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ABSTRACT: We prove a 2 dimensional Tauberian theorem in context of 2 dimensional
conformal field theory. The asymptotic density of states with conformal weight (h,h) —
(00, 00) for any arbitrary spin is derived using the theorem. We further rigorously show that
the error term is controlled by the twist parameter and insensitive to spin. The sensitivity of
the leading piece towards spin is discussed. We identify a universal piece in microcanonical
entropy when the averaging window is large. An asymptotic spectral gap on (h, h) plane,
hence the asymptotic twist gap is derived. We prove an universal inequality stating that
in a compact unitary 2D CFT without any conserved current Ag < W(C;ii)ﬂ is satisfied,
where ¢ is the twist gap over vacuum and A is the minimal “areal gap”, generalizing the
minimal gap in dimension to (h/,h') plane and r = # ~ 2.21. We investigate density
of states in the regime where spin is parametrically larger than twist with both going to
infinity. Moreover, the large central charge regime is studied. We also probe finite twist,

large spin behavior of density of states.
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1 Summary & discussion

The Cardy formula [1] for the asymptotic density of states has recently been rigorously
derived with an estimate for the error term in [2, 3]. A natural question is to ask whether
one can generalize the formalism so as to make it sensitive to the spin or equivalently to the



conformal weights h, h separately. This necessitates working out a 2 dimensional Taube-
rian theorem, which we achieve here. The motivations for investigating Cardy formula on
(R',h') plane are several. First of all, the notion of infinity on a 2d plane is richer than
A — oo limit. We will see that the finer details of the Cardy formula actually depend on
how infinity is approached unless one makes extra assumption about the spectrum. Fur-
thermore, there have been interesting developments in the direction of lightcone bootstrap
in recent times [4-8], our analysis puts some of these results on rigorous footing. Another
amagzing feature is the ability to investigate the “areal” notion of spectral gap. If we probe
the (', ') plane with circular areas of radius R, centered at (h, k), then we find the opti-
mal value of R which guarantees that the area contains at least one state. Again unless we
put in extra assumption, the value of R depends on how infinity is approached and thus
showing a richer asymptotic behavior. If we one assumes existence of twist gap, it turns
out that the twist gap is complementary to asymptotic spectral gap in some sense, which
we will make precise in due course.

The naive Cardy like analysis provides us with an expression for the asymptotic density
of states where h and h are of the same order. One can re-express this as a function of
dimension A and spin J with A ~ J. Now a natural question is to ask whether the result
is valid when A and J is not of the same order. For example, in the large charge expansion
literature [9-18], the regime where .J ~ AY/™ with n > 1 is being probed. It turns out that
only a part of the answer coming from the naive Cardy like analysis is meaningful while the
rest of it is comparable to the error term. We emphasize that the analysis is only possible
because now we have a rigorous estimate of the error term due to the Tauberian theorem
that we prove in this paper.

With our rigorous treatment, it is possible to address issues regarding whether we
can trust the naive Cardy formula when h and h are not of the same order. It turns
out that the answer to this question is intimately connected with the existence of twist
gap. We show that we can trust the naive Cardy formula for all the operators when
max(h, h) = min(h,h)T with 1 < T < 2. Tt is also shown that with the assumption of
twist gap, the validity of Cardy formula for primaries for ¢ > 1 CFTs does not require any
restriction on Y.

The another motivation for taking up a rigorous study of Cardy formula is to be able
to probe the large central charge (c¢) sector, to be specific, to derive the density of states
when h/c, h/c are finite but c is very large. This part is in the spirit of result derived in [19].
A nice feature that reveals itself through the rigorous treatment is a curious connection
between validity of Cardy regime and the twist gap above the vacuum. These features are
important in the context of holography.

The plan of the paper is to quote the main results here in the beginning and discuss
its consequences in terms of CFT data, such that the current section can be thought of
as mostly self contained. The next section 2 gives some intuitive understanding of the
technical stuff that follows. From section 3 onwards, we plunge into technical proofs with
a healthy relaxing intermission in section 6, where we numerically verify our results. For
readers going for a really quick ride, we have highlighted the main equations and results
in what follows.



1.1 Integrated density of states

We prove a 2 dimensional Tauberian theorem in context of 2 dimensional conformal field
theory. The asymptotic density of states with conformal weight (h, h) — (o0, 00) is derived
using the theorem. We find that the error term is controlled by the twist parameter. We
note that as (h,h) — (oc0,00), the twist also goes to co. We remark that the regime of
validity depends on whether we put in the assumption of having a twist gap.

Definition 1.1. By finite twist gap, we mean there exists a number 7. > 0 such that there
is no operator with twist T € (0,7.) and there are finite number of zero twist operators*
with dimension less than c¢/12.

We make two remarks: a) the fact that there are finite number of zero twist operators
with dimension less than ¢/12 is always true since there are finite number of operators with
dimension less than ¢/12 for finite central charge, b) Not having any operator with twist
7 € (0, 7) disallows having 0 as twist accumulation point.

1.1.1 Main theorems on integrated density of states

No assumption on twist gap. We show that for finite central charge ¢, the number of
states with conformal weights less than or equal to some specified large conformal weight
h, h is given by:

h h
F(h, ) = / dn / A (W, )
0 0

s\ ([T
h/@:_ou) 472 \ 2hh P 6 6

h,h—o00
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where 7 is the twist of the state with h,h and given by 7 = 2min{h, h}. Here we have

assumed that h/h = O(1) number.? As a result one could have written the error term as
O (h=1/ or O (R-1/4).

Assuming a twist gap. It turns out that if we assume a finite twist gap, we can trust
eq. (1.1) even when h and h are not of the same order but h = h¥ with 1/2 < v < 2.
In such a scenario, the error term becomes O (T%_l/ 2), where T = max (v, 1/v). The T

characterizes how h and h are of different order asymptotically in a symmetrized fashion,
for example, if we approach the infinity along the curve h = h''! or h = h!, we have
T = 1.1. Thus our error estimation is symmetric if we reflect the line of approach to
infinity about h = h line.

1Usually, by finite twist gap, it is assumed that there is no zero twist primaries except the Identity. Here
we are using it in a slightly different manner, so one needs to be careful about using bounds on twist gap,
such as the one appearing in [20].

2If we say f = O(1), we mean |f| < M for a fixed positive number M.



We have for 1 < T < 2,

h h
F(h,h) = / an’ / AR p( 1)
0 0

R O (T R PN N IR LT
hh—oo 472 \ c2hh e 6 6

1 logh
5< Toz <2

[1 1o (7%1/2)] L T<2.

(12)

The eq. (1.1) and eq. (1.2) are two of the central results obtained in this paper. If
h and h are not of the same order, we basically probe the large spin sector of density of
states,? to be precise, the regime where spin is parametrically larger than the twist but
both goes to infinity.

The basic structure of both the eq. (1.1) and eq. (1.2) is that they have leading ex-
ponential piece multiplied with a subleading polynomial suppression. The error term is
then further suppressed by a polynomial piece. Now if T > 2, one can see the error term
in (1.2) is not really suppressed, hence is not in fact an error term. Thus we can not trust
the polynomially suppressed terms. In this regime, we are able to show that

Fihh) = exp |2m]< o/t 0(7*3/4)7 T>2. (1.3)
h,h—>00 6 6

We further remark that for CFTs where the partition function nicely factorizes into

holomorphic and antiholomorphic pieces, the leading result directly follows from the anal-
ogous result for large A = h + h, proven in [2], nonetheless the error term in analogues of
eq. (1.1) and eq. (1.2) goes like O(h~1/2), hence, in such a case, we have more control over
the approximation.

1.1.2 Corollaries of the theorems [eq. (1.1) and eq. (1.2)] on integrated density
of states

Below we will digress a bit and touch upon some of the interesting results that can be
extracted from the above before coming back to summazing our main results in the next
subsection 1.2.

Rich structure of asymptotic approach. The integrated density of states show dis-
tinct leading behavior depending on how the asymptotic infinity is approached. In [2], it

3 A cautionary remark is that here in this paper unless otherwise mentioned, the twist is NOT kept finite
while taking this limit. This can be contrasted to the scenario in the usual large spin expansion [21], where
one keeps the twist finite.



has been shown that as A — oo, we have

A
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We remark that in the asymptotic limit, both FM%(A — co) and F(h — oo, h — 00)
count the total number of operators. But these functions approach infinity in a different

(1.4)
14+0(a)].

manner (see the figure 1). To be concrete, let us choose h = h = A/2, thus we have

1 3\ 2 [cA

So we can see that lim F(A/2,A/2) is power law suppressed compared to lim FMZ4(A)i.e.
A—00 A—r00

. [F(A/2,A)2 ~
i (P47 o

[1 +0 (A*l/‘*)} . (1.5)

We see that the square Sii of size A/2 with one vertex at origin and another one at
(A/2,A/2) is always contained within the rightangled triangular region T, created by
h' axis, b’ axis and b’ + b’ = A line. This is consistent with the observation that leading
behavior of F(A/2,A/2) is suppressed compared to FM%(A). In fact, one can similarly
study the distribution of the operators in rectangular (or square) areas such that the rect-
angle is contained within T, and one vertex is on the line b’ + h' = A (see the figure 2).
This study reveals that the among such areas, the square Si contains the most number of
operators while any other rectangular region contains fewer number of operators, in fact
the number is exponentially suppressed compared to that of the square S.

Spin sensitivity of the asymptotics. One can make a detailed analysis of spin sensi-
tivity of the above result, which we expound on section 5.2.

Windowed entropy with respect to h and h. An immediate consequence of the

eq. (1.1) is the expression for °

‘windowed” entropy S; 5. The windowed entropy is defined
as logarithm of number of states within a rectangular window of side length 2§ and 20,
centered at (h,h). This is analogous to entropy defined as in microcanonical ensemble by
proper “binning”, where the bin size is dictated by d,6. As we take h — 00, h — 00, we can

keep the bin size 8,0 order one or let them scale like 2 and h® respectively. We find that
h+6 h+é B
Ss5 = log / dh’/ dn/p(h, h')
’ h—6 h—3§
ch ch 1 25464 _——
= 2 — — —log | —— 0,6,h, h 1.6
h,h—>ooﬂ-<\/6+\/6>+4og[36h3h3 + (8,0, ), (1.6)
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Figure 1. Approaching to infinity on (h’,h’) plane: the blue lines denote how the number of
operators with (h’,h’) is counted such that A’ + h’ < A and then we let A — oo, this is given by
the function FMZ(A), originally calculated in [2]. On the other hand, the black lines denote how
the number of operator is counted upto some value of h = h = A/2 i.e. B’ < A/2,h < A/2 and
then we let A — oo. This approach to infinity is captured by the function F(A/2, A/2), calculated
in this paper. We see that the square of size A/2 with one vertex at origin and another one at
(A/2,A/2) are always contained within the rightangled triangular region, created by h’ axis, b’ axis
and W' 4+ h' = A line. This is consistent with the observation that leading behavior of F(A/2,A/2)
is suppressed compared to FM%(A).
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Figure 2. (h/,}') plane: asymptotically, the rectangular region (blue shaded) contains exponen-
tially less number of operators compared to square region (red shaded). They are contained within
the rightangled triangle, created by h' axis, k' axis and b’ + h' = A line. Here A = 12.



where for 3/8 < a < 1/2, we have, :

6~ h® o sinh (7/S-% sinh (7,/C-2
_ _ 5(67 (5, h, h) = 10g ( z/g\/g> + log ( 2/5\/5) + 0(7_3/4—2a) ,
6= he & 7
(1.7)
5,6~0(1)  s_(8,8) <s(6,6,h,h) < s:(8,9) (1.8)

where the functions s4(d,0) are determined in the section 3, in particular, we have s+ =
exp(ct), and cy is given by (3.25). We remark that when the bin size is large, there
is a universal correction to Cardy formula given by the sinhyperbolic functions. This is
analogous to what is found in [2] from the analysis sensitive to dimension only.

