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Abstract Multivariate Bayesian inference can bring significant benefits to
seismic hazard analysis: Its multivariate feature enables computing scalar
and vector hazard without making any approximations; Correlations between
intensity measures are implicitly modeled, permitting direct simulation of
ground motion selection tools such as the conditional mean spectrum and
the generalized conditioning intensity measure; and Its updating feature en-
ables a seamless integration of new ground motion data into the hazard results.
In this paper, we first develop a multivariate Bayesian ground motion model
through the NGA-West2 database. The model functional form considers fault-
type, magnitude, and distance dependencies, and also the linear and the rock
intensity dependent site response. We use a hybrid Markov Chain Monte Carlo
sampling to perform Bayesian inference consisting of Gibbs step and a multi-
level Metropolis-Hastings step. We then perform several checks on the model
to ensure that it is unbiased. Finally, we illustrate the merits of this multivari-
ate Bayesian analysis through practical and contemporary examples, which
include: ground motion model updating with ground motion data recorded
in the last four years and not part of the NGA-West2 database; computa-
tion of scalar and vector seismic hazard using the un-updated and updated
ground motion models for Los Angeles, CA; and simulation of the conditional
mean spectrum under scalar and vector IM conditioning while accounting for
different sources of aleatoric and epistemic uncertainties.
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1 Introduction

The results of Probabilistic Seismic Hazard Analysis (PSHA) form the starting
point for many subsequent engineering and socio-economic analyses ( |Cornell
. Ground motion selection tools such as the Conditional Mean Spectrum
(CMS) ( /Baker 2010) and the Generalized Conditioning Intensity Measure
(GCIM) (Bradley 2010)), performance-based earthquake engineering (
[and Deierlein 2004), and also frameworks for post-earthquake resilience anal-
ysis ([Burton et al. 2015} |Ceferino et al. 2018) significantly derive from PSHA.
PSHA can be described as methodology that accounts for the various uncer-
tainties in the earthquake process and its effects. A Bayesian philosophy treats
uncertainties as being dynamic; that is, they change when new information is
observed. This philosophy when applied to PSHA results in a dynamic hazard.
Being up to date with new data, a dynamic hazard is more accurate than the
current approach for PSHA which results in a static hazard. Since a Ground
Motion Model (GMM) is one of the drivers of uncertainties in ground motion
amplitudes at a site one way a Bayesian hazard analysis can be possible is by
deriving a Bayesian GMM.

The Next Generation Attenuation suite of GMMs have been popular for pre-
dicting ground motions for PSHA ([Boore et al. 2014; |Campbell and Bozorgnia)
2014). These GMMs predict the amplitude of a scalar Intensity Measure (IM)
with a common functional form across multiple IMs, and are updated every
few years in light new ground motion data ( |Ancheta et al. 2014). While
the NGA GMMs, depending on the complexity of the functional form, have
traditionally used either least squares or maximum likelihood to fit their mod-
els, |Ordaz et al. (1994), |Sibilio (2006), and Wang and Takada (2009)| apply
Bayesian analysis to predict a scalar IM. |Arroyo and Ordaz (2010a)| utilize a
multivariate Bayesian model to predict a vector of IMs considering a simple
functional form and synthetic ground motion data.|Arroyo and Ordaz (2010b)|
calibrate a scalar Bayesian model to predict Peak Ground Acceleration (PGA)
using a functional form somewhat similar to Boore and Atkinson (2008)| with
the NGA-West database ( |Chiou et al. 2008). [Kuehn and Scherbaum (2015)|
developed a multilevel Bayesian GMM across multiple IMs to not only pre-
dict ground motion amplitudes but also correlations between IMs.
[Scherbaum (2015)| used a simplified functional form for prediction (e.g., non-
linear site response was not considered) and did not demonstrate the updating
of the GMM with new data. More recently, developed a scalar
Bayesian GMM for PGA and explored the impact on the model coefficients
the sequential updating of the model in a chronological order of events.
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Capabilities of Multivariate Bayesian Inference ... 3

Multivariate Bayesian analysis can bring significant advantages to seismic haz-
ard assessment. While several studies have implemented the Bayesian philos-
ophy for GMMs, most of these studies have not presented its advantages to
hazard assessment. This requires the GMM to have three characteristics which
may not have been collectively accounted for by the previous studies: (1) A
pragmatic functional form with distinction made for between- and within-event
residual{’} (2) Multivariate nature to facilitate vector IM usage in PBEE; and
(3) Use of real ground motion data, and not simulated data, to ensure prac-
tical applicability. These characteristics of a GMM would then enable: model
updating in light of new data, updated seismic hazard for both scalar and vec-
tor IMs, and simulation of the CMS considering scalar or vector IMs. Thus,
multivariate Bayesian analysis can provide a holistic framework for a dynamic
hazard assessment and its derivatives.

In this paper, we use a hybrid MCMC algorithm, consisting of a Gibbs step and
a multilevel Metropolis-Hastings step, to infer a multivariate Bayesian GMM.
Without the hybrid MCMC algorithm, separating the between- and within-
event residuals of the GMM can be difficult because it is intractable to derive
the full conditional posteriors for a separation parameter; this makes it infea-
sible to apply a sequential Gibbs sampling. We use a curtailed NGA-West2
database (|Ancheta et al. 2014) to perform the modeling and subsequently
perform several checks on the model including, its attenuation with distance
for different magnitudes, investigating its residual dependencies, and verify-
ing its predicted correlation structure between the IMs. Next, we illustrate
three sequential applications of the model: (1) Its updating with earthquakes
recorded in past four years which are not included in the NGA-West2 database;
(2) Scalar and vector Probabilistic Seismic Hazard Analysis (PSHA) at a site
in Los Angeles, CA, using the original and the updated GMMs; and (3) Simu-
lating the CMS within the MCMC algorithm for the cases of scalar and vector
IM conditioning, while accounting for different sources of uncertainties.

