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The topological derivative describes the variation of a re-
sponse functional with respect to infinitesimal changes in
topology, such as the introduction of an infinitesimal crack or
hole. In this three-dimensional fracture mechanics work, we
propose an approximation of the energy release rate field as-
sociated with a small surface crack of any boundary location,
direction, and orientation combination using the topological
derivative. This work builds on the work of Silva et al. [1],
in which the authors proposed an approximation of the en-
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ergy release rate field which was limited to two-dimensional
domains. The proposed method is computationally advanta-
geous because it only requires a single analysis. By contrast,
current boundary element and finite element based methods
require an analysis for each crack length-location-direction-
orientation combination. Furthermore, the proposed method
is evaluated on the non-cracked domain, obviating the need
for refined meshes in the crack tip region.



Nomenclature

C elasticity tensor

D Fréchet derivative

Dr topological derivative

E  Young’s modulus

G energy release rate

Gc¢ fracture toughness

H  scaled half-space domain with a crack
J J-integral

K, mode A stress intensity factor

K, normalized mode A stress intensity factor
R remainder function

T outer stress (Cauchy stress tensor in Q)
T inner stress (Cauchy stress tensor in H)
TE remainder stress

T, Cauchy stress tensor in Q.

d crack direction

e unit vector

f gauge function

h;j  weight functions

m outward normal vector on yg

n outward normal vector on Q2

s position on yg or y;

t?  prescribed boundary traction on 0Q
t prescribed boundary traction on y;

t®  prescribed remainder traction on 9Q
t®  prescribed remainder traction on y,
u displacement vector

V*u infinitesimal strain tensor

X position vector

X crack location

y scaled position vector

Greek Letters

X energy momentum tensor

Q) non-cracked domain

Q. cracked domain

0Q  boundary of Q

0Q, Dboundary of Q.

a crack orientation

ve crack surface in Q.

0ys crack front in Q.

y1 crack surface in H

¢ crack radius

u shear modulus

v Poisson’s ratio

Y total potential energy

Subscripts or Superscripts

BE reference ("exact") numerical values
TD first-order approximation

b binormal direction on dy,

(j) j"M-order

n outward normal direction on dy,

r outward normal direction at s = 0.5

¢t tangential direction on d7y,

z tangential direction at s = 0.5

£ responsonse quantitiy evaluated in Q.
6 binormal direction at s = 0.5

* critical parameter
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1 Introduction
The energy release rate G, which is defined as the loss of
total potential energy as an infinitesimal crack grows, has
been the principal quantity used to predict the failure of
cracked bodies since its introduction by Griffith [3]. It repre-
sents the energy that is available for crack extension, which
takes place when G is equal to the material’s fracture tough-
ness G¢. Due to the importance of the energy release rate in
the failure analysis and design of structures, multiple meth-
ods have been proposed to compute G for stationary cracks
in linear elastic domains, which is the subject of this work.
The first set of methods rely on the relation between
G and the stress intensity factors K,, which describe the
displacement and stress fields in the neighborhood of the
crack [4]. In general, the stress intensity factor computations
require a precise description of the near-tip stress and strain
fields. The most prominent method used to that effect is the
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finite element method. However, it is well known that crack
tip stress singularities limit the use of standard finite element
methods and necessitate a refined mesh in the crack tip region.
Specialty finite element methods with adaptive meshing [5,6],
enriched p-refinement, basis functions, and fractal meshes
[7,8,9], least square enhancements [10, 11], quarter-point
and crack tip displacement discontinuity elements [12, 13],
and submodels and subregions [ 14,15] have been used. Finite
element method variants including the element free Galerkin
method [16, 17] and extended finite method [18, 19] have
also been used. Other prominent methods to compute K,
include the boundary element method [20,21,22] and weight
function method [23,24]. In the weight function method,
the stress intensity factors for any loading system applied to
a body can be calculated by integration. Universal weight
functions have been introduced to simplify these calculations
[25]. Comparisons amongst some of these methods are made
in [26,27,28].

