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We present a feasibility study of a simultaneous sub-percent extraction of the weak charge and
the weak radius of the '>C nucleus using parity-violating electron scattering, based on a largely
model-independent assessment of the uncertainties. The corresponding measurement is considered
to be carried out at the future MESA facility in Mainz with Fream = 155 MeV. We find that a
combination of a 0.3% precise measurement of the parity-violating asymmetry at forward angles
with a 10% measurement at backward angles will allow to determine the weak charge and the weak
radius of '2C with 0.4% and 0.5% precision, respectively. These values could be improved to 0.3%
and 0.2% for a 3% backward measurement. This experimental program will have impact on precision

low-energy tests in the electroweak sector and nuclear structure.

Precise measurements of the parameters of the stan-
dard model (SM) are among the main tools to search for
or constrain hypothetical contributions from physics be-
yond the SM. The central parameter of the electroweak
sector of the SM is the weak mixing angle 6y, describ-
ing the mixing of the SU(2) and U(1) gauge boson fields,
which results in the emergence of the physical fields, the
massless photon and the massive Z°. Its sine squared,
sin? Oy, is related to the vector charge of SM fermions
with respect to the weak neutral current and can be ac-
cessed in various processes and at different energy scales:
from Z-pole measurements at colliders [Il 2], including
the LHCDb [3], ATLAS [4] and CMS [5] experiments, to
deep inelastic scattering with electrons [6] [7] and neutri-
nos [g], to parity violation in atoms [9} [I0] and to parity-
violating electron scattering (PVES) off protons [I1] and
electrons [12]. To connect these measurements across the
relevant energy scales, the SM running at the one-loop
level needs to be taken into account [13, [14]. Currently,
this running is theoretically known at the relative level
of ~ 8 x 1075, which provides the basis for an ambi-

tious experimental program at low energies: an ongoing
effort in atomic parity violation [I5] [16] has the goal to
measure the weak charges of heavy nuclei and chains of
nuclear isotopes at the per mille precision. The Qweak
experiment [IT] has recently extracted sin Oy from low-
energy PVES to 0.5% accuracy. P2@MESA [I7] and the
MOLLER Collaboration [I8] aim at improving that re-
sult by factors of 4 and 6, respectively. Further plans in-
volve deep-inelastic electron scattering with SOLID [19].

Apart from tests of the SM, PVES has also been used
to address aspects of nucleon and nuclear structure that
are elusive to photons. PVES off heavy nuclei with a
neutron excess is used to determine the neutron skin
[20]—the difference in the radii of the neutron and proton
distributions—with the goal of constraining the equation
of state (EOS) of neutron rich matter [21]. The lead (Pb)
Radius EXperiment (PREX) [22] has provided the first
model-independent evidence in favor of a neutron-rich
skin in 2°*Pb [23]. Further experiments with an improved
precision are presently being analyzed [24], running [25],
or planned [17]. PVES off the proton and light nuclei
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FIG. 1. (a) One-photon exchange and (b) Z° exchange dia-
grams.

has been extensively used to determine the strange quark
content of the nucleon [20].

In this Rapid Communication, we consider the parity-
violating asymmetry which is defined as the difference
between the cross sections for elastic scattering of longi-
tudinally polarized electrons off an unpolarized target,

APV = 2RO (1)
or+or’

where og (o) stands for the cross section with right-
handed (left-handed) electron polarization. The asym-
metry arises from the interference between the ampli-
tudes due to the exchange of a virtual photon and the
corresponding one for a virtual Z° boson as shown in
Fig.[l] By conveniently factoring out the Fermi constant
G, the fine-structure constant «, the four-momentum
transfer squared Q?, and the ratio of the weak, Qu, to
the electric, Z, nuclear charge, the PV asymmetry for a
spinless nucleus consisting of Z protons and N neutrons
takes the following form:

APV — GrQ* Qw
IN2ora Z

(1+A4A), (2)

where a plane-wave Born (“tree-level”) approximation
was assumed. The weak nuclear charge is given by
Qw(Z,N)=Z(1—4sin? ) — N, so, in the case of 12C,
it becomes proportional to the sine squared of the weak
mixing angle 27]: Qw (6,6)=—24sin?fyy.

