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1 Introduction

Large N quantum field theories with matrix fields are generally insoluble. One important
exception is that of Chern-Simons matter theories in an ‘t Hooft limit. These theories give
us a theoretical lamppost, under which we can reliably compute many observables, like the
S-matrix of massive phases [1-3], operator product expansion (OPE) coefficients at fixed
points [4-7], finite temperature response functions [8-11], and so on.



One of the most interesting insights from these large N computations (of which there
are many more e.g. [12-27]) is that Chern-Simons matter theories exhibit dualities even in
the absence of supersymmetry (SUSY). It had been well-known that pure Chern-Simons
theories enjoy level /rank dualities, for example equating Chern-Simons theory with gauge
group U(NV) and level k to one with gauge group SU(k) and level —N [28-30] (see also [31]).
In a sense this duality survives when both gauge theories are appropriately coupled to a
single fundamental field at large N, k& with N/k held fixed. The basic example relates
Chern-Simons theory coupled to a Dirac fermion, to Chern-Simons theory coupled to a
scalar with a mass and quartic coupling tuned to a Wilson-Fisher like critical point.

In the years since there has been a significant amount of evidence accumulated that
there is a wide family of these dualities, and that they persist to finite N, even down
to N = 1. In this article we focus on Chern-Simons theory coupled to matter in the
fundamental representation. In the absence of SUSY, there are several broad sequences of
proposed dualities. The first is the “master duality” of [32, 33|, which relates Chern-Simons
gauge theory coupled to fundamental Dirac fermions 1) (we label the fermion of the dual as
U) and complex “Wilson-Fisher” scalars ¢ (®); its precise statement at finite N and k is

SU(k) Nt with Ny, Ny U(N)k—& with Ny W, N; @, (1.1)
-N+-L 5

provided that the “flavor bounds” Ny < N, N, < k, and (Ny, N) # (N, k) hold. Here the
subscript on the gauge group indicates the Chern-Simons level. There are also versions with
unitary gauge groups on both sides that follow from this proposal, as well as proposals with
orthogonal and symplectic gauge groups. The previously proposed dualities of [34, 35] are a
special case of (1.1), with either Ny = 0 or Ny = 0.! For other works at finite N see [37-42],
including analogous proposals for dualities between quiver gauge theories. There has also
been progress in embedding these dualities into string theory and AdS/CFT [43-45].

There are significant checks of this proposal in the ‘t Hooft limit when there is a
single scalar or fermion on either side. In that limit the gauge-invariant operators are the
singlet operators |¢|? or 1 of dimension A = 2 + O(1/N), a U(1) conserved current,
the stress tensor, and a tower of approximately conserved currents of spin s > 2. One
important technical simplification is that, in this limit, there are no approximately marginal
opelrautors.2

Away from the ‘t Hooft limit it is impossible to perform concrete computational checks
that observables, say the thermal free energy, are the same on one side of the duality as
the other. However there are some powerful, non-perturbative, albeit indirect checks of
the proposal. These include the matching of ‘t Hooft anomalies, the matching of massive
semiclassical phases, and the matching of quantum numbers of baryon operators on the SU
side with those of monopole operators on the U side. These checks build upon those already
performed in [34, 35, 46] when each side of the duality has only fundamental fermions or

"When either N s or Ns =0, i.e. when we have Chern-Simons theory coupled to purely scalar or fermion
matter, there is evidence [36] for a different dual description slightly beyond the “flavor bounds”.

2Both sides of the proposed duality (1.1) are characterized by discrete data, the rank N, level k, and the
number of fundamental fields, as well as an approximately marginal operator (1[)(1))((;“1&). It is not known
whether this operator becomes irrelevant or relevant at large but finite N.



scalars. In the latter case, the simplest possible version of the duality is at N = k = 1,
equating a free Dirac fermion with U(1); Chern-Simons theory coupled to a Wilson-Fisher
scalar. Assuming that this duality holds, the authors of [47, 48] (see also [49]) have derived
an entire web of dualities using path integral techniques. This web includes particle/vortex
duality, which has been long-established, giving another indirect piece of evidence.

There are also strong arguments from a lattice construction [50, 51] for the duali-
ties (1.1) when Ny = 0 for & = 1 and general Ny, N satisfying Ny < N. Finally, there
is some reason to believe that the dualities (1.1), at least for certain values of the param-
eters, are inherited from parent dualities between supersymmetric theories with N = 2
SUSY [17, 52, 53].

Dualities of the sort (1.1) are often called “three-dimensional bosonization” because
they exchange fermions with bosons. Such an exchange is familiar from the physics of flux
attachment. Roughly speaking, many of these Chern-Simons dualities are the non-abelian
version of flux attachment in relativistic quantum field theory.

A second broad class of proposed dualities concerns Chern-Simons-matter theories in
the ‘t Hooft limit where the matter is somewhat different than studied above. At large N
and k, the proposal reads

SU(k)_n with v ~ U(N) with @, (1.2)

where now ) is a “critical” Dirac fermion, the analogue of a Wilson-Fisher scalar, and &
is an ordinary complex scalar. At large N the lowest-dimension gauge-invariant operator
on both sides is ¥ or |®|2, both of dimension A =1+ O(1/N). Consequently both sides
are characterized by an approximately marginal sextic coupling, and the duality map not
only exchanges level and rank but also maps the sextic couplings. The beta function of
the sextic coupling has recently been computed to O(1/N) [23], with the result that the
approximate line of fixed points becomes, on each side, three isolated fixed points. There
is a consistent duality map between the three fixed points of the SU theory with the three
fixed points of the U theory. Less is known about these theories at finite V.

A third class involves Chern-Simons-matter theories where, on both sides, there are
“regular” fundamental fermions v and scalars ¢. Let Ny and Ny denote the number of
scalars and fermions of one side, and N, and N ]’c the number of the other. These dualities
differ a bit from those above. In the ‘t Hooft limit the dimension of |¢|? is 1 + O(1/N)
and the dimension of 1) is 2 + O(1/N). Consequently any such dual pair must Ny = N/
and Ny = N}, with the duality map taking scalar (fermion) bilinears to scalar (fermion)
bilinears.

The best understood dualities of this type are the Giveon-Kutasov dualities [54] (and
their more general cousins [55]) between N' = 2 SUSY Chern-Simons-matter theories. The
simplest models in question here are Chern-Simons gauge theories coupled to Ny chiral
multiplets in the fundamental representation with a superpotential tuned to the unique
point preserving N = 2 supersymmetry. These theories are completely specified by the
gauge group, level, and matter content. For U(NN); Chern-Simons theory coupled to a single
chiral multiplet there is evidence for the duality at large N stemming from direct compu-



tation [8, 14], and at finite N there are checks from the computation of sphere partition
functions via supersymmetric localization [55] as well as brane constructions [54, 55].

These isolated N/ = 2 points are, at large IV, connected to a manifold of N' = 1 theories
parameterized by approximately marginal superpotential deformations. These N = 1
theories have been studied very recently [26] for U(NNV); gauge group coupled to Ny chiral
multiplets. One complication that arises now relative to the examples mentioned above is
that there are two approximately marginal couplings (consistent with the supersymmetry)
with different flavor structure under the SU(Ny) global symmetry that rotates the Ny
chiral multiplets.

Going all the way down to N/ = 0 supersymmetry, the only studies of these Chern-
Simons dualities to date is in the ‘t Hooft limit with a single fermion and scalar on both
sides, including the computation of the thermal free energy [8, 14].

From this brief review, we see that with the recent exception of a preliminary analysis
of N' =1 theories [26], the existing large N analyses have studied Chern-Simons theory
coupled to a single boson, a single fermion, or both. There is a gap in the literature
concerning large N Chern-Simons theory coupled to multiple flavors. The goal of this
work is to start filling this gap. Throughout we take the large N, k limit with the number
of fundamentals fixed.

We study three sets of large N theories to leading order in large N:

1. U(N)y Chern-Simons theory coupled to N fermions and Ny scalars. When Ny # N,
we enforce a SU(Ny) x SU(Ny) global symmetry. This theory is characterized by
four approximately marginal couplings. When N; = N,, we enforce a diagonal
SU(Ny) global symmetry, and this theory has five approximately marginal deforma-
tions. For specific values of these couplings the theory exhibits N' =1 and N = 2
supersymmetry.

2. Setting Ny or Ny to vanish, we consider U(NN), gauge theory coupled to regular
scalars or critical fermions. These theories are characterized by three approximately
marginal sextic couplings.

3. Finally, from the parent with Ny fermions and N scalars we add relevant scalar
deformations which drive the model to U(/N);, Chern-Simons theory coupled to Ny
regular fermions and N; Wilson-Fisher scalars.

In each case we compute the thermal free energy as well as the two- and three-point
functions of the scalar and fermion bilinears. These are the simplest observables which are
not fixed by the symmetries of the problem.?
The third set of theories is the simplest. To leading order in large IV the free energy
“falls apart” as
F = N;F;(N,k) + N,Fs(N, k), (1.3)

3There are also approximately conserved higher spin operators. In the theory a single fermion or boson,
their correlation functions with each other and the scalar/fermion bilinears are fixed by an approximate
higher spin symmetry [56, 57]. We expect this to remain true for general Ny and N;.



where Fy and Fy are the thermal free energies obtained in [8, 14] for U(V);, Chern-Simons
theory coupled to a single fermion or a single Wilson-Fisher scalar. There is a similar result
for the two- and three-point functions of the fermion and scalar bilinears. These results
are consistent with the “master” bosonization duality (1.1) to leading order in large N.

The second model is less trivial, but we still find evidence for a bosonization duality.

As for the first model, we find that there is a consistent large N duality only when
Ny = N,, with interactions that break the SU(Ny) x SU(Ny) free-field global symmetry to
the diagonal SU(Ny). This model may be tuned to the /' = 2 supersymmetric point, and
the duality on the large N conformal manifold may be thought of as arising from a par-
ent Giveon-Kutasov self-duality on Chern-Simons theory coupled to Ny chiral multiplets.
Because the A/ = 2 point is believed to be exact at finite N, it follows that the induced
duality on the rest of the large N conformal manifold will pass all of the finite N tests
described above.