Introduced by Rice [29], the path-independent J-integral
can be used to calculate the energy release rate [30,31]. The
J-integral relates the energy flux through an arbitrary contour
enclosing the crack front to the far-field loading. The interac-
tion energy integral method [32,33] can also be used to calcu-
late the energy release rate. This method uses superposition
to combine the responses corresponding to several boundary
value problems. Evaluation of a conservation integral for this
superimposed response produces expressions for the energy
release rate. The virtual crack extension method [34, 35, 36]
models crack extension by simulating the responses on the
cracked domain and a perturbed domain in which the crack is
extended. The energy release rate is subsequently calculated
in a post-processing operation. In this method, the energy re-
lease rate and its higher-order derivatives for multiple cracked
systems can be computed in one analysis.

The topological derivative describes the variation of a
response functional with respect to infinitesimal changes in
topology, such as the introduction of an infinitesimal crack or
hole [37]. The first application of the topological derivative
was in the so-called bubble method. In this method, holes
are nucleated to reduce the weight of the structure without
reducing its integrity. The holes are then enlarged and re-
configured by traditional shape optimization methods. The
topological derivative has since been applied to image pro-
cessing [38,39], inverse problems [40,41,42], and structural
and topology optimization [43,44,45]. It has also been ap-
plied to numerous fracture mechanics problems. In [46], the
topological derivative is used in an inverse heat conduction
problem to detect and locate cracks. The shape sensitivities
and topological derivatives are reported for cracks in elastic
bodies on boundaries of rigid inclusions in [47]. Crack nu-
cleation and crack growth criterion are introduced through
an asymptotic expansion based on the topological derivative
associated with the total potential energy of a linear elastic
body in [48]. In [49], the authors used higher-order topo-
logical derivatives to approximate the energy release rate for
edge cracks of arbitrary length in two-dimensional domains.

In the present work, we develop an approximation of the
energy release rate field associated with a small half-penny
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shaped surface crack of any boundary location, direction,
and orientation combination using the topological derivative
in a linear elastic isotropic three-dimensional domain. In [1],
the authors developed a similar approximation of the en-
ergy release rate field which was limited to two-dimensional
domains. The proposed method is computationally advanta-
geous because it only requires a single analysis. By contrast,
current boundary element and finite element based methods
require an analysis for each crack length-location-direction-
orientation combination. Furthermore, the proposed method
is evaluated on the non-cracked domain, obviating the need
for refined meshes in the crack tip region. There are multi-
ple methods to calculate the topological derivative, including
those presented in [37,43,50]. In this work we use the shape
sensitivity method [44], rather than, e.g. the domain trunca-
tion method [50], to compute the topological derivative due
to its simplicity and generality with respect to the hole shape
and hole boundary conditions.

The topological derivative and its application to fracture
mechanics are described in Sect. 2. An asymptotic analysis
of the stress field is presented in Sect. 3. The energy release
rate approximation is detailed in Sect. 4. In Sect. 5, examples
that demonstrates the efficacy of the method are presented.
Finally, conclusions are formed in Sect. 6.

2 Topological Derivative

We consider an isotropic, linearly elastic, and three-
dimensional domain Q, cf. Fig. 1. The boundary, outward
normal vector, and prescribed traction are given by dQ, n,
and t?, respectively. Without loss of generality, we limit our
discussion to a single surface crack geometry, the half-penny.
When a small half-penny crack is introduced at boundary
location X with radius &, direction d, and orientation a, we
obtain the cracked domain Q.(&,%,d,). The boundary of
Q.(g,%,d,) is given by 0Q.(&,X,d,a) = 0QU y.(&,X,d,a)
where y.(¢&,%,d,@) is the crack surface with outward normal
vector m and crack front dy.(g,%,d,@).!

The energy release rate G is defined as the loss of total
potential energy as an infinitesimal crack grows [3]. The total
potential energy is defined as

1
‘//(Qa)=§/ Vu, - T, dV—/ t”u,ds, (1)
Q. oQ

1
where u is the displacement vector, V¥u := 3 (Vu+vul) is

the infinitesimal strain tensor, T = C [V“u] is the symmetric
Cauchy stress tensor, and C is the elasticity tensor. Response
quantities which are defined on the cracked domain Q,, e.g.
u,., are denoted by the subscript . The energy release rate
can be expressed as the shape sensitivity of Eq. (1) with
respect to the crack radius € [51,52], i.e.,

d
G(QS) = _%W(Qa)- )

n the equations that follow, the £, X, d, and @ dependencies of the
domain Q. and boundaries 9Q, yr and dy, are dropped for concisenes:g



a

For this traction boundary value problem, we assume that
there are no body forces and the crack faces are traction free.

