte entanglement of pa
for any bipartition of H 4 into subspaces of finite dimen-
sion (Ha = Ha, ®Ha,) [33, 35]. Moreover, in this case,
an analytic evaluation of (6) for any state p4 having fixed



number parity Py becomes feasible through the fermionic
concurrence C(p4) [18, 20, 32], like in a two-qubit system

[40]. The result is F(pa) = 2[h(f+) + h(f=)] = 4h(f+)
[32], with f+ = (1++/1—C?(pa))/2 and

C(pa) = Max[2Amax — Tr R(pa),0], (7)

where Apax is the largest eigenvalue of R(pa) =

pZ/QpApA/ and pa = TpiT. We will consider

in what follows states ps with even number par-
ity Py = +1. In this case a four dimensional H 4
leads to an 8-dimensional Fock space with Py = +1
and the operator T is represented 1n the ba31s
{10, el el |0y, efel|oy, el el o), —elelelel|o), ehel oY, —cleh o),

162 1€3 1€ 162€3¢4 3C4 2C4
cheb|0)Y, by the matrix

0 14

(1 5 5)
with 14 the 4 x 4 identity. For instance, any pure two-
fermion state in such Ha can be writtten as |¢4) =
(aalal + Balal)|0) [4, 32], with |a|2+ |3]2 = 1, in which
case, for pa = |a)(¥4], Eq. (7) leads to C(ﬂA) = 2[ap|
and hence to fi = |a|?, f— = |B]?, which are the (two-
fold degenerate) eigenvalues of p°P.

III. LIPKIN MODEL

The original fermionic Lipkin model [41-43] describes
a system of fermions in 2Q) sp states |p£), p =1,...,9Q,
with energies e,+ = +¢/2, fully connected through uni-
form two-body couplings. The Hamiltonian is

H=3e Z(CL+CP+ - cL_cp,) - WZCL+CZ_Cq+Cp7
P

P,
-1V Z(CLJrchrcq,cZL + chcgfchrcer) , (9)
P,

where the V-coupling creates (and destroys) particle-hole
pairs over the unperturbed GS

Wo) = ([ ] cf-)I0),

while the W-coupling is a hopping term for these pairs.
As is well known [41-44], this Hamiltonian can be
mapped into a spin system through the operators

Si =8, %iS, => e,

P
t
Cp_Cp— )

1
S, = ) Z (CLJrCP-i- -

which satisfy exact SU(2) commutation relationships:
[S4+,S-] = 25., [S:,S54+] = £S+. The Hamiltonian (9)
can then be rewritten as
H=¢eS., - % (5;S_+ 5.5, —N)—
=S, — Vo (S2+xS0) + Vo AN,

(10)

(11)

V(82 +52)(12)
(13)

where V, =W +V, X_ andN jp— chH
is the fermion number operator In what folpows we will
consider the half-filled case of N = () fermions, where
the total spin S can reach the maximum value /2. We
will set, without loss of generality, |x| <1 (i.e. V, < V)
and focus on the attractive case V, > 0. These two
conditions imply W > 0, V > 0. It also convenient to
scale the coupling strength as

Ve=v./(2—1),

such that (H)/Q stays finite and Q-independent for large
O at fixed vy, x. And at the mean-field level (see sec.
III B) the GS transition to the symmetry-breaking phase
will take place exactly at v, =¢ V Q.

The Hamiltonian H obviously commutes with the to-
tal spin S = S2 4+ S? + S2. In the half-filled attrac-
tive case the minimum energy is reached for maximum
spin S = /2, i.e., for the completely symmetric mul-
tiplet. The exact GS |¥) can then be obtained by di-
agonalizing the equivalent spin-hamiltonian (13) within
the S = /2 subspace, of dimension € 4 1, which con-
tains the unperturbed GS (10) and where there is always
just one fermion per site p (note that [H,n,] = 0, with
Np =+ ¢}, Cputhe number of fermions at site p). It
will then have the form

Q
U) = > Ck|K),
K=0

where K denotes the number of fermions in the upper
level and |K) =[S =Q/2,5, = K — Q/2) oc S¥|¥) are
the eigenstates of S, for maximum total spin S = Q/2.
All coefficients C' will be real and of the same sign if
V > 0.

Moreover, H also commutes with the S, -parity P,:

(14)

(15)

[H,P,] =0, P,=explin(S, +92/2)], (16

which for N = Q is equivalent to the parity of the number
of fermions in the upper level: P, = explim Zp cL 4+ Cpt -
This implies that in any non-degenerate GS the sum in
(15) will run over either even or odd values of K, accord-
ing to the GS parity P, = +1. This symmetry will have
a deep influence in fermionic entanglement measures.