We also study the more general dualities of [55], analogous to four-dimensional Seiberg
duality. The “electric” side is Chern-Simons theory coupled to Ny chiral multiplets in the
fundamental representation of the gauge group and Wf chiral multiplets in the antifun-
damental representation. The “magnetic” side is Chern-Simons theory coupled to Ny
antifundamental multiplets and Nf fundamental multiplets, along with N fﬁf gauge neu-
tral mesons in the adjoint representation of the SU(Ny) x SU(N f) global symmetry with a
cubic superpotential coupling to the flavor multiplets. Owing to the structure of the matter
interactions, which is completely fixed by N/ = 2 supersymmetry, we find the thermal free
energy also “falls apart.” At leading order in large N the mesons do not contribute to the
thermal free energy, which for U(N), gauge theory takes the form

F = NyF(N, k) + N Fy(N, k). (L4)

with F, the free energy of U(NN); gauge theory coupled to a single fundamental chiral
multiplet and Fy the free energy of U(N)j; coupled to a single antifundamental chiral
multiplet. (In the absence of any other deformations, F, = Fy, but we find it convenient
to separate the free energy this way since we expect the splitting in (1.4) to continue to
hold in the presence of mass deformations or at finite flavor chemical potential.)

At both finite and zero temperature we focus almost exclusively on the large N fixed
points. It would be interesting to further probe these theories by relevant mass and quartic
deformations, including to study their Higgs phases as in [22]. We have also left U(N)
Chern-Simons theory coupled to Ny regular scalars and Ny critical fermions for future
study. The model with Ny = N, and diagonal SU(N¢) global symmetry is characterized
by 14 approximately marginal sextic deformations for Ny > 1.

It would be particularly interesting to study the phase diagram of U(NN); Chern-Simons
coupled to multiple flavors at next-to-leading order (NLO) in the 1/N expansion. More
generally there are many reasons why it is desirable to go to NLO in 1/N. One, relevant in
the study of Chern-Simons dualities, concerns the master duality in (1.1). That proposal
hinges upon the dynamical generation of a fermion mass term in the Higgs phase with a
particular sign. This “extra” mass is generated only at O(1/N), and its computation would
either rule out or give significant evidence for the proposal (1.1).



The remainder of this article is organized as follows. In section 2, we review our con-
ventions for Chern-Simons-matter theory. We compute the planar free energy in section 3,
and the two- and three-point functions of scalar/fermion bilinears in section 4. In section 5
we show how these results are consistent with duality.

2 Preliminaries

2.1 Chern-Simons and holonomy

In this work we consider U(/N) Chern-Simons theory at level k coupled to Ny fundamental
Dirac fermions and N, fundamental complex scalars. We work in Euclidean signature, so
that the Chern-Simons action is

. 23
Scs = —— | ¥z e try <AM8VAP - ;AHAVA,,) . (2.1)
T

We largely follow the conventions of [8]. We take the generators T} of U(N) in the funda-
mental representation to be anti-Hermitian, with

1 1
try (TT?) = —55“’7, 5T = =500k (2.2)
so that the Chern-Simons term is
ik 3,.. Hvp a b 1 abc qa oAb pc
Scs = ~ % d’z e AuayAp + §f A”AVAP (2.3)

In this work we will be interested in the theory at large N and k with the ratio N/k held
fixed. The large N counting implies that the observables we consider, like the thermal free
energy, of the U(/N) Chern-Simons-matter theory coincides with that of SU(N) Chern-
Simons theory coupled to the same matter. Similarly, for U(N) = (SU(N) x U(1))/Zn
Chern-Simons-matter theory, we may consider different levels for the SU(N) and U(1)
factors, i.e.

U(N)kjotn = (SUN)x % U(l)kN+N2n)/ZN. (2.4)

Holding n fixed at large N, the same counting implies that the leading order result for
many observables is independent of n.* Thus in what follows we restrict our attention to
U(N)g Chern-Simons-matter theory.

We regularize the theory (following [8]) by imposing a hard spatial momentum cutoff
A, which cures many UV divergences. The remaining divergences, which appear in the
sum over modes to obtain the free energy, will be dealt with later. In this regulatory
scheme the level k is related to the level ky ;s that appears when regularizing with a small
Yang-Mills term by k = kyyr + Nsgn(ky ). In the Introduction we used the Yang-Mills
convention, but switch here and henceforth. Notably, in the cutoff convention, |k| > N.

4Notable exceptions include the dimension of monopole operators of theories with U gauge group, and
of baryon operators in theories with SU gauge group.



Pure Chern-Simons theories famously exhibit level /rank duality [28-30]. In the Yang-Mills
regularization, the basic sequence of level /rank dualities reads

SU(N)—kYM A U(kYM)N ) (2'5)
which in our conventions is
SUN)_r <+ U(|Jk]| = N)k. (2.6)

The conjectured dualities we study between Chern-Simons-matter theories may be thought
of as “flavored” versions of level /rank duality, in which we begin with a level/rank duality,
and then add suitable fundamental matter to both sides.

The Chern-Simons level obeys a quantization condition. If we define the phase of the
fermion functional determinant via the n-invariant (see e.g. [48] for a discussion) so that it
is gauge-invariant, then the quantization condition is

keZ. (2.7)

This level receives a one-loop exact shift after integrating out a massive fermion. In these
conventions, integrating out a massive fundamental Dirac fermion of mass m leads to

k m >0
k — ’ (2.8)
k—1 m<D0.
When we compute the thermal free energy in the next section, we place the theory
on R? x S', using complex coordinates z+ = %(wl + iz?) for space and x3 ~ 23 + 3 for

Euclidean time. In section 4, when we compute zero temperature correlation functions, we
take S — co. At both finite and zero temperature we gauge-fix A_ = L\/%A" =0, so that

the Chern-Simons term becomes®

k a a
Scs = M/d% A%O_AS. (2.9)

We work in an ‘t Hooft limit in which N,k — oo with N/k, Ny, and Ny held fixed.
The ‘t Hooft coupling is

N
A= — 2.10
k: ? ( )
which obeys
Al <1, (2.11)

on account of N < |k|. In terms of A the level/rank duality (2.6) between pure Chern-
Simons theories maps the ‘t Hooft coupling of the SU(N) theory to that of the U(|k| — N)
theory as

IA| = 1=, sgn(A) — —sgn(A). (2.12)

5 . . . .
°In these conventions the invariant tensors are d33 = 64— = 1 and e;_3 = 1.



At zero temperature the gauge field has trivial holonomy in the 3-direction. However,
at high temperature, the gauge field acquires a non-trivial holonomy around the thermal
circle as first argued by [8]. This holonomy is characterized by the zero mode

1

Az = / d’z Az, (2.13)
Vo JRre

with V5 the regularized volume of R?. One may use the residual gauge freedom to set

03 A3 = 0 and then diagonalize the constant matrix .A3. The holonomy around the thermal

circle is then

a=ifA;), (2.14)

which is purely real and whose eigenvalues are periodic with periodicity 27. The end result
of [8] is that, at high temperature % > 1 and in the limit with N > 1 and A = N/k
fixed, the eigenvalues of a are uniformly spread around 0 with width 27|\, i.e.

11
ai; — a(u) = 27| Au, u € [—2, 2] . (2.15)

Accordingly we replace sums over eigenvalues with an integral over u according to this
distribution,

N 3
Y Fag) — N/ du F (27| Au) . (2.16)
i=1 -

N |=

Observe that the filled fraction of the circle is |A|, so that under level/rank duality the
filled fraction is exchanged with its complement.

2.2 Lagrangians

In large N Chern-Simons-matter theories there is a distinction between “regular” scalar
fields and “critical” scalar fields. In a theory of “regular” scalars ¢“ the operator (qﬁ&d)ﬁ )
has dimension A = 1+ O(1/N), while in a theory of “critical’ scalars it has dimension
A =2+ O(1/N). As the name suggests, to obtain a theory of regular scalars one simply
couples fundamental scalars to a Chern-Simons gauge field. The critical theory is obtained
by adding a mass term and quartic interaction and tuning to the non-trivial attractive fixed
point. It can be thought of as a gauged version of the Wilson-Fisher theory, and for this
reason scalars of this type are sometimes called Wilson-Fisher scalars. There is a similar
story for “regular” and “critical” fermions.

2.2.1 Regular matter

Let us begin by considering a Chern-Simons-matter theory with regular fermions and

scalars. Denote the fermions as 9™ and the scalars as ¢®, where m = 1,2,..., N; and
a=1,2,..., Ns. The action of our Chern-Simons matter theories is
S = Scs + /d% (z/?mzbz/;m - \Dw?) + Sint D,=0,+A4,, (2.17)

where Scg is given by (2.9) and Sj,; describes interactions amongst the "™ and ¢. The
maximal non-abelian global symmetry is SU(Ny) x SU(N,). For Ny # N, we consider



only those interactions which preserve it. When Ny = N, with supersymmetric theories in
mind, we also allow for interactions which preserve the diagonal global symmetry SU(N) x
SU(Ns) — SU(Ny). At large N the marginal interactions are

Sing = /d% <3!]1V2V(¢) + %U(qﬁ,w) +.. > , (2.18)

with
V(6) = Xs(056%)° + Xs(0],6%) (0]67) (6] 67) + M (0h,6°) (0]07) (816%)
U(¢,0) = Ma(mtd™)($5,6%) + Ny (mt)™) (0],6™)

and the dots indicate terms, like (1™ ¢q)(¢!*4y,), which are marginal at large N but which
do not contribute to the large N solution. Parantheses denote the contraction of gauge

(2.19)

indices, e.g.
(6h07) = 9Li0™. (2.20)

The coupling X} only exists in the theory with Ny = N, and breaks the flavor symmetry
down to a single copy of SU(Ny). Clearly when there is a single scalar all of the sextic
couplings are identical and, if there is a single fermion, A} is also redundant.

When Ny = Nj it is possible to tune to the couplings to preserve N' =1 or N' = 2
supersymmetry. If we preserve N’ = 1 SUSY, then the theory above is U(V); Chern-Simons
theory coupled to Ny fundamental chiral multiplets @™ with a superpotential

WL
2N

(B ®@™)° = 22 (B, @) (B, 0™) | (2.21)

W=- 2N

in terms of which the matter couplings in (2.19) are constrained as
e = 6w?, N =12wiwy, N =6w3, M=wi, N =wy+27\. (2.22)

N = 2 supersymmetry uniquely fixes the superpotential to be

W= 2% (B T@™) = =T (8,,0")(8,2™), (2.23)
i.e.
w; =0, wy = 27\, (2.24)
so that
MN=XNg=M\ =0, M= 2472)\? L =47\, (2.25)

There is significant evidence that the N' = 2 theory above exists and is superconformal.
See e.g. [58]. There is also significant evidence that it enjoys a self-duality under (2.12),
i.e. under [A| — 1 —|A| [54]. We may view the N/ = 1 theory above as a superpotential
deformation of the N/ = 2 theory. It has recently been shown [26] that the manifold of
N = 1 theories is only approximately superconformal at large IV, and that an isolated set of
points on this manifold correspond to SCFTs. Unlike in four dimensions, the superpotential
of a three-dimensional ' = 1 supersymmetric theory receives perturbative corrections. For



a corresponding computation of the beta function of the sextic coupling of Chern-Simons
gauge theory coupled to a single regular scalar or a single critical fermion see [23].