Windowed entropy with respect to A+ J. One can define a microcanonical entropy
with respect to A + J = 2max{h, h} (name this parameter ) as

Sy =log[F(k/2+0,k/240) — F(k/2—6,k/2—9)] , (1.9)

The asymptotic behavior of S§ is given by

CK 26
g =4my/— +1 — 1.1
S5 =dm,/ 15 Tlog (m—z) +5(0,K), (1.10)
where for large enough bin size (§ ~ k%) we have
: ()
sinh (27[-\/%%)
()
2m\/5 7%

1.2 ¢ > 1 CFTs-results specific for primaries

0~ kK" :s(0,7) =log +O<I€1/4_a) , 1/4<a<1/2. (1.11)

One can make the results in the previous subsection specific to Virasoro primaries only, in
fact do better. This boils down essentially repeating the argument presented in section 3,
section 4 and section 5 with minor modification. The idea of extending the argument from
section 3, section 4 and section 5 to this case is similar in spirit and practice to how [2]
obtained the specific results for primary using methods suitable to study all the operators.
The details can be found in section 3, specifically eq. (3.37) onwards. Without much ado,
here is the result: for finite central charge ¢, we find the integrated density of states specific
for primaries behave like (from now on, we will be using the superscript “Vir” to denote
the result specific for primaries):

h h
FVlr(h, E) = / dh// dFLI pvw(h/, iLl)
0 0

hi—voc % <C_31> exp [27r <\/<C_61)h+\/(6—61)h>

1o ()]

(1.12)




The “windowed” entropy (we have considered bin of size 26 by 2§ just like what we
did for the analysis of all the operators) for Virasoro primaries is given by

) h+5 h+6 B
Sy =log / / dn'pVE (W 1)
’ h— h—

(c—1)h \/(c ~1h) 1 hh Vi < o
oo 51 = 5,8,k 1.1
h,h—00 T (\/ 6 + 6 2 08 452482 +s (67 57 5 h) ; ( 3)

where for 1/8 < a < 1/2, we have:

RRC Y
0~ h®
— log sinh ( \/77> +1og sinh ( \(}) O(F1/4-20)
T T
5,0 = 0(1) :5_(5,8) < 5V"(8,8,h,h) < 5.(5,)
(1.14)

where the functions s4(6,8) are the same functions that appear in the analysis for all the
operators.

Large spin, large twist sector for primaries. If we assume a finite twist gap (as
defined in 1.1), the result given in eq. (1.12) is true irrespective of whether h and h are
of the order one or not. Thus unlike the case for all the operators, here we can trust the
polynomially suppressed correction for all values of v, where h = h".

1.3 Large spin, finite twist sector

The large spin, finite twist sector is not entirely asymptotic regime since the quantity
knows about low lying spectrum in one of the weights. It turns out we can only put an
upper bound in this case. There is an O(1) error in the estimation. While for the upper
bound this does not cause any trouble, for the lower bound, it makes thing tricky. In
particular, the lower bound on the density of states, appropriately integrated, contains an
exponential piece as expected from extended Cardy formula [4, 5, 7, 8] but it comes with
a multiplicative order one number, which can become negative unless proven otherwise.

Analysis for all the operators. In what follows, we will keep h finite and let h — oo,
the windowed entropy S?S is found to be bounded above by

£ £ C;L 1 E?}
st <S;5672m/6 4log<1654 +M, (1.15)




where M is an order one number. Here Sft and S . . are defined as

h,8,8

. h+6 h+s B ; h+6 h+é B
exp St / h’/ CdW (K ), exp [S,fdé] z/ dh’/ AR p(W ).
h— h—6 0 h—6

The number M is given (or estimated) by

M= (h+5—ﬂ)+log C+ZX 2| (1.16)

where x; is the character for the conserved current with weight (h,0), h > 0 (including
the Identity) and c4 is an order one h, h independent number, defined in section 7. M is
a finite number as the absolute value of the sum over & is bounded above by the partition
function evaluated at 8 = 8 = 2, which is a finite number.

Analysis for primaries with/without conserved currents. The above result can
also be made specific to primaries:

Vir,ft Vir,ft h B Vi
5575 Shw <27 T—flog <452> + MV, (1.17)

Here SV”r f and ng 5 are defined as
Vir ft h+6 h+ S Vi B
exp[ShM]E/ / p (W R,

Vir,ft | _ h+6 o Vlr AN
exp |S557 | = - (R, R).

and MV is an order one number, given by

M\/ir:27r( >—{—10g C+Ze m(h—31) , (1.18)

where the zero twist primaries have weight (%,0), A > 0 (including the Identity) and ¢, is
an order one h, h independent number, defined in section 7. MV is a finite number since
the sum inside the log is convergent. This happens because the absolute value of the sum
is bounded by the partition function evaluated at 3 = § = 2, which is a finite number.

Analysis for primaries for CFT with no nontrivial conserved current. If we
assume that there is no nontrivial conserved current i.e. the only zero twist primary is the
Identity and there is a finite twist gap (the finite twist gap as defined in 1.1, combined with
the absence of nontrivial conserved current implies the usual twist gap condition used in



the literature, for example in [20]). we show that

Virft _ QVinft (c—1)h 1 h c—1

2

T
6

_l’_

1 o
(c—1) <h+(5+ 624 > + log (1 —674“2(}”“5* 241)) M,

(1.1;9)

where M’ is an order one h independent number. If we assume that (b +6 — S2) is a

very small number compared to i, this matches with the leading result appeared in the

lightcone bootstrap program [4-8] i.e.

Vieft _ QVirft h 1 h 3 c—1 -,
K < ~ 7 N — -
55,5 _Shﬁ’& < 27 G 210g<452>+210g <h+5 o + M,

(1.20)

where M’ = M +log(47?). We remark that the limit is very subtle here. There are several
scales. The scale set by h is the largest one and we are seeking an asymptotic behavior
in h. Then there are two fixed parameters h and c. We are probing the regime where
(h +6— %) is a very small number compared to i The details of the calculation can
be found at the end of section 7.

1.4 Asymptotic spectral gap

The idea about deriving an upper bound on spectral gap comes from binning the states. If
we make the bin size very small, we can not prove a positive lower bound on the number
of states in that bin, because the bin might not have any state at all. As we increase the
bin size, the chances are more that we find such positive lower bound. If we find a positive
lower bound for a specific bin size centered at some large h,h; that would immediately
imply existence of an upper bound on the asymptotic spectral gap.

1.4.1 Probing spectral gap via circle of order one area

With/without twist gap. Here we do not put any assumption on twist gap.

Let us consider a square S of side @ + €4 centered at (h, h) on (W', ') plane. Here
€4 can be any arbitrarily small positive number. In the limit A — oo, h — oo we have

/dh’ dn’ pVE(K B > 0, (1.21)
S

where the asymptotic region is reached along a curve for which max(h,h) ~ %.

Thus the spectral gap along this curve is bounded above by a circle of radius %

and the best possible value of r that we find is r = %, this being the circle

circumscribing the square.

~10 -



8V3y

™
4.42v. For ¢ > 1, the argument can be made specific for primaries, hence the asymp-

An immediate corollary is that the asymptotic twist gap is upper bounded by

totic gap. This in some sense complements the bound on primary twist gap over the
vacuum? [8, 20].

We suspect that either by suitable choice of function or by the better estimate of heavy
sector of the partition function, r and/or length of a side of the bounding square can be
made to 1. If this can be done, then the bound becomes optimal for v = 1, (assuming we
always consider circular/square region) since tensoring chiral Monster CFT with antichiral
Monster CF'T saturates the bound. One can see the saturation by circumscribing a square
of unit length by a circle of radius % on (', k') plane [see the figure 3]. Nonetheless, the
optimality along a curve for v # 1 is not guaranteed. An immediate corollary of finding
such a circle is that the asymptotic twist gap is upper bounded by 2v/2 along h = h curve.
The same bound holds for asymptotic primary twist gap. We remark that in terms of
twist, the above gap might not be optimal, since if we tensor chiral Monster CFT with
anti-chiral monster CF'T, the asymptotic twist gap is 2. If one can find a bounding square
of side length given by 1, that would reproduce the optimal twist gap 2.

The above result and the conjectures can not be applied to a scenario, where infinity is
approached along a curve where h is of widely different order compared to h, in particular,
say, if we want to approach the infinity along the curve h¥ = h with v # 1. To circumnav-
igate this issue, we assume existence of twist gap g. We remind the readers that by finite
twist gap, we mean there exists a number 7, > 0 such that there is no operator with twist
7 € (0,74) and there are finite number of zero twist operators with dimension less than
¢/12, and g > 7.. Moreover, assuming existence of g helps us to get rid of dependence
on .

CFT with twist gap g. Now we assume that the CFT has a twist gap as defined in 1.1.

For a CFT with twist gap g (as defined in 1.1) and central charge ¢ > 1, one can
have a bounding circle C specific to primaries having a radius % + €4 with ¢, > 0,
where

(1.22)

< c—1> 44/3
c=max | 1, , r=—"

12¢g s

irrespective of how infinity is approached, such that the bounding circle contains at
least one operator.

.

Thus for such a scenario there exists h, and B*, two order one numbers such that
/ dn’ dn’ pV=(h',B) >0, ¥V h > he, h > h.. (1.23)
C

Again this is obtained by circumscribing the appropriate bounding square [see the figure 4].
The superscript “Vir” on pV* denotes that it is density of primary operators as opposed to

“In [20], it is mentioned that the argument is due to Tom Hartman.

- 11 -
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Figure 3. Operator spectrum of chiral Monster CFT tensored with its antichiral avatar on (h’, h’)
plane: each vertex in the lattice represents the presence of operators. One can always circumscribe

a square of unit length by a circle of radius % Thus any circle centered at (h,h) and of radius

% + €4 with ¢ > 0 would contain at least an operator. This is consistent with our result that
asymptotically any circle of radius % + €4 with v > 1 will contain at least one operator where

is defined as the fourth root of asymptotic ratio of max(h, h) and min(h, h). We show r = 47‘/5 >1
and suspect that r can be made to 1. Here we have shown three such examples of containment.
For each choice, two circles with different radius have been drawn to show that a circle of lQ + ¢
will contain at least one operator, as long as ¢, > 0. On the diagonal we have v = 1. The red dots
denote the contained operators. The black circle shows that one can not ensure containment with
%, showing optimality along the h = h curve if one can show r = 1. We
remark that as we have only shown that r = % > 1 (the dashed black circle), we have not yet

reached the optimal bound. The blue circle suggests that the optimal bound should be - even for

N V2
the case where h # h. Assuming a twist gap makes this bound insensitive to the line of approach

towards infinity, but sensitive to the gap. See figure 4.

circle of radius less than

all the operators. In a compact unitary 2D CFT without any conserved current, one can
use the upper bound of twist gap due to Hartman, appearing in [20], to deduce

-1 -1
o =max | 1, )= /¢ . (1.24)
12¢g 12¢g

- 12 —



Figure 4. Assuming twist gap g: operator spectrum of chiral Monster CFT tensored with its

antichiral avatar on (h',h’) plane: each vertex in the lattice represents the presence of operators.

One can always circumscribe a square of unit length by a circle of radius % Thus any circle

centered at (h, h) and of radius % +¢€4 with €5 > 0,k > 1 would contain at least an operator. This

is consistent with our result that asymptotically any square of side length ﬂrﬁ, hence any circle of

radius % + €4 will contain at least one operator, where o = max( 0153,1) and r = % > 1.

Again we suspect that r can be made to 1. In the Monster example g = 4, hence o = 1.