In the isotropic case y = 1 (V = 0), the Hamiltonian
(13) also commutes with S,, implying that the sum in
(15) reduces to a single term. The exact eigenenergies
for N = Q and x = 1 become, using Eq. (13),

— (K- 97—,

(17)
with § < Q/2and § -5 < K < §+5. It is then verified
that for V, > 0, the GS is obtained for maximum spin
S, with K starting at 0 for V,, = 0 and ending up at
[Q/2] for large V.. Thus, the x = 1 GS undergoes [Q2/2]
transitions K — K + 1 as V, increases from 0, at the
couplings

Eskx =¢(K — 2)_

%) _V,[S(S +1)

(18)



with v = V.2 /(2—1) = ¢ coinciding with the MF critical
value. For fixed y € (0,1) (0 < V < W) and finite ,
these transitions will evolve into [Q2/2] S,-parity transi-
tions. On the other hand, for x € [-1,0] (V > W) the
exact GS will have even parity P, = +1V V, > 0, owing
to the dominant role of the V-coupling.

A. Exact GS entanglement
1. One body entropy

We start with the evaluation of the one-body entan-
glement entropy (1). Due to conservation of the single
site fermion number n,, the elements of the one-body
density matrix p* in a state of the form (15) satisfy
(eficqv) = Opg(ch,cpy). And due to translational invari-
ance over the states p, they form 2 identical blocks

cJf c cJf c
p;p — << $+ p+> < :?— p+>> — (f(;r fo_> , (19)

<cp+ CP— > <cp— CP—>

where (c;;icpﬂ = (S4)/Q = 0 owing to P, conservation
and fi = (3 £(5.)/Q), ie., f1 = (K)/Q=1— f_ with
(K) = >, C%K. The one-body entropy £ = E(|V))
then becomes

E=Q[h(f+) + h(f-)] = —2Q(f4+ log, f4 + f-log, f(_2)0)
It is determined just by (S,), vanishing only if |(S,)| =
/2. This shows that any state (15) with definite parity
P, is not a SD unless Cx = dxg or dxq. This includes in
particular the states |K) (GS’s for x = 1), where f, =
K/Q =k and

FEx = —2Q[klog, k + (1 — k) log, (1 — k)], (21)

is positive for 1 < K < 2—1, reflecting the fact that they
are collective excitations generated by S; and are hence
not SD’s. Eq. (20) is 29 times the single spin entangle-
ment entropy in the spin picture (i.e. the entanglement
of spin ¢ with the rest of the system), where the block
(19) represents the reduced single spin density matrix.
The behavior of the one-body entropy (20) as a func-
tion of v, /e is shown in Fig. 1 for Q = 50 and different
anisotropies x, together with other entanglement mea-
sures discussed below. It becomes significant for v, > ¢,
i.e. in the strongly coupled regime where the MF GS
exhibits S,-parity breaking (see sec. IIIB), increasing
monotonously with increasing strength v, /e and saturat-
ing for v, /e — oo. Moreover, it is almost independent
of x, except for the steps visible in the y = 1 case which
reflect the S, transitions K — K + 1 (the steps due to
the P, transitions at x = 0.5 are already very small at
the size shown and are not appreciable). An analytic
description of F for large €2 is provided in IITB.

1.0} X=1 _.—-—'_'_
0.8f 1
o 0.6}
wi r
0.4} r —— ER2Q
I E*/Q
0.2} I Qc/l2
0.0 L
0 1 2 3 4 5
Vyl€
10t yv-05
0.8f
E/2Q
o 0.6} E*/Q
i Qcr2
0.4}
S
0.2f ‘j 1
0.0 — -
0 1 2 3 4 5
Vyl€
1.0}
X==
0.8}
E/2Q
o 0.6} E*/Q
i i Qcr2
0.4¢
0.2}
0.0 -
0 1 2 3 4 5
Vyl€

FIG. 1. The intensive one-body entropy E/(29), Eq. (20),
together with the intensive up-down entanglement entropy
E*~ /9 and the scaled fermionic concurrence C/2, in the GS
of Hamiltonian (9)—(13) as a function of the relative coupling
strength v, /e, for three different anisotropies x and = 50
fermions. All labels are dimensionless.

2. Up-down entanglement entropy

The fermionic version of the model enables to consider
a bipartition where Alice has access to the €2 lower single
fermion levels and Bob to the € upper levels, which has
no physical counterpart in a pure spin realization. It is
only in the fermionic case where this partition becomes
meaningful and the ensuing up-down mode entanglement
can be considered as a physical resource. Let us also
remark that due to the definite S,-parity of the GS, each
side will contain fermionic states with definite number
parity (Pn, = P, (£P,) for £ even (odd)), entailing
that arbitrary linear combinations of the involved local
states will not break the number parity superselection



rule [26, 64].

In order to compute this entanglement exactly, we first
note that each state |K) can be explicitly written as an
equally weighted sum of (2) orthogonal SD’s with K
fermions up and €2 — K fermions down at different sites,

% 5 (H<c;+cp>nw) v, @)
K) @ p

where npo = 0,1, Zp Npo = Kanda=1,..., (2) Since
all terms in the previous sum involve different orthogo-
nal states at each side, Eq. (22) constitutes the Schmidt
decomposition [5] for the up-down partition. Then, the

up-down entanglement entropy of the states |K) is

|K) =

Ef™ =log, (2) . (23)

Using Eq. (22), the ensuing up-down entanglement en-
tropy determined by the exact GS (15) is

E* =Y Cillogy (2) ~logy C2],  (24)
K

where the first sum in (24) represents the average entan-
glement stemming from the states |K) while the second
is that emerging from the distribution over these states.