Given that the interaction of the electron with the nu-
cleus involves only the conserved hadronic vector current,
the “correction” term A in Eq. vanishes at Q% = 0.
However, nuclear and hadronic structures contribute to
A at non zero Q2. Indeed, to leading order in a,

A = Fu(Q%)/Fen(Q?) — 1 (3)

is given by the ratio of the weak Fy to the charge form
factor Fg,. Both form factors are normalized to unity
at Q%> = 0. Each of the form factors is related to the
corresponding spatial distributions of charge by a three-
dimensional Fourier transform,

F(Q?*) = /p(r)eiq'rd%, with |q|= \/@ (4)

Note that the normalization of the form factor at Q?>=0
implies that [p(r)d®r =1. At low @Q?, the form factors
may be expanded in terms of various moments of their
spatial distribution,
Q? Q*

F@)=1- 30"+ 0h+0@%),  (5)
where the second term defines the root-mean-square ra-
dius of the spatial distribution, namely,

R*=(r?) = /rzp(r)d3r. (6)

Thus, to lowest order in Q?, A is proportional to the
weak skin of the nucleus,

2
A= _%Rwskichh + O(QQRgvskin)- (7)
The weak skin Ryskin = Rwk — Ren, or, equivalently,
ka - Rch
A= ——— 8
o (8)

coincides with the neutron skin in the idealized nonrel-
ativistic picture, but is distinct from it once the small
weak charge of the proton, relativistic effects, including
strangeness, and radiative corrections are taken into ac-
count.

Two terms in Eq. are of great interest: the weak
mixing angle 0y encoded in the weak charge [I1],[I7] and
the ratio of nuclear form factors appearing in A; to access
the former, one must constrain the latter. Conversely, to
extract nucleon- or nuclear-structure information from
PVES, such as the strange quark content of the nucleon
[26] or the weak skin of heavy nuclei [23], one assumes
that Qw is precisely known, so the measurement pro-
vides a constraint on A. In this Rapid Communication,
we explore the possibility of a precise determination of
both—the weak charge and the weak skin of '2C—within
one single experiment.

The P2 experimental program at the MESA facility in
Mainz [I7] includes a plan aiming for a 0.3% determi-
nation of the weak charge of '2C. Given this ambitious
goal, the tree-level formula of Eq. —even when includ-
ing higher-order terms in the Q? expansion—is not accu-
rate enough. Order-a radiative corrections, particularly
Coulomb distortions which scale as Za, should be in-
cluded. To properly account for Coulomb distortions, we
follow the formalism developed by one of us in Ref. [2§].
The electron wave function ¥ satisfies the Dirac equation

(e D+ Bm+ V(1) +95A()) ¥(r) = E¥(x), (9)

where m is the electron mass, «, 8, and -5 are Dirac
matrices, and V(r) and A(r) are the vector (Coulomb)
and axial-vector components of the potential, respec-
tively [28]. Here, E stands for the electron energy in



the center-of-mass frame [29] which is related (neglect-
ing the electron mass) to the laboratory energy Epeam by
Ebveam/E=1+/142Fpeam/M with M the nuclear mass.
The Coulomb potential is computed from the experi-
mentally known nuclear charge distribution via

pen(r’) 13
V(r)z—Zoz/ |r—r’|d r. (10)
The axial-vector potential for a point like weak charge is
short-range A(r) o &3(r), but acquires a finite range due
to the finite size of the nuclear weak charge distribution.
That is,

A(r) = G;\%W

The Dirac equation displayed in Eq. @D is solved numer-
ically using the ELSEPA package [30], properly modified
to include the axial-vector potential [3T], 32]. The intrin-
sic relative precision of the computation of ATV is on the
order of 107%*—107°, and in a calculation at the per mille
level there are only genuine uncertainties of pyy itself.

For the nuclear charge distribution of 2C, we use the
parametrization of the world data on elastic electron-
carbon scattering in the form of a sum of Gaussians [33].
The fact that the charge density of '2C and its charge
radius Re, = 2.4702(22)fm [34] are known with high
precision serves as the basis for an accurate extraction
of sin? Oy and of Ry from a measured APV. A possible
avenue is to rely on models to produce a range of pre-
dictions for pyyx which is then used to directly fit the PV
asymmetry to determine the value of the weak radius as
was performed in the case of the PREX. One choice for
parametrizing the weak charge distribution is the two-
parameter symmetrized Fermi distribution,

Pwi(r)- (11)

- B sinh(c/a)

pic(r) = py (1 c,0) = p cosh (r/a) 4 cosh(c/a)’
-3

 dme(c? + w2a?)’

