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Abstract

Discontinuous Galerkin (DG) methods have been well established for single material hydrodynamics. How-

ever, consistent DG discretizations for non-equilibrium multi-material (more than two materials) hydrody-

namics have not been extensively studied. In this work, a novel reconstructed discontinuous Galerkin (rDG)

method for the single-velocity multi-material system is presented. The multi-material system being consid-

ered assumes stiff velocity relaxation, but does not assume pressure and temperature equilibrium between

the multiple materials. A second-order DG(P1) method and a third-order least-squares based rDG(P1P2)

are used to discretize this system in space, and a third-order TVD Runge-Kutta method is used to integrate

in time. A well-balanced DG discretization of the non-conservative system is presented, and is verified by

numerical test problems. Further, a consistent interface treatment is implemented, which ensures strict

conservation of material masses and total energy. Numerical tests indicate that the DG and rDG methods

are indeed second- and third-order accurate. Comparisons with the second-order finite volume method show

that the DG and rDG methods are able to capture the interfaces more sharply. The DG and rDG methods

are also more accurate in the single-material regions of the flow. This work focuses on the general multi-

dimensional rDG formulation of the non-equilibrium multi-material system and a study of properties of the

method via one-dimensional numerical experiments. The results from this research will be the foundation

for a multi-dimensional high-order rDG method for multi-material hydrodynamics.
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1. Introduction

1.1. Numerical methods for multi-material hydrodynamics

Flows with multiple materials can occur in situations ranging from solid explosive detonation, inertial5

confinement fusion, to asteroid impact on oceans and landmasses. Because of this, multi-material hydro-

∗Corresponding author
Email address: apandare@lanl.gov (Aditya K. Pandare)

Preprint submitted to International Journal for Numerical Methods in Fluids January 14, 2020

https://doi.org/10.1002/fld.4810


dynamics is a topic of great interest in the computational physics community. One of the challenges in

numerical simulation of high-speed compressible multi-material flows is sharp resolution of material inter-

faces. A variety of methods exist for the treatment of material interfaces. Geometric interface tracking

methods are advantageous for studies requiring high-resolution details of the interface such as interface cur-10

vature and topology. In such interface tracking methods, the material interface is explicitly tracked using

a marker function, such as level-set [1, 2, 3], or front-tracking [4]. Interface tracking methods are able to

track the material interface very sharply. These methods are extremely effective for simulations that re-

quire an accurate interface description for interface dynamics, direct numerical simulations and other such

applications. However, such methods can be computationally expensive while dealing with large number of15

interfaces such as bubbles or granules. Topology changes are also extremely challenging to handle using these

methods. Lagrangian methods have also been used to track material interfaces [5, 6]. However, conventional

Lagrangian methods have problems associated with mesh tangling after large deformations. Although this

problem is mitigated in high-order Lagrangian methods, extremely small time-steps can result from highly

distorted mesh elements. Another class of methods which can also be considered under the geometric inter-20

face tracking type are the Arbitrary Lagrangian-Eulerian (ALE) methods, which can alleviate mesh tangling

problems. ALE methods have been extensively used to simulate multi-material hydrodynamics [7, 8, 9],

where the mesh is moved with the material interface to enable sharp interface tracking.

On the other hand, interface capturing methods [10, 11, 12, 13] attempt to resolve material interfaces

via the Riemann solver; just as a conventional finite volume (FV) method would resolve shocks and contact25

interfaces without any special treatment. This category of multi-material methods has also been known

as the “interpenetrating continua”, “diffuse interface” or “multi-fluid” approach. As these names suggest,

interface capturing methods assume that the multiple materials/fluids co-exist in the physical domain as

interpenetrating continua, interacting via diffuse interfaces. All materials are present in the entire physical

domain of the problem, and single material regions are described by very low “volume-fractions” of the30

near-absent materials. Transition to a region of another material is represented by a ramp in the volume-

fractions, which constitutes the diffuse interface. Another category of numerical methods for multi-material

flows are the interface reconstruction schemes, such as the volume-of-fluid [14] method. Such interface

reconstruction methods have iterative procedures for identifying the interface which, in addition to having

convergence issues, can have non-unique interface orientations, depending on the order in which the materials35

are considered, especially for more than 2 materials.

Interface capturing methods were traditionally developed for mixed flows [10, 12, 13], but more recently

have been adapted to separated flows too [11, 15, 16, 17, 18]. These methods do not involve an explicit

interface tracking mechanism, leading to potentially lower computational costs compared to interface tracking

methods when large number of interfaces are present in the domain. However, as a consequence interfaces40

are smeared over multiple computational cells. A large effort has been directed towards sharpening of this

interface via algebraic methods [19, 20, 21, 22] in the context of interface capturing multi-fluid models. Most
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of the work in this direction attempts at bypassing the TVD condition for limiting the volume-fraction

and using a compressive limiting function instead. This work takes a novel approach to the sharp interface

problem, using the Discontinuous Galerkin (DG) method. In DG methods, a high-order polynomial is used to45

approximate the solution and obtain a high-order (> 1) scheme. This obviates the need for reconstruction.

Herein lies the important difference between high-order FV and DG methods: the high-order degrees of

freedom are evolved conservatively in DG, and not reconstructed. This leads to better-behaved high-order

solutions and more accuracy. Thus, using DG methods is a natural way to get a sharper interface resolution,

without resorting to interface compression.50

1.2. Discontinuous Galerkin methods

DG methods [23, 24] can be arbitrarily high-order accurate in space and yet retain compact stencils.

This is achieved by using high-order polynomial representations for solutions in each computational cell.

Practically this means that extended stencil data-structures are avoided while retaining high-order (≥ 2)

spatial accuracy, which is advantageous for parallel computations. However, this comes at the cost of solving55

extra equations per unknown on each cell due to the increased number of degrees of freedom (DoFs). Due

to this, DG methods are considered to be more expensive than the conventional finite volume methods.

However, the increase in cost is expected to be offset by the lower absolute errors obtained, which would

require mesh refinement in FV methods. This is even more true if the baseline DG(Pn) solution is used to

reconstruct a higher mth order polynomial (m > n). This keeps the number of DoFs and equations the same60

as the DG(Pn) method, while increasing the order of accuracy to mth order, thus giving even lower absolute

errors, and further justifying the increase in costs. These reconstructed DG schemes are sometimes called

PnPm (Dumbser et al. [25, 26]), or rDG(PnPm) schemes (Luo et al. [27, 28]) depending on the method

used to reconstruct the Pm polynomial solution. The rDG(PnPm) schemes provide a unified formulation

for both finite volume and DG methods, and contain both classical FV and standard DG methods as two65

special cases. A choice of n = 0 (piecewise constant polynomial) i.e. rDG(P0Pm), represents the classical

FV scheme with an mth order reconstruction. If m = n, this represents a standard DG method without a

reconstruction procedure. To keep the reconstruction costs low, Luo et al. use a simple least-squares process

to reconstruct the mth order polynomial. The benefit of the least-squares rDG(PnPm) method is that the

compactness of the stencil is retained. Studies of the rDG methods both on Eulerian compressible [29, 30],70

incompressible [31] and ALE/Lagrangian systems [9] indicate that they can achieve design order of accuracy

in space, in addition to significantly improving the accuracy of the underlying DG(Pn) solution.