While ET~ does not require in principle a correlated
GS (it can be non-zero in a SD, see sec. III B), it is here
essentially half the one-body entropy (20) for sufficiently
large ©: In the states | K), an expansion of (23) for large
Q and K, with £ = K/Q finite, leads to

Ef™ ~ —Qlklogy k + (1 — k)logy(1 — k)]
—log, \/27Qk(1 — k)
= FEx /2 + O(log, Q). (25)

A similar relation E* ~ E/2 holds for large € in a typ-
ical definite parity GS (15) (see sec. IIIB). This result
indicates a close correlation between the fermionic entan-
glement measured by E(|¥)) and the bipartite up-down
mode entanglement in the exact definite parity GS. This
enables an approximate estimation of the latter, which
can be considered as a quantum resource, through an
easily accessible one-body average ((S.)). The behavior
of ET~ with v, /e is also depicted in Fig. 1, where the
approximate proportionality is verified.

3. Fermionic concurrence and reduced up-down
entanglement

We now examine the fermionic and up-down entangle-
ment in the reduced state p,, of four single fermion states
D+, G+, p # q, which is a mixed state for {2 > 2 and is here
the first non-trivial case for both measures. We first note
that since n, = 1, the reduced state p, of a single pair
of modes py (represented in principle by a 4 x 4 matrix

in the basis {|0), CL+|0>, cLJO), CL+C;27|O>) contains here

just a diagonal 2 x 2 non-zero block p, identical with Eq.
(19) in the restricted basis {c;;+|0>, c;;_|0>}:

— <C;Z+CP+C:D*CLf> <CT—CP+> _(f+ O

br= (ch ep) {c cgcTc,> SN0 o)
p+°P P+ p+Cp—"p

(26)
This state has obviously no fermionic entanglement, in
the sense that it is just a mixture of elementary sin-
gle fermion states (p, = >.,_. fucf,10)(0l¢y).  Be-
sides, it has no up-down mode entanglement either, since
P,-conservation implies (c;;icp;) = 0 and prevents co-
herence between both single fermion states (i.e., terms
x CL+|O><O|CP,). Thus, if Alice and Bob have access just
to a single p state (p— for Alice, p+ for Bob) the joint
state p, contains just classical correlations (it is equiv-
alent to a two-qubit state f_|01)(01] + f|10)(10|, with
01) = ¢}_[0), [10) = c;,,[0)).

The situation changes when they have access to
two different states p # ¢ (p—,q— for Alice, p+,q+
for Bob). Since the number n, of fermions per site
p is 1, the support of p,, (in principle a 16 x 16
matrix) will just involve the four two-fermion states
{CL+C(];+|O>7 c;r)+cl];_ |0), c;;_c;+|0>, c;;_c];_ [0)} (see Fig. 2).
In this restricted basis it will be given by

(np+ng+) 0 0 (sp—sq-)
0 (np+ng—) (Sp—Sq+) 0
Ppq =
0 (Sp+Sq—) (np-ngy) 0
(Sp+Sq+) 0 0 (np-nq-)
(27)

where npt = CLiCpi and sp+ = CLiCPZF' In the GS (15),
its elements are independent of p,q and can be exactly
evaluated in terms of global averages:

(p£8gx) = % ; (28)

(speser) = by = lpengr) . (29
2y

e = (2 5+ SA=0) o)

The fermionic entanglement of this mixed state, which
indicates its deviation from a statistical mixture of SD’s,
can be measured through the fermionic concurrence (7),
which becomes

C = 2Max[|(sp+Sq+)| — (np+np-),
[($p480-)] — \/ (Mg ) mp-ng),0]. (31)

This concurrence is equivalent to that of a two-qubit sys-
tem, coinciding with that of a spin pair in the spin re-
alization [51, 53, 55] (i.e., with that measuring bipartite
mode entanglement between p+ and g+ sates). It can be
regarded as “parallel” (“antiparallel”) when the first (sec-
ond) term in (31) is positive, and scales as Q=1 [51, 55].
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FIG. 2. The possible occupancies of four sp states p+, g+
in the GS of the Hamiltonian (9). The reduced state (27)
contains coherences between the two upper states and, sepa-
rately, between the two lower states, which lead to a nonzero
fermionic concurrence and up-down entanglement.
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FIG. 3. Fermionic entanglement measures in the states

|K) =[S =%,M =K — %) for Q=50 fermions. Here E is
the one-body entanglement entropy (21), ET~ the up-down
entanglement entropy (23) and C the concurrence (32).