The N = 2 self-duality is the simplest example of a broader set of “Giveon-Kutasov”
dualities first described in [55]. In this broader set the “electric” theory is Chern-Simons
gauge theory coupled to Ny fundamental chiral multiplets and Wf anti-fundamental chiral
multiplets, while the “magnetic” description is Chern-Simons gauge theory coupled to Wf
fundamental chiral multiplets, N; anti-fundamental chiral multiplets, and N fﬁf gauge-
neutral “mesons.” It is easy to also compute the large N thermal free energy of these
theories, as we describe in subsection 5.3.1.

2.2.2 Critical matter

We also consider the theory of Ny critical scalars and Ny regular fermions coupled to a
Chern-Simons gauge field. At large N this theory is obtained by first setting the couplings
in the scalar potential and scalar/fermion interaction to vanish, and adding a mass term
for the scalars,

S — S+ /d?’x (o8)%5(610%) . (2.26)

We are to compute the exact propagators and thermal free energy as a function of o%g.
We then promote (op)%s to be a dynamical field, and extremize the on-shell action with
respect to it. The resulting theory is the Legendre transform of the regular theory with
respect to the operator (gbl@ﬂ ), which in the deformed theory has dimension 2 + O(1/N).
In this theory the only marginal operator at large N is

(Pmd™)(BLe™) (2.27)

which however only contributes at O(N') to the propagators and thermal free energy. (If
Ny = N; there is also the operator (&mqu)(gbiﬂﬂ”), which is also subleading at large N.)
Consequently this theory is characterized at leading order in large N by the discrete data
(N,k, Ny, Ny).

Similarly we could consider Ny regular scalars and Ny critical fermions, which at
large N is the Legendre transform with respect to the operator (1,,v™). This theory is
characterized at large N by 10 marginal couplings in the matter potential when Ny # Ny,
and 14 when Ny = N,. We do not consider it further.

An intermediately complicated theory is that of N, critical scalars and Ny critical
fermions. To obtain it we tune the couplings in the scalar potential and scalar/fermion
interaction to vanish, and add mass terms for the scalars and fermions,

s 5+ [ (o0 5(6ho") + @0 Gi™) | (2:28)

along with additional marginal interactions

/ i

S,=N / &z <O;)3tr(ap)3+?tr(ap)tr(a?:)—i—og)tr(a%)—i—agtr(UB)tr(JF)+a’2tr(agap)>
(2.29)

~10 -



The last coupling, o, only exists when Ny = Ny and we preserve the diagonal SU(Ny)
global symmetry. We then promote op and or to dynamical fields and extremize the
on-shell action with respect to them. We expect that this model is dual to the theory
of N, regular fermions and N; regular scalars with an appropriate action on the five
approximately marginal couplings, but we do not investigate it further.

The proposed master duality (1.1) of [32, 33] states that the theory of critical scalars
and regular fermions is dual to a theory of critical scalars and regular fermions with, at
large N,

(N,k,N¢,Ns) < (|k]| = N,—k,Ns,Ny). (2.30)

In the next section we will compute the free energy of the theory with regular matter
(which for Ny = Ny includes submanifolds with N =1 or N' = 2 SUSY), critical matter,
and the theory with regular fermions and critical scalars.

3 Large N free energy

3.1 Bilocal action

The Chern-Simons-matter theories above may be rewritten in terms of a new path integral
over bilocal singlet fields, whose equations of motion are the Schwinger-Dyson equations
for the exact propagators and whose on-shell value yields the large N free energy. See
e.g. [13, 14] for nice discussions. In this subsection we derive those equations of motion and
saddle point action using the techniques of [14], which ends up being a minor modification
of known results.

In the “light-cone” gauge A_ = 0 the cubic part of the Chern-Simons term vanishes
and so the Chern-Simons-matter action is quadratic in the gauge field. Following [5, 13],
integrating out the gauge field we obtain the action

S = / Dq (8h(~a)(@0° 5+ (05)” 5)8” (@) + (=) (17" 6™+ () ™)6" (@)
+N{/D3PDSQ1173Q2 C1(P,q1,62) X" n(P,q1) X" m(—P,q2)
+ / D3P, D3P, D31 D3 o D35

[Cz(P1,P27Q17QQ,QS)Xaﬁ(P17Q1)Xﬁ7(P2,Q2)X7a(—P1—P2,Q3)

>\ «
+€6X o(P1,q1)X? (P2, q2) XY 5(—P1— Pa,q3) (3.1)
)\/
+66Xaa(P1,Q1)X’Bﬁ(P2,QQ)X77(—P1—P2,Q3)}
Smi\ m n
+ / D*PD? 1 D3y ———— (€)™ n(P,q1)(&1) " m(— P, q2)
(Ch—QQ)—

+2 [ D*PD*q D’y ()\4(§I)mm(P7QI)Xaa(_P7QQ)+>‘£1(§I)mn(PaQ1)Xnm(_Paq2))}+~- ;
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where we have defined the singlet bilocal fields
“5(P,q) = %ﬁ}; (123 - Q> ¢° (5 +q> :
€mPa) = g (5 —a) o (5 +4). (32)
(&-)"n(P,q) = %&n <§ - q) -y (123 + q) :

and coefficient functions

Ci(P,q1,q2) = gy E Tt @2)s(P+a+a)-

(g1 —q2)— ’ (3.3)
— Py + 2q1 + 2(]2) (P1 + 2P + 2q2 + QQ3>_ YA '
Cy(Py, Py, q1, g2, _ g2y + 8,
(P1, Py, 01,42, 93) (Pr+ P + 2q1 — 2q2)_ (P — 22 + 2q3)— 6

and the dots correspond to terms which do not contribute to the large N free energy like
(Umd®)(darp™). The momenta § appearing in the matter kinetic terms are the “twisted”
momenta that arise on account of the non-trivial holonomy. They are diagonal matrices in
color space with entries

Guii = Qu — 00/ 5. (3.4)

Further, the Fourier space integration measure D3p is that for R? x S}},

where the momenta of bosonic fields on the S' are quantized as p, = 2”?" and fermionic

fields as p, = 2% (n + %)

As beautifully explained in [13], one may perform an analogue of a Hubbard-
Stratonovich transformation to eliminate the matter fields in favor of new singlet bilocal
fields whose dynamics is described by a new path integral. Assuming that the dominant
saddle is invariant under translations and rotations, this saddle can be obtained by a some-
what simpler procedure as described in [14]. Consider a symmetric saddle for the bilocal
fields defined above,

(X"(P,q)) = (2m)*6®) (P)x"5(q) ,
(€)™ a(Pq)) = (2m)* 6P (P)(€1) () , (3.6)
()" n(Pa)) = (21)° 0D (P)(€-)"n(0),
parameterized in terms of the three local functions x(q),&7(q), and £_(g). Plugging such
a saddle into the action above leads to an infrared divergent prefactor 6©)(P = 0) which
we interpret as the spacetime volume via V5 = (27)26(3)(0). Note that the term involving

Cy vanishes due to symmetry. Next we introduce new fields ((Gg)“s, (X5)%g) and 2 X 2
matrix valued fields ((Gr)®g, (Xr)“s) to decouple the interactions. Here

Gr=Gil, + G_~, Y=Y+ E.,.’)/Jr . (3.7)
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The new action is
S =/D3q (¢L(—Q)(6125O‘5 +(Z8)*3(0)¢° (@) + Ym(—q) (iGur"6™n + (iF)mn)w”(q))

T NBY { / D3 DD [cz<q1, 02, 03)(G )% 5(@) (G (a2) (G (a5)

A6

+ F(GB)aa(ql)(GB)ﬁ,B(QQ)(GB)W'Y(qg)

+ 2 (Ga) o) G ()G (e 55)
3 3 8miA

+/D @D qu — )

+ 2/93611773(12 (A(GB)* (@) (GD)™m(a2) + Ny (GB)"n(01)(G1)"m(q2))

(G)"n(q1)(G1)"m(g2)

- [Pt (EaGa0 + Se@Cr(@) ) + .

with
Yp=%Xp+opm, Yr=YXp+orls, (39)
and

(q1 + g2)— (g2 + g3)— i L’é‘

Cs(q1,q2,q3) = C(0,0,q1, g2, q3) = 4722
(@ ) ( ) (1 —q2)-(g3—q2)- 6

(3.10)

In the last line, the trace is performed over flavor and spinor indices. To see the equivalence
with the original action integrate out ¥p and Y. Doing so sets Gp(q) = x(0,¢) and
Gr(q) = £1(0,9) I3 + £-(0,9)y~. Thus we see that the saddle-point solutions for G and
G are the color singlet parts of the exact large IV bosonic and fermionic propagators.

The new action is quadratic in the bosons and fermions and so we integrate them out,
giving

§ = pVatry / Digtr(In(@ + £5(0) - n(ig” + Sr(0)))
+ NBV, {/173(111?3(121?3(13 |:CQ(Q1,Q27 03)(GB)*s(q1)(GB)’+(42)(GB) algs)

+ %(GB)‘*a(m)(GB)BB(%)(GBW(%)

+ 2 (Gn) "0 (G () G ()| (3.11)
+ [Pl G @)@ e

+2 [ DD (M(GB)" () G mla) + X4(G)"01)(G1) o (a2))
- [ Pau(Ze@Gato) + Se@Cr@) b+

The traces in the first and last lines are performed over flavor and spinor indices.
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At this stage, for generic bosonic masses (0p)“s and fermionic masses (oF)™,, the
SU(Ny) x SU(N;) flavor symmetry is broken to U(1)Ns*N:=2 However, recall that we are
ultimately interested in (i.) the SU(NNy) x SU(Ns) symmetric theories of regular matter,
(ii.) the theory with either regular scalars or critical fermions, or (iii.) the theory with
regular fermions and critical scalars.

In the first case, the fixed point is at o = op = 0. In the second, the massless theory
with regular scalars alone has op = 0; the theory with critical fermions is obtained from
that of regular massive fermions with no matter potential. Setting the A’s to vanish and
diagonalizing the fermion mass or, we see from the action (3.11) that the Ny fermions
only couple to themselves and not each other. Finally, the theory of critical scalars and
regular fermions is obtained from the theory with regular matter and no matter potential
along with a boson mass op. Diagonalizing it and setting the \’s to vanish, we also see
that the individual scalars and fermions are effectively self-interacting, and do not couple
to the other flavors at leading order in large N.