This paper is organised as follows. Section[2|discusses the multivariate Bayesian
GMM and its implementation using a hybrid MCMC algorithm. Section
evaluates the performance of the Bayesian GMM by examining its attenua-
tion, residual dependencies, and IM correlation structure. Section [4] presents
the merits of the Bayesian GMM to seismic hazard assessment in a sequential
order.

*In a Bayesian analysis, a complex GMM functional form that makes distinction for
between- and within-event residuals can necessitate the use of Markov Chain Monte Carlo
(MCMC) algorithms beyond Gibbs sampling because deriving the posterior full conditional
distributions for all the parameters can become intractable.
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13 Nomenclature

Yijk
Fp(.)
M;
RyB, ij
Nik

€

NS

€)
Mref

blin
V'r‘ef

No

Predicted value of SA at
period k, event i, and station j

Path term

Magnitude of event 4

Joyner-Boore distance of station
7 event 1
Within-event residual
at period k event ¢

Event term coefficient
Unspecified fault type
Normal slip fault
Path term coefficient

Reference magnitude

Linear site
response coefficient

Reference V's3g

Number of ground
motion recordings
Number of model
coefficients
N, X Nt matrix of
log SA (observations)
Nt x Np matrix of
model coefficients

Probability density

N, x N, matrix of correlations
across N, observations

Sub-matrix of correlations for event i

Correlation between two periods
at the same site
Multivariate Normal
covariance matrix
Inverse Wishart
degrees of freedom
Beta distribution
parameters
No X Nt matrix of
new log SA (observations)

Fs(.)
mech;

‘/83()7 j

Eijk

SS
RS
R'ref

h, f

pgadnl

Ne

Oscillator period

Site term

Mechanism of event

Shear-wave velocity averaged
over top 30m at station j
Between-event residual at
period k event ¢ station j

Hinge magnitude
Strike-slip fault
Reverse slip fault
Reference distance

Additional coefficients

Noninear site
response coefficient
PGA predicted at a site
with Vs3o 760 m/s

Number of earthquakes

Number of oscillator
periods
No x Np matrix of
predictors
N, X Nt matrix of
total residuals

Matrix trace

N; X N covariance matrix
across Ny periods

Same period correlation at different sites

Multivariate Normal
mean vector
Inverse Wishart
scale matrix
Number of iterations
in MCMC algorithm
Gaussian
kernel density
Ny, x Np matrix of
new predictors
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Capabilities of Multivariate Bayesian Inference ... 5

2 Multivariate Bayesian Ground Motion Model

In this section, we discuss the functional form of the GMM, its Bayesian in-
ference, and determination of the model coefficients using MCMC sampling.

2.1 Empirical equation of the ground motion model

We adopt a ground motion model that is a simplification of the BSSA 2014
( Boore et al. 2014) model and consists of source, path, and site terms as
follows:

In(yiji) = Fe(M;, mech;)+Fp(R;B,ij, M;)+Fs(Vsso,j, M, mechi, Rip i;)+nik+ecijk

(1)

where ;5 is the predicted value of SA at k period from 4 event and at j
station; Fg, Fp and Fs are the source, path and site terms, respectively;
M is the earthquake magnitude, mech is the source mechanism, R p is the
Joyner-Boore distance and V's3q is the shear-wave velocity averaged over the
top 30 meters depth; n is the between-event residual; and ¢ is the within-event
residual. The source, path and site terms of the model are further expanded
as:

eoU + €155 +ea NS + esRS + 64(M — Mh) + 65(M — Mh)Q,

Fu(M, mech) =
E( mee ) {eoU+€1SS+€2NS+€3RS+€6(M— Mh),

(2)

FP(RJB,M) = [CI+C2(M_Mref)Nn(R -

3)

V830

Fy(Vsao, M, mech, Ryp) = biin In(3722) +ba [(min(V s, 760)-360) — (760-360)] In (1+

ref
(4)
where e(), ¢(), biin, bui, b, and f are the model coefficients; M), is the hinge
magnitude; Myer, Ryey and Viey are the reference magnitude, distance and
shear velocity, respectively; U, SS, NS and RS are unspecified, strike-slip,
normal-slip and reverse-slip mechanisms, respectively. pgadnl in the above

equation is the predicted value of peak ground acceleration for a rock site
with a Vssg of 760 m/s. Consistent with BSSA 2014 ( Boore et al. 2014)),

M < M,

otherwise

R
)+c3(R—Ryey) (Where R = \/m)

pgadnl

)
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we fix the parameters M,es, Ryes, and Vi as 4.5, 1, 760 m/s, respectively.
We set the hinge magnitude M} to 6.5. In line with BSSA 2014 again, we set
f to 0.1 across all the oscillator periods. Finally, the GMM is nonlinear due
to the parameter h. Because of this nonlinearity, the Gibbs algorithm cannot
be applied. When we attempted to infer all the GMM parameters using the
Metropolis-Hastings MCMC algorithm, we encountered convergence issues,
specifically related to very low acceptance rates. Therefore, we constrained h
apriori to a constant value as this would make the GMM linear and permit
us to use the Gibbs MCMC algorithm that is not associated with convergence
issues. We set h to 5.66 which is the average value across the oscillator periods
from BSSA 2014 (|Boore et al. 2014)).