Now we will explain the sense in which the minimal gap is complementary to twist gap:

Suppose we consider a 2D compact unitary CFT with twist gap g such that it
does not have any zero twist primaries (conserved currents) except the Identity: if
asymptotically there exists a circle of minimal area® A on (h’, h’) plane such that it
does not contain any operator, we immediately deduce the following inequality

m(c— 1)r?

Ag <
9=""9

(1.25)

“One can imagine that operators having conformal weight (h, k) are denoted by the point (h, )
on (h',R') plane. We name this set to be S. Now consider the set Sy = {d(a,b) : a,b € S}, where
d(a,b) is the Euclidean distance on the plane between the points a and b. Existence of a circle with
minimal area means Inf S; > 0. Asymptotically minimal area means that we look at the plane for
h' > h. & h' > h, and construct the set Sy and consider its infimum.

This can be thought of as an upper bound on twist gap if the minimal areal gap A is
known (note that minimal areal gap obtained from the full spectra has to be less than or
equal to the asymptotic minimal gap). If one can make r = 1 and show that § < A = %”
then it is possible to lower the upper bound on twist gap from % to % with £ > 1. This

c—1

might be of importance for proving the proposed upper bound < in 8], if it is true. To

rephrase, if one can show that the minimal area A = %’T (thus the diameter of the circle
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Figure 5. We consider three kind of strips: the red vertical one is Hs(h), the blue horizontal one
is Hy1(h) and the black one is H3(A). In each cases, we see that there is a minimum width of the
strip such that the strips contain at least one operator. If we tensor chiral Monster CFT with its
anti-chiral avatar, we can not make the width of the horizontal and vertical strip less than 1. Thus
the bound we find (which is v/2) might not be optimal. A technical remark is that if it is not
optimal, that would hint that one could have estimated the heavy part of the partition function in

a better way.

would be 2\/2), it would imply the proposed bound. Similarly, any lower bound on twist
gap translates to upper bound on minimal areal gap A.
The similar analysis can be done for all the operators assuming a twist gap. The only

difference is that o would be given by ¢ = max (1, ) We elucidate on these bounds

_c
12¢g
in the section 3.

1.4.2 Probing spectral gap via strips

Instead of squares, we can think of covering the (h’, k') plane via strips of finite width and
ask what is the minimum width of the strip that guarantees existence of at least one state
in the strip. We can consider three kind of strips (see figure 5):

Hi(h)={(W,b): 0 €[h—61,h+ 8], 1 >0}, (1.26)
Ho(h) = {(k',h): b € [h — 62,h + &) ,h' > 0}, (1.27)
H3(A) = {(W,h) : B’ + ' € [A — 03, A+ 63],h/,h/ >0} . (1.28)

It is shown in [3] that if 53 > 3, we have

/ dr’ dn’ p(h',h') > 0. (1.29)
H3(A—)OO)

Thus the asymptotic spectral gap is bounded above by 1.
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In this work we show that

) N o 1
dn’ dn’ pVE(H' W) > 0 for 6, > —. 1.30
»/Hl(h—)oo) ) \/§ ( )

The same result holds true for the Hy strip with h replaced by h, where Hy, Hy are defined
in (1.26). This comes from putting a positive lower bound on the right hand side of the
following inequality:

/ dn’ an’ p(W', ') > / dn’ dn’ p(W', W )e Pl . (1.31)
Hy(h—00) Hy(h—00)

We achieve this as a corollary of the lemma proven in section 4. This shows that

Asymptotically on the (h’,h) plane, if the width of the horizontal or vertical strip
is bigger than /2, it contains at least one Virasoro primary. This might not be
optimal since the gap we find by tensoring chiral Monster CFT with its anti-chiral

avatar is 1.

1.5 Analysis at large central charge

We consider the ¢ — oo limit and parametrize the conformal weights in following way:

1 - 1 _ _
h—C<24+€>7h—C(24+6)a e’eﬁxed’ (132)

Let us define €, = min (¢, €) and € = max (e, €).

With/without twist gap. We show that®

For min {(h/c — 1/24), (h/c — 1/24)} = €, > %, the microcanonical entropy for order
one window 6,8 ~ O(1) is given by

855, 2m (\/é (h - 2%) + \/g (z} - 2‘;)) —log(c) + O(1), (1.33)

while for 6, ~ ¢® with 0 < o < 1, we have

S5 = o <\/§ (h+5— i) + \/g (B+S— 264)) —log(c) + O(1). (1.34)

5Tt might be possible to extend the region of validity beyond this, in particular, following [19], one might

expect it to be valid for e€ > 24%!
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Assuming finite twist gap. If we assume a finite twist gap g (as defined in 1.1), then

The regime of validity of the Cardy result as in (1.33) can be extended to

C

2
€x > % [max{;, (1 — 69) }] . ex=min{(h/c—1/24),(h/c—1/24)} .
(1.35)

Relevant recent work. There has been recent surge in analyzing the asymptotics of
CFT data on a rigorous footing. The results have been obtained [22, 23] using techniques
borrowed from a part of mathematics literature, which goes by the name of Tauberian
theorems. The appendix C of [24] emphasizes the importance of Ingham theorem [25] in
analyzing Cardy’s result [1] for the asymptotic density of states in 2D CFT. Subsequently,
the complex Tauberian theorems, as appeared originally in [26] is utilized in the work
of [27]. A complete rigorous treatment of Cardy formula appeared in the work [2], where
they figured out the density of states in A — oo limit with a rigorous optimal estimate of
the error term. The improvement of the result along with a proof of the conjecture made
in [2] has been put forward in [3]. An rigorous analysis of the asymptotics of three point
coefficients [28] appeared recently [29] where the main challenge was to circumnavigate the
negativity issue for the analysis of three point coefficients.

2 Set up

We consider a 2D CFT with spectrum of operators having conformal weights (', k). We
assign different real temperatures 3,3 to the left-moving and the right-moving sectors
respectively. The partition function Z(3, 3) is given by:

Z(B,B) — Z e—ﬁ(h/_c/24)—B(El_c/24) ) (2'1>
h',h'

The modular invariance of the partition function yields:

- - 47 472
Z(ﬁ?ﬂ):Z<B/76/)7 6/7 P 5/77— (22)
g B
We further define the following measure
AF (1) = " d(hi, ha)S (R — hi)5(B — ), (2.3)

where d(h;, h;) is the degeneracy of the state with conformal weight (h;, h;). Our goal is
to estimate the integral of the measure dF over different regions.

2.1 A semi technical glimpse of the subtleties

One of the key step in deriving the Cardy formula is the intuitive understanding that at
high temperature, the partition function is dominated by the heavy states, thus doing an
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inverse Laplace transform of the high temperature behavior of the partition function should
produce the asymptotic density of states. Schematically,

Z(B—0)= Leading Term + Error, (2.4)
N—— ——

Produces asymptotic density of states

Inverse Laplace [Error] ' Error in asymptotic density of states. (2.5)

The underlying assumption while doing the above is that the inverse Laplace transform of
the error term is bounded as well, thus producing an error compared to the leading behavior
of the asymptotic density of states. The Tauberian formalism justifies this step by carefully
estimating the error terms. The way it works is following: one bounds the number of states
within an order an window centered at some heavy A, from above and below by some
convolution (®) of partition function at high temperature (8) and bandlimited function
¢+, schematically this looks like

[Z (5 +it) ® ¢_(t)] < #states in window < [Z(8 + it) ® ¢, (t)] . (2.6)

Intuitively, at this stage, we know that heavy states contribute to this partition function at
high temperature. Now we implement modular transformation, the partition function at
high temperature becomes partition function at low temperature. Schematically we have

472

B+ it

[Z ( A > ® ¢ (t)} < #states in window < [Z <
B+ it ; - -

Jeaw]. e
At low temperature, low lying states contribute the most i.e. Z (% — oo) is dominated
by low lying states. So, following [19], we separate the low lying states from heavy states;
the low lying states constitute the “light” part, while the “heavy” part is complement of
that. The “light” part contains finite number of operators at finite central charge. So
we do the inverse Laplace transform of this “Light” part to get the leading answer p,.
Thus p, reproduces the Z (% — oo) behavior upon doing Laplace transformation. We

B+it
produce a subleading correction to the leading piece of asymptotic density of states, thus

are still left with the “heavy” part contribution of Z ( dn ) This part can be shown to

justifying (2.5) using the bound proven in [19]. This requires relating the “heavy” part at
temperature 3 to the “light” part at temperature 3'. The upshot of this discussion is that
we have a full control of the error term and its inverse Laplace transformation. In practice,
we only consider the Identity operator among all the operators in the “light” region. So
one might worry about the error coming from that but since there are finite number of
operators in the “Light” region, one can do inverse Laplace transformation term by term
and show that each of them is exponentially suppressed and hence the finite sum of them.
We emphasize the “finiteness” of finite sum is really very important for this and this is
precisely why we need to treat heavy part separately.® In fact, we remind the readers that

50One could have imagined doing inverse Laplace transformation term by term including the operators
from “heavy” sector, even if each of them is suppressed, there’s no guarantee that the infinite sum is
suppressed.
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in the large central charge limit, we have infinite number of operators even in the “light”
sector, hence we need an extra assumption of sparseness, as done in [19].

The immediate generalization of this technique used in the [2] has obstacles because of
the cross terms present in the analysis, for example, say contribution from the states where
h' is large but A’ is not that large. The most obvious way to generalize the argument is to use
the generalized HKS [19] cut: dividing the (h’, h') plane into two regions, where the “light”
region (call it IL) contains all the operators with one of A’ or i/ being less than ¢/24 while the
heavy region is the complement of them. It is possible to make a similar statement about
this “heavy” region, relating it to the “light” part using HKS like argument. Nonetheless,
one then stumbles upon the issue of defining p,, which is supposed to reproduce the leading
contribution to the partition function at high temperature (8 — 0,8’ — 00), to be precise,
the light part of the partition function at temperature 3. Now the issue is that there
are infinite number of operators in this region L. Unlike the case in [2], we just can
not take the Identity operator to prove that this produces the leading behavior and say
the rest are suppressed. In particular, the previous argument of term by term exponential
suppression fails because there are infinite of them. The take home message is that it is not
a priori clear whether just considering the vacuum to calculate p, is good enough, because
infinite number of other operators might conspire to spoil the “leading contribution”, even
if each one of them is exponentially suppressed. We reemphasize that [2] did not face
this problem, since in their case, the light region was A’ < ¢/12 and the region has finite
number of operators and everything is under control, so in principle their p, was defined
having contribution from all those states with A’ < ¢/12 and in practice derivable from
the vacuum. To circumnavigate this problem, in section 3, we use the original HKS cut
i.e. we define the “light” region to be the one where b’ + k' < ¢/12 and the “heavy” region
is the complement of the light region. See figure 6. The immediate cost for doing this is
that we can make comment only when h and h is of the same order asymptotically. The
details depend on how infinity is approached. But this is expected because intuitively the
infinity can be reached several ways on a plane. This issue persists for the analysis sensitive
to primary as well. It turns out that one can bypass this restriction of h and h being of
the same order, if one assumes a twist gap (as defined in 1.1 we require finite number
of conserved currents with dimension less than ¢/12 to be precise). In that scenario, the
results in section 3 holds true even if A and h are not of the same order asymptotically.
The estimation of the “heavy” region becomes really involved in this case and carried out
in details in section 3. One has to further separate out the “heavy” zero twist operators
and estimate their contribution separately (see the right figure 6).