The governing equations of linear elasticity are satisfied
by the response quantities on Q,:

divTe =0 in Qg,
Tsm =0 on Yes (3)
T.n=t" ondQ.

The prescribed traction t? is defined such that global equilib-
rium is satisfied:

/ t7(x)dS = 0,
oQ

4)
/ (x—z) AtP(x)dS = 0,
aQ

where A is the cross product and z is an arbitrary location,
not necessarily in the domain.

Our objective is to evaluate G of Eq. (2) for a half-penny
crack of any boundary location X, crack radius &, direction
d, and orientation @. To this end, a topological asymptotic
expansion is constructed to express the total potential energy
as:

W(Qe) = p(Q)+ ) fip(@DP W% da )+ R(fin(€)), (5)
=1

J

where R is the remainder function. D¥>d/ represents the
j-order topological derivative of the total potential energy
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b

Fig. 1: a Cracked domain Q. and b crack surface . and crack front dy..

¥ [53]. The parameter s € [0, 1], which describes the position
on the crack front dy,, is defined as

§=—, (6)

where L is the arc length (Fig. 2). The gauge functions f;
in Eq. (5) are functions of the crack radius € and the crack
surface boundary conditions. They monotonically tend to
zero as € tends to zero and satisfy

R(fin(e))

lim—~2" —0.  (7)

lim Juo(®)
e—0 f(n)(s)

&0 f(j)(€)

=0, k>j and

In this work, we evaluate the topological derivatives us-
ing the so-called topological shape sensitivity method where
a crack of boundary location X, radius &, direction d, and
orientation « is assumed to exist [44]. A shape sensitivity
analysis is performed on the crack with respect to & and the
limit is then taken as € goes to zero to give

Dg)w(ﬁ,d,a,s) =
(®)

) 1 d < ) PR
‘};%{f(;)(g)(EW(QG)_;]?,)(‘?)DT W(X’d’a’s))}'

We see from Eq. (8) that the gauge functions f(;) must be

defined such that Dgf ) ¥ (X,d,a,s) is finite and nonzero, as we
assume the total potential energy y(Q.) is always bounded.
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Fig. 2: Local directions and position s on the crack front
0Ye.

Furthermore, we define a negative valued function f(;, such
that the topological derivative of the total potential energy
defined in Eq. (1) is positive. We also see from Egs. (5)
and (8) that if f;) is a suitable gauge function, then { f(;
is also suitable for any constant £ > 0 and D¥ )w(f(, d,a,s) is
unaffected by the choice of £.

In order to express the shape sensitivity of ¢ as a function
of the topological derivatives, we differentiate Eq. (5) with
respect to &:

d = :
Q)= ) [ DU d ) + R () (©):
j=1
©)

Equations (2) and (9) are then combined to express G as a
function of the topological derivatives:

Glexdas) == f1 ()DL Y% da,5)-R (fim (&), ().
j=1

(10)
Equation (10) is significant because as seen shortly, we are
able to easily evaluate it for any crack radius &, location X,
direction d, and orientation @ combination using response
quantities computed on the non-cracked domain Q.
In this work, we restrict ourselves to first-order analysis
and define the first-order approximations

¥ (e g,d,a,s) = ¥(Q) + f1)(e)DV (R dass), (1)
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DYy (R d,a,s) = hm{ w(Qs)} (12)

foy(®) de

G™ (e da,s) = —f('l)(a)D(Tl)w(f(,d,a,s),

(13)
which result from Egs. (5), (8), and (10) for the case of j = 1.2

In order to proceed, we define the local directions e,,(s),
e;(s), and e, (s) which are the outward normal, tangent, and
binormal directions on the crack front 0y, (Fig. 2). 3 The
direction of crack growth is presumed to be in the normal
direction e,, such that the shape derivative is defined as [52]

d
— Y (Qg) = —/ Xcn-ne, dS, (14)
de e

where 1 = n(s) defines the size of the perturbation and X is
the energy momentum tensor

o=~ (Viue - To)I-Viu, T,. (15)

NI —

Equations (14) and (15) define the path-independent J-
integral [29]. Alternatively, the J-integral may be evaluated
as [2]

K1211
, 16
2 (16)

K7 +K?,
J(E)= Lt AL

where K, are the mode A stress intensity factors which de-
scribe the displacement and stress fields in the neighborhood
of the crack [4], E = E/(1—v?), E is the Young’s modulus,
v is the Poisson’s ratio, and y is the shear modulus.