In each case this simplification allows us to easily solve the equations of motion and
on-shell action.

Let us deal with each of these theories in turn. We begin with the theory of regular
massless matter, for which we make a U(Ny) x U(XV,) ansatz for the bilocal fields:

(GB(9)%s = GB(0)0%,  (EB(¢)"s =2B(q)0%,  (0B)*s=0 (3.12)

and similarly for the fermionic objects. We will tackle the other cases later in the section.
With this substitution at hand the effective action simplifies further, becoming

S = BVatry / Dq (NS In(§% + Sp(q)) — NytrIn(ig " + ¥ F(q))) (3.13)

NSZ)\(; + NS)\%

+ NBV; {Ns /D3qlD3qQD3Q3 < 5 + 02(Q17Q27C]3)> Gp(q1)Gp(92)GB(g3)
8T\
(@1 —q2)—

- [ Pa(NEp@Gate) + Ny @Gra)) | + .

+ Ny / D*q1D?gy G (q1)G1(q2) + 2<Ns>\4 + AZ) Gp(q1)Gr(g2)

The trace in the last line is over spinor indices alone.

3.1.1 Equations of motion
The equations of motion for ¥ and X are

tr 1 tr 1
0= (7rmm) - 0= N (Gamw) 09

which upon using the piecewise-uniform eigenvalue distribution (2.16) is

1

Gola) = [ due . Grlo = [ i (3.15)

~ ) U= .
1 ¢+ 3s() iy + Er(q)

1
2
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The equations of motion for Gg and Gg give

N2X\¢ + NS)\’6>
2

Yp(q) = /7331?1773192 (Cz(qmbm) + Ca(p1,q,p2) + Ca(p1,p2,9) +
% Cp(p1)Cr(p2) + 2(Nhs + X)) / DY Girp).
G_
) = ~rix [ D?’p(q_(;) + (V) [ DGalp), (3.16)

— A 3 Gl(p)
)= tmix [ D

Plugging in the expressions (3.14) for Gp and G we can express Xp as

¥p(q) = (a) + (b) + (c) + (d) + (e), (3.17)
with
S [ e ()]
== [P e (g e (o)
- /\6N82+)\2 I NG+ \! [ /Dgptm <;B()>r (3.18)

e)=m———F5T—" D tr P —— 5
©) N b ipu Y+ (p)

where in the last line the trace is taken over color and spinor indices. Similarly we have

o 1 1 Ami 1 ¥
:]:Z/Dgp tr<,~ m ):m/l)3p trN(~ - 12 2),
(g—p)-  \ipuy"+XF (g—p)- (p—iXp)?+X7
i 1 1 N A+ ) 1
Yi(g)=-"— | D3 tr(~T 4/1)3 try [ =———
1(4) / P (q_p), r(” iﬁw“+2F>+ N\ s,

_ Ami ip_ N, )\4—1—)\’ / 1
D3p t D3pt
/ w ((ﬁ—z‘zF>2+2%> " RAVZED

(3.19)
Comparing these equations with the “bootstrap equations” for the bosonic and fermionic

self-energies obtained in [8], we readily see that (i.) our ¥p and ¥ may be interpreted as
the bosonic and fermionic self-energies of the exact large N propagators via

(6 (@)}, (0) = (27)*5 (p + @) sty (q+123@>> ,

(W™ (@)n(p) = (2m)°6P (p+ g)5 ™ utrn (qviEF(q)) ’

and (ii.) these are the same equations they find (for a single fundamental boson and

(3.20)

fermion) with a flipped sign of the self-energies,

EB here = _EB there » EF here =— _EFthere ) (321)
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along with the replacements
)\Gthere — NSQ)\6 + Ns)\/6 + /6/7 (322)

and, in the scalar equation, Agthere = NfA4+ N}, while in the fermionic equation A4 there —
NsAq + Aj. These replacements effectively account for the multiple flavors. Indeed, rather
than obtaining the equations of motion for (Gp,¥p) and (G, Xr) we could simply have
summed up the planar diagrams with the same result.

3.1.2 On-shell action

Using the equations of motion, we can bring the on-shell action (3.11) into the form

SZSB+SF+SBF, (3.23)
where
d2qg = 2 Yp
NN, | Yp)— s
SB VYQ/édU/ (271')2 _Z: <H(q + B) 3 ~2+2B> )
2 1 1
_ I
SF—NNf‘/Q/édU/ E Z trf< In(ig,y —I—EF) QEFZ'(L[W—FZF> , (3.24)
,BNNfVQ( AN, / / , /2 / , 1
=— D-q d D pt — .
SBF . ~2+ZB . U ptre R

For the theory of critical scalars coupled to a Chern-Simons gauge field, we must set
e =Ny =M =X\ =N, =

3.2 Exact propagators and free energy

We now proceed to solve the equations of motion (3.18) and (3.19) for the self-energies
Yp and Xp. These equations are the same as those encountered in [8] with suitable
replacements of parameters. We will mostly adapt their solution in what follows.

Taking the derivative of the equation of motion (3.18) for Xp with respect to ¢ and
using

1 s _
O oy, 9% (3.25)

09+ q— 04+ gs

one finds that Y3 is independent of ¢. Similar manipulations of (3.19) for X reveal that®

Y5(q) = Bk,
i(e) = f(W)as
E4(q) =ig(y)ay (3.26)
g+ f° % ,
Yy
5Qur conventions for f and g below are related to those of [8] by fus = — fihem and gus = —gthem.
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with y = B¢s and where up, ur, f, and g, are all functions of the couplings and the
matter content. The quantities up and pur may be interpreted as thermal pole masses. In
equation (3.18) we may then substitute ¢ = 0, for which (b) = (c¢) = 0. The basic integrals
remaining in that equation of motion are

1 1 hp
Ig=— [ Dpt = 3.27
s=x [ pm(ﬁ+%> o (3.27)
I 1/1)3‘5 L ! (hp +2HFp)h
= — T g
FTN P Py + Ep arpen EJES

where

1 .
hs = Aus + — (Liz(e*”B*’”p") - c.c.) :
T

1 .
— 13— A
hr = [Mpr + — (ng( e ) c.c.) : (3.28)
_ Ny + )‘ﬁl
=

and we have chosen a convention for which pup and pp are both positive. Further, the
function f is given by

1 / 7
yf(y) = )\\/m += [Li2(—€_ Y Y c.c.] +sgn(MHp, (3.29)

which comes from evaluating the last line of (3.19). In evaluating the integrals (3.27)
we integrate up to a hard cutoff for spatial momenta and cancel divergences with mass
counterterms. To evaluate the second integral, it is convenient to first sum over Matsubara
modes, then integrate over u, giving

i BA T \/ 22+ % — i
= 22/ dz xf(xr) ——— |Incosh —c.c.|, (3.30)
2m2B2X Jy [22 + 2 2

with z = Bps, and then use that
O(zf(x)) T V2 + ,u% — T\
) =— In cosh —cc.| . (3.31)
Ox [2? 4 12 2
F

The equations of motion then become transcendental equations for pup and up,

~ 2
A Ny + X
2 fA4 4
= [ S I (4 2Hp) B
ald (2/\ B) T (2R (3.32)

Iy

pr=hr+Hp,
where we have defined
N2Xg + NsXg + N§
872 ’

and we choose the sign for ur so that it is positive.

A=) 4

(3.33)

17 -



Having solved the equations of motion we presently evaluate the on-shell action, which
gives us the thermal free energy SF to leading order at large N. We separately evaluate
the terms in the action S in eq. (3.23). The one-loop determinant terms in Sp and Sy are
simply N, and Ny times the corresponding terms in the computation of [8]. As for the rest
of the bosonic term Spg, it is given by

2N8V26/ 5 Y5 INNVy o NNVy
3 N\Z T 356 VBB T grpza| BHE (3.34)
Thus
NN (% hp 1 / > . (—ytmix
Sp=— o { 3 wB — 5% + x|, dyy [ng (e ) —c.c.] (3.35)

Similarly, after some manipulations we find that the fermionic contribution to the on-shell

NNV | i 1 1 H3,
SF= Sn {3 LF 5 )+ g (it + 5

action is

1 00 (3.36)
b [y [ (<o) <] |
TN J e
Finally, the interaction term Spp is
NN§(NAy + Np)Va NN§(NAs 4 N Va
Spr = — Iglp = — hghr(h 2 ) 3.37
BF 5 Blr 06m2 322 phr(hr 4+ 2HF) (3.37)

Putting the pieces together, and after extensive use of egs. (3.28) and (3.32), we arrive
at the large N free energy for the theory of regular matter. It is

2 2
/w=—25§w{Nprb<wﬁmg o] - Nngupfwwwg_m}
w20
oo . S .
+ N dyy [Lig (efy“”"\‘) Nf/ dyy ng efy+7"|/\|> — c.c.} } .
©B HE

All information about the self-interactions Ag, \j;, etc., is subsumed into the values pp and
pr of the thermal pole masses, which are determined by (3.32). Since N/|A| = |k|, this
presentation is tailor-made for a Chern-Simons duality under

N — |k| - N, k— —k, N < Ny, UB <> PF (3.39)

However, as we discussed in the Introduction, the spectrum of gauge-invariant operators of
a theory with Ny regular fermions and N, regular scalars can match those of a dual with
N7 fermions and Ny scalars only if Ny = N, and Ny = N}. Putting this together with our
result for the free energy, we see that this duality is only tenable if there are equal numbers
of fermions and scalars, Ny = N,. In other words, if it is a self-duality. We discuss this
further in section 5.3.
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3.3 Regular scalars or critical fermions

The free energy of the theory with Ny regular scalars is given by (3.38) upon setting the
number of fermions Ny = 0.

To reach the theory of Ny critical fermions, we first set Ny = 0 along the couplings of
the matter potential, and allow for a bare fermion mass (o)™ ,. In terms of the eigenvalues
of the bare mass matrix, which we label as o,,, it is easy to repeat the analysis above for
the theory of regular matter. The resulting free energy is the sum of free energies for the
individual fermions, and reads

Ny 9

NV, [T 0 . _ ;
= "2 m _Ym m [L (_ ;Lm+7rz\)\|) —c. :|
Al =g mzzl ( 6r  6x  3miy L2\ e

1 & .
—i—,/ dyy [Lig (—e_y'H”')") — c.c.] ,
|\ .

where we have labeled the thermal pole mass of the m'™ fermion as p,, and &,, = Bon.