We further point out that estimating the integrated density of states require us to prove
another lemma, which is special to 2 D Tauberian theorem. We achieve this in section 4.
The lemma is then fed into the main proof in section 5. The result for the integrated
density of states also requires an estimate of number of states within an order one area on
(R',h) plane, which is achieved in section 3. In section 6, we verify our results using 2D
Ising model. The large spin, finite twist is discussed in section 7. The large central charge
regime is discussed in section 8. We conclude with a list of open of problems along with a
brief discussion.
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Figure 6. The (h/, 1) plane: the light red shaded region contributes to Zy and given by the states
with h/+h' < ¢/12. The complement of this contributes to Zz. The naive HKS cut makes the union
of red and blue shaded region to be the “Light” region. But this brings in the problem of having
infinite number of operators in the light region. This cut is applicable to the analysis sensitive to
primaries as well with a shifted central charge ¢ — ¢ — 1. The picture on the right emphasizes that
one needs to treat the zero twist operators separately for some part of the analysis.

3 O(1) rectangular window

In this section, we study the number of states lying on an order one rectangular/square
area of (W', h’) plane, centered at some large (h,h) and having sides of length 2§ and 2.
We are interested in h — 0o, h — oo limit with 6,8 being fixed order one numbers. We do
it in two ways, in the first subsection, we do it generically without any assumption on twist
gap while in the next subsection, we assume existence of a twist gap. The assumption of
the twist gap (as defined in 1.1) facilitates studying the regime where h is not of the same
order as h.

3.1 Generic analysis: with/without twist gap

Following [2], let us choose functions ®. (h, h) such that

O_(h,0) <0, :s5(h, h)<DL(h,]), 3.1
h,h,5,8

where ©, 3 5 5 (I, h') is the indicator function of the rectangle and defined as

Opnhss (W h') = On_snrs) (W05 55, (3.2)

In principle, one can choose the energy window for the microcanonical ensemble to be of a
different shape, for example, a circle. But for now, we consider it to be a rectangle. Now,
from eq. (3.1) we obtain
IR I (0 ) < Oy, 55(H B) < SIHNEOIED NN (1, 1Y),
(3.3)
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Multiplying the above by the density of states p(h’,h’) and integrating yields the
following inequality:

h+6  ph+é B
< / / dF(h, 1) < (3.4)
h h

Bh+5)+ B +3) /dF(h’, e B =B g (1 1),
At this point, we use the Fourier transform i)i(t, t), defined as

By (b ) = / i / df & (1, D)e= =T (3.5)

This facilitates us to rewrite the inequality in (3.4) as

/dh’ AW L, (B + it, B + it)D_(t,1)

h+6 h+5
/ / F(h R < (3.6)
h— h

/dh’ dh'L,(B +it, B + it) D4 (t,1),
where we have

p(ﬁ,/})z/ooodh /Ooodﬁ p(h, h)e=Ph=rh. (3.7)

Next we need to split Z = Z, + Zp. In [19], for the mixed temperature analysis, the light
sector is chosen to be {(h, h)|h < 55 or h < 5} and the heavy sector is the complement of
that. Here, we choose a different light sector {(h, h)|h + h < 5} which has finite size (for
large central charge, this is not true and one needs to have an extra sparseness condition
on the low lying spectra [2, 19]). So at least, in principle, we can choose ps(h, h) such that
ps reproduce the contributions from all operators in the light sector. In practice, we take
P« such that it reproduces only the vacuum state contribution, that is,

pe(h,h) = lw\/?l @rvEth—50), (h— 7) ) (h— )] x(h—h),  (38)

h— % 24 24

which has the asymptotic behavior

pi(h ) ~ 6(1_)1/462 /g [1+o (h-1/2) +0 (B—W)]. (3.9)

96 \ h3h3
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Then we can write e~ (8+it+B+il)e/24 7, (541;&’ gijf) = L,. (B +it, B +it). So we get

Bh=0) (D) ( / dt dF & (t,0)C,., (8 + it, B+ i)
_ /OO dtdF e~ BH+B+D/2G (1 77, n®  An®
. o B+it’ B+it
h+6  ph+d B
<[ [ arm) <
h—6 h—o
(BU+3)+B(743) ( / At dF B (t,F)L,. 1(8 + it, B + if)

. ‘ /oo dt dF e~ BHHBD/24G (1 )7y <47T2, 47T2_> D ’
o B+it’ B+ it
(3.10)
Now we can estimate the contribution from the heavy sector using the HKS bound. We
choose @ such that ® (t,t) have finite support [—Ay, Ay] for ¢ and ¢. A possible choice
can be made via modifying the functions appearing in [2, 3] a little bit. To be concrete,
let us make the following choices:

- Je(h=h)fe(h=1)

AR e N VAT B (31D
d_(,0)=f_(h—h)f_(h— B’)(1 — (h _5 h/)Q — <B ;B/)Q), (3.12)

where we have
pete) = [rme (222" 513

We remark that for ®_, the locus 1 — (a/6)% — (b/6)? = 0 is inside the rectangle region,
hence it is a valid choice conforming to the inequality (3.1). Here a = h—h' and b = h— /.
At this point, our aim is to show that

I = B (h£8)+B(h£)

B+it’ f+it

—00

o] _ R 2 2
/ dt df e*(ﬁ+it+6+zﬂc/24q)i(t’t—)ZH ( a7 A7 > ‘ (3.14)

is sub-leading. We will make use of the most basic HKS bound [19] for A in a clever
way. We remark that by requiring the saddle of the light sector is located at (h,h), we
find 8 = 7m\/¢; < 1,B=m 57 < 1, so some terms such as $6 can be dropped from the

bounds as it goes to 0 for large h, h. Then using the fact that ®4 is a bandlimited function,
a7 _ 4728 4n3B
I<5H“/&&Z _
= T\p+e2 g i
Now Zp has contribution from states where either b’ or I’ is greater than c¢/24. Since
the contributing states have h' + h' > ¢/12, both can not be less than or equal to 5. We

we have

A

q)i(t,f) . (3.15)
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illustrate the case for h' > ¢/24.

4723 , C 4B /-, ¢
“r 3 exp [,82“2 (W= 55) - [ (7 24)}
2 22
_LﬁQ (h/ _ 3) _ A8
B2+ A% 24/ B2+ A%
772[3*(:

2, _ 2
jusi< (B2+AZ) 47 B* / -7 C
e 68 e 6 +A% exp [—Mb (h/ +h —>:| s

where (3, is defined as 3, = min (ﬁ , B), hence we have (for small enough 3 and j3)

) ( A2 A% B ) 47?6,
min

_ = 3.17
BPHAL B +AL) PR AL 10

IN

7r2_c
e % exp [ (3.16)

IN

Thus we have

7T2B*c
I < Phibh 6%259 + e% e SGEHAL) 7 A, (3.18)
i — H,A /82 —|—A§: bl .

(A=¢/12) ig the heavy contribution from the original

HKS bound for A. We will be showing that the above term is subleading. There are two

2 2

pieces, one with ¢’ and another with e 6 . Let us illustrate the subleading nature of the
2

term with e 65 . The other term can be treated similarly.
In 3, — 0 limit, we have

where the last Zy A = ZA>C/12 e P

2 __m2Bxc 2 2 2
37 Toc dm* 3 5, I 47
Bh+Bh, 65 o 6(BFFAT) <*> < eBhtbheoer 7 (’“)
e eble H,A ~e € H,A
B2+ A% B+ AL

ch ch ch* A:l:)2
T\ G T2my/ 2T/ 5 (ﬁ

~e (3.19)
B om/ R R ((55) ),

<
T h<hs eVERERE(EE)

where h* = max(h,h) and 7 = 2 min(h,h). To make the contribution from the heavy

sector sub-leading, we need

2r 2w
As < min < ) | (3.20)
V2 2y

where %74 ~ h* (clearly, v > 1). This can be achieved by choosing

As < ‘/?T (3.21)

Then at large h, h, we have the following bound, starting from (3.10) (the second term
i.e. the term with the absolute value in (3.10) has already been shown to be subleading
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and we rewrite the first term as an integral over k', i’ below):

eB(h—6)+B(h—0) /dh' dﬁ'p*(h',ﬁl)q)_(h',B')e_ﬁh/_ghl

h+6 ph+s B
g/ / dF(h, 1) < (3.22)
h—6 Jh—6
ePhtd)+B(h+9) / dh’ A pu(W 1) (B 1 )e= P =AM
We can evaluate this integral by saddle point approximation,
h+§ h+§ B
_p«(h, h) ) < «(h,h), 3.23
b < g [ [ apui) < o) (323
where c4 is defined as
1 -
c+ = 4/ de dy ®4(h + oz, h + dy) . (3.24)

With the previous choice of &4, we have

1672 1
[A— — —
T 9 §6AZsinct(6A /4)sinc (GA /4)’ 5.25)
_ _ 3.25
1672 6262702 — 1262 — 1262
“T 5303 AL
f o

where we must optimize over 0 < Ay < to get the tightest bound while keeping ¢,
arbitrary.

The condition for the lower bound to be positive is

1 1 A2

?+§<E. (3.26)

The allowed region increases as we increase A_. And the minimum area such that there has

to be at least one operator is given by 450 = 4%2 =4.86y%at 6 =6 = @ This analysis
can be made sensitive to primaries only, thus gives an asymptotic gap between primaries.
We suspect that the above does not give the tightest bound for spectral gap (this intuition
is coming from the similar analysis done for the spectral gap in A, appearing in [2, 3])!

Next we can keep 6,8 arbitrary and optimize over 0 < Ay < @ to get the tightest
bound.

(a) For lower bound:

h+d /h+6 i 12 55 _ V62452 T
455 276 )

(h7 h)a <

521927 66 237

he+9 / ) L 8r 2426252 —48~4(0%+62) (h ) V624452 .7
455 i 9726303 Pl 1 5B T 23y
(3.27)
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(b) For upper bound:

h+6 /h+5 < 1671'2 p*(h, }_L) A < \/Eﬂ'
= 955(A* )2 x4 SAF N\ 4’ =45

456 h 990(A%) sinc (—M};’ ) smc( /Z+ ) 7
= 955 7] N 13 + :

455 h— 960 sinc ( 5\4/3”) sinc (5‘4/3” > v

(3.28)

where A% (0, §) is the non-zero least positive solution of
Ay oA
dA 4 cot <54 ) + 6A 4 cot <54+> = 6. (3.29)

3.2 Analysis of O(1) window assuming a twist gap

We have seen that the result proven in the previous subsection holds true when h and h
are of the same order asymptotically. When we make the analysis sensitive to primary, this
feature persists. Nonetheless, we can circumnavigate this issue by assuming an existence
of twist gap (as defined in 1.1). One can also do this for the analysis sensitive to all the
operators. The only catch is that one has to separately treat the zero twist operators with
dimension greater than ¢/12. We revisit the analysis of suppression of heavy region in the
light of the above discussion. At first, we take up the analysis for all the operators.

We go back to the eq. (3.16) and redo the first part of the analysis. We separate out
Zy into two pieces, one with zero twist heavy operators, we name it Z (O), while the other
one contains all the heavy operators with non-zero twist, we name it Zg). We start with

7)

analyzing Z ( , assuming a twist gap. We have two scenarios.