3 Asymptotic Analysis
To compute the stress intensity factors in Eq. (16), we
introduce the following stress composite expansion [54]:

T(x) +T(y) + To(x),

To(x) = 7)

where T(x) denotes the outer stress, T(y) denotes the inner
stress, and ’i‘g(x) denotes the remainder stress (Fig. 3). Note
that the inner stress T(y) is computed at the scaled position
vector y = X/e. By construction, the boundary conditions of
Eq. (3) are satisfied by the stress composite expansion , i.e.,

Ten=Tn+Tly—yen+Ten=t", xedQ,  (18)

2In the equations that follow, the j = 1 indices are dropped for conciseness.
3In the equations that follow, the s dependencies of the directions e;,, e;,
and ey, are dropped for conciseness.



Fig. 3: Composite expansion expressed as the sum of the responses on a domain without the crack Q, scaled half-space
domain with a crack H, and domain with a crack Q. subject to remainder tractions.

and, since by definition e, = m,

Teep = Tep + Tly—y/c€p + Tcep =0, X € ye. (19)

The outer stress T(x) satisfies the nominal problem, i.e.
it is defined on the non-cracked domain Q and satisfies the
boundary value problem,

divT =0in Q,
(20)
Tn = t” on 0Q.

In general, T(x) does not satisfy the traction-free boundary
condition on the crack surface y. (Eq. (19)).

Since the crack radius & is small, we expand the outer
stress T(x) about the crack initiation site X in the e,, direction,
i.e. X—X = de,, to obtain

62
T(x) = T(X)+6DT(X)[e,] + 5DZT(ﬁ)[en,en] +--- for X€y,,
' 21)
where 6 = |[x—X|. D represents the Fréchet derivative, which
is defined as the linear operators

DT(x)[u] = T(x+u)—T(x)+o(|u|),

DZT(X)[U, v] = DT(x+v)[u] — DT(x)[u] + o(|v]), (22)

We subsequently use the scaled coordinate ¢ = 6/ (Fig. 3)
to express Eq. (21) as

T(x) = T(}) + &£ DT(R)[e,]
62 (23)

+82§D2T(ﬁ)[en’en] +--- for Xe€y,.

As the inner stress is evaluated at the scaled position
vector y, it satisfies the boundary value problem of a half-
space H with a unit radius half-penny crack (crack surface
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v1). There is a non-zero crack face traction on y; and zero
far-field traction, i.e.,

divT =0in H,
Te, =ton y;, (24)

T—0 as |y| - co.

The inner stress T(y) annihilates the leading order term of
the traction T(x)e; on the crack surface y. due to the outer
stress. Therefore, using Eq. (23) the prescribed traction T is
defined as

t=-TX)ep, yevi. (25)

The remainder stress T, (x) is defined on the cracked
domain Q. and satisfies the boundary value problem,

divi, =0 inQ,,
’T‘aeb = t§ on Ye,
Tgn =t® onoQ.

(26)

The remainder stress ensures that Egs. (18) and (19) are sat-
isfied. To this end, the prescribed tractions t§ and t® are
defined as

tR = {T(x)-TR)}ep, X €7,

27
tR = —T(x/e)n, x e dQ. @7

In the (e,,e;,ep) coordinate system, the inner stress can be
expressed as

Ve 12
Né o )
\/ﬁK F(¢)+O0(p''?)

T(p.¢) = (28)



where p is the radial distance from the crack front, K is a
tensor, ¢ is the angle between e, and the crack plane with bi-
normal vector e, and F(¢) is a dimensionless tensor function
of ¢ [55]. Notably, T(x/&) = O(g) far from the crack front, in
particular for x € Q. Furthermore, we observe from Eq. (23)
that

T(x)-T(X) = e£DT(X)[e,]+--- =0(e) for xey.. (29)
Thus, T, = O(¢) and we rewrite Eq. (17) as
T.(x) = T(x) + T(y) + O(e). (30)

4 Energy Release Rate Algorithm

In order to extract the crack radius dependence from the
stress intensity factors, we define the normalized factors EI,
?11, and ?111 such that

El(ﬁ,d,a,s) Ki(e,x,d,a,s)

Ki(xda,s) |= Kii(e,%,d,a,s) |- 3D

1
Vre

Ki(%,d,,s) Krri(eX,d,a,s)

