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Abstract. We describe construction of a new multiphase equation of state (EOS) for beryllium calibrated almost entirely to density
functional theory calculations based on the AM05 exchange-correlation functional. The EOS is in tabular form (as SESAME
92025) and includes hcp, bcc, and liquid/plasma phases. We find hcp→bcc transitions at∼325 GPa at zero and room temperatures,
and at ∼150 GPa on the Hugoniot. Shock melting from the bcc phase proceeds at 205-230 GPa. We also present experimental
results for the isentropic bulk modulus as a function of temperature, based on resonant ultrasound spectroscopy measurements.

INTRODUCTION

Despite its apparent simplicity, beryllium remains challenging for first principles calculations due to the small free
energy differences between its solid phases, dynamical instabilities, and the importance of true anharmonicity (as
opposed to quasiharmonicity) near the melt line [1, 2, 3]. It also possesses a combination of interesting properties
including anomalously low c/a and Poisson’s ratios, low electrical conductivity and optical opacity, and high thermal
conductivity. We present a new multiphase equation of state based on density functional theory (DFT) [4]. Our EOS
shares some features with previous ones [1, 2], although valuable experimental data have been reported since they first
appeared. We will compare particularly to (1) laser-heated diamond anvil cell (DAC) results [5], (2) Hugoniot states
and sound speeds measured at the Z facility [6], and (3) thermoelastic data reported here [7].

METHODS

Our EOS is based on the Sesame decomposition of the Helmholtz free energy, F :

F(ρ,T ) = φ(ρ)+Fion(ρ,T )+Felec(ρ,T ) (1)

where φ represents the energy of the static lattice (cold curve), Fion is the free energy of ionic excitations in the ground
electronic state, and Felec is that of thermal electronic excitations in the ground vibrational state.

The first two terms on the right hand side (rhs) of (1) were built from DFT calculations based on the AM05
exchange-correlation functional [8] and a 4-electron projector augmented wave (PAW) [9, 10], as implemented in
Vasp 5.3.5 [11]. All calculations were converged at the O(1 meV/atom) level with respect to Brillouin zone (BZ)
sampling, yielding 60 and 70 k-points/Å−1 for hcp and bcc phases, respectively. The resultant E(V ) curves were fit to
a third-order Birch-Murnaghan form [12, 13]. Predicted lattice constants as functions of pressure are compared with
DAC data [5, 14] in the left panel of Figure 1, demonstrating excellent agreement. The density at room temperature
(RT) exceeded the experimental target value of ρref = 1.848 g/cm3 by only 0.75%.

Phonons were calculated at densities ρ ∼ 1.75−6 g/cm3 using the direct force method and atomic displacements
of 0.1 Å. It is well known that the bcc phase is dynamically unstable for ρ . 2.1 g/cm3 [1, 2], and mode softening
introduces spurious structure in the characteristic temperatures at densities slightly higher than this. For this reason,
the ionic component of our EOS for the bcc phase at ρ < 1.25 g/cm3 is simply an extrapolation of phonon calculations
performed at higher density (where it is stable), consistent with the treatment of Refs. [1] and [2]. Phonon densities
of states (Ω) were calculated by integration of phonon wave vectors over the BZ, then the Debye temperature at each
density was determined by evaluation of the log moment of the frequency (ω) distribution [15]:

kBΘ(ρ) = h̄exp
(

1
3
+
∫

ln(ω)Ω(ω)dω

)
. (2)
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FIGURE 1. (Left) Be lattice parameters at 0 K, as calculated using AM05 vs. experimental results from Refs. [14] (red) and [5]
(blue and green). (Right) Debye temperatures as functions of compression, calculated using AM05 and as described in the text.

This produced the characteristic temperatures Θ(ρ) shown in the right panel of Figure 1, as well as fits based on the
following form for the Grüneisen parameter:

Γ(ρ) =
1
ρ

(
∂P
∂E

)
ρ

=

{
Γ∞ + g1

ηg
+ g2

η2
g

, ηg ≥ 1

Γ0 +g3ηg +g4η2
g , ηg < 1

(3)

The fits were based on integration of (3) according to the definition [15]

Γ =
d lnΘ

d lnρ
. (4)

Γ0 and Γ∞ were set to their theoretical values of of 2/3 and 1/2, respectively. The compressions of eqn. (3), ηg = ρ/ρg,
should not be confused with the standard definition of compression used below, η = ρ/ρref, in that ρg were chosen to
produce good fits to Θ(ρ) and bore no necessary relation to ρref. Upon specification of Γ (Γg) and its log ρ derivative
(Γ′) at ρg, the coefficients g1−g4 are uniquely determined based on continuity of Γ and Γ′.