(3.40)

The thermal pole masses satisfy
~ 1 : —pm 7| A|
+ oy, = O + [N ppm — — [L12 <—e Hm ) - c.c.} . (3.41)
i

Following the discussion in subsection 2.2.2, we obtain the critical theory by adding the
triple-trace interactions AL = & (Agptr(op)® + Ngptr(op)tr(o%) + ANgptr(o2)), which de-
forms the free energy by

3

NV Ny Ny Ny Ny
ABF) = 2ia5 | Xer | D m | + Xor Gm | | D on | +2p > G0 ] - (3.42)
35 m=1 m=1 n=1 m=1

We then extremize the total free energy with respect to the o,,. (The variations with
respect to off-diagonal elements of o vanish by the unbroken SU(Ny) flavor symmetry, so
it suffices to extremize with respect to its eigenvalues.)

Assuming an SU(Ny)-symmetric ansatz for the extremum, i,e. o, = o for all m, we
find it to be

1

e = —sgn( A urG, G =
\/1 — 27 M(N2A6r + NNy + M)

, (3.43)

which is the same as for a single fermion obtained in [8] upon the replacement A\¢r —
N]%/\G F+ NiXgp + Aip. This expression holds provided that the argument of the square
root is positive, and the sign for & is obtained by the requirement that ug is positive. From
the equation (3.41) for the thermal pole mass, plugging in this value of & we obtain an
equation for the pole mass of the critical theory,

(1+G — [M)ppe = —% [Li2 (—e—ﬂF,cﬂ”’l*\) - c.c.} . (3.44)
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Plugging the extremum o — o, into the free energy we obtain after some simplification

NN ‘/2 /‘L%’c . — T o . — v
BF = 27r2iBf?|/\| ( 3’ Liy <—e HFet ‘)") —|—/H dy y Lia (—e vt |/\|) —c.c.) . (3.45)
F,c

This form is ready-made to showcase a duality with the theory with regular scalars under
Ny < Ns,  ppe < ps- (3.46)

For this to hold the triple trace couplings of the bosonic and fermionic theories must be
appropriately mapped to each other. We discuss this in section 5.2.

3.4 Critical scalars and regular fermions

We obtain the theory with critical scalars and regular fermions by first taking the theory of
regular matter, setting the couplings Ag, Aj, etc., to vanish, and then adding a bare bosonic
mass (0p)“g. As above, we diagonalize it, and refer to the eigenvalues as o,. There are
now INg thermal pole masses for the bosons, satisfying

2 ~

1 1o/
IBo — Oa = —§|)\|u37a ~ 5 (ng (e KBt W") — c.c.) . (3.47)

Repeating the analysis for the free energy we find

Ns
BF = NpfFp(ur) + Y BFs(iB.a; 0a) (3.48)

a=1

where Fy(pur) is the free energy of a single regular fermion with pole mass jr, given below,
and Fj is the free energy of a single regular scalar with pole mass pup and bare mass o,

__ NVa (M6 pp—G.. (i), L[ i o—ytmin
BFS(MB’U)__%rﬂ?)\ ( 3 + 57 Liy (e >+MLB dyyLiy (e )—c.c. ,
(3.49)

Extremizing the free energy with respect to the o, we find that they are all identical, with

Go =l (3.50)

and pp, is the thermal pole mass of the critical theory. It and the fermion pole mass are
determined by

1 .
AMppe=— |:L12 (G_NB’C-H”M‘) — c.c.} ,
i

1 . (3.51)
tur = [Apr — — [LiZ <*6_“F+m|)‘|> — C.C.} ;
e
Plugging this back into the free energy we obtain
BEF = NgBFy(ur) + NsBFsc(pip.e) (3.52)
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where

NVy HE - 15 > A|
BFy(ur) = < le( il ' dnylz —eytmil
2m2i 32| A| L
NV (1e ) °O i)
BFsc(pBe) = —5— ~Lis (6 pB . til —l— dny12 e YT
2miB2 A\ 3 e

(3.53)

are the free energies of the theories with a single regular fermion or critical boson.

4 Large N zero temperature correlators

U(N)g Chern-Simons theory coupled to fundamental matter has a simple spectrum of
gauge-invariant operators. There are the analogue of “single trace” operators, which
are matter bilinears with derivatives acting on the matter fields. For example, for
Chern-Simons theory coupled to Ny regular fermions and Ny regular scalars, there are
scalar bilinears of spin s = 0,1,... of the schematic form J* ~ (¢'9°¢) and dimension
A =1+ s+ O(1/N), transforming in the adjoint representation of the U(N;) that rotates
the scalars. There is also a tower of fermion bilinears JI ~ (10%1)) transforming in the
adjoint representation of the U(NNy) that rotates the fermions. Those operators are bosonic,
but when there are fermions and bosons we also have a tower of fermionic gauge singlets
~ (10°¢). The single-trace operators have dimensions which are O(1) in the ‘t Hooft limit.
The U(N)j theory also has monopole operators, whose dimensions are parametrically of
O(N). There are also “multi-trace” operators built from the product of “single-trace” op-
erators with each other, and more general products with monopole operators. The SU(N )
theory does not have monopole operators, but it does have baryon operators whose dimen-
sions are also O(N).

Building upon previous work [6, 7] we consider the correlation functions of the single-
trace operators, focusing on the spin-zero boson and fermion bilinears. We do not consider
the mixed scalar/fermion bilinears, though it would be interesting to study these. We
decompose the purely scalar and purely fermion bilinears according to their transformation
under the SU(NN,) and SU(N) global symmetries, i.e. into traceless and traceful parts,

a a a S (e m 7 m m S m
()% = (0h9%) = (A0)+ 0%, ()" = ™) = (A" + T (4)

In writing the matter potential of the theory with regular scalars and regular fermions,
or the theory with critical fermions, we did so without performing such a decomposition.
However it is useful to do so when computing correlation functions. For the theory with
regular scalars and regular fermions we rewrite the approximately marginal triple-trace
and double-trace deformations in (2.19) as

V(¢) = AeS; + 3MsSptr(AZ) + Mitr(AD),

° ) (4.2)
U(¢a %ZJ) = )\45be + )‘4tr(AbAf) s
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with

_ NQ)\ +N5>\, 4 2\ _ ) VA _
)\6: s 70 N26 67 )‘g:?—i_ﬁﬁ’ )‘g: ,6{7

; ° 4.3
~ Nf)\4+/\ﬁl 5y , (43)
MZT’ 4=

Note that the thermal free energy, summarized in egs. (3.32) and (3.38), depends on A
and A4, but not the other multi-trace couplings.

Similarly for the theory with critical fermions, described in subsection 3.3, we decom-
pose (op)™, as

S

(JF)mn = Amn + 75mn ) (4'4)
Ny
and so the triple trace couplings as
N /- - - - -
AL= (AGFS?’ + 3N, pStr(A2) + ’G’Ftr(A3)) , (4.5)
with
. N2Xr + NpXNgp + Ao - N\ N\ -
Ao = —1 N2 L Np= gF + NL? , X6p = Ak - (4.6)
f

Also note that the thermal free energy of this theory, summarized in eqs. (3.44) and (3.45),
only depends on gz but not 5\% o or S\g P

4.1 Two-point functions

Consider U(N); Chern-Simons theory coupled to either a single boson of fermion. Denote
the scalar bilinear as J, = (¢7¢) and J ¢ = (). The two-point functions of J, and Js
are [6, 7]

N tan %
(o) J5)° = Ga(q) = Nian (77) 1 ,

(4.7)

(J(9)J5)° = Gy(q) = —

where we work in momentum space and have stripped off the usual factor of (27)36()(0).
The superscript 0 on the left-hand-side indicates that these correlators are evaluated in
the theory with only bosons or fermions. These correlators are the result of summing up
diagrams of the sort pictured in figure 1, where gauge bosons are exchanged between exact
large N boson or fermion propagators. These diagrams are insensitive to the number of
flavors, and so we immediately obtain the two-point functions of (J,)*s and (J,,)™, in
U(N)j Chern-Simons theory coupled to N, scalars or Ny fermions:

()™ 0z (0) () as)® = Go(@)0* 0400y

4.8
()™ o (@D (T) ™ ma)® = G p(@)0™ 6™y )
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Figure 1. Some contributions to the large N two-point functions of J, and J;. Dashed lines
indicate the scalar ¢, solid the fermion 1, wavy lines the gauge field, crosses insertions of J, and Jy.

Figure 2. The two-point function of J, in the double-trace deformed theory is a sum of bubbles
involving the two-point function of J; in the undeformed theory and that of Jf, denoted by blobs.

Decomposing into the adjoint and scalar parts, we find

((Ap)* s (@)(A)*a,)° = Gi(a) (Iy)2sad (S6(a)Sh)° = NsG(a) .,

(A ™ s (@A) ™ m0)’ = Gpl@) )i s (S5(@)Sy)° = NyGy(a)
where 1
(Ib)gégi - 6(11&460&3&2 - ﬁ5a1a25a3a4 s (410)

S
is the unique flavor structure allowed in the two-point function of fields in the adjoint
representation. These two-point functions are the foundation we build upon.

Now consider U(N ), Chern-Simons theory coupled to Ny fermions and N, scalars with
no double-trace interactions, Ay = ~£1 = 0. In this theory the fermions and scalars are not
coupled to leading order in large IV, and the large N two-point function of .J, and Jy are
as above. Turning on A4 and /N\Q then amounts to deforming by double-trace deformations,
which lead to a simple modification of two- and three-point functions at large N.

We could also study the two-point functions of the spin—s tower of scalar and fermion
bilinears. However these are unaltered by the matter couplings discussed below, and so we
do not consider them further.

4.1.1 Regular scalars and fermions
Now consider the theory with N, regular scalars and Ny regular fermions, which we view

as a double trace deformation by A4 and 5\21

Ng; # Npgp. In this case there is a unique coupling which contributes to the large N
two-point functions, ~ A\4SpSy. This in turn modifies the two-point functions of the flavor
scalars S, and Sy, which are now given by a sum of bubble diagrams as pictured in figure 2.
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The two-point functions of adjoints are unmodified, while the sum of bubbles gives the
geometric series

n

00 <\ 2
(Sb(0)Sh) = (Su(@)S)° D _ (—?3) (S(a)S5)"(Sv(a)Sh)"

=0 ) (4.11a)
_ NsGy(q) oy = M
1+ 23 N;Ny tan? (L;‘) ’ 4\
Similarly, defining the bubble function
1
Bs = 1+ 22NNy tan? (3) ' (4.11b)
we have

(Sy(@)Sy) = NyBsGy(q) - (4.11c)

We also find that the two-point function of S, with Sy is nonzero, albeit a pure contact term,

<&@wm=—uMWﬂ%mﬁ(gﬁ. (4.11d)

Ng = Ny. There are now two couplings which contribute to the large N two-point func-
tions. The two-point functions of the scalars S, and Sy are given by the expressions (4.11).
The two-point functions of the adjoints are modified as

((Ap)"™ 1y (@) (Ap) "2 my) = BaGo(q)(Ip) mams
<(Af)m1m2 (Q)(Af)m3m4> = BAGf(Q)(Ib)m;mi > (4'12)

(AN @) (A7) ) = e () BT

with _
x4 - 47_(_)\ bl ( * 3)
and where we have defined the bubble function
1
By (4.14)

1+ 22 tan? (%)
4.1.2 Regular scalars or critical fermions

The theory with Ny regular scalars is already subsumed in our analysis above. The two-
point functions of A, and Sy are given by (4.9).