As seen in Fig. 1, the behavior of C' differs from that of
previous entanglement measures. It is peaked at v, ~ ¢,
i.e. at the onset of the symmetry-breaking MF phase, and
it is strongly affected by the anisotropy. For x = 1 the
GS’s are the states |K) and the concurrence is then only
of antiparallel type, as (S1) = 0, and given by

Ck = LV I<SK<Q-1. (32)

Dl v

vanishing for K = 0, and satisfying Cx = Cq_k.
It is sharply peaked at K = 1 (and K = Q — 1),
with C; = 2/Q (the maximum attainable value in this
model [55]), dropping significantly already for K = 2
(Co/Cy ~ 2 — /2 ~ 0.586 for large Q) and reaching
its minimum at K = Q/2 (Co/» = 5-5). An explicit
comparison between the concurrence C' and the entan-
glement entropies Fx and E};_ is shown in Fig. 3.

The concurrence remains peaked at v, = ¢ for other
anisotropies, but the sharpness of the peak decreases as
X decreases, as seen in Fig. 1. In addition, for x € (0,1)

(central panel) it vanishes at the separability point

ve = /V/X, (33)

(see Appendix) where it changes from antiparallel to par-
allel [65, 66]. This point corresponds to the first GS S,-
parity transition, where it becomes two-fold degenerate
and the GS subspace is spanned by two non-orthogonal
SDs (see sec. ITIB). For x < 0 GS separability no longer
occurs and C' is positive and parallel V v, > 0.

The finite fermionic concurrence of the reduced state
Ppq Warrants non-zero bipartite entanglement for any bi-
partition of the four dimensional sp space [35]. In partic-
ular, pp, will lead to a finite up-down mode entanglement,
which can be quantified through the pertinent negativity
[39, 67, 68]. This partition involves four distinct states
at each side: |0), chcTJO), cLJO) and CZ*|O> for Alice
and similar states at the upper level for Bob (Fig. 2),
leading to a two-qudit system with d = 4. P, symme-
try implies that just states with the same local fermion
number parity are connected in p,q, entailing that par-
tial trasposition will not mix local states with different
number parity and standard formulas can be applied [39].
The ensuing negativity is just minus the sum of the two
negative eigenvalues of the partial trasposed matrix:

NFT = [sp+sga)| + [(spr54-)] - (34)

As seen in Fig. 4 (bottom panel), the behavior of

this quantity resembles that of the global entropies E

and ET~ | increasing monotonously for increasing v, /e.

While still weakly dependent on x for y < 1, it is reduced

by half for x — 1 : In the states |K) the first term in

(34) vanishes and Eq. (29) leads to (k = K/Q)
N*‘—-il—m1—k) (35)

o a-1 ’

approaching %% for v, /e — oco. However, for xy < 1

both terms in (34) contribute and the ensuing negativity
as a function of v, /e becomes essentially twice the value
for y =1, as verified in Fig. 4 (see section IIIB).
Previous considerations hold of course for € > 2.
We remark that in the trivial @ = 2 case, p,q be-
comes pure (pp, = |¥)(¥|) and all previous quantities
become equivalent: C = 2N+t~ = 2,/f+ (1 — f1), and
E =4ET~ = 4h(f}), with fy = |B)? for a P, = +1 GS

W) = alK = 0) + B|K = 2) = (ac]_c}_ + Bef cl,)|0)

P

(|Oé|2 + |B|2 - 1), and f+ = 1/2 for a PZ =_1QGS
1

W)= |K =1) = —(c cf_+¢f_c,)0)

V2

where all previous quantities are maximum.

B. Approximate description

We now discuss the evaluation of previous measures
through approximate methods, with the aim of identify-
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energy, which by means of Wick’s theorem becomes
(Ut | H|Wing) = Qle(sz) — val(s2)® + x{s)*)],  (37)

where s, = 5,/Q. For |x| < 1, the minimum will be
always obtained for (s) lying in the z, z plane (n.S = S,),
which leads to (s) = —3(sin6,0,cosf) and

rt

— cos 0
cpi—cos§c;2i:|:s1n§cp¢. (38)

Minimization of (37) with respect to 6 yields

1, vy < €
COS@—{E/vz, ve e (39)

i.e., to a normal phase with # = 0 for v, < ¢ and to an
S.-parity breaking phase with |0| € (0,7/2) (and hence
A = 2|(sz)| =sinfd > 0) for v, > e. In the latter the sign
of f remains arbitrary, leading to a two-fold degeneracy
of the MF GS (for x = 1, this degeneracy becomes con-
tinuous, as the orientation of (s) in the xy plane becomes
arbitrary). Note that 6 is independent of x (for |x| < 1).

Any SD implies a zero one-body entropy and fermionic
concurrence. In particular, the one-body density matrix
p:>:(0) determined by (36) consists of 2 identical blocks

Vyl€

FIG. 4. Top panel: Comparison between the exact one-
body entanglement entropy and the value obtained from the
mean-field approximation through basic S,-parity projection
(PMF), Eq. (42), for x = 0.5 and Q = 50 fermions. The MF
order parameter A = 2|(sz)|mt = sin@ is also depicted. The
inset depicts the exact result for different values of x, show-
ing the weak dependence on the anisotropy. Bottom: The
exact up-down negativity in the reduced state ppq, Eq. (34),
for x = 0.5 and x = 1 (Eq. 35), together with the mean-
field results obtained through basic S.-parity (x = 0.5) and
S. (x = 1) projections, Egs. (46)— (47), which are almost
coincident with the exact ones.

ing their main sources and obtaining an analytic descrip-
tion, exact in the thermodynamic limit Q — co.