There are no normalized factors associated with the nominal
problem, i.e., the outer problem, as this problem does not
contain a crack. The normalized factors associated with the
inclined unit radius half-penny crack problem in the half-
space, i.e., the inner problem, may be expressed in terms of
the weight functions for half-penny cracks in a half-space.
To this end, we define the directions e,, e,, and ey which are
the outward normal, tangent, and binormal directions at the
position s = 0.5 (Fig. 2), i.e.,

{e;,e;.eg} = {e . es,ep}5=0.5. (32)

Using Eq. (25) to relate the prescribed traction t to the outer
stress T(x), the normalized factors are expressed as

EI (ﬁ7 d’ a? S)
Knkda,s) | =

Kin(%,d,a,s)
(33)
hi1(a,s) hia(a,s) hs(a,s) | Tee(R,d,)

ha1(a,s) hn(a,s) ha(a,s) || Te& d,a) |

h31(a,s) h3(a,s) has(a,s) |\ To(X,d,@)
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where h;j(a,s) are the weight functions, dimensionless func-
tions of the orientation @ and location s and, e.g. the 7,9 =
e, - Teg are the crack face traction components t = T(X)eg, cf.
Eq. (25).

The weight functions for a half-penny crack in a half-
space were calculated numerically using the boundary ele-
ment method (Fig. 4). Half-penny cracks were introduced at
the center of a face on a 2W x2W X 2W cubic domain. It was
determined that the dimension W > 100e was required for
the numerical approximation to sufficiently represent a half-
space. Three traction boundary value problems with crack
face tractions of t = ey, t = e,, and = e, were then solved.
These problems were used to calculate h;1(a,s), hi(a,s),
and h;3(a,s) fori = {1,2,3}, respectively. For example, when
t = eg then T,9(%,d,a) = 0 and T,¢(%,d,@) = 0, and Eq. (33)
reduces to

Ki(%a,s) hii(a,s)

Kiu&a,s) | = | hi(a,s) |ToeX ). (34

Kii(a,s) h31(a,s)

The h;j(a,s) were calculated for —75° < @ < 75° in incre-
ments of 1°. In this manner, more than two hundred numer-
ical analyses were required to calculate the weight functions
presented in Fig. 4. We emphasize that this is an off-line
computation that need not be repeated. In Fig. 5, the func-
tion values 11(0°,s) are presented and compared with values
computed by Tada et al. using the alternating and finite
element methods [2]. The difference between the two com-
putations does not exceed +1.13%.

Having the normalized factors, the topological derivative
is expressed by combining Egs. (8), (16), and (31) as

Dry (X, d,a,s) =

{ —ne (E?(ﬁ,d,a,s)+E§,(f(,d,a,s)+f§”(ﬁ,d,a,s))}

1)) E 2

lim
e—0

(35
where the gauge function f(g) is defined so that Eq. (35)
evaluates to a non-zero finite number cf. Eq. (8)

2
fle)=—.

> (36)

From Eq. (35) and the above definition of f(&) the topological
derivative becomes

Dry(x,d,a,s) =
{Ei(f{,d,a,s) +E?1(ﬁ,d,a,s) . Eiu(f{,d,a,s) } (37)
g — )

E 2p
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Fig. 5: Weight function 4;;(0°,s) computed by the authors
using the boundary element method (line) and computed by
Tada et al. using the alternating and finite element methods
(symbols) [2].

Finally, we obtain the energy release rate approximation
G™(g,%,d,,s) by combining Eqs. (13) and (37) to give

GTD(e, %, d,a,s) =

{E?(f{,d,a,s) +E§I(ﬁ,d,a,s) N Ein(ﬁ,d,a/,s)} (38)
nE — .

E 2u
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In summary, we perform the following steps to compute
the energy release rate approximation G™P(g,%,d, a,s):

1. Perform an analysis on the non-cracked domain Q with
prescribed traction t” to evaluate the outer stress T(x).

2. Evaluate K;(&,d,a,s), K;7(%,d,,s), and K;7;(%,d,a,s)
via Eq. (33) and the tabulated 4;;(a,s) values.

3. Evaluate G™P(g,%,d,a,s) via Eq. (38).

Notably, we know the value of GTP(&,%,d,a,s) for any crack
radius &, location X, direction d, orientation « and position s
from a single analysis on the non-cracked domain Q.