DG/rDG methods also allow freedom in the choice of approximating polynomials (or basis functions).

Considering the fact that derivatives of both conserved and primitive quantities could be necessary in a multi-

material formulation, using piecewise Taylor polynomials [32] to represent the DG solution is a convenient75

choice. Taylor basis functions have been extensively used in the single-material system of fluid equations

by Luo et al. [29, 27, 30, 28, 31]. DG methods have also been used for equilibrium multi-component

hydrodynamics [33, 34, 35] with success. DG methods have been extended to the Baer-Nunziato two-phase
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flow model [36, 37]. However, generalization of DG methods to non-equilibrium multi-material (m ≥ 2)

systems has never been attempted before. Considering the accuracy gains from rDG methods for single-80

material flows, an extension to multi-material flows would result in improved solution accuracy not only near

material interfaces, but also in single-material zones.

1.3. Consistent reconstruction and limiting

High-order methods use limiting to maintain monotone solution states for non-linear problems. Conven-

tional multi-material methods use primitive variable reconstructions, which do not satisfy discrete closure85

laws when implemented naively. This leads to unphysical oscillations near material interfaces. Suppress-

ing such oscillations requires the use of techniques such as flux-corrected-transport (FCT), which increase

computational costs and numerical diffusion. However, limiting conserved material quantities such that

multi-material closure laws are satisfied at the discrete level, yields monotone solutions near material inter-

faces, eliminating the need for diffusive treatment of interfaces. This approach is called consistent limiting90

in this work. Such a consistent interface limiting strategy is used in this work for high-order reconstruction

and limiting.

1.4. Multi-material mixed-cell closure

Using a diffuse interface method results in “mixed-cells” which contain two or more materials. Multiple

pressures, corresponding to the multiple materials, exist in mixed-cells. Finding a common pressure from95

these material pressures for use in the bulk momentum equation is a challenging task and has to be performed

by mixed-cell pressure closures. Mixed-cell pressure closures has been an area of active research in the recent

years; see Shashkov [38], Kamm et al. [39], Francois et al. [40] and Yanilkin et al. [41]. The mixed-cell closure

by Dobrev et al. [6], which is based on Tipton’s relaxation closure [38] is used in this work.

The goal of this work is to study rDG discretizations of the non-equilibrium multi-material system,100

and to verify this formulation in a one-dimensional framework. This novel discretization of the multi-

material system aims to improve solution accuracy and interface capturing capabilities without resorting to

compressive interface strategies. The method employs consistent reconstructions and limiting of material

quantities, yielding a conservative numerical approach for multi-material shock hydrodynamics. A study of

the problems and intricacies of an rDG-multi-material method in one-dimensional domains is a first step105

towards a three-dimensional implementation for unstructured meshes.

The article is organized as follows: governing equations of multi-material hydrodynamics and closure laws

are discussed in §2. This is followed by details of the rDG discretization and treatment of the non-conservative

terms in §3. Consistent reconstruction and limiting are discussed next in §4. These two sections present

the main contributions of the current work. Verification tests using one-dimensional numerical examples110

are shown in §5, to demonstrate the performance of the proposed method. This is followed by concluding

remarks in §6.
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2. Governing equations

The velocity equilibrium limit of the multi-material hydrodynamic equations [12, 18] is considered in this

work. In this system, it is assumed that all the materials possess the same velocity uj , but each material can

have different pressure and temperature states. The Eulerian form of this multi-material system of equations

can be expressed as,

∂U

∂t
+
∂F j
∂xj

+D = S, (1)

where,

U =


αk

αkρk

ρui

αkρkEk

 , F j =


0

αkρkuj

ρuiuj + pδij

αkρkEkuj

 , D =


uj

∂αk

∂xj

0

0

αkpk
∂uj

∂xj
+ Ykuj

∂p
∂xj

 , S =


Sα,k

0

0

−pSα,k

 . (2)

where k = 1, 2, ...,m where m is the number of materials. αk is the volume-fraction of material-k. Bulk

properties such as density ρ, pressure p and internal energy ρe are defined as,

φ =
∑
k

αkφk, (3)

where φk is replaced by the material density ρk, material pressure pk or material internal energy ρkek.

The specific total energy of material-k is, Ek = ek + ujuj/2, where ek is the specific internal energy of115

the material. Yk = αkρk/ρ is the mass fraction of material-k. The source term Sα,k corresponds to the

volume-fraction redistribution due to compaction, owing to the different compressibilities of the materials.

It has the effect of a finite-rate pressure-relaxation. Details about the compaction term will be given in §2.1.

Note that although the material total energy equations are written in a non-conservative form, the mixture

total energy equation (ρE =
∑
k αkρkEk) is a conservative equation, implying that total energy is conserved.120

The non-conservative terms in the material total energy equations are equivalent to the terms in [18]. These

are written in the shown form for simplicity in obtaining the DG weak form. It will be shown in §3.2 that

an equivalent form is obtained after discretization. For m materials, Eq. (1) has (4m + 1) unknowns in a

one-dimensional case; m · [αk, ρk, pk, Ek], u. The system is composed of m volume fraction equations, m

material continuity equations, m material total-energy equations, and one bulk momentum equation; with125

a total of (3m+ 1) equations. Closure is achieved by specifying equations of state for each material, usually

in the form of pk = pk(ρk, ek). This constitutes the multi-material equation system. This single-velocity

multi-material system can be proven to be hyperbolic [12, 18] with characteristic speeds u and u±ac, where

ac =
√

(
∑
k αkρka

2
k) /ρ is the mixture speed of sound.

The system described above is very similar to the stiff velocity relaxation variant of Baer and Nunziato’s130

[10] two-phase model, proposed by Kapila et al. [12] and Pelanti and Shyue [18]. The difference between

Eq. (1) and Kapila’s model lies in the pressure relaxation terms. The pressure relaxation terms here are
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adopted from [6, 42], for finite pressure relaxation, as opposed to instantaneous pressure relaxation by Pelanti

and Shyue. This pressure relaxation model is similar to Tipton’s mixed-cell pressure closure, reported by

Shashkov [38]. Finite pressure relaxation allows for material-property-dependent volume redistribution,135

which is a more realistic depiction of the energy distribution between two materials with vastly different

bulk modulii.

The finite pressure-relaxation source terms and equations of state used in this work are now discussed.

2.1. Finite pressure relaxation

The system of multi-material equations considered here assumes stiff velocity relaxation, but leaves

pressure and temperature unrelaxed, if the source terms S are zero. Kapila et al. [12] studied the equilibration

length and time scales for velocity, pressure and temperature. For the applications targeted in that work (two-

phase modeling of detonation in granular materials), they concluded that material velocities and pressures

equilibriate at extremely small length and time scales, and that a set of reduced model equations with

stiff pressure and velocity relaxation can be used. However, the scales for temperature equilibrium were

concluded to be relatively large, and instantaneous/stiff temperature relaxation was not enforced. In a

somewhat similar vein, stiff velocity equilibrium is assumed in this work; with material temperature not

being in equilibrium. However, unlike Kapila et al. [12], instantaneous pressure relaxation is not assumed

here. This is because applications with large material density differences (such as solid-gas) are targeted

here. Solids and gases have extremely different compressibilities. The volume change in a solid associated

with a certain pressure change is very different from the volume change in a gas. This is important near

interface-shock interactions, where the gas in a mixed cell should compress significantly more than the solid.