1. Mean-field approach

We start with the basic mean-field (MF) approach,
where the GS is approximated by a SD, here of the form

|\Ijmf> = e_ien's|\110> = H Clp_|0> , (36)
p

where S = (S;,5,,5.), C/Li = e’i(’"'sc;;iew"'s are ro-
tated fermion operators and n a unit vector. Both 6 and
n are to be obtained from the minimization of the mean

p;p(e) _ <<C%+Cp+> <C;Z—C;D+>

<Cp+ CP—> <cp— C— >

_ 1 (1—cosf sinf
9 sinf 14 cos@

(40)
whose eigenvalues are obviously 1 and 0. Nonetheless,
it is possible to extract an effective MF one-body entan-
glement entropy by considering just the diagonal terms
in (40), since the exact off-diagonal terms vanish due to
the S,-parity symmetry. This can be justified through a
basic S,-parity restoration (see next subsection), which
leads to the one-body density (pi>:(0)+pi>:(—0))/2, com-
posed of diagonal blocks

30+ o =5 (1760 ) -

2
The ensuing one-body entanglement entropy becomes

Emf =

1 0 1 0
—QQZ + v cos log, + vcos 7 (42)
v=+

with cosf given by (39), and is positive for § € (0,7)
(vg > €), saturating for vy, /e — oo (E — 2Q0).

As seen in the top panel of Fig. 4, Egs. (39)—(42) pro-
vide an excellent estimation of the exact one-body en-
tropy E V v, > € if ) is not too small, becoming exact for
Q — oco. As previously mentioned and as verified in the
inset, the exact F exhibits only a very weak dependence
on the anisotropy x. And for y — 1 and large €2, the ex-
act Eq. (18) implies (s.) = K/Q—1 = —i¢ /v, plus terms
O(Q71), which is the MF result (s;) = —3cosf, with
Eq. (21) becoming identical to (42) (k = (1 —¢/vy)).
Thus, in this model the MF approach is able to provide,

N—



through basic S.-parity projection (extraction of diag-
onal terms) the exact result of the intensive one-body
entropy E/(29) for large Q.

Besides, the up-down entanglement entropy directly
determined by the MF state (36) is non-zero: This state
can be written in the form (15) with coefficients

for n- S =S,. Eq. (24) then leads to

1+ vcosd 14+vcosf 1

E;;:_QZ h log, +2 25 mf

v==+

(44)
which is in agreement with the exact trend for large 2 and
provides a good approximation in this limit. The result
(44) is also apparent as the up or down occupations at
each site p in the MF state (36) are independent from
those at other sites. Hence, the MF result (44) is that
of 2 independent two-qubit systems in a pure entangled
state /) _|0) = cos §|01) +sin §]10), where [01) = L_|O>,
[10) = L+|O), which is the single p reduced state at the
MF level.

Notice, however, that the up-down entanglement of a
single p subsystem is a MF effect arising from S,-parity
breaking. As we have seen in (26), the single p reduced
state derived from the exact GS is mixed and just clas-
sically correlated, instead of pure and entangled. Thus,
in contrast with MF, in the exact GS E*~ emerges from
two-body correlations and accordingly, is not strictly ex-
tensive (see also Eq. (53) in next section).

On the other hand, the fermionic four-state concur-
rence (31) lies strictly beyond the basic MF approach.
Without S,-parity projection, the state (36) obviously

leads to a pure reduced state ppq(6) = |Vpq){(¥pqe| With
[pg) = C/L_C/q_|0> a SD, implying C' = 0. But even
after a basic parity projection, which leads to

Ppq = %(ppq(e) + ppg(—0))

(1 —cosf)?> 0 0 sin? @
1 0 sin? @ sin” 6 0
=1 o (45)
0 sin“ 6 sin“ 6 0
sin? @ 0 0 (1+cosf)?

we still obtain C = 0V 6 (according to Eq. (31)), since
this state is a convex combination of Gaussian states.

Eq. (45) does lead, however, to a correct estimation of
the up-down negativity (34) for x < 1,

_ 1.
N = 5 sin®0  (x < 1), (46)
which provides an excellent description for large (2, as
seen in the bottom panel of Fig. 4. Notice that (46) is

smaller than the result derived directly from the unpro-
jected MF reduced state ppq(6) (i-e., from the pure state
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[tpq)), Which leads to N7 (6) = [sin6|(1 + §|sind)),
since the latter includes terms connecting states with dif-
ferent P, which are removed by the basic projection.

Eq. (46) fails only in the isotropic limit x — 1, where
an S, projection would be required. The main effect of
such projection is just to cancel the term (spysq+) =
1sin®0 in (45), leaving (s,4s,—) essentially unaltered.
This leads to half the value (46):

Nt = isin2 0 (x=1), (47)
which is in excellent agreement with the exact result, as
also seen in Fig. 4. In fact, for large Q Eq. (18) implies
k = %(1 — vy /e) and the exact result (35) becomes iden-
tical with Eq. (47).