5 Examples

In the examples presented hereafter, we perform a single
boundary element analysis on the non-cracked domain Q to
compute the energy release rate approximation G° for any
crack radius &, location X, direction d, orientation «, and
position s. To verify the proposed approximation, reference
energy release rates G®F and stress intensity factors K5F
are calculated by using the boundary element method on the
cracked domain Q. with arefined mesh in the crack tip region.
We show that G™P is in good agreement with GBE.

The numerical analyses in this work were performed on
a workstation running Microsoft® Windows® 10 Enterprise
with a Dual Intel® Xeon® Processor E5-2609 v4 and 128
GB DDR4 RAM using BEASY software’s boundary element
solver and fracture simulation tools. Convergence studies
were performed on the cracked domain Q. and non-cracked
domain € to ensure accurate results.
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5.1 Curved beam subjected to shear and tensile loads
In this example, we study a curved beam subjected to
shear and tensile loads (Fig. 6). For this numerical analysis,
the parameters are E =207 GPa, v=0.3,7T=2m, R; =5 m,
R, =10m, L =25 m, and o = 100 MPa. The stress intensity
factors and energy release rate are calculated when cracks are
introduced at boundary locations X; and X,. The superscript
* denotes the (d,a,s) that maximizes G'° for a given &,
hereafter referred to as the critical crack parameters, i.e.,

{d*(%),a*(®),s* (%)} = argmax {DTw(f(,d,a,s)},
(d,a,s)eC

D={d|deR’anddAnX)=0and ||d| =1},
A={a|aeRand —65° <a < 65°},
S={s|s€eRand 0.1 <s5<0.9},
C=DXAXS,

(39)

where || || denotes the Euclidean norm and X denotes the
Cartesian product. The ranges of the orientation a and posi-
tion s in Eq. (39) are chosen to reduce free surface effects.
The stress intensity factors and energy release rate are
first calculated for s € S when cracks of radius £/7 = 0.01,
direction d*(%), and orientation a* (%) are introduced. Fig-
ures 7a, 7b, and 7c compare the stress intensity factor approx-
imations KITD , K{:Ié , and KITIDI with the reference boundary
element values K5, KBF, and KBE. The difference between
KP and KB does not exceed +1.44%. When a crack is
introduced at X|, the stress intensity factors K;; and Kj;; are
two orders of magnitude less than Kj, i.e., the energy release
rate is controlled by K;. When a crack is introduced at X,
K{:‘E is within £1.32% of KPF and K} is within +1.26% of
KFE. This excludes positions near s = 0.5 where K, and
K?IE are both 0. Figure 7d compares the proposed energy
release rate approximation G'° with the reference boundary

element value GBE. The difference between GT° and GBE
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does not exceed +1.67%. Notably, the energy release rates
G™ and GPF are proportional to the sum of squares of the
stress intensity factors, cf. Egs. (2), (16), and (38). As a
result, the difference in the energy release rates is generally
greater than that in the stress intensity factors. Finally, we
note that the critical crack positions s*(X) determined using
the topological derivative and boundary element method are
the same.

The energy release rate is next calculated for (d,s) €
(D x S) when cracks of radius /T = 0.01 and orientation
a*(X) are introduced. To visualize these results, we define
the angle B(X,d) which defines d such that

arccos (d - e3) ?fii:?f], (40)
arccos (d-ey) if & =%y,

BR.d) = {

and the functional Gp,x(&,X,d,@) which extracts the posi-
tional dependence from the energy release rate, i.e.,

Gmax(&,X%,d,) = mag( {G(s,ﬁ,d,a,s)}. 41
SE

Figure 8a compares G0 and GBE , where it is seen that

similar critical crack directions d*(X) are determined using
the topological derivative and boundary element methods.
One can also see that GID is in good agreement with GEE .
GIP is within +3.84% of GBE outside of the range 100° <
B(%,d) < 120°. Within this range, the small values of GID
and GBE result in larger discrepancies.

The energy release rate is then calculated for (a,s) €
(A xS8) when cracks of radius &/7 = 0.01 and direction
d* (%) are introduced. GIP and GBE are compared in Fig. 8b,
where it is again seen that the critical crack orientations @*(X)
determined using the topological derivative and boundary el-

ement methods are similar. Once more one can see that GL2

9
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Fig. 9: Energy release rate versus crack radius &/7.

is in good agreement with GBE . When a < 40°, GID s
within +2.77% of GBE . The difference between GID and
GBE grows as large as +7.97% when « > 50°. One con-
jecture is that when a > 50° the free surface effects become
significant and the boundary element analyses on the cracked
domain €, are less accurate.