Leaving the material pressures completely unrelaxed effectively means that all the materials in mixed cells

undergo equal volume change. A finite pressure-relaxation is used as a means to redistribute such volume

changes between materials depending on their compressibilities. Such multi-material mixed-cell pressure

relaxation closures have been extensively used [38, 41] in Lagrangian or ALE methods. A similar pressure-

relaxation term in the form proposed by Dobrev et al. [6] is used in this work. This term has a form similar

to Tipton’s pressure relaxation closure [38]. The volume change redistribution is given as,

Sα,k =
1

τ
(pk − p∗)

αk
Kk

, (4)

where p∗ is the pressure that the multi-material cell is expected to equilibriate at, if given sufficient time,

and is given as,

p∗ =

∑
k

(
pk

αk

Kk

)
∑
k
αk

Kk

, (5)

Kk = ρka
2
k is the material’s bulk modulus, and τ is the pressure-equilibration time-scale,

τ = cτ max
k

(
h

ak

)
. (6)
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The constant cτ is a parameter in the pressure relaxation time-scale. It is adjustable and affects the pressure140

equilibration rate of the materials in mixed cells. Setting cτ to infinity amounts to no pressure relaxation.

If cτ is set to a very small number, stiff pressure relaxation is implied, and an operator-splitting procedure

is required for solving this stiff-relaxed system. However, if a value such as 0.1 is used for cτ , material bulk

modulii are used to redistribute volume change. Using a finite relaxation also has the benefit of not being

stiff, and an operator splitting process is avoided. However, the obvious disadvantage is that the choice of145

cτ can affect the solution significantly, and can potentially also be problem dependent. The effect of this

parameter on the solution is discussed in §5.1 to arrive at a value for cτ that is independent for problems

considered in this work. However, this is not the focus of the current work. Here, a value of cτ = ρmin/ρmax

is used, so that a problem dependence is avoided. ρmin and ρmax are the local densities of materials with the

minimum and maximum densities respectively. This avoids changing values of the relaxation time-scale for150

each problem.

2.2. Equations of state

The multi-material system in Eq. (1) needs to be closed using thermodynamic equations of state for the

m materials in the flow. The materials considered in the numerical experiments performed here are limited

to those which can be described using the stiffened-gas equation of state (SG-EoS). Using the SG-EoS, the

internal energy, temperature and speed of sound for material-k are given, respectively, as:

ρkek =
pk + Pck

γk − 1
+ Pck , (7)

Tk =

(
γk

γk − 1

)
pk + Pck

ρkCpk

, (8)

ak =

√
γk
pk + Pck

ρk
, (9)

where Pck , γk, Cpk
, and Tk are the stiffness parameter, heat capacity ratio, specific heat at constant pressure,

and temperature for material-k respectively. It should be noted that the method discussed in this work, is not

limited by the fact that only SG-EoS is considered for the numerical experiments. The rDG discretization is155

independent of this choice of EoS, and can be extended to more sophisticated ones such as the Mie-Grüneisen

or tabular EoS.

3. Discretization

The multi-material system (1) is discretized using the Discontinuous Galerkin (DG) method. The DG

method allows for discontinuous solutions and provides flexibility in the choice of polynomials used to repre-160

sent the solution. Here, Taylor-polynomials are used as a basis for the DG solution [32]. This choice entails

that the high-order degrees-of-freedom for the unknowns are derivatives of these unknowns on each compu-

tational cell. This provides simplicity while constructing derivatives of primitive variables, since derivatives
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of conserved variables are readily available from the solution update. Further, the baseline DG(Pn) Taylor-

polynomial can be used to reconstruct a Pn+1 order polynomial. In this work, the reconstruction is performed165

using the least-squares WENO-rDG procedure proposed by Luo et al. [27, 28]. Details of the least-squares

reconstruction are given in §3.3.

In this section, details about discretizing the multi-material system (1) using rDG are given. The dis-

cretization can be broadly classified into two parts: that of the conservative equations and the equations

with the non-conservative terms. This is discussed first, followed by the Riemann solver and specifics of the170

non-conservative terms.

3.1. Conservative equations

First, discretization for the equations in fully conservative forms i.e. the material continuity and bulk

momentum, is described. A weak formulation for the entire domain Ω can be obtained by multiplying the

conservation laws by a test function W and integrating over Ω. This is followed by applying integration by

parts on the flux vector F , giving,∫
Ω

∂u

∂t
WdΩ +

∫
Γ

f l(u)nlWdΓ−
∫

Ω

f l(u)
∂W

∂xl
dΩ = 0, (10)

where the vector of conserved unknowns and the corresponding flux vector are,

u = [αkρk, ρui]
T (11)

f l(u) = [αkρkul, ρuiul]
T. (12)

Ω is the flow domain under consideration, Γ, its boundary, and n is the unit outward normal vector to

Γ. Now, the domain is divided into a collection of non-overlapping elements Ωe. For the Galerkin-type of

finite-element methods, the test function W is chosen to be equal to the solution basis function Bi. Further,

allowing for discontinuities at cell boundaries Γe makes this a discontinuous Galerkin solution. Applying

this DG approximation to the above weak form, the following system of N equations in semi-discrete form

is obtained:

d

dt

∫
Ωe

uhBidΩ +

∫
Γe

f l(uh)nlBidΓ−
∫

Ωe

f l(uh)
∂Bi
∂xl

dΩ = 0 ∀ i ∈ [1, N ] (13)

where N is the dimension of the polynomial space of B. Note that the above discrete form is over each finite

element Ωe. uh is the finite-element approximation of the solution u. The solution is approximated using

piecewise polynomial functions of degree p, which are discontinuous between cell interfaces. The numerical

solutions are chosen to be expressed as Taylor series expansions over each element Ωe, following Luo et al.

[32]. The numerical solution can be expressed as the expansion,

uh =

N∑
i=1

uiBi, (14)
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where Bi are the normalized Taylor basis functions,

B1 = 1, B2 =
x− xc
δx

, B3 =
(x− xc)2

2δx2
− 1

∆x

∫
Ωe

(x− xc)2

2δx2
dΩ, ... (15)

where δx = ∆x/2, in 1D. A second-order DG method uses B1 and B2, whereas a third-order one uses B1,

B2, and B3 as basis functions for one-dimensional systems. Using this expansion for the solution uh, Eq.

(13) can be written as,(∫
Ωe

BiBjdΩ

)
duj
dt

+

∫
Γe

f l(u)nlBidΓ−
∫

Ωe

f l(u)
∂Bi
∂xl

dΩ = 0 ∀ i ∈ [1, N ] (16)

Here the ·h subscripts for the approximate/computational solution have been omitted to keep the notation

simple. In the final weak form, it is understood that all variable symbols represent the DG values computed

on the computational grid. This simplification of notation is used henceforth. The (
∫

Ωe
BiBjdΩ) term is175

the mass-matrix mij . For an explicit time-integration method, this system of N equations per unknown per

element has to be solved simultaneously, which can be easily achieved by inverting the N ×N mass matrix

for each element.