The melt line was of Lindemann form [15], and the liquid phase was identical to hcp with two exceptions: (1) liquid
cold curve energies and free energies were shifted up by Tm∆S (and cold pressures reduced by its density derivative)
at each density, and (2) the pressure derivative of the bulk modulus at 0 K was adjusted up by ∼1% in order to better
match the shock data at high pressures shown in Figure 5 below. Tm is the melt temperature as a function of density
prescribed by Lindemann, and ∆S≈ 0.61 R/mol is the entropy change upon melting [16].

Thermal electronic contributions to eqn. (1) were based on Thomas-Fermi-Dirac theory [17, 18]. Because this
contribution is the same for all phases, it had no effect on the phase boundaries predicted below.

We also present the temperature-dependence of the adiabatic bulk modulus as measured by resonant ultrasound
spectroscopy (RUS). Cylindrical samples of polycrystalline Be 3 mm in both height and diameter were positioned
between two LiNbO3 transducers, one of which was positioned on a moving lever arm to adjust for volume changes
caused by thermal expansion. Small alumina wear plates were glued to each transducer in order to improve contact
with the samples, and temperature sweeps in both directions were conducted at a rate of 0.05 K/min. Absolute errors
in the modulus were roughly 0.2%. Additional details will be provided in an upcoming publication [7].

RESULTS

We now compare the predictions of our EOS with experiments and (where there are meaningful differences) those of
previous EOS. These include SESAME 2024 [19] as well as the multiphase EOS of Ref. 2, which we will denote as
“CEA" in figure legends. Similarly, we will indicate our new EOS merely by "EOS" in figure legends. Many of the
experimental datasets reported either no uncertainties or values on the order of the symbol sizes, in which case we
have omitted them.
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FIGURE 2. (Left) EOS results compared with room temperature diamond anvil cell data for isothermal compression. Experimental
points are taken from Refs. [5] (red, blue), [14] (green), and [21] (black). (Right) Comparison with isentropic bulk modulus data
collected by resonant ultrasound spectroscopy at atmospheric pressure.
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FIGURE 3. (Left) Specific heat as a function of temperature. (Right) Thermal expansion as a function of temperature. Data are
from numerous sources in each case, aggregated in Refs. [23] and [24].

Comparison of our EOS with room temperature (RT) DAC and the new thermoelastic data are shown in the left and
right panels, respectively, of Figure 2. The agreement with the DAC experiments is good, and our RT isothermal bulk
modulus (BT )/pressure derivative combination of 112.8/3.53 compares favorably with the 110/3.6 and 112/3.45 [20]
pairs of Refs. [14] and [5]. Agreement with the RUS data is somewhat less satisfactory. While the temperature-
dependence is good, the entire curve is shifted down from the data by ∼ 2.5%. The CEA result is a little better but
on the high side, while the best agreement is found with the old EOS. The cold curve of SESAME 2024 was obtained
from fitting to shock data, so perhaps this is not surprising.

Thermal features of our hcp phase are examined in Figure 3, showing results for the specific heat (left) and thermal
expansion (right) as functions of temperature. The CP results are excellent, while those for thermal expansion are
visibly stiffer than SESAME 2024. We suspect that the old EOS is actually more correct in this regard, a reflection of
our ambient value for Γ being too small: 1.12 vs. an experimental estimate of 1.2 [22]. The latter value is reflected in
2024, which was based purely on fits to experimental data.