Scenario I: if g < we have

127

2 25
(7) _AmPB o, e AmB o, e
Zy Sexp[ 5 (h 24) e (h 24)
7‘.20(1_1279) 7\—2(;(1_1279)

=)y : 4r°p g Ar®B 1, g
<e @ T exp {—ﬁp_+1\1(h"'2) -z (" -3)

n2c 1712751 n2c 1712—9 2
<e (6B )+ (66 )exp [_M“(
- B2+ AL

w+y_@]

<e —— e exp[ 57T 26* (h'+h/—12>}.
(3.30)

Here going from the first inequality to the second one, we used 2h/ > g,2h' > g;
going from the second one to the third (last) one, we used g < ¢/12. The rest of the
analysis goes in a similar manner, as done subsequently after (3.16) and we deduce:

21 c
A Al 2= —=). 3.31
) (3.31)
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Scenario II: if g > &, we have b/ > ¢/24 and h' > ¢/24, leading to

Zg) S exp [ 4rp (h' ¢ ) 4n’p (l_z' - c)}

SR+ 2u) gy 24
8 (3.32)
7 By - c
< exp [— (h’ +h — )] .
B2+ A% 12
The rest of the analysis goes in a similar manner and we deduce:
A < V27, (3.33)

Now we come back to analyzing the zero twist heavy sector. For this sector, h* =
max(h, h) = A > ¢/12 > ¢/24, thus we have

A

_ 4m%p , C 72 fBc w2 Be 4723 -, ¢

=Se [t () s 2o [ e (20
47 c w2 w2c  4An?pB c

<2 o [—M (awo=53)+ 57 ] +th P [65 g (Borg;

< 67'3236 hZeXp - /34212162 <Ah ,0—2(/;1)} +6% ZGXP [— Biffz (AO,h _i }
, i h,

< e ; exp [ Biifi (Ahco_fzﬂ e 2 e {_ Biffi (Ao,h'_fz)]
, i W

<8 o 25 ) B2 o)
, =

<o Yew [ fi (A= 5]+ e |- (a-55)]

A
— 2 - 25

< €7r\/gZHA < n b >+€ﬂ\/?ZH,A <47T b > '
i

B2HAL

(3.34)
The subscript on A in the second line denotes the actual conformal weights of the
operator and in the penultimate line, we have extended the sum to all the heavy

operators. Now one can see the zero twist heavy sector is suppressed as long as we
choose A+ < v/27. Thus, combining everything, we have

min <\/§7r, @) = @, g<c/12

AL < (3.35)
V2, g>c/12
where (? = ﬁ. We can combine the above to write for all g,
2
At < min ( 2, ?) . (3.36)

— 95—



The above has immediate implication in terms of asymptotic gap for all the operators,
in particular, the gap does not depend on the term ~ anymore. Nonetheless, as we
already know existence of descendants asymptotically, the asymptotic gap for all the
operators is not so illuminating, so we will not illustrate upon this. Rather we come
back to this when we make our analysis sensitive to primaries and in that scenario,
the result about asymptotic gap is indeed illuminating.

Analysis for primaries: twist gap complementary to asymptotic spectral gap.
The analysis for primaries proceeds in a similar manner. We will be estimating the following
object

SVir) — RAN A dn’ dn'pViE(R W 3.37
eXp 1055 | = [ p (R R, (3.37)
h—o h—6

where pVi*(h', h') is the density of primaries. Instead of the partition function we consider
the following object (for ¢ > 1, the expansion of this object is universal)

Zprimary (/87 B)

n(BM(B)Z(B) = e’ 2n +8%

<1 — €_ﬁ> (1 — €_B> + Z dh/7ﬁle_ﬁh/_BB,
h'#£0,h!#£0
(3.38)

Under modular transformation, we have

2 2
Zprimary(ﬁag) = \/?\/%Zprimary (4;7 4;) . (339)

Then we define the crossing pY ™ (h', ') = pY™(h')pY " (k') to reproduce the high tempera-
ture behavior of Zprimary (53, ) i.e. we have

= ~B(W-S3) Vie (77 27 72(c—1) 72(c — 25) (3.40)
[ et et = 5 (e[S e [H5))
Explicitly, pY'" would be given by the following function:
. 0if ' <
P = h*iﬁ% [cosh <47r\/(62_41) (h— 6241)) — cosh <47T\/(C;Z5) (h— "241)” .
(3.41)

The analysis pertaining to the estimation of the heavy part presented before for the analysis
of all the operators can be used as a stepping stone for a similar analysis for primaries for
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¢ > 1 CFTs. We again use bandlimited functions and we deduce that the support A+ has
to satisfy:”

A+ < min (‘/fpﬂ \/ﬁw) , (2= (i;;) _ (3.42)

The leading answer comes out to be

24 24
1 -
= 15 P {S&é } = (343)
1 ot exp |2 \/(c—l)h+\/(c—1)h |
2 \/h _ @\/ﬁ 1 6 6
24 24

where cy is defines as in the eq. (3.24).

Asymptotic gap. Now we come back to our discussion of asymptotic gap of primaries.

We use the function given in eq. (3.12) but now with constraint as given in eq. (3.42).

4/30
[

Thus the asymptotic binding square will have length and the binding circle would

TO

have radius N + €4 with ¢, > 0, and o, r are given by

c—1> 7«—4‘/§

o = —. 3.44
12¢g ( )

0 = max <1,
T

If we consider tensoring the chiral Monster CFT with its antichiral avatar, we find

g = 4 and our result predicts that the asymptotic spectral gap involves a circle of radius
26
™

1 (see figure 4). In a unitary compact CFT without conserved currents, there is a bound

irrespective of how infinity is approached. This is above the suspected optimal value

on twist gap [20]:

c—1
12

g< (3.45)

In that scenario, we have

Cp ’ Cp 12g

As a result, we deduce the universal inequality satisfied by the “areal” spectral gap A

Ay < min (‘@T \/§7r> _ v = (c_l) . (3.46)

and twist gap g:

m(c— 1)r?

Ag <
g = 2 )

(3.47)

where we have shown r = 47@ ~ 2.21 > 1 and we suspect that it can be made to 1.

"Should we not assume twist gap, we would have A+ < @, just like the analysis for all the operators
without assuming twist gap.
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4 Lemma: density of states on strip of order one width

In this section, we prove a lemma which is going to play a pivotal role in the next section,
where we are going to prove an asymptotic result for the integrated density of states i.e.
number of states upto a large (h, h) threshold. This also helps us to derive the asymptotic
spectral gap via strip like regions as defined in 1.4.2. We start by defining the following
functions

_ h+d o B _
Qhpy= [ an [T aw ot e
h—6 0
h+d

P(h,B) = /h ; dn’ /0 dn’ p(h', W' )e P .

The aim of this section is to prove the following lemma:

eBEQ(h, B) B:: - (@) (h_3/4exp 2m <\/§—|— \/?) ) , (4.2)
ePhp(h, B) 5::\/2 @) (B_B/A‘ exp | 2w <\/§—|— \/?) ) . (4.3)

Let us focus on the quantity (), the argument for P follows in a similar manner. In

order to estimate (), we write down the master inequality:

h 6 / dh/ / dh/ h/ 7 ¢ (h/)e—ﬁh’fﬁfz’
< Q(h,B) (4.4)
< P) / i / AR (!, )b ()e=5W —PH
0 0

where we have used
o (W) <O (M €lh—0,h+0]) <dy(R). s
Next we note that
/000 an /OOO A’ p(h, 1) (R )e= oM =N

_ o —e/24—fc/24 / At /24 Z(8 4 at, B (1) (4.6)

—00

3 dms  Am*\ -
_ ,—Bc/24—Bc/24 —ate/24 o )
(& /Oodte Z(ﬂ-ﬁ-t ﬁ)(ﬁi(t)

dm? ﬁ) into two pieces Zj, (contribution

B+t
from the “light” sector) and Zy (contribution from the “heavy” sector). The inequality

Now we separate the contribution to Z (
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n (4.4) can be written as

3 > 47 47r
B(h—c/24—5)—ﬁc/24/ dt —ztc/24Z < i >¢ ¢
e e _
3 EEy B (t)
e,B(hfc/%tfé)7,30/24 / dt efztc/24Z ( ) (i_ (t)‘
<Q(h,p) (4.7)
< eﬁ(h—c/24+5)—Bc/24 /OO dt e—ztc/24ZL( 4r? >
B(h—c/2446)—Bc/24 OO dt —ztc/24Z n
+e /_ N e ﬂ vt o+ (t)] -
For notational simplicity, let us name the terms
71 _ GBlh—c/2455)—Be/24 / Tt el dn®  4n’ 50 (4.8)
+ - 5 + Zt? B 3 .
3 & Ax? 4Ax?\ -
12 _ Bh—c/2048)~Be/24 / dt e—tte/2 4m” Al n
+ e - € H 6 n Zt’ ,3 ¢:|:( ) ( 9)

The idea is to show that I2 is subleading with respect to I1.

The argument closely

follows the argument presented in section 3. Let us concentrate on I3 first. We have

Ii < eﬁ(h*

c/24468)—PBc/24 /Oo

—00

dtZH(

Ax?B  Ax?
Br4+127 B

(4.10)

)

&i(t)’ :

We notice that (for the heavy sector, i’ +h' > ¢/12, thus one of them has to be greater

than ¢/24)
2 2 4n2 2
AmTp AT e () ()
\pve g )7
2 25 —
2 _ _4n“p ’_ _471' B R — < B
e%gce 32+A§E ﬁ2+Ai( 24)’ B > 0/24
<
- a2 — 471'252 (h/—i)— 4Tr2,l§2 7
— 2 24 32
e6Fe PHAL LR > /24
2 2 —
2, _AmBx pr ATBx (L1 c _
e%ﬁce 5%-0—/\1 ﬁ%-‘—/\i( 24)’ h! > 0/24
<
- w2 — 42 B B — 42 B (E’—L)
e 68 e 3%+A§E ﬁ%+Ai 24 ’ ho> 0/24
\
2 2 —
2 —7%cBx _ An“Bx h4+h — <
o5 0 0FFTAD) , ﬁ3+Ai( " 12>, h' > ¢/24
<
T e e - (e -5)
e 68 g OPRFAL) o FithL PN > e/24.
\
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Thus we have

_ o] 47T2B 47T2 R
12 < eﬁ(h+c/24:t6)—ﬁc/24/ dt ZH (, _) Cb:t(t)
= . B2+t2 B
] Ko g2\ —-ToBae 4n2B © .
< 6ﬁ(h—c/24:i:§)—ﬂc/24 <€ 68 + 6‘5»53) e 6(6*+Ai)ZH,A ( - *2 ) / dt ¢i(t)‘
B,ﬁ<2ﬂ' B* + Ai —00
(4.12)

The above analysis is analogous to the one presented in section 3. Now we choose

B:W\/Zh,ﬁ_:w\/g, (4.13)

and use the HKS bound [19] to estimate Zg a ( Am B, ) This leads to the following in-
i

BI+AS
equality:
o AL _
2 W\/E NN > A e%\/:““z h>h
I1 <e' Vo [eVE fe VE / dt |p+(t) _ 2 , (4.14)
e G h<h

To estimate I}, we consider p.(h,h), the crossing kernel, defined as

7T20 7T26 00 co _ _
L ~B(h—c/24)~B(R—c/21) i1
exp [6ﬁ + 65} /0 dh /0 dh p«(h,h)e (4.15)

Here py(h, h) = p«(h)p«(h), and p.(h), p«(h) are given by

i) = [ER VR ey oo g,

T2 (4.16)
B c \i o, | €%
x;oo (96:1,‘3> oxp T g ’
Hence, we have
I = eV / an’ / AR po(W B)e V' =VEk o (w)
0 0 (4.17)
= 25cieﬂ\/%p*(h) ,
where we have used separability of p, in the variable h and h and have defined
1 (o]
cy = 2/ dx ¢+ (h+ o0x). (4.18)

Comparing the inequalities (4.17) and (4.14), we see that by choosing YA+ < /27,
with max(h, h) = v*min(h, h); one can make I2 subleading, consequently in the h, h — oo
limit we have

)7 (b B) < eV EQR) < 26c, <Wchs> T ol R). (4.19)

c

20c_ <@
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By symmetry we obtain
1
/ c \71 = o feh ,
< 6 <
25c_ <96h3> p«(hyh) <e P(h) <26c, ( 6h3>

The best possible value of ¢y (¢/L) can be obtained from [3]. For the verification

1
4

(4.20)

purpose, here we choose the function given in [2] for estimating @

—4 , 4

, sin (%) sm A+(h M)

o+(W) = | =35 =T = (4.21)
4

2 sm(A (h—h')
é_(h) = (1—( 5 ) ) h ) (4.22)

The above function yields almost the same bound as found in [2], except for the fact that we

fw

have to take care of the constraint A < In particular we find the following bounding

function s4 () = logcy:

c+ = 3 (2\7%7)3 (sin (2\77%‘)) 4 ’ o< 7;;

2.02, o> ?}%; (4.23)
L 2 (-2, 5<m

0.46 , 5> 8 fﬂ

where a, = 3.38 [2]. We verify the eq. (4.19) in the section 6 using the above values of cy
(in particular, see the figure 11). Similar verification can be done for the eq. (4.20) as well.