2.2 Ground Motion Database

The NGA-West2 database [Ancheta et al. 2014 is used to perform the ground
motion modeling using Multivariate Bayesian analysis. This database is a col-
lection of high quality ground motions spanning wide ranges of magnitude,
distance and shear-wave velocity. Records having M,,, Ryp and Vs3y ranges
between 5 — 8, 1 — 200K m, and 100 — 2000m/s, respectively, are considered.
Imposing these restrictions, the NGA-West2 database is curtailed in this pa-
per to have N, = 4390 recordings from N, = 212 earthquakes across N; = 30
spectral time periods that are evenly distributed in a log-space between 0.1
and 10 seconds.

2.3 Multivariate Bayesian inference

We use Multivariate Bayesian statistics to model the SAs across all the con-
sidered time periods simultaneously. Such modeling approach has the advan-
tage of implicitly capturing the correlations across different spectral periods
without needing pre-calibrated correlation functions. If the ground motion
database has N, observations across N; oscillators periods, the ground motion
functional form in equation can be expressed through a matrix notation:

Y =XoT +E (5)

where Y is a N, x IV; matrix of log observations, X is a IV, x N, matrix of
predictors where N, is the number of model coefficients, a is a IV x IV, matrix
of regression coefficients, and E is a N, x N; matrix of the total residuals. It
is assumed that the elements of E are correlated through the matrix @ @ X
(® denotes the Kronecker product). @ is a N, x N, matrix representing the
correlations across the N, observations and X' is a IN; x N; covariance ma-
trix representing the correlations across the N; spectral periods. Considering
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Capabilities of Multivariate Bayesian Inference ... 7

equation and the manner in which the correlations between the elements
of E are defined, the likelihood function for Y is defined by a Matrix Normal
distribution. A N, x N; Matrix Normal distribution is a generalization of the
multivariate Normal distribution and it is given by (|Rowe 2003)):

p(Y|a,¢,2,X) = No Nz L N¢ No
(o) " ¥ |3 ¥

(6)
where p(.) denotes a probability density function and ¢r(.) denotes the trace
of a matrix. The matrix @ is used to distinguish between the between- and
within-event residuals, thereby aiding in the exploratory analysis of ground
motion residuals. Following |Joyner and Boore (1993), @ is modeled as a block
diagonal matrix:

$1 00... 0
0¢20... 0

e=| " ™
0 00...¢n,

where, N, is the number of earthquakes in the database and the matrix ¢;
having rank equal to the number of recordings for event i is given by:

ly~y...y
Yy1ly...vy

$i=| . )
_’yfy’y...l_

where, 7 is defined through the variances of the between- and within-event
residuals. If (0¢)? and (o%)? denote the variances of the between- and within-
event residuals (i.e., variances of n;; and €;;1), respectively. Then, v is given
by (|Joyner and Boore (1993)):

9)

G
CAEICAE

where, it is noted that (0§)% + (0})? = Xk, the k' diagonal element in the

covariance matrix X. Inferring - is sufficient to construct @ and with the

exp (5 r (@ (Y- XaT)5 (Y- XaT)T))
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aid of X, v also enables a distinction between the within- and between-event
variances.

The parameter y can be thought to represent the correlation between residuals
for the same period at different sites. Also, p(Tk,, Tk,) represents the corre-
lation between residuals for different periods at the same site and is given
by:

Derks
V Z kb1 Zkoks

Also, v p(Tx,, Tk,) represents the correlation between residuals for different
periods at the different sites.

p(Tk17 Tkz) = (10)

The coeflicient matrix a, the covariance matrix X, and the correlation term ~y
are inferred from a ground motion database using Bayes’ rule:

pla, Z,1Y,X) o p(Ya, X, 7, X) pla) p(¥) p(v) (11)

where p(.]Y), p(Y].) and p(.) denote the posterior, likelihood and prior density
distributions, respectively. It is noted that given v, @ can be constructed from
equations and . The basic idea in a Bayesian analysis is to infer the joint
posterior distribution of a, X', and v given a ground motion database. The
GMPM coefficients o and the covariance matrix X' are sampled using Gibbs
algorithm since their posterior full conditional distributions can be derived.
However, the parameter v makes the modeling scheme complex since it is
intractable to derive the posterior full conditional distribution p(v|Y, X, a, X).
So, we rely on a hybrid MCMC algorithm to simulate the joint posterior density
(Hoff 2009)). The hybrid MCMC algorithm is a combination of Gibbs sampling
for inferring & and X', and Metropolis-Hastings sampling for inferring . More
discussion is provided in the following section.

2.4 Hybrid MCMC algorithm

Gibbs algorithm is straightforward to implement if the posterior full condi-
tional distributions of a [p(a|Y,X,X,v)] and X [p(X|Y,X,a,~)] are com-
putable in closed-form. To facilitate such computation, we adopt conjugate
priors in this paper. The conjugate prior for: a is a N,N; x 1 dimensional
Multivariate Normal distribution’ with mean vector B, and covariance matrix
A; ¥ is an Inverse-Wishart distribution with scale matrix @ and degrees of
freedom v. These conjugate priors are commonly adopted in cases where the
likelihood has the form presented in equation @ Further mathematical de-
scription on how to derive these posterior full conditional distributions using

TAn Ny X Nt Matrix Normal distribution can be represented by a N, Nt X 1 Multivariate
Normal distribution through a matrix vectorization.
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Capabilities of Multivariate Bayesian Inference ... 9

conjugate priors can be found in |[Rowe 2003 and the posterior full conditional
distributions are reproduced in Appendix A of this paper.