As a comparison, the first- and second-order FV methods have a single DoF per cell (N = 1), whereas the

second-order DG and third-order rDG methods have 2 DoFs per cell (N = 2), in the one-dimensional case.180

In other words, if a piecewise constant representation is used for the DG solution in Eq. (14), the FV solution

is obtained, where the piecewise constant solution is the single solution DoF in the cell. Substituting this FV

solution into the weak form Eq. (16) gives the discrete FV representation. Because of this commonality in

the weak form of rDG and FV methods, the first- and second-order FV methods can be included in a unified

rDG notation. DG(P0) and rDG(P0P1) represent the baseline first-order FV and reconstructed second-order185

FV respectively. However, for simplicity, the first- and second-order FV methods are denoted by FV1 and

FV2 in this article. The baseline second-order DG method is represented by DG(P1), and the reconstructed

third-order rDG method is represented by rDG(P1P2).

3.2. Equations with non-conservative terms

The non-conservative equations can be discretized similar to the conservative equations. Consider the

non-conservative equation for volume-fraction transport. The weak form can be written as,∫
Ω

∂αk
∂t
WdΩ +

∫
Γ

αkulnlWdΓ−
∫

Ω

αk
∂(ulW )

∂xl
dΩ =

∫
Ω

Sα,kWdΩ. (17)

Using the same discontinuous space that was used for the conserved variables, and substituting the basis

function as the test function, the discontinuous Galerkin form for the volume-fraction transport is obtained

on each computational element Ωe:(∫
Ωe

BiBjdΩ

)
dαkj
dt

+

∫
Γe

αkulnlBidΓ−
∫

Ωe

αk
∂(ulBi)

∂xl
dΩ =

∫
Ωe

Sα,kBidΩ, (18)

where again, the subscript h for the DG solution has been omitted. Note that the divergence of the velocity190

vector is required in the volume integral of the non-conservative term (third term in Eq. (18)). This could be
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easily calculated from the bulk momentum gradients and material density gradients. However, discretization

of these derivatives plays an important role in systems with linear-degenerate eigenvalues. For a numerical

method to maintain a material interface moving at a constant velocity in a constant pressure field, the

discretization of the system must be well-balanced. Well-balancedness can be achieved if the non-conservative195

terms are discretized in a manner compatible with the Riemann solver used in the surface integral term. Such

a discretization of the non-conservative terms ensures that the method can maintain contact discontinuities

and material interfaces that are stationary or moving at constant velocities [11, 17, 43]. The method used

to calculate this term will be discussed in §3.5.

Similarly, the material energy equations can be written in the weak form as,(∫
Ωe

BiBjdΩ

)
d(αkρkEk)j

dt
+

∫
Γe

αkρkEkulnlBidΓ−
∫

Ωe

αkρkEkul
∂Bi
∂xl

dΩ

+

∫
Γe

αkpkulnlBidΓ−
∫

Ωe

ul
∂(αkpkBi)

∂xl
dΩ +

∫
Ωe

Ykul
∂p

∂xl
BidΩ = −

∫
Ωe

pSα,kBidΩ. (19)

Further algebraic manipulations of the derivative terms give,(∫
Ωe

BiBjdΩ

)
d(αkρkEk)j

dt
+

∫
Γe

(αkρkEk + αkpk)ulnlBidΓ−
∫

Ωe

(αkρkEk + αkpk)ul
∂Bi
∂xl

dΩ

−
∫

Ωe

ul
∂(αkpk)

∂xl
BidΩ +

∫
Ωe

Ykul
∂p

∂xl
BidΩ = −

∫
Ωe

pSα,kBidΩ. (20)

Incorporating the definition of the enthalpy of material-k, HK = Ek + pk/ρk,(∫
Ωe

BiBjdΩ

)
d(αkρkEk)j

dt
+

∫
Γe

αkρkHkulnlBidΓ−
∫

Ωe

αkρkHkul
∂Bi
∂xl

dΩ

−
∫

Ωe

ul
∂(αkpk)

∂xl
BidΩ +

∫
Ωe

Ykul
∂p

∂xl
BidΩ = −

∫
Ωe

pSα,kBidΩ. (21)

As mentioned previously, the non-conservative terms in the energy equation can now be seen to be in the200

same form as [18]. The derivative of the quantity αkpk (fourth term in Eq. (21)) has to be calculated in a

specific way, to ensure well-balancedness of the method. These details will be discussed in §3.5.

To summarize, the weak semi-discrete forms of the multi-material equations are,

mij

dαkj
dt

+

∫
Γe

αkulnlBidΓ−
∫

Ωe

αk
∂(ulBi)

∂xl
dΩ =

∫
Ωe

Sα,kBidΩ,

mij
duj
dt

+

∫
Γe

f l(u)nlBidΓ−
∫

Ωe

f l(u)
∂Bi
∂xl

dΩ = 0, (22)

mij
d(αkρkEk)j

dt
+

∫
Γe

αkρkHkulnlBidΓ−
∫

Ωe

αkρkHkul
∂Bi
∂xl

dΩ

−
∫

Ωe

ul
∂(αkpk)

∂xl
BidΩ +

∫
Ωe

Ykul
∂p

∂xl
BidΩ = −

∫
Ωe

pSα,kBidΩ.

Here the conservative material continuity and bulk momentum equations are condensed in Eq. (16), so that

u = [αkρk, ρui]
T.

The surface and volume integrals have to be calculated using numerical integration. However, since this205

paper is limited to one-dimensional studies, the surface integral reduces to a point-value, and the volume

integral, to a line integral. The line integral is calculated using standard Gauss-Legendre quadrature.
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3.3. Third-order reconstruction

The DG method described above can be arbitrarily high-order, depending on the number of degrees of

freedom used to represent the solution in Eq. (14). This is the “baseline” (n+ 1)-th order DG(Pn) method.

To further improve the efficiency of the DG method, the DG(Pn) solution can be used to reconstruct a Pm

(m > n) rDG solution, at minimal costs. This increases the order of accuracy of the underlying DG solution,

without an increase in DoFs per cell. For example, a second-order DG(P1) solution in 1D is represented by

2 DoFs. A third-order solution can be reconstructed from the baseline DG(P1) solution without increasing

the DoFs per cell, yielding a rDG(P1P2) method. Here, a Weighted Essentially Non-Oscillatory (WENO)

least-squares approach [27, 28] is used for the reconstruction. In 1D, the reconstructed solution is represented

as a third-order polynomial,

uRh = ũR +
∂u

∂x

∣∣∣∣R
c

δxB2 +
∂2u

∂x2

∣∣∣∣R
c

δx2B3, (23)

where ũ is the cell-average value of the solution. In order to maintain the compactness of the DG method, it

is desirable for the reconstruction to only involve information from the adjacent neighbors. In 1D, there are 3210

DoFs leading to 3 unknowns. The first two can be trivially determined by requiring the reconstruction to be

conservative and consistent with the baseline DG solution, thus giving the first and second DoFs equal to the

underlying DG solution. The third DoF can be calculated in a least-squares sense which is capable of exactly

recovering a second-order polynomial exactly (2-exact). Note that although only the one-dimensional case is

discussed here, this method of reconstruction has been rigorously tested in unstructured multi-dimensional215

settings [27, 28, 31].