We finally remark that for x € (0,1), both MF states
| W16 (£0)) become ezact GS’s for any finite  at the sep-
arability point (33) (see Appendix). However, the exact
limit at this point of the one-body entropy is still given
by Eq. (42) for large 2, and is hence non-zero, since the
exact GS side-limits have definite P, (see next section).

2. S.-Parity projected mean-field

A more rigorous extraction of fermionic entanglement
measures at the MF level can be achieved by considering
the exact S,-parity restored states

_ [Yme(0)) £ [Wine(=0))
2(1 £ cos® 0)

o) : (48)

where |¥,¢(0)) denotes the state (36) (for n - S =
Sy) and |[¥ne(—0)) = P.|¥ne(F)). If the overlap
(Upne(—0)| Ve (0)) = cos? @ and other terms of similar
order are neglected (they are very small for not too small
Q and 0), the one-body density p°P and the reduced state
ppq derived from the states (48) are precisely given by
Egs. (41) and (45).

Nonetheless, it is also possible to derive the exact pro-
jected expressions. The contractions derived from the
states (48) are (cLchy>i = 5pq5#,,f;f for p, v = £, where
f:F are the projected average occupations

+ l—wvcost <1:|:ucos£219>

= 4
I 2 14 cos®d (49)

satisfying ff + ff = 1. Hence, these states lead to a
diagonal one-body density matrix with € identical blocks

+
i=( ). (50)

Since the difference between fF and the unprojected av-
erage occupations 222228 of Bq. (41) is O(cos? 1 §), the
exact one-body entropy determined by the states (48),

By = —2Q(f{log, f£ + fXlog, fX),  (51)



is very close to the diagonal MF result (42) if Q and 6
are not too small.

The up-down entanglement determined by the states
(48) can also be exactly evaluated: The ensuing normal-
ized coefficients in the expansion (15) are just

CE9) = /LU e (6), (52)

with Ck (0) the MF coefficients (43), and lead to

Ei7 =-0 <Z f’/i 10g2 1+V2COSO> - 10g2 1:|:cgsii 0
v=+
(53)
Even if terms O(cos? §) are neglected, a reduction =~
—log, 2 = —1 is now obtained in comparison with (44)

due to S,-parity projection, which implies a spread over
just half the total number of states. This lowering ex-
plains the small difference with half the one-body entropy
observed in the exact results of Fig. 1 for x < 1. In partic-
ular, the up-down entanglement is maximum for § = 7/2
(vi/e — o0), in which case (53) yields Ef~ = Q — 1,
while (44) leads to ET~ = Q. An alternative interpreta-
tion of this reduction is that while in the nonprojected
MF, Alice (lower levels) and Bob (upper levels) share Q2
independent maximally entangled qubit pairs, in the pro-
jected state the last pair is not independent as its state
becomes determined by the parity constraint, thus low-
ering £+~ in one unit. On the other hand, full S, pro-
jection is required for obtaining an accurate evaluation
at x = 1, which would lead to the exact result (23).
The exact reduced four-mode state p,, derived from
the states (48) has the form (27) with elements (v = +)

( ) sin?6 [ 1+ cos=20
SpuSqu )+ =
proquiE 4 14 cos®d
.9 Q-2
sin“ 6 (1 F cos 0
(SpvSq—v)+ = 4 < 1+ cos? o > = (npung—v)+ (54)
( > 1 ( > cos® (14 cos? 26
NpuNaw )+ = — — (SpuSg—p )
pllav)E = 5 = WSprSa—vlE F 5T | Ty

In contrast with (45), this state leads to a small but finite
fermionic concurrence

cost29

0) = sin® —————
C(6) = sin 14+ cos®8’

(55)
which is parallel (antiparallel) for positive (negative) S,-
parity. Nevertheless, it is very small unless €2 and 6 are
sufficiently small. In a projected after variation treat-
ment, # = 0 for v, < € and (55) implies an appreciable
concurrence just in a very narrow interval after the phase
transition at v, = ¢, where 6 is still small but non-zero.

For v, < €, it is possible to improve previous result by
projecting before variation, i.e., by determining 6 (and
P.) through the minimization of (¥*|H|¥*). In this
case 6 will be non-zero V v, > 0 and (55) will lead to a
finite appreciable concurrence in the normal region (0 <
v, S €), where 6 remains small. As seen in Fig. 5, the

~

1.0

Exact ——

QC/2

Vyl€

FIG. 5. Comparison between exact results for the fermionic
concurrence for x = 0 and x = 0.5 with © = 50, and those
obtained with an S.-parity projected (before variation) mean-
field approach (PMFV).

ensuing results are accurate for small v, /e < 1, although
for vy > €, 6 increases and the concurrence (55) becomes
again vanishingly small for appreciable €2, as p,q becomes
essentially a convex mixture of Gaussian states.

On the other hand, the up-down negativty determined
by the elements (54),

.2
S sin” 6
Ne™ = 2(1 + cos®9)’ (56)

is very close to the previous result (46) derived from (45)
for appreciable 2 and 6, thus providing a correct descrip-
tion for x < 1.