However, the Gibbs algorithm cannot be applied to sample the correlation ~y
since a conjugate prior is intractable owing to the complex structure of @ [see
equations @—] We therefore rely on an MH algorithm with a Beta distribu-
tion as the prior to ensure the -y values lie between 0 and 1. We found that the
standard MH algorithm did not sample v well enough as it not only led to low
acceptance rates, but also high serial autocorrelation as well. Both these char-
acteristics of MCMC samples are generally discouraged ( [Hoff 2009). Hence,
we implemented a multilevel MH algorithm supported by kernel density es-
timation proposed by Beck and Au (2002)l The multilevel MH, rather than
proposing samples from the same proposal distribution, updates the proposal
region by learning from the previously accepted/rejected samples. The use of
kernel densities supports the development of proposal distributions of an arbi-
trary type during the learning process. As a result, the v values are eventually
(and purportedly) sampled from the target or stationary distribution.

Algorithm [T] describes the hybrid MCMC scheme. In general, while the Gibbs
sampling converges readily, the multilevel MH sampling requires some burn-
in samples during which it is still evolving and making progress towards the
stationary distribution. Figure |l demonstrates the sampled v values, denoting
the evolution and the convergence of the multilevel MH algorithm. We treat the
first 1000 samples from the hybrid algorithm as burn-in and infer statistics such
as the mean and the variance from the subsequent samples. It is noted that
the inferred mean ~ value of 0.421 is quite similar to that obtained by [Stafford
(2019). The computed mean a, X', and v values are used for ground motion
prediction.

See section 8.4 in this book for analytical equations of the posterior full conditionals;
refer to sections 6.1.4 and 6.1.5 for generating random variates from Matrix Normal and
Inverse-Wishart distributions, respectively.
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Algorithm 1 Hybrid MCMC sampling

Require: 8, A, Q, v, a, and b are hyper parameters for the proposal distributions
Require: N*e"
1: for s =1: N do

2: as ~palY, X, X 1,7vs-1)
3: Ys ~p(ZlY, X, as,7s5-1)
4: if s <100 then
5: ~* ~ Beta(a,b)
6: else if s <200 & s > 100 then
7 indl =1
8: ind2 = 100
9: v ~ K(Yind1:ind2)
10: else if s < 200 & s > 100 then
11: indl =1
12: ind2 = 100
13: v~ K(Vind1:ind2)
14: else if s < 300 & s > 200 then
15: indl = 101
16: ind2 = 200
17: 7"~ K(Yind1:ind2)
18: else if s <400 & s > 300 then
19: indl = 201
20: ind2 = 300
21: 7 ~ K(Yind1:ind2)
22: else if s < 500 & s > 400 then
23: indl = 301
24: ind2 = 400
25: v ~ K(Yind1:ind2)
26: else
27: indl = 401
28: ind2 = 500
29: v~ K(Vind1:ind2)
30: end if
31 _ p(Y|as,Zs 7" X) p(v") K(vs—1)
p(Yas, Xs,vs—1,X) p(vs—1) K(v*)
32: if 7 > rand then
33: s =
34: else
35: Vs = Ys—1
36: end if
37: end for

> K is a Gaussian kernel density

3 Bayesian GMM performance evaluation

Hybrid MCMC sampling is implemented to infer the posterior model coeffi-
cients, the covariance matrix, and the correlation « from the curtailed database
using flat prior distributions. Prior distributions p(a), p(X), and p(y) are
termed flat and do not significantly contribute towards ground motion mod-
eling if their corresponding variances are large. Components of the matrices
such as the covariance matrix A and the scale matrix @ in the prior distri-
butions for a and X', respectively, can be set to large values to result in flat
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Convergence of the MCMC sampler Histogram of ~ values
T T T 2500 T T T
0.4 b
2000 M b
03 ] A\
& 1500 F 7[ §
- g
0.425 5
0.2 b <
2 1000 F 1
0.42
0.1 b L i
1000 1500 2000 500
0 1 1 1 0
0 500 1000 1500 2000 0421 04215 0422 04225 0423
Iteration Number y

(a) (b)

Fig. 1: Convergence of the Markov Chain Monte Carlo sampler for
inferring the correlation v. (a) Trace plot of the sampled v values.
The first thousand iterations are treated as burn-in. (b) Histogram
of the post burn-in v values.

priors. Such flat priors for a and X are still conjugate to the posterior since the
priors still follow a multivariate Normal and an Inverse-Wishart distributions,
respectively. For ~, the prior is a Beta distribution with parameters adjusted
such that the distribution has a high variance. However, it is noted that the
prior is not a conjugate with the posterior for . The model coefficients inferred
using the hybrid algorithm are used to predict the SAs in the final GMM.