Least-squares reconstruction

A system of equations can be obtained by requiring that the reconstructed solution and its first derivatives

be equal to the underlying DG solution and its first derivatives for all the adjacent cells. For a cell j adjacent

to cell i, it would mean, ∫
Ωj

ujdΩ =

∫
Ωj

(
ũi +

∂u

∂x

∣∣∣∣
i

δxiB
j
2 +

∂2u

∂x2

∣∣∣∣R
i

δx2
iB

j
3

)
dΩ,

∂u

∂x

∣∣∣∣
j

=
∂u

∂x

∣∣∣∣
i

δxi
1

δxi
+
∂2u

∂x2

∣∣∣∣R
i

δx2
i

Bj2
δxi

. (24)

Here, ũi denotes the cell-average value of u in cell i. In the first equation, the integration is over cell j, and

the basis functions are evaluated based on cell i inside cell j. As an example,

Bj2 =
x− xci
δxi

, x ∈ Ωj . (25)

In the second equation, Bj2 is evaluated at the centroid of cell j. Denoting the integrals of basis functions

over cell j as B̃, we get,B̃j3
Bj2

(∂2u
∂x2

∣∣R
i
δx2
i

)
=

Ωjũj −
(

Ωjũi + ∂u
∂x

∣∣
i
δxiB̃

j
2

)
δxi

δxj

∂u
∂x

∣∣
j
δxj − ∂u

∂x

∣∣
i
δxi

 =

Rj
1

Rj
2

 (26)
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where R is used to represent the right-hand side for simplicity. Such equations can be written for each of the

adjoining cells of i, leading to a non-square matrix, 4×1 for internal cells in 1D; which is an over-determined

system. This system is then solved in the least-squares sense using the normal equation approach. The

above system is premultiplied by the matrix transpose, giving,

∑
j

(
B̃j3B̃

j
3 +Bj2B

j
2

) ∂2u

∂x2

∣∣∣∣R
i

=
∑
j

(
B̃j3R

j
1 +Bj2R

j
2

)
. (27)

This algebraic equation gives the second-derivative for the third-order reconstruction.

WENO(P2) limiting

The least-squares procedure yields a unlimited third-order solution polynomial, which is then used in a

WENO reconstruction to obtain the limited third-order DoFs of the rDG solution. The WENO limiting

[27] is carried out only on the least-squares based P2 DoFs (second-derivatives), to eliminate non-linear

instabilities. First, troubled cells are detected, based on the neighboring cells as: m̃(∆i,∆−,∆+). If the

TVB modified minmod function [44]:

m̃(a1, a2, a3) =

a1 if |a1| ≤M∆x2,

m(a1, a2, a3) otherwise

(28)

returns the second case, the cell i is marked as a troubled cell. M is usually problem dependent, but in this

work, a value of M = 2 is used for all test problems. The arguments to the TVB minmod function are:

∆i =
∂u

∂x

∣∣∣∣
i

∆x, (29)

∆− = ũi − ũi−1,

∆+ = ũi+1 − ũi,

where ·̃ denotes the cell average solution. When a troubled cell i is detected, the P2 DoF of the cell (∂
2u
∂x2 δx

2|i)220

is modified using the WENO limiter. In 1D, three stencils are used: first, the least-squares reconstructed

second-derivative of cell i; second and third, the least-squares reconstructed second-derivatives of neighboring

cells i−1 and i+1. For the numerical tests performed in this work, this process has led to stable third-order

rDG solutions. Note again that this WENO limiting is performed only on the P2 DoFs obtained by the

least-squares procedure. The P1 DoFs (first-derivatives) are limited using the Superbee limiter, as described225

in §4.

Note that the fundamental DG weak forms have been derived for a multi-dimensional setting. The

Riemann solver, and the non-conservative terms in the following sections are also derived for a full three-

dimensional system. Implementation of the method for three-dimensional multi-material problems will be

reported in a future paper.230

The Riemann solver used for the surface integral is now briefly discussed. This is followed by a description

of the method to compute derivatives of velocity and volume-fractions for the volume integrals in Eqs. (18)
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and (21) in §3.5. The high-order solution has to be limited in a consistent way for the method to be stable

and non-oscillatory while solving discontinuous and non-linear problems. The consistent limiting procedure

will be discussed in §4.235

3.4. Riemann solver

The surface integral terms in the weak form equations (16), (18) and (21) require evaluation of the Rie-

mann problem arising from discontinuous states of the elements straddling the cell-faces. In one-dimension,

this surface is reduced to a point. However, the fundamental concept of using a Riemann solver does not

change in multiple dimensions, if a one-dimensional Riemann solver is used in the face-normal direction, at240

multiple quadrature points on the cell faces. Conventionally, for multi-material systems, Roe, Rusanov (Lax-

Friedrichs) or HLL/HLLC-type of Riemann solvers are used [11, 18]. In this work, the Riemann problem is

solved using the Advection Upstream Splitting Method (AUSM), a flux-vector splitting method. Specifically,

the AUSM+-up flux [45] is used. This is in the interest of the being able to use more complex EoS, and

to be able to solve for flows at all speeds. Since the AUSM+-up flux does not explicitly require the full245

eigen-structure of the system, it is a good choice for complex EoS applications, without sacrificing accuracy.

The AUSM+ flux has been successfully used for a single-pressure two-velocity two-phase system for inviscid

[17, 43, 21] and turbulent [46] applications. However, to the best of the authors knowledge, the AUSM+

flux has not been used to solve the pressure non-equilibrium multi-material system. This choice of Riemann

solvers does not affect the rDG method described here. The Riemann solver can be easily replaced by others,250

to obtain benefits of the rDG method.

The AUSM+-up flux is described in short here. The conservative flux is first separated into pressure and

convective components. For the multi-material system, this can be written as,

F = u∗ψ1/2 + p1/2, (30)

where ψ1/2 = [αk, αkρk, ρui, αkρkHk]T1/2, and p1/2 = [0, 0, pni, 0]T1/2. The ·1/2 subscripts represent the

“upwinded” state as the solution to the Riemann problem at the cell faces. ψ1/2 is upwinded based on the

signal speed u∗:

ψ1/2 =

ψL if u∗ > 0,

ψR otherwise.

(31)

The signal speed u∗ = M1/2ac, where the Mach number is computed from the Mach number polynomials

[45], based on the multi-material mixture speed of sound from Kapila et al. [12],

a2
c =

(∑
k

αkρka
2
k

)
/ρ, (32)

where ak is the speed of sound of material-k. Averages of quantities to the left and right of the cell-boundary

Γe are used in the computation of this mixture sound-speed. Note that Wood’s speed of sound [47], which
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is more appropriate for pressure-equilibrium multi-phase flows, is not used in the examples shown in this

work. The pressure non-equilibrium speed of sound [12, 18] is used here. For details about calculations of255

the Mach number M1/2, pressure flux p1/2, and all-speed corrections, the reader is referred to the paper by

Liou [45].

3.5. Derivatives in the non-conservative equations

Proper discretization of non-conservative terms is extremely important in being able to maintain material

interfaces in constant pressure regions. There has been extensive study on the topic, by Pares [48], Karni

[49], Greenberg and LeRoux [50] and Abgrall and Saurel [51, 11]. Saurel and Abgrall conclude that the

non-conservative terms have to be discretized in a manner compatible with the Riemann solver, to be able

to maintain a material interface. Non-conservative terms appear in Eqs. (18) and (21) as volume integrals.