o, (12)
with ¢ and a as the half-density radius and surface diffuse-
ness, respectively, and p, is normalized to unity. The ad-
vantage of the symmetrized Fermi parametrization, apart
from its simplicity, is that its form factor, and all of its
moments are known analytically [35]. In particular, the
mean-square radius of the distribution is

Rip = §62 + Zﬁ2a2. (13)
5 5

In Fig. [2| we show results for the PV asymmetry at a
fixed electron beam energy of Fyeam =155 MeV as a func-
tion of the laboratory scattering angle  and momentum
transfer q. Results are displayed in both a plane-wave
(tree-level) approximation and with Coulomb distortions.
The two distorted-wave calculations use pwkx = pen (RO
skin) and pywk = psr(r,c = 2.07fm,a = 0.494 fm) with
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FIG. 2. The PV asymmetry for elastic electron scattering off
12C at Epeam =155 MeV as a function of the scattering angle
0 (lower z axis) and of the momentum transfer ¢ = \/Q?
(upper z axis). We show the plane-wave (tree-level) result
with pwk =pen (red dotted curve) and the Coulomb distorted
(CD) predictions with pwk=pcn (blue dotted curve) and with
pwk = psF (r,¢c=2.07 fm, a=0.494 fm) (solid orange curve).

Ryx = 2.44 fm which falls within the range of values of
a representative set of nuclear-structure models [36H38)].
We observe a strong dependence of the PV asymmetry
on the value of the weak skin, especially at backward
angles. We also find that it is important to include ef-
fects due to Coulomb distortions. Our results displayed
in Fig. [2| are qualitatively similar to those obtained in
Ref. [39], but a quantitative comparison is difficult be-
cause of different perspectives adopted in the calculation
of the weak charge density, and several kinematic approx-
imations used in that paper.

Unfortunately, the choice of a particular form for the
weak charge distribution introduces model dependence
that may be difficult to quantify when extracting weak
charge and radius from a measurement of A”V: models
that predict different values for the weak radius would
generally differ in all the higher moments of the weak
charge distribution, as well. To unambiguously disentan-
gle the effect of the weak skin, we propose a different
method. Given the N = Z character of 12C, its weak
charge distribution is expected to follow closely the elec-
tric charge distribution. We introduce the small differ-
ence between the two, the “weak-skin” distribution,

Pwskin (1) = Pk (1) = pen (). (14)

Note that pwskin is the spatial analog of the weak-
skin form factor depicted in Figs. 3 and 6 of Ref. [20].
Pwskin () is normalized to zero and its second moment
can be fixed to

/ Pwskin (1)r2d®r = R2, —R?, = 2AR%, + O(\?). (15)



This allows us to write

pwskin(r) - Aﬁ(’l“, C)a (16)

where ( is representative of the model dependence. This
parametrization is advantageous because it allows to ex-
plicitly separate the dependence on A from the effects of
the higher moments of the weak charge density encapsu-
lated in a (set of) model parameter(s) ¢. For example,
assuming the symmetrized Fermi parametrization of pyi

as in Eq. , one would find
pustan(r) = O/ Asw) (1, (1, c,0) = pan(r)) - (17)
with  Agp = Agp (C, a) = Rsrp (C, a)/RCh — 1.

This parametrization corresponds to rewriting A in

Eq. (3) as

A Fox A
A =—-ZQ*R? Y2 1+ ZQ*R?
3Q Ch+(Fch +3Q ch
A 2 p2 A FSF A 2 p2
=-Z A —1)+2 1
3Q RCh+|:ASF (Fch +3Q Rch ’ (8)

and the low-Q? expansion of the term in the square brack-
ets starts at the order Q* by construction. The nuclear
models [36H38] are used here—mnot to predict the distri-
bution of weak charge in '2C, but rather—to determine
the range of values that need to be explored to quantify
the uncertainty in A. These models, all informed by the
charge radii and binding energies of a variety of nuclei
including 12C, predict |Asp| <2% with the central value
of A\o=-0.90%.

To address the possibility to determine the weak charge
of '2C with a precision of 0.3% in the P2 experiment, we
study the sensitivity of the PV asymmetry to nuclear-
structure uncertainties. In Fig. 3] we display results for
APV as a function of A for an incident electron energy of
Fheam =155 MeV and two fixed scattering angles: 6 =29°
(upper panel) and §=145° (lower panel). The blue band
corresponds to A varying in the range suggested by the
models. Its width indicates the spread of model predic-
tions for Fy and the central line is the bisector of the
predictions for the extreme choices of the models. The
pink-shaded band in the 8 = 29° plot indicates the an-
ticipated 0.3% precision in APV. From the sensitivity
of the forward angle measurement to A shown in Fig.
one concludes that A should be known with a precision
of 0.6% or better to constrain the weak charge of 12C
to about 0.3%. Given that the nuclear models suggest
a larger uncertainty in A, we conclude that with a sin-
gle measurement and theory input alone this task is not
feasible.