3.1 Model attenuation and residual analysis

Most contemporary GMMs are developed to predict motions at a single oscil-
lator period. Taking a holistic approach, the Bayesian GMM predicts SAs at
multiple oscillator periods simultaneously. It, therefore, becomes essential to
ensure its adequate attenuation with distance for different magnitude values.
Figure [2| presents the distance attenuation of the Bayesian GMM for several
combinations of magnitude and the oscillator period. For each such combi-
nation, the fault type corresponding to the earthquake and the mean V's30
value of several stations is made as an input to the Bayesian GMM. Recorded
ground motion data are also presented in the figure. It is noted that the mul-
tivariate Bayesian GMM, in general, adequately captures the median trends
with distance. This is true for large to small magnitude and low to high period
combinations covering a broad spectrum of ground motion amplitudes.
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Amplitude

Amplitude

M,, = 5.39; Period = 3s

M, = 5.39; Period = 0.3s M, = 5.39; Period = 1s

10° - 10° 10°
Distance (Km) Distance (Km) Distance (Km)
(a) (b) (©)
M,, = 6; Period = 0.3s M, = 6; Period = 1s M, = 6; Period = 3s
10° v - 10° - - !
10° 10! 102
Distance (Km) Distance (Km) Distance (Km)
(d) (e) (f)
M, = T; Period = 0.3s M, = 7; Period = 1s M,, = T7; Period = 3s
10! T T 10° T T 10° T T

Amplitude

Distance (Km) Distance (Km) Distance (Km)

(8) (h) )

Fig. 2: Attenuation of the multivariate Bayesian ground motion
model with distance for several combinations of the magnitude and
oscillator period. These results represent the use of flat priors in
the Bayesian model because the priors do not significantly contribute
to the posteriors. While for a and X, the priors are conjugate with
their posterior distributions, such conjugacy does not hold for the
correlation parameter ~y. Scattered values represent recorded data.
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To avoid biased predictions, it is also important for the Bayesian GMM to
result in ground motion residuals that are independent of magnitude and dis-
tance across the period range. Two types of residuals are computed: between-
event and within-event. These residuals are computed by the procedure out-
lined by |Abrahamson and Youngs (1992)l Figure examines the dependencies
of the within-event residuals on magnitude and the between-event residuals on
distance. A visual observation confirms such dependencies are quite negligi-
ble, which is seconded by the p-values seen to be consistently and significantly
greater than a threshold level 0.05 across the periods.
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Between-event residuals

Between-event residuals

Between-event residuals

Period = 0.3s; p-value = 0.56 Period = 0.3s; p-value = 0.95

200
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_1 1 1
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Fig. 3: Dependency of between-event and within-event residuals with
magnitude and distance, respectively, across several oscillator peri-
ods. It is noted that such dependencies are quite negligible.
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3.2 Correlations between oscillator periods

The implementation of a multivariate GMM enables inferring the covariance
matrix (X') between the oscillator periods. From the covariance matrix, corre-
lation coefficients between the periods maybe calculated using equation .
Given that SA correlation coefficients play a vital role in vector PSHA (|Dhuli-
pala et al. 2018) and ground motion selection tools such as the CMS and the
GCIM, it is important to ensure that the correlations captured by the multi-
variate Bayesian GMM are adequate. Herein, the Bayesian GMM correlations
are compared with those proposed in the literature, such as the |Baker and
Jayaram (2008)| model. Figure 4| presents the correlations predicted by the
Bayesian GMM and the Baker and Jayaram (2008) model. In each of the four
sub-figures in Figure[d] one period has been anchored while the other period is
a continuous variable. For lower values of the anchor period, it is seen that the
Baker-Jayaram (2008) model, which is based on NGA-West database (|Chiou
et al. 2008), predicts slightly larger correlations. Overall, these correlations are
seen to be fairly close.
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Fig. 4: Correlations between the oscillator periods obtained from the
Bayesian model and those proposed by Baker and Jayaram (2008).

Two aspects of the correlations obtained by the Bayesian GMM needs men-
tioning. First, these correlations are observed (from Figure E[) to be inher-
ently smooth, which is attributed to the multivariate nature of the GMM.
Correlation models in the literature generally fit a smooth function to empir-
ical values which are reported to be jagged or fluctuating ( .
Second, the Bayesian GMM, due to modeling the covariances between the
oscillator periods, always results in correlation matrices that are positive def-
inite. Most correlation models proposed in literature are such that they need
to be tweaked—using algorithms such as the Newton method (
2006)—to result in nearest positive definite correlation matrices. Positive def-
initeness is required for some applications such as simulating realizations of
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the IMs ([Baker and Bradley 2017)) and vector PSHA ( [Bazzurro and Cornell
2002)).

4 Capabilities of a multivariate Bayesian GMM
4.1 Capability 1: Dynamic updating of the GMM

Each year, numerous earthquakes of engineering significance occur across the
globe. Some of these earthquakes have ground motion recordings available.
To reflect these new recordings, GMMs are updated every few years, and
consequently, the seismic hazard is also updated. From this respect, the seismic
hazard at a site is non-static. A Bayesian GMM allows continuous integration
of new ground motion recordings into the GMM, and hence evolves with time.
Very recently, [Stafford (2019) has explored the continuous integration of data
into a Bayesian GMM for the scalar IM PGA. |Stafford (2019)| demonstrated
his model considering the NGA-West2 database (|Ancheta et al. 2014)). Herein,
we update the multivariate GMM developed in section [3| with recordings from
some recent earthquakes not yet part of the NGA-West2 database.