To test this conjecture, the energy release rate is finally
calculated for s € S when cracks of various radii & are in-
troduced with direction d*(X) and orientation @*(X). The
energy release rate calculations G0 and GBE, are compared
in Fig. 9. When the crack radius is less than 5% of the thick-
ness, i.e., &/T < 0.05, the difference between GI2, and GBE,
is small. Asexpected, for larger cracks the difference between
GID and GBE increases. However, GLD, remains a reason-
able approximation of GBE even for cracks of considerable

max
radius, e.g. /T =0.25.

As indicated in Fig. 9, the energy release rate approx-
imation GID associated with the boundary location &; is
more accurate for longer crack radii than the same approxi-
mation associated with the boundary location X,. This result
is associated with the accuracy of the stress composite ex-
pansion introduced in Sect. 3. This accuracy is influenced
by the boundary curvature and boundary location X [1,49].
Higher-order approximations of the energy release rate can be
developed using higher-order topological derivatives. Such
approximations were developed by the authors for edge cracks
in two-dimensional domains in [49]. These higher-order
approximations take into account the boundary curvature,
boundary location X, and derivatives of the stress field. They
allow the analyst to accurately consider cracks of larger radii
and determine the crack radii for which the first-order ap-
proximation is accurate. On the other hand, the computation
of higher-order approximations requires additional analyses.

A boundary element analysis on the cracked domain Q.
was required to compute each reference value of GBE pre-
sented in Fig. 9. The average computational time of these
analyses was 25.5 minutes, i.e., the computational time re-
quired to produce the reference values in Fig. 9 was 1275
minutes per crack location. The average number of boundary
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elements was 17600, depending on the boundary location X
and crack radius . In contrast, the energy release rate ap-
proximation GIP was computed using one boundary element
analysis with 1260 boundary elements on the non-cracked
domain Q. The computational times of this analysis and the
post-processing required to compute GEBX were 2.5 minutes
and 0.25 minutes per crack, respectively. In other words, the
computational speedup is 464 for the first crack location. For
each additional crack location, the computational speedup is
5100.

The critical topological derivative Dyy* (%), which is the
maximum of D7y for a given crack radius ¢, i.e.,

DR = Dry (R R0 ®).5"®).  (42)

is computed on the boundary dQ by solving an optimization
problem of Eq. (39). To visualize these results we define the
three surfaces

A0 ={&|keR*and k€ dQ and (X-€;)* +(X-€2)* = R;},
O, ={&|keR*and k€ dQ and k-e3 =T},

Q3 ={&|keR’andk € dQ and % -e3 = —T}.
(43)
Such plots can be used to detect failure by fracture just as plots
of the von Mises stress are used to predict failure by yielding.
Indeed, the energy release rate approximation G P is linearly
proportional to the topological derivative Dy, cf. Egs. (13)
and (36). Thus, cracks of radius & will propagate at locations
% if € > G¢/Dry™*(X), where G is the fracture toughness
of the material. As seen in Fig. 10, there are two regions
where Dry*(R) is especially large, located on the dQ; — 9,
and 0Q; — 0Q3 boundaries. Small cracks appearing in these
regions will lead to failure. We note that the results presented
in Fig. 10 were calculated from a single boundary element
analysis on the non-cracked domain Q. To achieve the same
plots using the boundary element method on the cracked
domain Q. would require millions of simulations, each more
expensive than this analysis on the non-cracked domain Q.
We can also evaluate the critical direction d*(X) on dQ.
To do this, the definition of B(X,d) in Eq. (40) is redefined on
these boundaries, i.e.,

arccos (d-e3) ifXedQ,
B(&,d) = {arccos (d-e;) if & € 9, (44)
arccos (d-e;) if X € 4Q;3.