Accordingly, discretization of these volume integrals has to be compatible with the Riemann solver. For the

rDG method described in this work, this constraint is fulfilled by computing the derivatives of αkpk in the

volume integral using the values upwinded by the Riemann solver in Eq. (31). Similarly, the derivatives of

velocity are calculated using the signal speed u∗. These derivatives can be calculated as,

∂(αkpk)

∂xl
=

1

Ωe

∫
Γe

(αp)k,1/2nldΓ, (33)

∂u

∂xl
=

1

Ωe

∫
Γe

u∗nldΓ, (34)

where (αp)k,1/2 and u∗ are from the Riemann solver as mentioned previously. This ensures well-balancedness

of the method.260

3.6. Pressure relaxation source terms

The discrete pressure relaxation terms in Eq. (1) are calculated as regular volume integral terms, as shown

in Eqs. (18) and (21). Gaussian quadrature is used to perform these integral calculations numerically. As a

special case, for the integration of these terms for the FV1 and FV2, a single quadrature point is required.

For DG(P1) and rDG(P1P2), two quadrature points are needed in one-dimensional integration.265

3.7. Temporal discretization

The semi-discrete system of equations can be written as,

mij
dU

dt
= R(U), (35)

where U is the vector of unknowns being solved for (Eq. (1)), and R(U) is the right-hand side vector, which

comprises of the discrete conservative, non-conservative and pressure relaxation terms,

R(U) = −F −D + S. (36)

Note that the discrete terms F and D include the surface and volume integrals defined in the previous section.

An explicit 3-stage 3rd order TVD Runge-Kutta method [52] is used to discretize this system explicitly in

time.
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4. Consistent interface treatment and limiting270

Limiting the high-order DoFs of the rDG solution is necessary for monotone discontinuity resolution and

for nonlinear problems. In this work, the Superbee slope limiter is used to suppress unphysical oscillations

that arise near discontinuities for high-order discretizations. Consistently limiting the discretization of the

multi-material system is a necessity for well-balancedness and mass and energy conservation up to machine

precision. The conditions that must be satisfied by the reconstructed and limited solutions for the high-order275

solutions to be consistent are now discussed.

4.1. Volume-fraction saturation

The first condition that must be satisfied is the volume-fraction saturation condition (or conservation of

material volume), ∑
k

αk = 1. (37)

This condition has to be satisfied by the high-order solution at all spatial locations in the flow domain. This

leads to the following two conditions: ∑
k

α̃k = 1 (38)

∑
k

∂α

∂xj
= 0. (39)

The first constraint on the cell-averages of volume-fractions (α̃k) is satisfied by using the same wave-speeds

for the Riemann flux for all materials. The second condition on the derivatives of the volume-fractions

in each direction also requires using the same wave-speeds for all volume-fraction equations, so that the280

dissipations for all the phases are synchronized. However, this alone does not guarantee the zero-sum of

volume-fraction derivatives. In addition to the wave-speeds, the same limiter function has to be used for all

the volume-fractions to ensure that this property is satisfied. Separately limiting all the volume-fractions

can violate this property.

4.2. Volume-fraction boundedness285

In addition to the saturation condition, volume-fractions of all materials must be bounded between [0, 1]:

αk ∈ [0, 1] ∀ k. (40)

This condition is easily satisfied for the FV1 and FV2 methods when the TVD limiter is applied. However,

for the DG(P1) and rDG(P1P2) methods the TVD limiter is not sufficient to limit the volume-fractions

between 0 and 1. For this purpose, the bound-preserving limiter by Zhang et al. [53] is used, in addition

to the Superbee slope limiter, to limit higher DoFs of volume-fractions. The bound-preserving limiter is

used to maintain the volume-fractions between [ε, 1− ε], where ε = 10−14. Identical to the Superbee limiter290
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function, the same value of bound-preserving limiter function is used for all volume-fractions to ensure that

Eq. (38) is satisfied. This combination ensures that the high-order accuracy of the method is maintained,

while preserving the bounds on volume-fractions.

4.3. Consistency between slopes of volume-fraction and material-properties

It is necessary that the high-order DoFs of material densities αkρk and material energies αkρkEk are

consistent with those of the corresponding volume-fractions αk for mass and energy conservation, especially

in cells containing material interfaces (mixed-cells). The interface treatment by Shyue and Xiao [54] has

been adopted for this. This procedure assumes that slopes of partial densities ρk, pressures pk and bulk

velocity u are zero near material interfaces. Interfaces are detected, if the following is true in a cell:

ε < αmax < 1− ε, (41)

where ε is used to detect the bounds for mixed-cells. ε = 0.1 is used for the numerical tests presented here.

In such interface cells, the first and second derivatives of the aforementioned material properties are zero.

Since a Taylor-based rDG formulation is used here, this is equivalent to the high-order DoFs of the same

material properties being zero. This means that the derivatives of the quantity αkρkEk in cell i is given as,

∂

∂x
(αkρkEK)

∣∣∣∣
i

= ρ̃kEki
∂αk
∂x

∣∣∣∣
i

, (42)

where ρ̃kEk is the cell-average value of the specific total energy of material k. Similar results can be derived295

for material densities αkρk and bulk momentum ρu. This treatment ensures consistent slopes and discrete

mass and energy conservation. Here, the importance of using Taylor-basis functions is emphasized. Using

other basis functions would require transformations to enforce this condition, which otherwise naturally fits

into the Taylor-rDG formulation.

Note that the limiting approach described above is easily extensible to three dimensions. The Superbee300

and bound-preserving limiters can be implemented in an unstructured grid framework. The proposed rDG

method is now tested for multi-material shock hydrodynamics problems using a few numerical experiments.

5. Numerical tests

One-dimensional test problems are considered here for verification purposes. However, the method de-

scribed in §3 and §4 is multi-dimensional and is not limited to one-dimensional systems. First, the effect of305

finite pressure relaxation is studied, to obtain a value for the time-scale parameter cτ . This parameter is

then used in multi-material tests and comparisons of the rDG method are made with first and second-order

least-squares finite-volume method i.e. FV1 and FV2. Material interface sharpness and accuracy of solu-

tions in the single-material regions are used as metrics for comparisons between the rDG and FV methods.

Time-step sizes are chosen based on a CFL of 1/4 to 1/3 and the maximum speed of sound maxk(ak), where310

k is the material index. However, for problems with wide differences in material properties, the pressure

relaxation could limit the time-steps even further. In such cases a CFL number of 1/5 is used.
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5.1. Choice of finite pressure relaxation time-scale

This study serves to obtain a pressure relaxation time-scale cτ that is independent of the test problems

considered in this work. The tests used to calibrate cτ must be chosen such that the relaxation time-scales315

for these are very different. To study the effect of the relaxation time-scale, two test problems are chosen:

the liquid-gas shock tube (§5.6), and the three-material shock tube (§5.7). The initial conditions of the

problems will be discussed in the respective subsections.