A set of model parameters (e, X, ) inferred from the NGA-West2 database
can be updated using new ground motion data. This updating procedure is
demonstrated through the equation below, which assumes that data from dif-
ferent earthquakes is independent:

P, ZAY, XY, X) x p(Y]a, 2,7, X) pler, Z,7]Y, X)
x p(Y|a, 2,7, X) p(Y|e, £,7,X) pla, Z,7)  (12)
x p(Yle, X7, X) pla, Z,9[Y, X)

where, 17, X represents new ground motion data, @, X', 7Y, X, }7, X represents
the model parameters considering old and new data, and a, X, 7|17,)~( repre-
sents model parameters considering only new data. The three lines in equation
(12) are equivalent because it is assumed that data from different earthquakes
is independent. Many past studies on ground motion modeling ( [Boore et al.
2014, |Arroyo and Ordaz (2010a),[Stafford (2019)|) have made the assumption
that data from different earthquakes is independent. An implication of this
assumption is, the time interval between two earthquake observation sets does
not influence the updating results. This lack of influence of the updating order
on the final posteriors is termed Exchangeability in Bayesian literature ( [Hoff
2009). Studies such as |Anagnos and Kiremidjian 1988|Alvarez 2005, Votsi et
al. 2012, with the aid of Markov-type models, have explored the impact of
time interval between two earthquakes at the same fault on the future stress
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release and magnitude. However, per the authors’ knowledge, the inclusion of
time dependencies in ground motion modeling has been limited, if any.

The concept of flat and informative priors is reviewed again. Flat priors are
distributions whose parameters are adjusted such that these priors have a large
variance and they do not significantly contribute to the posterior inference.
Informative prior distributions usually do not have a large variance and may
contribute to the posterior inference. For the case of the parameter matrices a
and X', the priors are multivariate Normal and Inverse-Wishart, respectively,
and they are conjugate with the posterior, permitting the derivation of full
conditional posterior distributions reproduced in Appendix A.

To implement equation , the model parameters are inferred first using the
new ground motion data (i.e., ground motion recordings from recent earth-
quakes) while assuming flat priors, as described in section Next, the inferred
model parameters given new data [p(a, X, ’y|l7,)~( )] are used as priors—called
as informative priors—and combined with the likelihoods from the old data
[i.e., NGA-West2 data; p(Y|a, X', v, X)]. For combining the informative priors
with the likelihoods of the old data, statistics of the MCMC samples given
the new data are inferred through which informative prior distributions are
constructed. Parameter v was seen to be tightly constrained with a very low
variance in Figure [} So, the distribution of 4 has been held constant to that
inferred from Section during the updating process as its distribution, given
the small variance, is highly unlikely to be affected by the new ground motion
data. Line 3 of equation mathematically describes this updating process.

Ground motion data from nine earthquakes occurring in the last four years is
considered as the new data. Table[I] presents the list of earthquakes considered.
Data for these earthquakes was obtained from the USGS earthquake hazards
website [USGS EHP| It is noted that for recent earthquakes, USGS provides
spectral amplitudes at only three oscillator periods: 0.3s, 1s, 3s. Therefore,
only these periods were considered in the NGA West2 set. Also, USGS does
not always provide V' S30 information for the recording stations. Hence, the
two site terms in equation were not updated from the new data, and they
were inferred only from the NGA-West2 database.
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Table 1: List of recent earthquakes considered for Bayesian updating

Earthquake Magnitude (Mw) | # Recordings (<200 Km)
07/06/19 Ridgecrest, CA 7.1 252
06,/18/18 Tsuruoka, Japan 6.4 130
11/22/14 Omachi, Japan 6.2 194
09/16/14 Sakai, Japan 5.5 12
08/24/14 South Napa 6.0 445
09/16/15 Illapel, Chile 8.3 37
06/04/15 Ranau, Malaysia 6.0 7
04/15/16 Kumamoto-shi, Japan 7.0 159
11/14/16 Kaikoura, New Zealand 6.5 69

Muw 7.1 Ridgecrest (2019); T = 0.3 Mw 7.1 Ridgecrest (2019); T =1 Muw 7.1 Ridgecrest (2019); T = 3s

O T

10°F

Amplitude

10'r 0090
___Flatpriors o @
(NGA-West2 data) ¢
_ . Informative priors
(NGA-West2 + new data)
, ®
10° . 0
10° 10! 10°
Distance (Km) Distance (Km) Distance (Km)
(a) (b) (©
Muw 6.2 Omachi (2014); T =0.3s ~ Mw 6.2 Omachi (2014); T =1s ~ Mw 6.2 Omachi (2014); T = 3s
I 00 T T 100 T T 100 T T
20! 107! 107!
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“ 102 102 102
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10° ' ' 10° 3 — 10° 3 -
)
<
Z
210"
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<
2
10
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Fig. 5: Attenuation of the Bayesian ground motion model with dis-
tance considering some recent earthquake data. Results are presented
across several oscillator periods. The solid and dashed lines corre-
spond to un-updated (flat priors) and updated (informative priors)
models, respectively. Scattered values represent recorded data.
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Figure [5| presents the attenuation with distance of the Bayesian GMM in-
ferred from the NGA-West2 database only (labelled “Flat priors”) and the
same GMM inferred from both the NGA-West2 database and recent earth-
quake data (labelled “Informative priors”). In this figure, three representative
recent earthquakes are considered, and the recorded ground motion data is pre-
sented as well. It is noted that the flat priors model over predicts the ground
motion amplitudes in most cases with respect to the new ground motion data.
The informative priors model (which has been updated with recent data) cor-
rects for this over prediction and generally leads to slightly lesser amplitudes
and somewhat better agreement with the new data.