On the boundary 09, d*(X) is generally between 0° and
40°. On the boundaries 0Q; and dQ3, d*(X) varies between
the lower bound of 0° and upper bound of 180°. For most
locations %, d*(X) is the direction which maximizes the lo-
cal opening stress component Tyg(X,d,) and mode I stress
intensity factor approximation K7 ”. Contrary to the results
for d*(X), there is limited variation in the critical orienta-
tion @*(X) on 9Qy, 9, and Q3. Excluding the edges of
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Fig. 11: Geometry and loading for a coupling with axial and radial loads.
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the boundaries, a*(X) is generally between —6° and 6°, i.e.,
nearly perpendicular to the boundaries. For all locations X,
the critical position s* is equal to 0.1 or 0.9, i.e., it is as close
to the free surface as allowed by the bounds of S. This is pre-
dictable, as the absolute values for seven of the nine weight
functions h;;(a,s) are maximized when s equals 0.1 and 0.9,
cf. Fig. 4.

5.2 Coupling subjected to axial and radial loads

In this example, we study a coupling subjected to ax-
ial and radial loads (Fig. 11). The parameters for this
numerical analysis are £ = 207 GPa, v =0.3, R =1 m,
R=15m R3=2m, Ry =0.075m, hy =1 m, h, =0.5 m,
and o = 100 MPa. The stress intensity factors and energy re-
lease rate are calculated for s € S when cracks of various radii
¢ are introduced at boundary location X3 = 1.00e; + 0.250e3
with direction d = 1.00e3 and orientation & = 45°. The stress
intensity factors versus the position s are shown in Figs. 12a,
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12b, and 12c for a crack of radius € = (R, — R;)/100. As
in the previous example, one can see the stress intensity fac-
tors KT'P, KTP, and K12 computed using the topological
derivative are in good agreement with the reference bound-
ary element values K IBE , K f}E ,and K 13}119 . The energy release
rates appear in Fig. 12d, where it is seen that the proposed
approximation G’ ? is within +5.62% of the reference bound-
ary element value GBF. The critical crack positions s*(%)
determined using the topological derivative and boundary
element methods are again the same. Figure 13 shows the en-
ergy release rates versus the crack radius £/(R, — Ry) for the
positions s = 0.3, s = 0.5, and s = 0.7. When the crack radius
is less than 5% of the annular radius, i.e., £/(R, — R;) < 0.05,
the difference between G'P and GP is small. Once again,
the difference between G'P and GBF increases for larger
cracks. We note that the difference between G’ ? and GBF
increases at different rates for the three positions shown in

Fig. 13. For large cracks, the difference between G’ and

13



05 P
—G"7(0.3) v
045 BE 7
e G°7(0.3) //' °
Eg\ %4 - - -G™P(0.5) A
e .
| 0.35 - GBE(O5) ’¢,’a
Y R GTP(0.7) A
& o2 » GPP(0T) T2
& 2
o 021 " 2
b ,/ 2
% 015f /,/
O o A
%
%
0.05
o i i i i i i i
0 005 01 015 02 025 03 035 04
9
Ry — Ry

Fig. 13: Energy release rate versus crack radius /(R — Ry).

GBF is much greater at s = 0.7 than itisat s = 0.3 or s = 0.5.

6 Conclusions

An energy release rate approximation for half-penny
cracks at any boundary location X, radius &, direction d,
and orientation @ combination has been developed using the
topological derivative. The proposed method only requires
a single numerical analysis, in contrast to current boundary
element and finite element based methods which require a
numerical analysis for each combination. In addition, the
proposed method is evaluated on the non-cracked domain,
obviating the need for refined meshes in the crack tip region.
Plots of the so-called critical topological derivative values re-
veal the crack initiation locations X most susceptible to failure
by fracture.

The stress field T, was expanded using a stress compos-
ite expansion. The topological derivative has been calculated
by using this stress composite expansion along with the so-
called topological-shape sensitivity method. To this end, the
stress intensity factors were also calculated, using the stress
composite expansion together with the weight functions for
a half-penny crack in a half-space. These weight functions
have been evaluated in an off-line computation and tabulated
along the crack front for half-penny cracks of any orientation
a. The proposed approximation can be applied to surface
cracks of arbitrary geometries by calculating the correspond-
ing weight functions. In the same manner, the proposed
approximation could be extended to anisotropic materials or
embedded cracks.

Numerical examples compare the proposed approxima-
tion of the energy release rate G with reference values GBE
that were calculated using the boundary element method. In
all cases G™ and GBE are in good agreement, particularly
when the crack radius & is small. The computational time
required to compute G is orders of magnitude smaller than
the computational time required to compute G®E.
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