Density and pressure profiles of the liquid-gas shock tube using rDG(P1P2) are shown in Fig. 1. Since the

densities (and bulk modulii) of the two materials (water and air) are very different, not relaxing the pressures320

leads to extremely diffused and unphysical interfaces. This is also seen for relaxation time-scales that are too

large, e.g. cτ = 0.1. The location of the shock is also unclear for these. As the pressure relaxation time-scale

cτ is made smaller, the density and pressure profiles behave more physically. On the other hand, making

the time-scale too small (cτ = 0.001) leads to instabilities.
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Figure 1: Density (left) and pressure (right) for the liquid-gas shock tube problem near the interfaces. Comparisons between

results using rDG(P1P2), by varying pressure relaxation time-scale cτ
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Figure 2: Density (left) and pressure (right) for the three-material shock tube problem near the interfaces. Comparisons between

results using rDG(P1P2), by varying pressure relaxation time-scale cτ

Density and pressure profiles for the three-material shock tube are shown in Fig. 2. When no pressure325

relaxation is used, there is an undershoot in the density (left figure) at the foot of the material interface and

in the pressure (right figure) at the foot of the rarefaction wave which is caused due to part-reflection of the

shock wave from the second material interface. These undershoots are cured as finite pressure relaxation is

used. Even at a fairly large cτ = 0.2, the undershoot is practically relaxed. However, the drawbacks of using

pressure relaxation can be seen at the second material interface where effects of the volume redistribution330

are seen as an oscillation in density and pressure fields. This gets more severe as the pressure relaxation

time-scale is reduced further.

The observations from Figs. 1 and 2 indicate that the time-scale is strongly problem dependent. It

also indicates that choosing an optimum value for cτ is extremely important. Values that are too high or

too low cause unphysical solutions near material interfaces. However, these two shock tube problems differ335

significantly in the density ratios of the materials. In the liquid-gas shock tube the density ratio at the initial

condition is 100, and in the three-material shock tube it is 10. These comparisons help define a time-scale

that is somewhat problem independent. The results using a pressure relaxation time-scale of cτ = ρmin/ρmax

are shown in Fig. 3 for the liquid-gas shock tube problem and in Fig. 4 for the three-material shock tube

problem. This ratio of the minimum material density to the maximum material density is calculated locally340

at the quadrature points where the relaxation term in Eq. (4) is integrated.
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Figure 3: Density (left) and pressure (right) for the liquid-gas shock tube problem near the interfaces using cτ = ρmin/ρmax
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Figure 4: Density (left) and pressure (right) for the three-material shock tube problem near the interfaces using cτ = ρmin/ρmax

Both the test problems show satisfactory results using this common adaptive definition of cτ . Indeed,

further studies would give a more informed estimation. However, since this is not the focus of this article,

these studies will be presented in a future publication. For this work, the value of cτ = ρmin/ρmax has been

used for all numerical tests, unless noted otherwise.345

5.2. Advecting Gaussian

This test problem serves to measure the order-of-accuracy of the rDG method. A one-dimensional

Gaussian represented using the volume-fraction is advected in a uniform pressure field with a constant

velocity. Although this problem is not a physical test but a manufactured one, it serves to verify correctness
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of the discretization of the entire multi-material system. The initial conditions for the problem are,
α1

u

pk

Tk

 =


(1.0− ε) ∗ exp

(
− (x−xc)2

(2.0∗0.002)

)
+ ε

10 m/s

1.1× 105 Pa

300 K

 . (43)

Material-1 is air and material-2 is water, represented using the SG-EoS. The Gaussian can be initialized at

a predefined location xc. ε is a small number representing the minimal amount of mixed volume fraction

and is set to 10−12. This problem is solved on a domain of unit length and the center of the Gaussian is

initiated at xc = 0.25. It is advected using a constant time-step until it reaches x = 0.5. Since the exact350

solution is known by simply advecting the Gaussian, errors can be measured. The L2-norms of the errors in

volume-fraction are as follows:

Ne ∆x log ||e||FV 1 log ||e||FV 2 log ||e||P1 log ||e||P1P2

25 0.04 -0.77892 -1.03849 -1.12140 -1.54763

50 0.02 -0.89489 -1.44536 -1.56400 -2.65307

100 0.01 -1.05299 -1.96734 -2.10646 -3.28921

200 0.005 -1.25457 -2.50043 -2.68372 -4.15881

400 0.0025 -1.49329 -3.00785 -3.28127 -5.01374

800 0.00125 -1.75850 -3.52028 -3.89134 -5.87518

Table 1: L2-norms of errors in solution using FV1, FV2, DG(P1) and rDG(P1P2)

All the discretizations achieve the design order accuracy (see Fig. 5). It is noteworthy that the DG(P1)

and FV2 methods give almost the same error magnitudes on each of the meshes, despite the fact that DG(P1)

has more degrees of freedom than FV2. In one-dimensional domains, DG(P1) has 2 × Ne DoFs, whereas355

both FV1 and FV2 have only Ne Dofs. The benefits of using DG(P1) over FV2 are hence not obvious in this

case. However, the error reduction achieved by the rDG(P1P2) over FV2 and DG(P1) is clearly significant.

Since the third-order least-squares reconstruction aims at improving the accuracy of the underlying DG(P1)

solution, this is expected. Comparisons of errors as functions of DoFs and computational cost are shown

in Fig. 5. It can be seen that rDG requires the least number of DoFs, and is also the fastest to obtain a360

certain level of absolute error. In other words, rDG can obtain the most accurate solution using a mesh with

certain number of DoFs, among the discretizations under discussion. rDG can also obtain the solution with

a required level of accuracy in the least amount of time.
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Figure 5: Errors in volume-fraction for advection of Gaussian against (left) the total number of DoFs; and (right) wall-clock

time per time-step

5.3. Advecting material interface

This test verifies the well-balancedness (§3.2) of the rDG method proposed here. A sharp material365

interface separating water and air is advected in a uniform pressure field with a uniform velocity. A grid

with 200 elements is used. The volume-fractions and pressures using FV1, FV2, DG(P1) and rDG(P1P2)

are shown in Fig. 6 and 7 respectively.
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Figure 6: Volume-fraction for advection of material interface; figure on the right figure shows a closer view of the interface
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The pressure (Fig. 7) obtained by all the discretizations is retained at the constant initial value, as

expected from a well-balanced method. The volume-fraction profiles (Fig. 6) obtained from the three dis-370

cretizations vary significantly from each other. The rDG method captures the material interface in 5 cells,

as compared to the FV2 method, which requires 8 cells. However, much difference is not observed between

rDG and DG(P1) From Fig. 6, FV1 is clearly the most diffusive. Because of this, solutions using FV1 are

not shown in the test problems that follow, for visual clarity.

5.4. Three-material advection375

This test problem verifies the well-balancedness property of the proposed discretization, in the presence

of three materials. The initial condition is as follows:

(
α1, α2, α3, u, pk, Tk

)
=


(1.0− 2ε), ε, ε, 10 m/s, 1.1× 105 Pa, 300 K, for 0 ≤ x ≤ 0.25

ε, (1.0− 2ε), ε, 10 m/s, 1.1× 105 Pa, 300 K, for 0.25 < x ≤ 0.35

ε, ε, (1.0− 2ε), 10 m/s, 1.1× 105 Pa, 300 K, for 0.35 < x ≤ 1.