Another option is to employ a second measurement of
APV at 145° (the lower panel of Fig. [3) to constrain the
value of A to a narrower range. It is seen that varying A
in the adopted range translates into a +24% variation in
the asymmetry. Hence, a measurement at this backward
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FIG. 3. The PV asymmetry at P2 with Fpeam = 155 MeV

for the (a) forward (#=29°) and (b) backward measurement
(0 =145°) as a function of the skin parameter A. The pink-
shaded band in the § = 29° (# = 145°) plot indicates the
anticipated (suggested) 0.3% (7%) precision in A”V. The blue
band describes the residual model dependence as explained in
the text. The vertical and horizontal dashed lines correspond
to A=Xo and ATV (\)= A"V (\o), respectively.

kinematical setting with a higher precision will reduce the
range of values of A and ultimately guarantee a precise
extraction of the weak mixing angle from a combination
of the two measurements. To a very good approximation
the A-dependence of ATV seen in Fig. [3|is linear, and we
can write

APV = GrQ* Qw
N2 Z

so that the effect of varying ¢ is depicted by the blue
bands in Fig.[3] The parameter ¢ can be chosen in such a
way that ( = (p = 0 corresponds to the central prediction
and ( = £1 to the upper and lower limits of the error
band. Results of the distorted-wave calculation of the
coefficients pg, p1, and p, are provided in
[Materiall

We perform a x? fit of the combined forward (AI;V)

(1 +po + (p1 +p2C)A)7 (19)
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FIG. 4.  The lo-error regions from a fit of two expected
measurements at forward and backward angles to the weak
mixing angle, the skin parameter A and the model parameter
¢. The plot shows the projection onto the sin? 6y -A-plane.
The green, orange and blue ellipses correspond to three as-
sumptions for the precision €, of the backward measurement
(10%, 7%, and 3%) whereas the precision of the forward mea-
surement was always assumed to be 0.3%.

and backward (APV) measurements with respect to the
three free parameters sin?fy, A and ¢. That is,

X2 (sin®w, A, Q) = (20)

AZ® APV (520 0,0\ (C— G\
Z( 5A, ) +( 5 ) :

i=f.b

We assume that the experimental values of AP agree
with the SM prediction for which we choose the cen-
tral value of A = A\g. The experimental uncertainties
are given by 0A;. The last term in Eq. (20) encodes
our biases for the expected range of values of ¢, and we
have chosen ¢ = 1. The lo-allowed range for sin®fy,
and \ is obtained by solving x2(sin? 0y, \,¢) = 1. In
Fig. 4| we show the projection of the x? = 1 solution
onto the sin®fy -\ plane for three different choices of
the precision of the backward-angle measurement. The
accuracy of the forward measurement remains fixed at
0.3%. The covariance ellipses in Fig. |4| suggest that
sin?0y; and A are correlated and their correlation de-
creases with increasing accuracy of the backward mea-
surement. Moreover, fractional uncertainties are given
by: &sin® Oy / sin®Oy = £0.39% for 64,/AYY =10% and
§sin? Oy / sin? Oy = +0.35% for 64, /A}Y =7%. An even
higher precision of the backward measurement, 3%, re-
sults in a reduction in the uncertainty of the weak mix-
ing angle to ¢ sin®fy /sin? Oy = £0.32%. At this point
the uncertainty starts being dominated by the forward

measurement, so further improvement to the backward
measurement has no impact on the precision of sin29W.

To summarize, we presented an ambitious proposal for
a simultaneous sub percent determination of the weak
charge and weak radius of 12C using parity-violating elec-
tron scattering at the upcoming MESA facility in Mainz.
We demonstrated that to take full advantage of an un-
precedented 0.3% precision aimed for in the forward kine-
matical setting of P2 [17], an additional 3—7% measure-
ment at a backward angle of 145° will ensure a largely
model-independent extraction of sin?6y with a relative
precision of 0.32—0.35% and determination of Ry within
0.19—0.35% of Rq,. Note that a similar combination of
forward and backward measurements on the proton is
planned as part of the P2 experiment [I7], which makes
the proposal presented in this Rapid Communication a
viable and attractive possibility.