A final comment is that the projected states (48) con-
stitute the exact GS side-limits at the separability point
(33) V Q. As we have seen, these states lead to a fi-
nite one-body entropy E (and also finite up-down en-
tropy ET~ and negativity A7), which does not vanish
for large €2, in contrast with the associated fermionic con-
currence (55). Thus, for not too small § this point will
be clearly visible only in the concurrence, as verified in
Fig. 1 (see also Appendix).

3. Mean-field plus Random-phase approximation

In order to obtain a reliable analytic description of the
concurrence for large (), it is necessary to employ at least
a random-phase approximation (RPA) [44], equivalent
to a first-order Holstein-Primakoff bosonization of the
Hamiltonian around the MF solution (see [44] and also
[51, 53, 54] and [55, 57]). It can be implemented in a
simple way by mapping approximately the collective spin
operators to boson operators. For 0 < v, < ¢ (and |x| <
1) this mapping takes the form

Sy = Vb, S_ —Vab, S, —bib-Q/2,

where the condition [b,bT] = 1 is imposed. It is valid
when (S,) is close to —§2/2, i.e. in the normal MF phase



vy < €, where the vacuum |0) of b corresponds to the
unperturbed GS |¥p). This leads to an approximate
quadratic boson Hamiltonian:

H— Ey— Hy = (c — w)bib — g(bT2 +b?)
e—w—A

2 )

where Ey = (Ug|H|Tp), w = WQ, v = VQ, and b’ =
ab — BbT is the final normal boson operator, with (g) =

/a—;u)\iA ([b',b'T] =a?-B2= 1) and
A=V(e—w)?2—0v2= /(e —vg)(e —vy), (58)

the normal boson energy, where v, = xv,. The GS |¥) is

=Ty — (57)

then approximated by the vacuum |0') = « exp[%bTQH())
of b/, which leads to (b?) = a8 = 2%, (b'b) = % and
hence to (S})? ~ ., (S.) ~ &%= — /2. With these
values, we can estimate the concurrence through Eq. (31),

which for large 2 leads to the asymptotic expression

L= X/(e—vy)
¢~ 0-1 ’

0<v,<e. (59)

This value corresponds to a parallel-like concurrence
(normal phase) [53, 55].

For v, > €, the bosonization should be done around
the parity breaking MF state |¥,¢) of Eq. (36), which
will correspond to the initial boson vacuum, and applied
to the rotated operators S, S.. This leads to

/
H—E,— Hy= (¢ — w)bib— %(bT2 +b2)

e —w =N

2 )
where E) = (V| H|Ume), cosl = e/v,, € = ecosb,
w' = (vz(3cos? 0 —2)+vy,)/2, v = (v cos?  —v,)/2 and

=Ny — (60)

N = |sinf|\/vg(ve — vy). (61)
The final expression for the asymptotic concurrence is

1N/ (vz—vy)
O~ a1 € < vz <e/\/X (62)
1—(vz—vy) /A v >E/\/_
0—1 » Uz X

where the upper (lower) formula corresponds to the par-
allel (antiparallel) concurrence, with the transition be-
tween both taking place at precisely the separability
point (33) [565, 66]. At this point v’ = 0 and N = v, — vy,
implying a zero RPA concurrence, in agreement with
the exact result for large 2. Moreover, at this point
e —w = )N and ¥ = b, so that the bosonic vacuum
remains unaltered, i.e., it is the MF GS. Thus, sep-
arability is directly and exactly detected in RPA. For
—Ugy < vy < 0 (le. —1 < x < 0) the concurrence is
parallel and just the upper row in (62) should be applied
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FIG. 6. Comparison between exact and RPA results for the
fermionic concurrence at two different anisotropies and 2 =
50 fermions. Results from both the analytic expressions (59),
(62) (ARPA), valid for large €2, and the finite Q results derived
from the states (63)—(64) (PRPA), are depicted.

(V vy > €). Expressions (59)-(62) yield an excellent de-
scription of the fermionic concurrence for all —1 < xy <1
and both v, < ¢ and v, > ¢ for appreciable (2, as verified
in Fig. 6.

We finally mention that it is possible to further im-
prove this approach for finite systems by considering the
fermionic state corresponding to the bosonic vacuum |0).
For v, < €, such state has the form

[Wrpa) o exp[yST][Po) (63)

where S5y =3 c;f)+cp,. The parameter v can be taken

from RPA (y = %) or determined variationally. It is
then seen explicitly that (63) has definite S,-parity and
is not a SD, containing genuine fermionic correlations.

For v, > ¢ we may just replace |[¥o) — |¥(6)) and
Sy — S’ in (63), with |¥(6)) the MF state (36), leading
to a state |Urpa (#)). Moreover, in this case we may also
consider S,-parity restoration, which leads to a projected
RPA state

[Wipa) o [Vrpa(6)) £ [Urpa(=6)) . (64)

Results obtained in this way are very accurate for all v,
and sizes, as verified in Fig. 6, but nevertheless approach
the values (62) for large Q. And for y = 1, S, projection
should be instead implemented, which in this model will
directly lead to the exact GS’s |K).