4.2 Capability 2: Scalar and vector seismic hazard, and its updating

For estimating the seismic hazard at a site, the multivariate Bayesian GMM
offers the following two advantages:

— The multivariate nature of the GMM permits direct estimation of vector
seismic hazard, which is important for applications concerning structures
sensitive to multiple components of ground motion. Prior methods for vec-
tor PSHA combine information from multiple scalar GMMs explicitly to
approximate the vector hazard; for more information, refer to either [Baz-
zurro and Cornell 2002 or [Dhulipala et al. 2018|

— The Bayesian nature of the GMM permits updating the seismic hazard in
light of new ground motion data. This results in a dynamic hazard which
is most up to date with the recent earthquake data.

These applications of the multivariate Bayesian GMM are demonstrated here.

For computing the seismic hazard at a site, the GMM plays the crucial role
of estimating the probability of exceedance of scalar or vector IM given the
rupture. Such probability of exceedances are combined with the probability of
rupture to result in scalar or vector hazard. These computations are presented
below using the total probability theorem (|Benjamin and Cornell 2014)):

thns
AIM >z)= > P(IM > z|M,R) \(M,R)
i=1
Nb'ins
)\(IMl > xl,IMQ > 1'2) = Z P(IMl > (El,IMQ > $2|M,R) )\(M,R)
i=1

(13)

where P(IM > x|M, R) and P(IM; > x1,IMsy > z3|M, R) are the exceedance
probabilities of scalar and vector IM conditional on M and R, respectively,
MM, R) is the frequency of equivalence of M and R, and A(IM > z) and
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AIMy > x1,IMs > x5) are the exceedance frequencies for scalar and vector
IM. Npins in the above equation represent the number of bins into which M
and R are discretized. The frequency of rupture [A(M, R)] can be obtained
from a hazard analysis program such as OpenSHA (|Field et al. 2003)) or the
USGS unified hazard tool [USGS UHT.

A site in Los Angeles, CA, is selected for computing the seimsic hazard using
the Bayesian GMM. This site is associated with a shear-wave velocity averaged
over 30m depth V's30 value of 300 m/s and A(M, R) is obtained from Open-
SHA. While scalar hazard is computed for Sa(1ls), vector hazard is computed
for Sa(1ls) and Sa(0.3s). The 1s and 0.3s oscillator periods, respectively, corre-
spond to the first and second mode periods of a hypothetical building. Hazard
analysis is performed using the Bayesian model with no prior information fit
in Section [3[ (termed flat priors) and the Bayesian model updated with recent
ground motion data of Table |1} fit in Section (termed informative priors).

Scalar hazard

= A2
A o 10
=~ =~
ST
= 107r % T a sz
Flat priors "‘ s 104 o Flat priors
(NGA-West2 data). = (NGA-West2 data)
Infe ative priors % |:|Int0rmat1vc priors
--an ROTMA p “ (NGA-West2 + new data
5 (NGA-West2 + new Hata)
- L M —
10 -2
102 107! 10° T 0" 00 100
Sa(1s) (g) Sa(1s) (g) $a(0.39) (2)
(a) (b)

Fig. 6: (a) Scalar and (b) Vector seismic hazard curves at a site
in Los Angeles, CA. Results corresponding to the un-updated (flat
priors) and the updated (informative priors) model are presented.

Figure [f] presents the results. It is noted that for both the scalar and vector
hazard analysis, informative priors predict slightly lesser hazard than flat pri-
ors, especially at larger ground motion amplitudes associated with low hazard
levels. As noted in Section Figure[5] the informative priors GMM results in
slightly lesser ground motion amplitude predictions given a rupture condition.
This decrease in prediction amplitudes is driven by the new ground motion
data, which seem to agree marginally well with the informative priors model
than the flat priors model. Therefore, this slight reduction in predicted am-
plitudes of the informative priors model affects the lower hazard levels, which
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tend to be more sensitive to changes in the ground motion prediction than
higher hazard levels as they represent the tails of a probability distribution.

4.3 Capability 3: Bayesian Conditional Mean Spectrum

The multivariate nature of the GMM permits direct computation of the CMS
within each iteration of the MCMC sampler. Given iteration s, the median
prediction of all the spectral accelerations is first computed as:

M, 5.]s =as X (14)

where p, < is a vector of predicted spectral accelerations. The conditional
mean vector given the spectral accelerations at N, time periods (where N,
periods are a subset of the total time periods considered) can be computed
using Multivariate Normal distribution theory:

[ll'lng:zﬂng:z*]s = [ll'lng:z +ZUCZE'1C (lnSa 7'u'ln§a*)]s (15)

where p, = and p, -~ are the unconditional (of size (N; — N,) x 1) and
conditional (of size N, x 1) parts of the mean vector, respectively; X'cc and
XYyu are the are the unconditional (of size (N; — N,) x (Ny — N,)) and con-
ditional (of size N, x N,) parts of the covariance matrix, respectively; Xy ¢
is the cross covariance between the unconditional and the conditional SAs (of
size (N; — N,) x N,); and InSa’ are the specified log SA values at N, time

periods. The mean of equation across the after burn in iterations of an
MCMC sampler is the CMS.
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Fig. 7: Conditional Mean Spectrum computed using the flat priors
model under (a) scalar IM and (b) vector IM conditioning.