Whereas the weak skin of 12C and other symmetric nu-
clei does not constrain the nuclear EOS, its exact value
will help quantifying generic isospin symmetry-breaking
(ISB) effects. Coulomb repulsion among the protons
inside a nucleus and other ISB mechanisms lead to a
mismatch in the distribution of neutrons and protons
therein. Along with generating the proton (and weak)
skin of symmetric nuclei, ISB contributions play a ma-
jor role in the analysis of superallowed nuclear 8 decays
and the extraction of V,4 [40]. Importantly, in all pairs
of nuclei involved in the known superallowed [ transi-
tions, either the parent or the daughter nucleus is sym-
metric. Therefore, precise information on weak skins of
the (nearly) symmetric parent and daughter nuclei will
have an impact on the tests of unitarity of the Cabibbo-
Kobayashi-Maskawa matrix and new physics searches
with superallowed nuclear 3 decays.
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SUPPLEMENTAL MATERIAL

1. In Table [I| we provide parameters of nuclear models used in our calculation of the parity-violating asymmetry
and parameters (y ((p) determined as a result of the calculation which accounts for Coulomb distortion effects at
forward (backward) scattering angles.

TABLE 1.
Model ¢,fm  |a,fm | Rsr,fm|Asr, %|Cr G
RMFO016 ||2.06065|0.49389|2.43274 | —1.52 |—1.00|—1.00
RMF022 ||2.06849|0.49445|2.43830 | —1.29 |—0.80|—0.30
RMF028 |/2.07585(0.49544|2.44482|—1.03 |—0.44|+1.00
RMF032 {/2.06421|0.49433|2.43578 | —1.39 |—0.89|—0.62
SMC12 2.22693(0.47318(2.46358 | —0.27 |+1.00|4+0.59

The first four models listed in Table [I| fall under the general rubric of covariant (or relativistic) energy density
functionals. The models are based on an underlying Lagrangian density that includes nucleons interacting via the
exchange of various mesons and the photon. In addition, nonlinear meson interactions are included to account for
many-body forces. The calibration of the handful of model parameters is informed by ground-state properties of
finite nuclei, their collective response, and constraints on the maximum neutron-star mass [36]. Incorporated in the
ground state properties are charge radii of a variety of magic and semi-magic nuclei, including '2C. The outcome of
the calibration procedure is an optimal set of parameters together with a covariance matrix that properly accounts
for statistical uncertainties and correlations. The fitting protocol for all the models is identical save one important
distinction: the assumed value for the yet to be determined neutron skin thickness of 2°°Pb (RZ ). Indeed, the
neutron skin thickness of 2°®Pb is allowed to vary over the range of RZS =(0.16—0.32) fm [37].

The model named SMC12 is a non-relativistic energy density functional of the Skyrme type. SMC12 has been
devised to reproduce the binding energy (B) and charge radii (R.,) of 2C without compromising the accuracy in the
description of other observables along the nuclear chart. Specifically, the fitting protocol has been based on that of
the SAMi interaction [38] with the following modifications: i) inclusion of 12C data (B and R.,); and ii) relaxation of
the weight on the pure neutron matter equation of state. This allowed us to accommodate the new data within the
presented model. As an example, the experimental charge radii and nuclear masses of 12C, 160, 40Ca, 48Ca, 99Zr, and
208ph are reproduced to better than 1% accuracy, except for the binding energy of the two Calcium isotopes which
are accurate at the percent level. This example justifies the reliability of the model for the present study.

To sum up, the five models that we selected for our analysis cover a fairly wide landscape in the parameter space.
For the energy density functionals that we used, the predicted neutron skin thickness of 2°°Pb ranges from about
0.12 fm all the way to 0.32 fm; going beyond this range is hard without compromising the agreement with experiment.

2. In Fig. [§] we present an example of the calculation which accounts for Coulomb distortion effects at forward
(0=29°) and backward (6 =145°) scattering angles.
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FIG. 5. Predictions for ATV at (a) #=29° and (b) §=145°.



3. In Table[[l] we provide the coefficients po, p1, and ps obtained as a result of the calculation which accounts for
Coulomb distortion effects at forward and backward scattering angles. These coefficients are defined by Eq. .

TABLE II.
Coefficient ||0=29° |0=145°
Po +0.04005 | +0.09586
P1 —0.50612|—29.5132
p2 —0.06969 | —3.86420
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