One of the important new datasets to have appeared since the multiphase treatments of 2009-10 [1, 2] is the laser-
heated diamond anvil cell experiments of Lazicki, et al., which provide additional constraints on the slope of the
melt line [5]. Although they report “fast recrystallization and changing temperature ramps", they insist that all data
reflect hcp as opposed to bcc or liquid. These data are shown alongside our EOS results in the left panel of Figure
4. Agreement of compression response is good, although our results indicate that some of the highest temperature
points (particularly at 45 GPa) should be metastable, if not liquid. The other alternative – obviously – is that our melt
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FIGURE 4. (Left) Isobars from our EOS, as compared with results from the laser-heated diamond anvil cell experiments of
Ref. [5]. (Right) Comparison with melt lines obtained by fits to heat until melt (HUM) simulations (solid blue [2]), its estimated
lower bound (dashed blue [2]), 2-phase DFT calculations (green points [26]), and the experimental results at ambient pressure
(red [25]).

line shown in the right panel is not steep enough. The only experimental datum is the atmospheric pressure point of
Martin [25]. The fit of Robert, et al. is based on heat until melt (HUM) calculations, well known to constitute upper
bounds to the true melt line. Robert also reports a lower bound based on the rule-of-thumb that the melt temperature
from HUM calculations can be in error by up to 20%, shown by the dashed line. The 2-phase calculations of Ref. [26]
are, in principle, of higher accuracy than HUM. It is difficult to evaluate the reliability of these points, however, as
almost no information regarding their pedigree has been published. The fact that they agree so well with the fit to
HUM (the green points were not included in the fit of Robert) is somewhat curious.

Shock response of our EOS is compared with data in Figure 5, the left panel showing all the data and the right
providing an enlarged view of the region believed to contain phase transitions. The Hugoniot from our EOS is
visibly softer at higher pressures than that of SESAME 2024, but in slightly better agreement with the results from
underground nuclear tests (Ragan [27], Nellis [28]), the Nova laser (Cauble [29]) and molecular dynamics based on
DFT (Li [30]). Note the important position occupied by the new Z data (McCoy [6]) filling in some of the considerable
gap between the sets mentioned above and the explosively-driven flyer experiments at η < 1.5. The enlarged view at
lower compressions evidences structure in the EOS result at around 150 and 200 GPa. This structure falls within the
uncertainties of the Z data.

The left panel of Figure 6 depicts sound speed as a function of Hugoniot pressure, compared with data from the
same set of Z experiments shown in Figure 5 as well some older results [31]. Note that the longitudinal wave speed
begins to drop rapidly at around 150 GPa, then becomes indistinguishable from the bulk wave speed at just over 200
GPa. Previous work has drawn a correspondence between a vanishing shear modulus and the onset of shock melting
in Cu [32]. Examination of the right panel of Figure 6 confirms this to be the case here as well, in that the Hugoniot
intersects the melt line at 205 GPa and melt completes at 225 GPa. Our EOS predicts that the more subtle structure
at 150 GPa is due to an hcp→bcc transition, corresponding well with the onset of drop in the shear modulus. We
know of no good reason for this, and the closest analogue we found in the literature is Mg, with a phase diagram
qualitatively identical to that of Figure 6. In that case, however, no loss of shear stress was observed at the hcp→bcc
transition [33].

SUMMARY

We have described the construction of SESAME 92025, a developmental EOS for Be including hcp, bcc, and liq-
uid/plasma phases. The EOS is based almost entirely on DFT calculations, and is qualitatively consistent with other
recent multiphase EOS for Be. In particular, it predicts a triple point to the left of the Hugoniot in the P−T plane,
at P∼ 100 GPa and T ∼ 2800 K. This implies that Be should undergo a polymorphic phase transition to a bcc phase
prior to shock melting, which we predict occurs at Hugoniot pressures of 150 GPa. This coincides well with the onset
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FIGURE 5. Comparison of the Hugoniot as given by our EOS vs. that of SESAME 2024 and a number of datasets including DFT
calculations (Li [30]), underground nuclear tests (Ragan [27], Nellis [28]), experiments using the NOVA laser (Cauble [29]), the Z
facility (McCoy [6]), and explosively-driven flyers (all others). The left panel includes all of the data, whereas the right is enlarged
to show structure due to predicted phase boundaries shown below.
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of a drop in shear modulus observed in Z experiments, although we currently have no physical explanation for the
correspondence. We also predict the onset of shock melting at∼ 205 GPa and its completion at∼ 230 GPa, the former
of which appears to agree quantitatively with the Z experiments (Figure 6).

Our melt line has an initial slope of 35 K/GPa, and suggests that one or two of the heated DAC points of Lazicki,
et al. could actually be melted (a possibility Ref. [5] excludes). This may be because our melt line isn’t steep enough,
although it is difficult to say so conclusively on the basis of the experimental data (a single point at ambient pressure)
or the limitations of the DFT simulations reported to date.
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