(44)

with the three material SG-EoS properties as,

Material γ Pc (Pa) Cp (J/K)

1 (Air) 1.4 0 1004.5

2 (Water) 2.8 8.5× 108 4186.0

3 (He) 1.648 0 5192.6

This interface is allowed to advect for a distance of 0.25 m, and solutions using the three discretizations

are compared. Volume-fraction profiles obtained on a mesh of 200 elements are shown in Fig. 8. The two

material interfaces are resolved more sharply in less than half the number of cells by the DG(P1) method,

as compared to FV2. The rDG(P1P2) method further improves on the DG(P1) method, especially for the380
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interface on the left-side. This demonstrates the superiority of the rDG(P1P2) method for sharp interface

problems.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.2  0.4  0.6  0.8  1

V
o

lu
m

e
-f

ra
c
ti
o

n

x

FV2
DG(P1)

rDG(P1P2)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.4  0.45  0.5  0.55  0.6  0.65  0.7

V
o

lu
m

e
-f

ra
c
ti
o

n

x

FV2
DG(P1)

rDG(P1P2)

Figure 8: Volume-fraction for the 3 material advection problem. Figure on the right shows a closer view of the interfaces.

5.5. Sod’s shock tube

The standard single-material Sod shock tube problem [55] is tested in a multi-material setting. The

initial discontinuity is initialized as a discontinuity in pressure, density and volume-fractions. Initially, the385

first material has a volume-fraction of 1− ε on the left-side of the discontinuity, whereas the second material

has a volume-fraction of 1− ε on the right-side. However, both the materials have the same EoS, i.e. γ = 1.4

and Cp = 1004.5 J/K. Thus the solution of this two-material setup should be similar to a single-material

Sod shock tube. Since the two materials have the same bulk modulii, they are expected to undergo equal

volume change under compression. Volume redistribution is therefore not required. As a result, pressure390

relaxation is not used for this problem. A comparison of the volume-fractions, densities, and pressures on a

mesh of 100 elements is shown in Figs. 9 and 10. Exact single-material density and pressure solutions are

included as a reference in Fig. 10.
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Figure 9: Volume-fraction for the Sod shock tube problem; figure on the right shows a closer view of the interface
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Figure 10: Density (left) and pressure (right) for the Sod shock tube problem

Not only do the DG(P1) and rDG(P1P2) methods have sharper interface resolution, but they also are

more accurate in single-material regions. This can be observed near the shock and rarefaction waves.395
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Figure 11: Comparison of volume-fraction (left) and density (right) using Rusanov and AUSM+-up Riemann solvers for the

Sod shock tube problem

A comparison of Rusanov and AUSM+-up Riemann solvers is shown in Fig. 11. Comparisons show that

AUSM+-up gives more accurate solutions, specifically near the contact wave and at the foot of the rarefaction

wave. The AUSM+-up flux function is used for all the following test problems.

5.6. Liquid-gas shock tube

A two-material shock tube is now considered. This problem serves the purpose of testing the validity and

robustness of the rDG method for liquid-gas problems where the shock crosses over the interface between

the two materials. It consists of a domain of unit length with liquid and gas separated at x = 0.75. The
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initial conditions [22] are as follows:

(
α1, α2, u, pk, Tk

)
=

(1.0− ε), ε, 0 m/s, 1× 109 Pa, 494.646 K, for 0 ≤ x ≤ 0.75

ε, (1.0− ε), 0 m/s, 1× 105 Pa, 34.844 K, for 0.75 < x ≤ 1.

(45)

This gives a liquid density of 1000 kg/m3 in the left chamber and a gas density of 10 kg/m3 in the right400

chamber. The SG-EoS parameters used for the liquid and gas are:

Material γ Pc (Pa) Cp (J/K)

1 (Liquid) 4.4 6× 108 4186.0

2 (Gas) 1.4 0 1004.5
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Figure 12: Volume-fraction for the liquid-gas shock tube problem; figure on the right shows a closer view of the interface
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Figure 13: Density for the liquid-gas shock tube problem; figure on the right shows a closer view of the interface and shock

wave
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Figure 14: Pressure for the liquid-gas shock tube problem

Volume-fractions, densities, and pressures using 200 cells are shown in Figs. 12, 13, and 14 respectively.

Solutions compare well with FV methods from the reference [22]. Comparisons near the material interface

(Figs. 12 and 13, right-side) show that DG(P1) and rDG(P1P2) methods resolve the interface sharply. A

closer examination of the density profiles (see Fig. 13, right-side) show the benefit of using rDG(P1P2).405

Solutions obtained using rDG(P1P2) are better resolved near the shock as compared to the second-order

methods.

5.7. Three-material shock tube

This problem [18] serves as a test for three-material shock hydrodynamics. It involves three fluids in a

one-dimensional domain, with a pressure jump between two of the three materials. The properties of the410

materials considered are,

Material γ Pc (Pa) Cp (J/K)

1 1.6 0 76.53

2 2.4 0 393.6

3 1.4 0 1004.5

The flow domain is initialized with uniform densities of the three materials as ρ1 = 1 kg/m3, ρ2 = 0.125

kg/m3, and ρ3 = 0.1 kg/m3. The three materials are initially separated by interfaces located at x = 0.4 m

and x = 0.6 m. The initial conditions are,

(
α1, α2, α3, u, pk

)
=


(1.0− 2 · ε), ε, ε, 0 m/s, 1 Pa, for 0 ≤ x < 0.4

ε, (1.0− 2 · ε), ε, 0 m/s, 0.1 Pa, for 0.4 ≤ x < 0.6

ε, ε, (1.0− 2 · ε), 0 m/s, 0.1 Pa, for 0.6 ≤ x ≤ 1.

(46)
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These initial conditions lead to the formation of a rightward propagating shock and contact wave and a

leftward propagating rarefaction wave at x = 0.4 m. At a later time, the shock hits the material interface at

x = 0.6 m, yielding a set of reflected and transmitted waves. The solution at t = 1.2 s using 800 mesh cells

is shown in Figs. 15, and 16. Volume-fraction, velocity, mixture density, and pressure profiles using FV2,415

DG(P1), and rDG(P1P2) are compared.
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Figure 15: Left: Volume-fraction near the material interfaces for the three-material shock tube problem; Right: Velocity profile
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Figure 16: Density (left) and pressure (right) for the three-material shock tube problem

These solutions compare well qualitatively with the reference [18]. Large differences are observed between

the FV2 and DG(P1) methods, in terms of interface resolution. However, the differences between DG(P1)

and rDG(P1P2) are less pronounced in this test problem. Overall, the three methods perform comparably

here.420
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6. Conclusions

The extension of high-order discontinuous Galerkin and reconstructed discontinuous Galerkin methods

to compressible multi-material Eulerian shock hydrodynamics is presented. The DG(P1) and rDG(P1P2)

methods are shown to be second- and third-order accurate in space respectively, through one-dimensional nu-

merical experiments. Problems involving multi-material interfaces indicate that the high-order rDG method425

can capture such interfaces very sharply compared to the FV1 and FV2 (first- and second-order finite vol-

ume) methods. Compared to finite volume methods, the rDG(P1P2) method gives very accurate solutions in

single-material regions as well, using the same number of degrees of freedom. Overall, the rDG method has

great potential for solution of multi-material shock hydrodynamic problems involving materials with very

different physical properties. Implementation and verification in multiple spatial dimensions will be reported430

in a future article.
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