To get to the theory of Ny critical fermions, we begin with the theory of Ny regular
massless fermions. The critical theory is obtained by Legendre transforming with respect
to the fermion bilinear Jy. The two-point function of the Legendre dual of is

(T8 ™ s (@) (0F) ™ ny) = (=G (@)™ 6™ 06"y = G (@)™ g™ s
4|\ cot (%) 1 (4.15)
N lal”

Gf,c(Q) =

Decomposing o into traceless and traceful parts A and S, we have

(Am1mg (A my) = Gre(@Upmims . (S(@)S) = NyGrela) - (4.16)
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Figure 3. The contribution of the sextic coupling A\g to the three-point function of J,. There are im-
plicit blobs connecting adjacent scalar propagators, which sum up the gauge interactions at large .

4.1.3 Ciritical scalars and regular fermions

This theory is obtained by starting with the theory of N, regular scalars and Ny regular
fermions, setting the sextic and quartic deformations Ag, Aj, etc., to vanish. We then
Legendre transform with respect to the scalar bilinear Jp. Denoting the dual field as Jp,

we have
(J0)™ 0 (@) () ) = (—=G(@) " 6% 0, 0%y = Gie(@)6™ 0, 0%y
47| A| cot (@) (4.17)
Ghe(q) = — v lq] -

Decomposing Jp into traceless and traceful parts Ay and Sy, we have

((Ap)™ a2 () (Ap) ¥ as) = Goe(@)T)asal . (Sh(@)Sh)) = NsGie(q) - (4.18)

Meanwhile the two-point functions of fermions are those of the pure fermion theory (4.9).

4.2 Three-point functions

Consider again the three-point functions of Jj, or J¢ in U(NN);, Chern-Simons theory coupled
to either a single regular boson or regular fermion. The result of [6, 7] is

Iola)Iold) T = — (tan(’?) _ tan® () <1 LN )) |

27\ \ cos? (%’\) 4 8m2\2 lalld'llg +¢'|

v ’ (4.19)
(@) 75(d)Tp)° = 5 tan® (g) .

Note that the three-point function of Jp is of the correct form for a dimension 1 primary,
while the three-point function of J; is a pure contact term. The dependence of the three-
point function of J, on the sextic coupling g only arises through the diagram in figure 3,
which factorizes as —%<Jb(q)Jb>0(Jb(q’)Jb)0<Jb(—q — ") Jp)°.
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The generalization to U(N); Chern-Simons theory coupled to N scalars is

()™ a2 () () s (') (J0) ) = To(a, ') Pagias + Ty(a. ') (P)asesas + Ty (P")asaias

(4.20)
with
T tan( 2’\) tan3 (”2—/\) <1 A ) 1
b zm cos? (22 4 87222 ) | 14lld'llg + |
3 A
7y — NG tan (3) 1 (4.21)
64733 qlldllg + |
i N)\gtan (7“\) 1
64m3X3  qll'llq + 4’|’
and the tensor structures are
1
nglgfges 3! (0710469 050 oy + (permutations))
1
(P)6s6ses = 5 (6% ay0%ag0a, + 0%%0,0™ 0,0, +0%00,0%80,0%0,) , (422)

/\oapo3as o SO (0% (0751
(P )a2a4a6 6 a26 C“46 Qg

This data can be reorganized into the three-point functions of the traceless and traceful
parts of J,. The three-point function of adjoints is essentially that for the theory of a single

scalar,
((Ap)* 02 (4) (Ap) ¥ 0, (4) (A5) )" = To(a, ¢') (Ha)obadon » (4.23)
up to a group theory factor
1
(Hp)alosas = 3 (091 4,09 050 o, + (permutations) — (traces)) , (4.24)

appropriate for the three-point function of adjoint representations. We also have

(S(9)(Ap)™ a2 (4) (A)* )"

N
- (Tb(q’q'”;Té(q’q')) (I)ases (4.25)
N tan(”—?) tan? (”2’\) " N, 1 (s
(7)) 4 5722 ) ) TallgTla a2

where )] is the redefined sextic coupling ~ \gSytr(A?) given in (4.3). Finally the three-
point function of traces is
(8(@)S(d)8)" = NsTy(a,¢') + NiTy(a,q') + NJTy'(¢.4)

_ NN, (tan(“) tan3 () <1+ N525\6>> 1 (4.26)

—2mh | cos? (B) 4 82X | ) lalld'llg + 4|

where Xe is the sextic coupling ~ 5\655’ in (4.3). The three-point function of a single A,
with two scalars Sy is forbidden by symmetry.
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In each case we see that the dependence of the three-point function on the couplings
is the same as that for a single scalar (4.19) upon replacing the triple-trace coupling Ag
with either the triple-trace coupling of three adjoints, 5\{3’ = Mg, the coupling of a scalar
with two adjoints, 5\2, or the coupling of three scalars, X6. With this in mind, we define
the normalization factor

o= 25 (s () st (2)). )

along with
22 1 N2)g 1 N\, 1 N/
- - _ 1 —— _3 S / — _3 57'6 7 — - _3 76 .
6T Nz A ( Tz BT Tz T t Sm2a2

(4.28)
The combination é is the same one that appears in the thermal free energy (3.32) of this
model. In this convention, the three-point functions are

( )a1a3a5

(A0 0) (A0 (0 A0 ) = Nl af) IR
(SO A ) A1) ) = N ) w29

ney — NsNo(z6)

DS = 1577l + g

Similarly, for U(N);, Chern-Simons theory coupled to Ny fermions we have

()™ iy (@) (T )™ i (@) (T )™ ms ) = Ty lq, ¢ ) Pmsms (4.30)
with
N T
T N= " tan? | -2 . 4.31
(0 = ot () (4.31)

Decomposing into the three-point function of adjoints and scalars we have

((Af)™ g (@) (Ap) ™ iy (@) (Af) ™ ) = Ty (q, ¢ ) (Hy ymbmss
(SH(@)(Ap)™ g (@) (AF)™ )0 = Ty(q, ¢ )Ly mims (4.32)
(S¢(q)Sr(q")Sp)” = N¢Ty(q, q') .

We also define the (at this stage, redundant) fermionic normalization
N TA
Np=_——tan® | — | . 4.33
I 27x 2 (4.33)
As in our discussion of two-point functions, these results for the three-point functions
for the theory of just fermions or just scalars continue to hold for the theory with fermions

and scalars, provided that the double-trace couplings ~ ;S and, for Ny = Ny, tr(AAy),
are set to vanish.
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Figure 4. The three-point function of S, with two Ap’s is that of the undeformed theory, with a
sum over bubbles attached to the S; vertex of the undeformed three-point function.

4.2.1 Regular scalars and fermions

We return to the theory with N, regular scalars and Ny regular fermions. We turn on the
double trace deformations A4 and X}, and obtain the three-point functions of the deformed
theory by summing up bubbles as we did for two-point functions.

Ny # Ny. As we saw in our analysis of two-point functions, the two-point function
of adjoints A, and Ay are unmodified, but the two-point functions of the scalar bilinear
Sy = (gszgZ)o‘) and S§ = (Yy™) are, by the coupling A4S,Ss. In particular S, can bubble
into Sf.

Consequently the three-point functions of adjoints A; and Ay are unmodified, taking on
the values given in egs. (4.23), (4.29), (4.26), and (4.32). The mixed three-point functions
of Ay with Ay vanish.

The three-point function of S, with two Ap’s is now modified. The large N correlator
is given by gluing a sum of bubble diagrams to the S; vertex of the three-point function
(SpApAp)° in (4.29). See figure 4. The result is

(Sb(9)(A)™ a5 (¢') (Ab)**a)

n

00 ~ 2
=3 (‘2) (So(@) S @S| (S5(@)(A0)™ (@) (A) )"
n=0

= BsNy(z6)(Ip)asa? - (4.34)
Here z, = My There is a similar modification to the three-point function of S with two
DN f

Ay’s, although since this is a pure contact term we neglect it here. The more interesting
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effect is that we can have a three-point function of Sy with two Ay’s,

) , A o (Tb)ayas
(S0 0 )(A0)0) = Ny Bstan (T ) Mo 8L azs)
d'llq + 4|
This is the appropriate forms for the three-point function of two dimension 1 operators
with a dimension 2 operators. The three-point functions (SpA¢Ay) and (S,S¢S¢) can also
be computed, but these are pure contact terms.

There are also the three-point functions of S, and Sy. The three-point function of S
is given by a sum of two terms, one involving the three-point function (S,S5,5;)° dressed
by bubble on each vertex, and another involving the three-point function (S;S;S f>0, also
dressed by bubbles on each vertex. In an equation,

n\ 3

0o <\ 2
(Sb(q)Su(q)Sp) = nz% <j\é> (S5(q)S6)(Sf(q)Sp)° (S1(q)S(q")Sp)° (4.36)
+6(0)G(d)G(—a — ) (S¢(a)Sr(d)55)°
with
A = [/3,\’ '
Gla) = =57 (Sol(@)S)" Y (;) (5u(0)5)°(S7(0)S)°
n=0 (4.37)
B x4 N, tan (”—A) 1 B
=15 2NN, tar?Q =) 7 —24(Sp(q)Sh) -
This evaluates to
/ _ p3 o) — 23 N3 tan® A 1
(Sb(9)Sb(q')S) = B (NSNS( 6) — x4 Ny t < 5 )Nf/\/f> PIPITETIR (4.38)

The mixed three-point function (S,SpSf) can be obtained in the same way.