IV. CONCLUSIONS

We have analyzed the fermionic entanglement in the
exact GS of the Lipkin model and its relation with bipar-
tite entanglement. A global measure of fermionic entan-
glment such as the one body entropy, which measures the
minimum relative entropy to a fermionic Gaussian state
(thus vanishing iff the GS is a Slater Determinant) and
which can be accessed through one body measurements,
correlates essentially with the mean-field order parameter
associated with parity breaking, increasing monotonously
with the coupling strength and saturating for strong cou-
plings. It is also approximately proportional to the total
bipartite entanglement entropy between the upper and
lower modes, a quantity which has no physical analogue
in a pure spin realization of the model. Both entropies
scale with the size Q) of the system, are weakly dependent
on the anisotropy and can be correctly (and analytically)
described by an S,-parity breaking mean-field approach
with basic symmetry restoration. This symmetry plays
an important role in the previous proportionality and en-
sures a fixed number parity in the entangled up or down
modes, enabling to consider the total up-down entangle-
ment as a standard quantum resource.

We have also analyzed the fermionic entanglement of
the reduced state ppq of two up-down pairs (first non-
trivial case) through the fermionic concurrence. As op-
posed to previous global measures, this concurrence,
which measures the deviation of p,, from a convex mix-
ture of Gaussian states (i.e., from a statistical mixture
of Slater Determinants) presents a dominant peak at the
phase transition, whose sharpness increases for y — 1
(where the maximum corresponds to the narrow inter-
val where the |K = 1) eigenstate is the GS). While this
concurrence can be directly associated with a bipartite
mode entanglement (i.e. to an effective p — ¢ spin 1/2
pair), it differs from the up-down mode entanglement of
Ppg> Which can be measured through the pertinent nega-
tivity and behaves similarly to previous global measures.
The mean-field approach can correctly predict this nega-
tivity through basic symmetry restoration, but it cannot
yield a non-vanishing concurrence for strong couplings
even after full S,-parity projection. Only by considering
RPA (collective-boson type) correlations on top of the
mean-field it is possible to capture its proper behavior.
The present study then provides a detailed analysis of the
fermionic entanglement in a strongly interacting system
and its potential for quantum information through its
relation with relevant bipartite entanglement measures.
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Appendix A: Fermionic separability

The exact definite S.-parity GS (15) of the Lipkin
model is entangled, i.e. it is not a SD, if |S,| < Q/2.
However, at the parity transitions arising for increasing
vz /€ at fixed x € (0,1), the GS becomes two-fold degen-
erate and exact GS’s with no definite P, become feasible
[66]. In particular, at the first transition (Eq. (33)) an
S.-parity breaking SD of the form (36) (the MF GS) be-
comes an ezact GS for any ) (fermionic separability).

This result can be easily seen by writing the Hamilto-

nian of Eq. (13) in terms of the rotated quasispin oper-

o AN r_ 1 AN, AN
ators Sy =37 ¢ ycpe, S =50 (i — o),

determined by the primed fermion operators (38). We
obtain, dropping the constant term V(1 + x)N/4,

H = ccos8S, — Vy(S.% cos? 0 + 5% sin 0 + XS;2)
+sin0[eS!, + V, cos0(S.S. + SLSL)].

(A1)
The MF stationary condition (39) cancels the single
fermion excitation terms oc S’,, present in the second
line of (Al), when applied to the MF state (36) (for
n-S = 5,). And the two-fermion excitation terms o Sﬁrz
in the first line of (A1) also vanish iff the condition

cosf = /x

is satisfied, in which case the MF state (36)—(38) becomes
an exact eigenstate, obviously for both signs of 6. Since
for 6 > 0 its coefficients Ck (), Eq. (43), are all positive,
such state cannot be orthogonal to the GS (15) (where
Ckg > 0V k) and must then be a GS. Eq. (A2) then
leads, together with (39), to the factorizing point (33).
This separability is equivalent to that occurring in the
spin representation [65, 66, 69, 70], where it corresponds
to a factorized (i.e., product) GS.

The side limits of the exact GS at this transition
do have, however, a definite parity and are then given
by the S,-parity projected MF states (48) [66], with 6
determined by (A2). These states are both entangled
for € (0,7), ie, x < 1 (for x — 1, 8§ — 0 and
[Ut) — |¥g) = |K = 0), whereas |[I~) — |K = 1)).
Therefore, at the side-limits of the separability point, the
exact one body entropy approaches the values given by
Eq. (51), i.e., essentially the diagonal MF result (42) for
not too small # and €2, which are non-zero and the same
for both parities (the same occurs with the side-limits
of Bt~ and Nt~ Egs. (53) and (56)). In contrast, the
exact side-limits (55) of the four-level fermionic concur-
rence become very small for not too small § and €2, as pp,
is essentially a convex mixture of Gaussian states. Con-
sequently, the existence of separability at an S.-parity
transition is clearly reflected in the vanishing value of
the fermionic concurrence, but not in the behavior of F
(nor ET~ or Nt7), as seen in Fig. 1.

(A2)
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