The analysis with the assumption of twist gap g proceeds as in the end of section 3.
We do not repeat the analysis here. We just state the result. In that scenario, one obtains

(V2 [ c
A+ < min (C,\/ﬁw> , (2= (129> : (4.24)

If we make it specific for primaries, ¢ — ¢ — 1 and we have

Cp
:\/%7 C55<c—1>21'

Cp 12g

where the second equality follows only if there is no conserved currents because of the

A4 < min (\/5777 \/§7r>
(4.25)

bound on twist gap.

We can use this lemma to prove the result about asymptotic spectral gap in terms of
strips, as mentioned in 1.4.2. For this purpose, we use the magic function introduced in [3].
We can let v = 1 in the above analysis. We have to keep in mind that now the support of
the Fourier transform of ¢_ satisfies A < @, thus the minimal value of § comes out to
be % in stead of 1/2 as in [3].
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5 The integrated density of states

5.1 The main 2D Tauberian theorem

We prove in this section
F(h,h) = / dan’ / i/ p(H', 1)
0 0
1 /36 1/4e or [ N [ch
0 <D |27 o o
hiisoo 472 \ 2R P 6 6
where 7 is the twist of the state with h, h and given by 7 = 2min{h, h} and h = h? with

1/2 <v <2and T = max (v,1/v). When T = 1, this reduces to the eq. (1.1). In order to
prove this we define

10 (1)

(5p(h, E) = p(h, E) - p*(h, B) >
SL(5,5) = £,(8.5) — Ly (5. 5). 52)

Since the leading term is already produced by p«(h,h), our job is to show that

h h B
/ dh’/ dh/5p(h/, h’)
0 0

_ (5.3)
1 (36¢2\ " ch ch T
_ 1 (36c” ch ch /4-1/2
4w2(hh> xp 12T\ \ gt g O<T )
In particular, we will be showing that
h h B
/ dh'/ dh'6p(h’, h')
(5.4)

Lo (2 )] o) w09
Thus if v € (1/2,2), the error term is suppressed by maximum of % f nd b \F , arriving
at (5.3).
In order to prove the above, we proceed as in [2] and introduce the following kernel:
1 PPN A (2 8)2 .

—_ - N — /_
G(V)_Qm w2 NP e, v=~h-—h, (5.5)

1 B+1A dz A2 + (Z _ 5)2 .

vz

G) = 5 o 7 R Y ez,

v="h —h. (5.6)

Here we have done slight abuse of notation. It is implicitly assumed that the function G(7)
depends on 3 instead of 3. Now it can be shown that [2]:

G)Gv) =[0(-v) + G4 (v)0(v) + G_(v)0(—v)| [0(—D) + G+ (0)0(V) + G_(V)0(—V)] ,
(5.7)
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where G4 is defined exactly like in [2] for both the variable v and 7. At this point, we
use the kernel given in (5.7) and integrate it against dp(A). This yields us the following

equation

h E 7./ AN AN * / o 1./ /AN —
/dh/ dhép(h,h)—/ dh/o AR Sp(h, )G (w)G(P)
+ / i / AR Sp(, ) [—0(—D)0) G (v) — B(—D)(-—)C_ (V) — (v > B)]  (5.8)
/ an / AR Sp(h, 1) [—8(—0) G (9)0(0) Gy (v) — B(—D) G ()O(—)G—(1)]  (5.9)
+ /0 i /0 AR Sp(W, 1) [—0(9)Gs (D)0(0) G (1) — 0(D)Ga (D)O(—1)G— ()] . (5.10)

Most of the terms can be estimated using techniques from [2]. The new players in the
game are the cross terms, for example the term:

h h
_ /0 an’ /0 AR Sp(H, 7) [0(=2)0(0) Gy (v) + 0(=2)0(—1)G—(v) + (v = D)] . (5.11)

Below we will illustrate how to handle these terms. We remark that this is what requires
us to prove the lemma in the previous section. For concreteness, consider the following
term 0(—7)0(v)G4(v) and analyze it carefully. The analysis for the other terms in Z goes
exactly in the same manner. In what follows, we will be using the inequalities for 8 > 0:

0(—v) < e P7, (5.12)
|G+ ()] < 2¢7%min (1,(h—h)72), (5.13)
G (9)] < 2¢ 7 min (1, (h — 1)) . (5.14)

The inequalities (5.13) and (5.14) have been derived in the appendix of [2].
Consider the term

le/ooodh’ /Ooodﬁ’ 0(—v)O(v)G(v)dp(h', ). (5.15)

Clearly, we have

|Z1| < 2¢Ph+Bh / an’ / dn' e B =B [p(h' 1) + pu(R',B')] min (1, (b — b')~2)
0
(5.16)

For the term with p.(h/, '), the estimation procedure mimics the one presented in the
section 5 of [2]. In particular, we have

eﬁh_,_ﬁh/ dh/ / de' e—ﬂh/_,@}}/p*(h/’ B')min (17 (h _ h/)—Z)

=0 <h—3/4627r(\/§+\/§)) ) (5.17)
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The I/ integral is done via saddle point method, note it is important to have the factor
min (1, (h—n )_2) for the validity of saddle point approximation. This is why, the A’
integral can not be done using saddle, hence does not produce any polynomial suppression
in h. Now consider the term

2¢Ph+Bh / dn’ / AR e B =B o' B Ymin (1, (h — B')?)
0 0

and we divide it into three pieces

__ ph—h3/8 o __
ap = 2ePhtPh / dw’ / A’ e BB p(h! B Ymin (1, (h — #')72) (5.18)
0 0
__ rhth3/E oo - _
ag = 2ePhtBh /h - dn’ /0 dr e PPN (R B Ymin (1, (h — B')72) (5.19)
az = 2eBh+Ph / dan’ / dn' e P =B o(n B Ymin (1, (h — b)) . (5.20)
h+h3/8 0

The estimate for a; and a3 again proceeds like in [2] and we obtain

a =0 (h_3/4€2ﬂ(ﬁ+ g)) , (5.21)
a3 = O <h3/4e2”( 6“\/?)) . (5.22)

The estimation of the term as would require the lemma from the previous section 4.
We subdivide as into three different parts:

h—1 00
ag = 26”8h+6h/ dn’ / dn’ e PH' =P (W' B Ymin (1,(h— h')_2) , (5.23)
h—h3/8 0
__ rh+1 oo e _
ags = Qeﬁh'wh/ dn’ / dn’ e PPN p(n' B Ymin (1, (h — ') 72) , (5.24)
h—1 0
__ [hth3/8 00 _
agy = 2€Bh+ﬁh/ dn’ / dn' e PN =B p(h' h')min (1,(h—H)7?%). (5.25)
h+1 0

We have already estimated ago in the previous section 4. This is basically order one
window. Since, the estimation of as; and as3 proceeds in similar manner, we would demon-
strate the estimation of the term ao;.

P N /

dn’ / b e PP =R (1! B Ymin (1, (h — 1')~2)
_h3/8 0

h
A | 0 -
=2 %" / an’ / AR eP0==B (B B (h — h) 2
iy h—k 0
e h3/8 Bk h—k+1 0o i
< 2e / dn’ / dh’ e P" p(h' W
2 G ; (k)
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- 3/8
B a4 2 [eh y [feh ) I Bk
O(h 348 ( 6 G)kzﬂ(k_l)Q
=0 <h—3/462ﬂ( T Cél))

I

(5.26)

where going from the third line to the fourth line requires use of lemma proven in the
previous section 4.

The estimation of the terms in (5.9) and (5.10) requires us to divide the (h,h) plane
into 9 regions (see figure 7):

=
I

WOR): W€ [0,h— 38R € [0,h— ﬁ3/8]} ,

&
I

: W elo,h— h3/8],7l/ eh— R3/8 h+ E3/8]} 7

&
I

LW € [0.h— B € [+ RS o]}

=y
A
I

C W e [h— B33+ R38R € [0,h — B3/8]} ,

C W e [h— B h+ B3 € [h— R38R+ B3/8]} , (5.27)

&
[

W e [h— 8 R38R € [h+ B3/8,oo]} ,

>
[

: W e [h+h¥® 0], B e [0,7@—53/8]} ,

&
I

C W€ [h+ B8 oc) B € [h— R R+ 133/8]} ,

=

ot

| Il
= A N

e e e e e e e
-
>
<
— = L L = =

WOR): e [h+ k38 oo) B € [h + B33, oo]} .
Basically, we have to estimate ), .S; where S; is given by

Si= [ an a5 )[4 ()G 0] + G- 006 0]+ (+ & )
R; (5.28)

<45V + 52,

where we have used [0p| < p + pi, |GL(v) < 2¢~#min (1, (h — h')72), and |GL(v) <
2¢~#7min (1, (h — B’)_Q). The appearance of 4 is due to the fact that there are 4 terms in

the integrand defining S; and each is suppressed in a same manner. Here Si(l) and Si(z) are
defined as

SO =4 [ ah (b )P i (1 (b~ W) ) min (1, (b~ 1))
A (5.29)

s7 =1 / AR’ R p. (', B')e= = min (1, (h = b') %) min (1, (h = })~2) .
R,

7
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Figure 7. The estimation of the terms in (5.9) and (5.10) requires us to divide the (h,h) plane
into 9 regions. In the figure, the horizontal lines are ' = 0, h — h3/% h + h3/8 0o while the vertical
lines are h' = 0,h — h3/8, h + h3/8, 0o. The different colors denote the different methods of treating
them. As we will see, the region with red dot requires us to further subdivide it. We remark that
the corner black ones can be colored blue as well, nonetheless in the main text, we have done the
estimation in the “blue” way.

Now for R; with i # 4,5,6 we have

1 AT — - - - -
ZSZ'(;)‘L&G = ePhtih /R dn’ db' p(i', 1 )e= " =P min (1, (h — #')"2) min (1, (h — b)?)
i#£4,5,6

< eﬁh+ﬂh/ dh/ dill p(h” B’)e*ﬁhlfgﬁlmin (1, (il — B/)72)
Riza56
_ h h
=0 <h_3/4exp [277 <\/Z+ \/{)]) .