CMS computations are performed under scalar and vector IM conditioning.
The vector IM conditioning represents the case of a hypothetical structure
having two dominant mode periods; for example, a tall building. Equation
is computed considering the same site in Los Angeles, CA. The condi-
tioning oscillator periods are chosen to be the same as those considered in
section [£.2] for the scalar and the vector cases. For 2475 year return period,
the IM amplitude values from section [4.2{are 0.93g and [0.91g; 0.31g] for scalar
and vector cases, respectively, using the flat priors GMM. Figure [7] presents
the realizations of the CMS as well as their mean. The Bayesian framework
accounts for two types of uncertainties in the CMS computations. The first
one is the uncertainty related to selecting a dominant M-R, pair from the deag-
gregation matrix, which is a necessary ingredient for the CMS. To account for
this uncertainty, a random M-R pair is drawn from the deaggregation matrix
within each iteration of the MCMC sampler. The second uncertainty is related
to the variability around the GMM coefficients (a) and the covariance matrix
(X). Since the MCMC sampler randomly draws @ and X' from their distribu-
tions given ground motion data, the CMS realizations collectively account for
the parameter uncertainties as well. These uncertainties are characterized as
epistemic, and Kuehn and Scherbaum (2015)| argue that they should not be
neglected in seismic hazard analysis due to their considerable variability. Also,
the mean CMS can be computed using the updated GMM discussed in Section
However, recent ground motion data was available for only three oscillator
periods which does not permit computing a CMS at fine period intervals.
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5 Summary and Conclusions

While there have been several implementations of the Bayesian philosophy for
GMNMs, none have fully demonstrated its merits to seismic hazard assessment.
This requires the GMM to have three characteristics: a pragmatic functional
form; multivariate nature; and use of real ground motion data. In this paper,
we fill these gaps concerning the implementation and applications multivariate
Bayesian analysis to seismic hazard assessment.

We fit a multivariate Bayesian GMM using the curtailed NGA-West2 database
between magnitudes 5 and above and distances 1-200 Km. We used a hybrid
MCMC algorithm consisting of Gibbs step and multilevel Metropolis-Hastings
step to infer the coefficients in the complex high-dimensional model. Using
flat distributions (associated with a high variance) for priors, the following
observations were made:

— The GMM maintained adequate attenuation with distance for different
magnitude levels across all the oscillator periods. This was verified by plot-
ting the GMM predictions against recorded ground motion data.

— Both the within-event and between-event residuals of the GMM showed
negligible dependencies on magnitude and distance across all the oscillator
periods.

— The IM correlations inferred by the model are quite consistent with those
predicted by the Baker and Jayaram (2008) model. Moreover, unlike pre-
vious models for IM correlations, the correlations inferred by the Bayesian
GMM were inherently smooth due to its multivariate nature.

We then demonstrated the following applications of the Bayesian GMM: (1) Its
updating with recent ground motion data; (2) Scalar and vector seismic hazard
computation with the un-updated and the updated GMM; (3) Simulation of
the CMS realizations within the MCMC algorithm for both scalar and vector
IM conditioning cases. Concerning these three applications, the following three
observations were, respectively, made:

1. The updated GMM led to slightly better agreement with recent ground
motion data than the un-updated GMM.

2. Both scalar and vector PSHA with the updated GMM led to slightly lesser
hazard amplitudes than the un-updated GMM.

3. The simulated CMS inherently accounted for the uncertainty in selecting
a dominant M-R pair and the variabilities over the GMM coefficients.
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Appendix A: Posterior distributions of the parameter matrices a
and ¥ for the Gibbs sampling MCMC scheme

Deriving the posterior full conditional distributions of the parameter matrices
a and X for the Bayesian computations forms a key aspect in the implementa-
tion of the Gibbs sampling (Algorithm . In this appendix, closed-form equa-
tions for the posterior distributions p(a|Y,X,~,X) and p(X|Y,X,v,a) are
presented. Analytical equations for these posteriors are reproduced from [Rowe
2003}, |Arroyo and Ordaz (2010a), and [Dhulipala 2019.

Prior distributions for a and X

The parameter matrix a is vectorized by stacking the elements in its columns.
Mathematically this vectorization is represented as e, = vec(a). Prior distri-
bution for a, is assumed to follow a Multivariate Normal distribution with
mean vector B, and covariance matrix A:

ple) o A1V eap{ Lo ) A7 (@~ 8)) (A1)

Prior distribution for X' is assumed to follow an inverse-Wishart distribution
with scale matrix @ and degrees of freedom v:

p(Z) x |Z|7V/? e:rp{%l tr(Z‘lQ)} (A2)
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Posterior distributions for a and X

Posterior distributions for & and X are derived utilizing the Bayes’ rule. Noting
that given v, @ can be constructed from equations and , posterior full
conditional distribution for a, is a Multivariate Normal distribution and is
given by:

palY . X7, %) o cop{ 5 (@~ B.) (A7 + X787 X © 57 ) (o~ A1) }
(A3)

and,

B, =[A+XT6  Xox ]! [A*lﬁﬁ(XTquX@S*l) uec[YTQ*lx(XT¢*1X)‘1]]
(A4)

In the above two equations, ® denotes the Kronecker product. Posterior full
conditional distribution for X' is an inverse-Wishart distribution and is given
by:

p(ZY, X, v, a) x |Z|”Netr)/2 exp{%l tr(Z7H(Y - XaT)Te (Y — XaT)+Q)] )}
(A5)
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