N; = Ng. Since now the adjoint bilinears A, and Ay can bubble into each other, all
three-point functions allowed by symmetry are generated. They arise in essentially the
same way as the modified three-point function of S, above in (4.36). We find that the
three-point functions of A, and Ay are

()™ ) A0y ) )™ ) = B (N (af) — XONG) (I

(H,)mmams (4.39)
(A8 ™ s (0)(A0) s (0 (A7) ") = B (X No(of) + XPNTp) S ptmame

The three-point functions (A,ArAs) and (ApA;Ays) are contact terms. To simplify the
expression, we have defined the factor

X' = 2 tan (”2)‘) : (4.40)

~ 99 —



The simple way to understand this is the following. Each three-point function is the sum
of two terms, one involving the three-point function of adjoints in the pure bosonic theory,
My(94), and one involving the three-point function of adjoints in the pure fermion theory,
Ny. The group theory factor and momentum dependence are fixed by symmetry. The
bubble factors arise for each adjoint insertion. When A; bubbles into Ay it introduces a
factor of —X’, and when Ay bubbles into Ay it introduces a factor of X’.
The mixed three-point functions of one scalar and two adjoints arise in a similar way,
(Lo)myms
lalld'lla+ '
(o) mym:
¢'llg+¢'|
(o) myms
lqllq’|
with (SpAfAy), (SpArAp), and (SpAfAyf) contact terms. In analogy with X’ we have
defined the factor

(S5(@) (A3)™ s (0 (A0) ™ ,) = BB (N () — XX2\G)
(S () (A) ™ s (&) (Ap) ™ m,) = BB (XNi(2f) + X"N) (4.41)
(@) (A0) ™ g (@) (A7) ) = BB (X'Ny(2%) + XX'N)

9

2
which arises whenever Sy bubbles into Sp; and minus this factor arises when S, bubbles

X = x4Ny tan <7T>\> , (4.42)

into Sy. Finally the three-point functions of SU(Ny) scalars are

NS = N B (N (o) XN L
(Sb(4)5(')Sb) = Ny B5 (N (26) — X°N) lalla'lla + 4’ (4.43)
(S0 )S5) = NyBE (XN + XN (.

with (SpSSy) and (SyS§Sy) contact terms.

4.2.2 Regular scalars or critical fermions

We already dealt with the theory of Vs regular scalars above. For the theory of Ny critical
fermions, we begin with the three-point functions of the theory of Ny regular fermions.
Our analysis continues that of subsection 4.1.2.
We begin by rescaling the critical fermion “bilinear o as
N

so that the two-point functions of its scalar and adjoint parts S and A are
< ~ N a\\ (Lp)mims ~ = N Ny A\ 1
Am Ams N = - e = — | —. (44
A @A) = oot () SO 58 = T o () )
Following [7] we find the three-point functions to be
~ ~ ~ N A < TA\\ (Hy)mimsms
Am1m Am3m / Amsm - t —— )27\ " t3 <>> m2m4me ,
A s (A (€A ma) = =573 <CO < 2 > Tert 2 ) Tdlldlla+q]
S x ~ N TA ~ A (Lf)mims
S(q)A™ ., ()A™3,,,) = ——— <cot () + 27 AN N - cot? ()) R
e NN A N A 1
5(0)8(¢)8) = - f( t(>+2 ANZA t3<>>.
5(@)5(4)5) 2a 0\ 2 TN\ 2 ) ) Talle' la+d]
(4.46)

— 30 —



4.2.3 Critical scalars and regular fermions

In this case all three-point functions of spin-zero bilinears are constants, and so contact
terms. We do not consider them further.

5 Testing dualities

5.1 Critical bosons and regular fermions

Let us put the pieces together, beginning with the simplest theory, that of U(NN); Chern-
Simons theory coupled to Ny critical scalars and Ny regular fermions. We found the free
energy to be (3.52)

F= NfFf(Na)‘uU'F) +Nst,c(N>)‘nU'B,c)a

where F is the free energy of the theory with a single regular fermion, and F; . that of
the theory of a single critical scalar. The fermion and boson thermal pole masses ur and
KB, are given by (3.51).

This theory has scalar and fermion bilinears of spin-zero, .J, and J¢, of dimension
24 O(1/N). Their three-point functions are pure contact terms. There are also spin s =
1,2,... operators J; and J§ in the adjoint representation of U(N5) and U(Ny) respectively,
whose two- and three-point functions are essentially those of the spin s = 1,2, ... bilinears
of the theory with a single critical scalar, or a critical fermion.

As a result the only non-trivial test of the master duality (1.1) we can perform’ is to
see whether F'is invariant under

N < k|- N, A A —sgn()\), Ng <> Ny. (5.1)

This immediately follows from the known result [8] that the free energies Fy and Fy are
exchanged under this map,

Ff(Nv)‘nu):FS7C(|kj|_N7>‘_Sgn(>‘)7u)7 (52)

and further that the equations for the pole masses, (3.51), which do not depend on Ny or
Ny, are exchanged under it.

5.2 Regular scalars, critical fermions

The thermal free energy of U(NN); Chern-Simons theory coupled to Ny regular scalars is
given by (3.38),

NNV (15 [ ppimi| = - ( p—y—milA
Freg:—mmw{?)ldg (e pBTm )+ . dy y Lig (e y—mil )—C.C. ,

where the thermal pole mass p% is determined by (3.32)

uB = 5 1+ 22 <|)‘|,UB T [L12 (6 B+ W) - C-C-}> . (5.3)

It would be interesting to study insertions of the mixed bilinears (1¢) of dimension 2 + O(1/N). The
three-point function of two mixed bilinears with J, and Jy would provide a non-trivial test.
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The two- and three-point functions of the scalar bilinears S, and A, are given in subsec-
tions 4.1 and 4.2 respectively.

The thermal free energy of U(NN);, Chern-Simons theory coupled to N critical fermions
is (3.45), which we reprise

NNiVa [ Bhe . (i imiin o g
Ferit = ; ~Lio (_6 Hpetil ‘) +/ dny12 (—6 y+mi ‘) —C.C.
212053 |\ { 3 fre

where pp . is the thermal pole mass given by (3.43) and (3.44),
1 . —pup oA 27 \—1/2
(L= A+ Gpe = —— [L12 (76 M ) - c.c.] . G =(1-2mANZ3er) V2, (5.4)

where Agp is the triple trace coupling ~ $3 defined in (4.6). The two- and three-point
functions of critical fermion “bilinears” S and A are given in subsections 4.1.2 and 4.2.2.

Comparing the two-point functions of scalar bilinears in the theory of Ny regular
scalars in (4.9) with those of the bilinears in the theory of Ny critical fermions in (4.45),
we see that they are consistent with duality under

N < |k =N, k— —k, Sy <> £S5, Ay +A.
The three-point functions in the theory of regular scalars are given in (4.29) and those
in the theory of critical fermions are in (4.46). Comparing the two, we see that they are
also consistent provided that S, <> —S, 4 <> —A, and

26 ¢ —2TANFAer, 26 ¢ —2TAN/NGp, 20 ¢ —2mANp . (5.5)

Solving for the transformations of X6, 5\’6, and S\g , we find essentially three copies of the

same map
< 872 9 9%
f
~ 2 ~
oo (L ARE — BTAN ). >0

M — 8m2(1 — [A2)(3 — 8TANR) .

In their study of the free energy of U(N); Chern-Simons theory coupled to a single
regular scalar or a single critical fermion, the authors of [8] showed that, if x solves the
equation for pup, (5.3), then it also solves the equation for pp. (5.4) provided that we
transform \g as above (for Ny = 1). This result continues to hold for Ny > 1, since
introducing Ny amounts to a rescaling of X6 in (5.3) and of g in (5.4). It then follows
that the free energy F., of the theory with regular scalars is equal to that of the theory
with critical fermions under N — |k| — N, k — —k, and the map of triple-trace couplings
in (5.6).
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5.3 Regular bosons and regular fermions

The thermal free energy is given in (3.38), and it takes the form
F:NfFf(N,)\,,uF)+N5FS(N,)\,,MB), (57)

where Fy and Fp, are the thermal free energies of U(/V); Chern-Simons theory coupled to
a single regular fermion or boson. They satisfy

Fy(N,k,p) = Fs(|k] = N, XA = sgn(}), ). (5.8)
The thermal pole masses pp and pp obey (3.32), which we reproduce here

1% = (26 + 1)h% + Z4(hp — 224hp)hr

] (5.9)
pr =hp —Zshp,
while hp and hp are given by (3.28), z was defined in (4.28), and
Nedi Ny + A
Fa= Nypag = A0 — M F A (5.10)

47\ 4\

is the normalized double-trace coupling ~ S,Sy. The theory has spin-zero operators Jj
and Jy, whose two- and three-point functions are given in subsections 4.1.1 and 4.2.1.

In terms of the decomposition of the multi-trace couplings at the beginning of
section 4, the free energy only depends on the double-trace coupling 1Sy S + and triple-trace
coupling 5\65’;’.

As we remarked before, these results are consistent with a duality only when N, = Ny.
From the point of view of the thermal free energy, the duality exchanges the thermal pole
masses pup <+ pp and Ny <+ N, But, then the operators of the original theory and its
putative dual do not match: the former contains a unique spin-zero operator .J, = (¢¢) of
dimension 14+ O(1/N) in the adjoint representation of U(Ny), while the latter has a unique
scalar J, = (®T®) of dimension 1+ O(1/N), but in the adjoint representation of U(Ny).

So we must have Ny = Ny. The marginal couplings of this model can be tuned to a
unique point with enhanced N/ = 2 SUSY, and there is strong evidence [54, 55] that this
theory is self-dual. The duality map takes the marginal deformations of this theory to
those of the dual, and so at large N we expect there to be a valid duality map at least in
a neighborhood of the N' = 2 point.

5.3.1 N = 2 Giveon-Kutasov duality

Consider the N/ = 2 point. The triple-trace and double-trace couplings are fixed as in (2.25).
These interactions then take the iterated form

7'(2 2 T _
S = [ o (G- @he e olen + TG +) - 6

where the dots indicate terms that are subleading at large N. Equivalently, the normalized
multi-trace couplings Z4, )y, 2, 2§, and z{ that we introduced in the last section are

Ty=a) =1, 26=z2p=12=0. (5.12)
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This model is expected to be self-dual under N — |[k| — N and A — X — sgn(A). At
finite temperature, the equations for the pole masses (5.9) become

ph = (hp — hp)? = p3 = 2, (5.13)

and the equal bosonic and fermionic pole masses satisfy

R [LiQ (e*l‘*““‘) + Lis (—e*ﬂ*“‘”) - c.c.] . (5.14)

T

The free energy is then manifestly self-dual on account of (5.8), and simplifies to
F = N¢F (N,\) = Np(Fp(N, X\ i) + Fo(N, X\, ) . (5.15)

Here F\(N,\) is the free energy of the N' = 2 theory of U(NN); Chern-Simons theory
coupled to a single chiral multiplet in the fundamental representation. Stated simply, we

then have
(N A) = By (k| - N.A = sgn(Y)). (5.16)

The key feature here is that the matter interactions in (5.11) iterate. That feature
also holds for U(NN); Chern-Simons theory coupled to Ny fundamental chiral multiplets
(¢™,y™) and N antifundamental chiral multiplets (®*, ¥®), whose self-interactions are
given by

2
S = [ @ (S (0he ko) ohom) + F (oho (™) + ..

4r? 4T
+—(® @L)(@%L)(qﬂcpgwy

(5.17)
(P°®T) (T U7) + .. > .