For R4 and Rg we observe the following

(5.30)

1 __ _ _ ARt 7,
Lo _ ontah / dn’ db’ p(i, 1 )e= ™ =P min (1, (h — B')~%) min (1, (h — B')~?)
Ri—46
< eﬁh+,§ft/ dn’ dn’ p(h/7 B’)e*/ﬁhlfféhlmin (1, (h — h/)iz)
Ri—46

< 65h+5_l_1h3/4/ dn’ dn’ p(h/7ﬁl)e*5h'*féﬁ/

Ri—46

oo ()] )

For analyzing the region Rj5, we are required to subdivide it into 9 regions again where

(5.31)

each of the region is Cartesian product of order one interval in A’ and h’. Now one can use
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the lemma proven in the section 3 to show that

1 a7 - = I _3p! 7 7
ng” — eBhWL/ dn’ db’ p(h', 1" )e W =P min (1, (h — B')") min (1, (h — h') %)
R

5
=0 h_3/4l_1_3/4exp 27 \/%—l—\/% .
6 6
The estimation for S@) = 3", S£2) can be done by saddle point method:

Lo _ oneph [7 [ 00r qir (11 Ty Bh B 1 - 1
15’( ) =€ ; ) dh dh p*(h,h)e min 1,m min 1,m

=0 (h_3/4h_3/4 exp [27r (\/?—l— \/?)]) . (5.34)

We are yet to estimate the following term
m = / dn’ / AR'Sp(l )G G (). (5.35)
0 0

which appears in the expression for foh dn’ foﬁ dn'5p(h,1). Using the definition of G(v)
and G(v), we arrive at

R N e o ) i S )
47T2 B—1A B—ZA 2z A2 + /82 A2 + BQ

m =

2 _
e L(2, 7). (5.36)

Thus we have

I dedt A2 -2\ (A2 P2 i
< S ") BB IS (2. 7). 5.37
Iml < o /_A/_A BrallF+ <A2+ﬂ2> <A2+52>e 0L(z 2. (5:37)

Now we use the inequality

2 2 >

’(5,6(2,2” < 6—(Re[z]+Re[2])c/24ZH dm Re[z]’ Am _Re[z} ’ (5.38)

|22 2]

and subsequently the method utilized in section 3 to put a bound by Zy a:
_ 2

A6 eB(h—c/24) B(h—c/24) o 4728,
im| < ——= ¢ c " Zun 2”752 : (5.39)

98B72 (A2 + 52) (A2 + B?) B2+ A

where y = 3 or . Essentially this is exactly the same argument as in section 3. Then
by choosing A < /271 (when h ~ h, otherwise we need to choose YA < /27, see the
discussion in section 3) and using the HKS [19] argument, one can show that the above
term is exponentially suppressed compared to the leading answer coming from p.(h,h).
When h is not of the order of h, we need to assume existence of twist gap (as defined
in 1.1) and proceed like we did in section 3. This concludes our analysis and hence the
proof of the main theorem.
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5.2 Sensitivity of asymptotics towards spin J

The asymptotic formula given in eq. (1.1) and derived above can be rewritten in terms of
dimension A = h + h and spin J = |h — h|:

Flh = 00, — 00) = /0 " /0 " o )
i (i) o | (V222

which is true when 1 < % = O(1). It turns out that even when A and J is not of the same

order, we can do order by order correction to this integrated density of states by spin.
First of all, when J is of order one, we should just ignore J dependence of the eq. (5.40).
In fact, J = AY" with n > 4/3, one can ignore J dependence. Thus in this regime, we have

h h
F(A—)OO,J:AI/n—)OO):/ dh'/ dn’ p(h',h'), 4/3<n<oo
0 0

() o (s

" ar? \cA

(5.41)

When 8/7 < n < 4/3, the J dependence is meaningful only within the exponential i.e.
we have

h h
F(A = 00, J = AY" -5 50) = / dh’/ dn’ p(h',n), 8/7<n<4/3
0 0

1 < 6 )1/2627T %(1—8‘2—22) [1+O<A‘1/4>] '

"4 \cA

(5.42)

When 16/15 < n < 8/7 (n can not less than one because of unitarity bound), we have

h h
F(A—)oo,J:Al/”—)oo):/ dh// dn’ p(R',R"), 1<n<8/7
0 0
1 6\ s ) \/C(A+J)+\/C(AJ)
~ a2 \eA 4A2 ) P =T 12 12

We remark that not all the term in the exponential are meaningful, we have to do an J/A

1o (a)].

(5.43)

expansion and the only meaningful terms are of the form exp (A*E) with ¢ < 1/4 (since

exp (A7) ~ 1+ A~f becomes comparable to error term for £ < 1/4). For example, when

15
14

on( /Bt | /M) /g( _J2 syt 21g8% 42958 2431410 )
e ( 12 12 — 62” 5 (17 5AZ T 12847 T 102440 3276848 262144410 [14_0 (A—B/IO)} .

n= it is meaningful to keep the following terms only:
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Figure 8. Verifying the bounds on O(1) correction to entropy (s(6, 6, h, h)) associated with order
one window centered at some large h and h, the black line is the upper bound while the red line
below is the lower bound. The curvy cyan line is the difference between the actual number of states
lying within the window and leading answer coming from the Cardy formula. Here h and h are of
the same order.

One can generalize the equation (5.43) for J = A" with 231?7;3_1 <n< Qiﬁiﬁl <8/7
where m > 1 is a fixed integer. We define f(m) = 32— and we have:

h h
F(A = 00,0 = AY" &5 0) = / dh’/ dn’ p(h', 1),  f(m+3) <n < f(m+2)
0 0

- (8) (S ) )o (S7 )

k=0

[1+O (A—1/4)] .

(5.44)

where a;’s are defined as

J2 1/4 00 J2 k
k=0

6 Verification: 2D Ising model

We verify the bounds on O(1) correction to entropy associated with order one window
centered at some large h and h, proven in section 3 as shown in the figure 8, 9 and 10.
In section 3, we have obtained two kinds of bounds, one without assuming any twist gap
while the other one assumes existence of a twist gap. For 2D Ising model, it turns out that
the bound coming from assuming a twist gap (indeed 2D Ising model has a twist gap) is
stronger than the one without using the information about twist gap. Thus in the figures
below, we verify the bounds that uses the information about twist gap. In fact, as we have
mentioned in section 3, the use of twist gap actually enables us to probe regions where h
and h are not of the same order. The figure 10 elucidates such a scenario.
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2D Ising,hb=2h,6=1.2,6b=1.2 — Upper bound
— Lower bound

s(h,h%2,1.2,1.2)
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Figure 9. Verifying the bounds on O(1) correction to entropy (s(d,0,h, h)) associated with order
one window centered at some large h and h, the black line is the upper bound while the red line
below is the lower bound. The curvy cyan line is the difference between the actual number of states
lying within the window and leading answer coming from the Cardy formula. Here h and h are of
the same order.

2D Ising,hb=h"1.1,6=1.3,6b=1.3

— Upper bound — Lower bound

s(h,h*1.1,1.3,1.3)
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Figure 10. Verifying the bounds on O(1) correction to entropy (s(8,9, h, h)) associated with order
one window centered at some large h and h, the black line is the upper bound while the red line
below is the lower bound. The curvy cyan line is the difference between the actual number of states
lying within the window and leading answer coming from the Cardy formula. Here h and h are not
of the same order.

We verify the lemma proven in section 4 as shown in the figure 11 and figure 12 using
2 dimensional Ising CF'T. The partition function for 2 dimensional Ising CFT is given by

_ L 02(8) [62(8) 05(8) [65(B) 04(8) [64(B)
Zrins( ) =3 (\/’7(5)\/77(5) +\/ 17(/3>\/ 1(5) +\/ nw)\/ n<6>>' (6.)

We verify the main theorem proven in section 5 in figure 13 and 14. We plot the total

number of states upto some (h,h) as a function of h. We have considered two different
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— Upper bound — Lower bound

Lemma(1.45,h,h+1.65)

05

h-0.55

Figure 11. The blue dots denotes the values of Lemma (8, h, h) = log [21562 (h, B=m cé‘)} -

214/ % - %, here we have § = 1.45 and h = h + 1.65, for different values of h. The blue dots

are bounded by an order one i.e. h, h independent number, denoted by the red and the black curve.
The values of c4+ found in section 4 are used as the bounds.

— Upper bound — Lower bound

Lemma(0.85,h,1.2(h+0.85)

osf

‘
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Figure 12. The blue dots denotes the values of Lemma (6, h, h)

log [;562 (h,ﬁ = gﬂ -
274/ % -7 %, where § = 1.7 and h = 1.2(h + 0.85), for different values of h. The blue dots are

bounded by an order one i.e. h, h independent number, denoted by the red and the black curve.
The c+ found in the section 4 are used as the bounds.

cases where the asymptote is approached along different curves. We compare it against the

asymptotic formula we derive in section 5.

7 Finite twist-large spin

In this section, our aim is to estimate the finite twist and large spin sector of the density
of states. Without loss of generality, we will assume A is finite and h — co. We will probe
the following quantity Uy (h) in the limit h — oo:

B h h+é ~
Un(R) = /0 dn’ /h A (0 (7.1)

— 41 —



— 2D Ising,h,h+1 — Asymptotic formula — 2D Ising,h,h+1

F[h,h+1] Errorst'*
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Figure 13. In the left figure, the black curve is the asymptotic Cardy formula while the red
curve is the actual number of operators till (h,h) present in the Ising model. Here we have taken
h = h — 1. The picture on the right hand side plot the relative error times h'/%. The error times
h/* is bounded above and below by an order one number.

— 2D lIsing,h,h*.1 — Asymptotic formula — 2D Ising,h,h*1.1

Fih,n*1.1] Errorshf40

101

0.5

6x10° -

0 L n L L I h
10 15 20 25 30 35 40 -1.0-

Figure 14. In the left figure, the black curve is the asymptotic Cardy formula while the red curve is
the actual number of operators till (h, B) present in the Ising model. Here we have taken h'! = h.
The picture on the right hand side plot the relative error times h%49. The error times h%/40 is
bounded above and below by an order one number.

This is because we have

h+6 h+é B B
/ dh’/_ dn’ p(h',h') < Upis(h). (7.2)
h R

-4 -5

Intuitively, it is clear that one can not make both 3 and 5 to approach zero while looking
at the partition function, as this would probe the regime h, h — co. This suggests that we
should let 3 — 0 and keep f3 fixed.

We can prove an upper bound on density of states in this sector. Let us write down
the following inequality:

0o h+6
B < 207020 [ an [ g By, (7.3)
0 h—6
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from which we can write

B=2n, B=m—, h— 0. (7.5)

Again we separate the partition function into two pieces; the light sector, where the contri-
bution comes from two kinds of states: a) all the states with conformal weight (h’,0) with
h' > 0 and b) the states such that b’ +h' < 15, and the heavy sector, which is defined to be
the complement of this. We remark the heavy sector does not contain any operator with
conformal weight (h’,0). In the usual asymptotic analysis as done previously, the operators
with (h/,0) such that b’ > 15 is put into the heavy sector, but here we can not do that since
B is finite, there is no separation between light or heavy in the sense of HKS [19] i.e. the
operators with (h/,0) contribute on equal footing as the operator (0,0). The upshot of the
above discussion is that one can define a kernel pft (“ft” stands for finite twist) such that

o0 o __ 7720 ¢
/ an’ / S 0 Pl Gl ) L e G O (7.6)
0 0 R

where the sum on the right hand side is over all the states with weight (h;,0) and we have
used 8 = % = 2m. As a result pf is given by

PR = pu(R) Y8 (W = hi) . (7.7)
h;

Once we have defined p,, we follow the usual method and our next aim is to show that
the heavy part has a subleading contribution. The estimation of the heavy part is done
depending on whether both A’ and h’ is greater than c/24 or one of them is less than c/24.
In the later case, we have to assume existence of twist gap. Last but not the least, we have
to estimate the contribution from the states with (0,h/) with k' > ¢/12. Following the
methods in section 3, we can show that they are indeed subleading. The leading answer is
then given by

Un(h) < (=5 +m/ 5 / dan’ / AR P (! B (W mg) =GN e (7). (7.8)
The b/ integral can be done using saddle point approximation and we obtain

]. - L") — c
Q—SUh(h) <e 12e™e,p, (B) E e=2m(hi=37) ,
ha (7.9)

1 7 —Is 2w 7 -2
ﬁUh(h) <e ™oy p. () xo(e 7).
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where xo(q) is the vacuum character and ¢ = e™# where we have assumed that there is no
nontrivial conserved current. Here c. is defined as

cr = / dx ®, (0 +oz). (7.10)

One can extend this argument to a scenario where we have nontrivial conserved currents,
then we would have a sum over characters for all the conserved currents

%Uh(/_l) Cpx( h/ th _Qﬂ . (7.11)

This sum over h is convergent as the absolute value of the sum is bounded above by
partition function evaluated at 8 = 8 = 27. Similar result applies to h, h getting swapped.
Thus for finite A and h — oo limit we have

Cil 3 7 —2m
Ss55 <Spss < 27r\/2— Zlog (k) + 27 (h +6— —) + log 2c+5ZXh M|, (7.12)

where x; is the character for the conserved current with weight (iL, 0).
The similar result specific for the primaries with finite h and h — oo limit, would read:

[(c—1)h 1 e
SVlr<SXg5<27T (66)—|—27r<h—|—(5—24>+10g C+\/>Ze m(h—5)

(7.13)

where the zero twist primaries have weight (?1, 0). Here again, the sum over his convergent
as the absolute value of the sum is bounded above by partition function evaluated at

B=p8=2n.