The free energy of this model follows from our analysis in section 3.2. It is given by
F:NfFX(N,)\)-i-NfFX(N,)\), (5.18)

where we are somewhat pedantically defining Fi(N, ) to be the free energy of N' = 2
U(N)j Chern-Simons theory coupled to an antifundamental chiral multiplet. That free
energy equals Fy, but we split the free energy this way because we expect the free energy
to continue to factorize even in the presence of mass deformations or chemical potentials
for the global symmetry.

The more general dualities of [55] equate this theory with a magnetic dual, at large N
given by U(|k| — N)_j Chern-Simons theory coupled to Ny antifundamental chirals, N
fundamental chirals, and NyN; gauge-neutral “mesons.” The mesons do not contribute
at large IV, and so we are in a position to test these dualities as well. However this test is
trivial, on account of the splitting (5.18) and the self-duality at Ny =1 (5.16).

The two- and three-point functions of scalar and fermion bilinears also simplify dra-
matically at the N' = 2 point of U(NV); Chern-Simons theory coupled to N; fundamental
multiplets. From subsection 4.1.1 the two-point functions become the duality-invariant
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expressions

N TA A\ (Lp)pms
mi m3 _ - - mamaqg
()™ ) A ™) = s (T ) cos (T ) 8L
NN 1
(Su(@)58) = L sin (T2 ) cos (22) L.
2 2 2 ) |q| (5.19)
(AL ™ (@A™ ) = = sin () cos (22 a2 )mams |
f maq f my/ T 2\ 9 2 qidy mamy
NNy TA TA
(St(q)Sy) = — 5 S (2> cos (2> lq] -
The three-point functions similarly simplify, e.g.
NN, sin(27A
(Su(a)Sb(d)Sp) = ——L (2m2) (5.20)

87\ lq||dllg+ ¢'|

5.3.2 N <2

Now consider a general value of the multi-trace couplings. As we will see this theory is
self-dual under

No k=N,  xed—sga()), (5.21)

along with a suitable action on the multi-trace couplings. Rather than simply presenting
the action, let us try to explain where it comes from.

In order for the free energy (5.7) to be invariant under the duality map, (5.8) implies
that the duality exchanges bosonic and fermionic pole masses, up <> purp. Under the
combination of |A| = 1 — |\| and up <> pp, it follows from (3.28) that

hp — purp — hp, hp — up —hp. (5.22)

It must then be the case that after these transformations the equations (5.9) are left
invariant, so that they are still solved by pup and pup. The second equation for up is left
invariant provided that

e — (5.23)

Z
— ——. 5.24
26 = (5.24)

As a check, this map squares to the identity. So invariance of the free energy fixes the
action of the duality map on A4 and Ag.
32

iz — 1, this is the same duality map obtained

For Ny =1, so that 24 = 4%\ and zg =
in [8], under which 4/% — % (1 + 33— 45‘% .

Is this duality map consistent with the two- and three-point functions of bilinears at
zero temperature? And how do the other multi-trace couplings map under the duality?
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Let us begin to answer these questions by studying the two- and three-point functions of
Sp, (4.11) and (4.43). Writing them out in full, they are

NN; tan(%) 1 NN; 1 1

<Sb(q)Sb> = ~9 2 (7N |A| = ~ 1N (A0
AmA 14 723tan? () l¢]  4mA T4(X + X71) |q]
NNy 1 1

(Sb(q)Sb(q')Sp) =

27A (14 72 tan? (%))° lalldlla + ¢'

A 3 [(TA 3, 5T\
X | tan 5 )~ zg tan 5 )~ Ty tan 5
_ NNy L (X Com X2>

T (X +Xx-13\ a3 72

(5.25)

where the in the last line we have written the three-point function in a more suggestive

form using X = Z4tan (7’2—)‘) (Under the duality X — — X1 74 — i, and zg — —;—%.)

Under the duality map we have

(Sb(q)Sb) — Z3(Sb(q)Sh) » (5.26)
along with
(S5(q)Ss(q")Ss) = —3(S5(q)Ss(q) ) - (5.27)

(The first and third terms in the three-point function are exchanged under the duality, with
the middle term left invariant, all up to multiplication by —#3.) This is clearly consistent
with the duality, and gives us its action on the operator Sy = ((bingbm),

Sy — —Z45p - (5.28)

Now consider the two-point function of the adjoint bilinear Ay,

_ N 1 (o) myms
CAm (X + XY gl

((AD)™ e (@) (AB)™ ) (5.29)

with X’ = 2/ tan (”—2)‘) The three-point functions of A, with itself or Sj, similarly become
N 1
s 2mA (X 4 X3
(X'2 % X’?) (Hy s
>< —_—

((A)™ s (@) (A6) ™ ms (4') (Ap) ™ )

A = 1 oF ) ldldlla+al” oo
(Sb(@)(Ab)™ my (@) (Ap) ™ my) = 27 (X + X 1) (X' + X/-1)2
y <Xj—2 T ) (Io)mams
Ty Zaxf 2f ) ldlldlla+ |
These are consistent with the duality map provided that
Ay — —2) Ay, Ty — 90127 26— _a?j:i’f’ 28 — —;i;, (5.31)

The transformation of 2 implies that X’ — —1/X".
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What of the fermion bilinears Sy and A;? Their two-point functions are

N 1
A m1m A m3m - _ J,)mms ,
NN, 1 (5.32)
and, as an example, the three-point function of Sy with two Sp’s is
NN 1 X1 Xz X
Sy(q)S(¢)Sy) = =L - =) 5.33
S@Su)S) = 5ot ez (o~ ) (5.33)
Under the duality map we have
(Sy(@)Sy) — 4(Sy(a)Sy) , (5.34)

which would suggest that Sy — +Z4S¢, but (Sy(¢)Ss(¢")Sy) does not map to a constant

times the original three-point function. The culprit is the second term in (5.33). As a result

the three-point function is inconsistent with duality, at least under the map Sy — £245;.
The resolution to this seeming breakdown of duality® is that the duality transformation

of S may involve operator mixing, since S, SZ, and tr(A?) are all of dimension 2+O(1/N).
We fix the mixing as follows. Let

o Cl 2 02 2
S} = C()Sf + st + Ntr(Ab) s (535)
be the transformed fermion bilinear. Large N factorization implies that to leading order
in large IV,
SHOSSH = nd L L s sty 0. (530
N N 0 SR
Thus
(S7(a)S}) = c§(Sp(a)Sy) + -, (5.37)
where the dots indicate subleading terms at large N. Comparing with (5.34) we see that
co = £Z4. The three-point function with S} = —24.5;, is
. e
(53(0)53(4)S) = Fieco(Sb(a) Sb(a')Sp)+ =37 (Sbl(a) Sh(a') 57) (5.38)
NN 1 X! Xzg X C1 1
=433 ! — 4+ —(X+Xx! :
$4mu<X+X'w3<au 7R A O|m¢|
Under the duality that three-point function (5.33) transforms as
NN 1 X1 Xl X 1
S (S (S —s —73 f ulal 5.39
< b(Q) b(Q) f> Ly 27\ (X —|—X_1)3 T4 + ji :@21 |qu/| ( )

8We are grateful to O. Aharony for pointing out this resolution.
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Comparing these two expressions we see that

co= —T4, c1 = —4mwAzg. (5.40)

A similar computation involving the three-point function

N 1 X1 Xz X 1
Amlqum3m q/SZ < _~6 ) 5
(5.41)
along with (Ay(q)Ay(q')A?) fixes
co = —4mAzg . (5.42)

By a similar analysis we find that the two-point function of Ay and the mixed three-
point functions with a single Ay are consistent with duality under the map
4 \zg

Af = —aldy — =0 A7~

ATt Az
NN;

ApS . (5.43)

All in all, we have four three-point functions involving the fermion bilinears S; and Ay,
we use those to fix the four mixing parameters allowed by symmetry in their duality
transformation.

5.3.3 Summary

Let us summarize the duality map. We can parameterize the matter interactions of U(N)
Chern-Simons theory coupled to Ny regular scalars and fermions as

ATy 4l
SyS
KN, T TR

(5.44)

4m2(3+426) 3 Am%(3+42) o AmE(3+42f) .
BKENG TP RPN Sr( o)t =gz () s

up to terms which do not contribute at large N. We have obtained evidence that this
model is dual under
N < |k|— N, k— -k,

along with
1 , 1 26 , 2 ” 2y
~ 6
Ty == Ty 7, 27 "=3, 2 7 " _m 6 7 ;3 (5.45)
The spin-zero scalar bilinears map as
Sb — —92431,, Ab — *"Z‘4Ab, (5.46)

and the spin-zero fermion bilinears as

4 Ar [ 2
Sp— —#4S; — % (;‘;sg + zgtr(Ag)) , Ap— —alAs — % (@Absf + ngg) .
(5.47)
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A nice consistency check on our result is that the action of the duality squares to the
identity on these couplings and operators.

We can compare our results with those recently obtained for N/ = 1 Chern-Simons-
matter theory [26]. This theory has an AN/ = 1 submanifold parameterized by

wp+1 wo + 1 3
2 ) xilz 2 ) ZGZZ(W%_1)7
3

T4 =
1 (5.48)
2. = 1 (wo(2w1 +w2) =3), 25 = 1 (wi—1),
where the parameters w; and ws are related to the quartic superpotential couplings w; and
wy in (2.22) as

2T

w1 = 7(&)1 — CUQ) s wo = 2T\ w9 . (5.49)

Ny
The N = 2 point is w; = wy = 1. Curiously, J; does not mix with Jb2 at that point. The
duality above implies that the superpotential couplings w; and wy map as

3—wp 3 — w2

w1 — s w2 — .
14w 1+ wo

(5.50)

This agrees with the result obtained in [26] by looking at a subset of two- and three-point
functions in the conformal theory, as well as the pole masses of the mass-deformed model.
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