CFT without nontrivial zero twist primary. In case the CFT does not have any
conserved current, we do not need to worry about (h’,0) operators anymore and we
can do much better as it is possible to choose § # 27 and still define pfVi*(n' b/) =
pEVin(p1 pft-Vir (p!) as a solution to the following equality:

o _ i B e 2 i
[ et < () (7.14)

This parallels the analysis for Virasoro primary in section 3 (see (3.41)).
In the present case, using the kernel pf"Vi*(h’ h’) the leading answer turns out to be

o - 1) 72(e=1) 2
2% ViNR) < e pa(R)P= ) e or ,/257r <1 —e_4/3> . (7.15)

Now by appropriately choosing § we can recover the “square-root” edge present in

the analysis in [7]. The square root edge in h dependence of the density of states should
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produce a factor of (h— (¢—1)/24)3/2. In particular, we choose 3 = (hilc,l) and let h — 5
24

to be very small®

1 Vir () < c+ep*(ﬁ)eﬁ\/27r (h— 02—41> (1 _6747r2(h,c£11)>

25 "
(7.16)

~ e (4\[2775/26) pu () (h— c— 1)3/2 |

h—c/24< 11 24

The above result is consistent with the leading result as reported in [4, 5, 7, §].

8 Holographic CFTs

Holographic CFTs are the ones characterized by a sparse low lying spectrum and large
central charge. The sparseness condition is first derived in [19], then rederived in [2], where
it emerges naturally out of the Tauberian formalism. In the context of asymptotic behavior
of OPE coefficients in large ¢ CFTs, a stronger sparseness condition appears as elucidated
in [29, 30]. In this section we will be exploring such CFTs with large central charge and a
low lying sparse spectra. In particular, we derive an expression for the density of states in
the limit h, h ~ ¢ — oco. Following [2], we parameterize h, h as

1 . _ 1 _
h—C<€—|—24>, h—c(e+24>, ¢ — 00, € — fixed, € — fixed. (8.1)

In this limit the asymptotic of the vacuum crossing kernel is given by

po(h B) = ‘fc—l Ce) tee(VErVE) g(e)oe) + - . (8.2)

As done in section 3 we separate out the contribution to the partition function into two
pieces: the light Zy, and the heavy Zy. Here we choose

T - T
B = , B= ) 8.3

\/ 6e vV 6€ (8:3)

We are required to show that Zp term is sub-leading. Zp term gets contribution whenever
R’ or R’ is greater than c/24 and A’ > ¢/12. It can be shown that Zy contribution is
sub-leading (the method is exactly similar as in section 3, one has to be careful about

e—Pe/24=Pe/24 factor, since ¢ is not finite in the analysis.). The result of the analysis is

A < (@)2(1 - i) , (8.4)

* . _ . 2
where y* = & > 1,¢" = max (¢, €), e, = min (¢,€). The above requires that 1 — 3= > 0,
1

122°

summarized below:

that is, €*e, = €€ >

SThis is analogous to the condition written down in [7] as 0 < h — <} < 1/c, there h is finite and h is
let to infinity.
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In fact, it turns out that we will be requiring much more stronger condition on ¢, é:

1 vy 71
e*>6,e >max<6 12) 6>6’ (8.5)
5c

This condition justifies the assumption that the first term is dominated by the vacuum. We
compare this with the result in [19], where the Cardy formula is reported to be applicable

for e,e® = €€ > This implies that there is further scope to improve our result and

1
242
reach the HKS threshold rigorously. If we assume existence of a twist gap g, we can push
the regime of validity to following:

e > é [max{; <1 _ 65’) H . (8.7)

We will come back to the derivation of the bound on ¢, € at the end of this section. For
now, with this assumption of vacuum dominance, we find:

(VI e e < = [ /h” ) < e lVEVED) 5,
h

(8.8)
As a consequence, we find that for fixed 6, > dgap>

7(6,0) = QWW-F 2w\/M— logc+ O(1), ¢ — oo. (8.9)

We can extend the above result to the case where §,6 ~ ¢ where 0 < o < 1 by splitting
the integral domain into squares of unit area:

h+6  ph+6 B h—&4+m h—d+n B B
/ / dn’ dn p(W, h Z / / dn’ dn'p(W' ), (8.10)
h— m=1mn—1 h—6+m—1 Jh—d+n—1

and then, using the previous bound, we find

Sh,h(6>5)2277\/ <h—|—5—24>—|—27r\/ <h+5—24>—10gc—|—0(1), c— 0. (8.11)

Now we show that the vacuum contribution dominants the contribution from the light
sector. This is straightforward for the sector where hy < ¢/24 and hy < c¢/24. For this
region, we consider the sum

A= Phph dn' di'py, 5, (W B)e M Mo (1 1) (8.12)
hr,hp<c/24

where the crossing kernel of the operator with conformal dimension (hz,hyr) is given by

o, () = 27 2;:511(44(24_@) (h_;))e(h_m)m(h_ﬂ)

Phy by (h7 B) = Phy, (h)p}_LL (B)v

(8.13)
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and the above reproduces the contribution of this operator in the dual channel i.e. at high

temperature:
— — T 4=7r2 471'2 7
/dhdh phL EL(hvh) efﬁhfﬂh — G_T(hL_C/24)_T(hL_C/24)_ (814)
The asymptotic of the function pyp, (k) is given by
11 24\ oo fe (120
Py (€) ~ §Wc_1/26_3/4 (1 - L> ™V (1 CL). (8.15)

Evaluating the each integral by saddle point approximation, we find

A=0 <61€2wc\/§+2m\/§ Z 647r\/&hL4m/&hL) . (8.16)
hp+hr<Ag

Subsequently, using the following sparseness condition

S e PP —0(1), B8 > 21, ¢ o, (8.17)
hL“rFLLSAH

we find that

A~ O(p«(h,h)). (8.18)
where the condition 3, 3 > 27 translates to €, € > 1/24. Below we will see that we need to
have a more stronger condition i.e. €, € > 1/6.

We are left to investigate the region where either of the hy or hy is greater than c/24.

This is basically given by the brown region in figure 15. Without loss of generality, let us
look at the region where hy, > ¢/24. Now the crossing would be given by

pny (h) = 2, | — <h}f_§c4)11 (477\/— (he—57) (h—2c4)>9 (h=57)+0 (h=57) -

T 24

Phy iy (hyB) = puy (h)py,, (R),
(8.19)

We are going to estimate the following:

B = fhih / dn' di’ py,, e D (W 1)
B B (8.20)
_ 65(h—c/24)+6(h—c/24)/dh/ dn’ PhL,BL6_6(”_6/24)_5(”_6/24)‘1>+(h/vB/)'

The integral over A’ proceeds in usual manner since h;, < ¢/24. The integral over h/
proceeds in usual manner since hy < ¢/24. The integral over h' requires bit of care. Let
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Figure 15. The light region is the union of the region colored with pink and the region colored
with brown. The brown regions requires a more careful treatment.

us focus on

eB(h—c/24) / dhlPhL (h/)e_ﬁ(h/_c/24)q>+(h/, ﬁl)

_ e,8(h—c/24) //24 dh/phL(h/)e—ﬁ(h/_c/24)q)+(h/7B/)

[ee)
— 6,6’(h—c/24) / dE' Phy (h/)e_'BEch)+(h', }‘LI)
0

e L (8.21)
< Me™° 6/ dE ——e PE
: VE

<M <hL - i) exp |:7TC %]

1
< My/—exp [2%0\/5} exp [—QW\/GehL} ,
c

c—00

where in the second line we have used the © function present in the expression for pp, . In
the penultimate line, we have used h;, < ¢/12. The strict inequality is important to make

sure replacing 4/ (h L — 2—04) with \/LE does not spoil the inequality because of the presence
of exponential term. Now for the rest of the argument, we will require that

(8.22)

| =

= €,€ >

| =

1
min (4e, €) > 6 & min (e, 4€) >
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The above leads to (8.5). Now we sum over all the light states in the brown region to

obtain
B=0 e%c\/g”m\/g Z 6—27r\/&hL—47r\/(TgﬁL+ Z e—47r\/&hL—2m/&BL
¢ hih ho<h (8.23)
L L LXNL
=0 (p«(h, h)) .

Twistgap. If we assume a finite twist gap g, the (8.21) can be revisited in the light of
the twist gap:

eﬁ(hfc/24) / dh/PhL (h/)efﬁ(h/,c/24)q>+(h/’ B/)

o
_ 6ﬁ(h—c/24) //24 dh/phL(h,)e_ﬁ(h/_c/24)q)+(h,,/_l,)

= el [Ty, ()P B 0 )

6 . / (8.24)
< Me™VE / dE’ﬁe’ﬁE

c €
< - —
<M (hL 24) exp [wc\/g]
1 € 69 -1
< My/—exp|2mcy/=|exp |—2|1—— mVb6ehr |
c—00 C 6 C

where now in the penultimate step we use hy, < ¢/12 —g/2. And this leads to the modified
validity regime as given in (8.7).

9 Open problems

We end with a list of open problems which would be nice to figure out:

1. One can hope to use these techniques to investigate the asymptotic OPE coeffi-
cients [6, 24, 28, 30-37] and make it spin sensitive. A richer structure in such scenarios
is expected as well.

2. For the large spin, finite twist, we have derived an upper bound on the windowed
entropy. It would be nice to put a lower bound as well and match up to the results
of [4-8]. On a conservative note, we remark that even if one can prove a lower
bound, it seems hard to distinguish the order one error coming from considering a
bin of width 24 in spin and the dependence of the extended Cardy formula on finite
twist. At present, all our attempts to prove a lower bound provided us with a Cardy
like growth multiplied by a negative number, which is trivially true, hence we omitted
the details of the trivial lower bound in the text. Furthermore, it would be nice to
find out the asymptotic formula for the integrated version (integrated from spin 0
upto some large spin) of the density of states.
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3. It would be nice to have an expression for integrated density of states upto some
particular A within a specified range of spin. To be specific, we want to have an
estimate of the following quantity:

A J2
/ dA’ / dJ' p(A',J"), where Jy,Jp € [-A,A'] . (9.1)
0 J1

4. Tt would be nice to improve on the value of r and possibly prove that r = 1 (the
parameter appearing in the asymptotic “areal” spectral gap) either by some suitable
choice of magic functions or by better estimate of the heavy sector of the partition
function. The naive generalization from [3] would not suffice. So one needs to be
more creative. And this might shed light on the twist gap and provide a way to
expound on the proposed gap in [8].

Our work should be thought of a part of modular bootstrap program [20, 24, 28, 33—
35, 38-44]. On a more general ground, it would be interesting to see whether Tauberian
theorems and/or Modular bootstrap program can say anything about the chaotic, irrational
CFTs. An approach borrowing ideas from Tauberian techniques and that of extremal func-
tionals appearing in [45-51] might be useful in this regard. Furthermore, for holographic
CFTs, we can only achieve a reduced regime of validity of Cardy formula compared to
what is reported in [19]. It might be possible to improve our result. Albeit, we remark
that if the twist gap is greater than ¢/12, it is possible to achieve the regime of validity of
Cardy formula as predicted in [19]. We hope to come back to these problems in future.
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