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Abstract12

Radiation belt behavior is often analyzed in terms of adiabatic invariants, of which the third13

roughly characterizes the radial distance of particle drift shells. The outermost, or “last” closed14

drift shell (LCDS) can be an important boundary for numerical modeling, especially for drift-15

averaged treatments such as three-dimensional diffusion codes. Here we discuss calculation16

of the LCDS, using the widely-used IRBEM Library, the LanlGeoMag code, and a guiding17

center code named AFRL-Shell, in conjunction with a varietyof current magnetic field mod-18

els. We present results for the four events in 2013 comprising the “radiation belt challenge”19

organized by the Quantitative Assessment of Radiation BeltModeling focus group of the Geospace20

Environment Modeling program.21

1 Introduction22

Rapid, large-scale dropouts of radiation belt electrons, usually (though not only) seen23

during the main phase of storms, are not well understood. Both outward radial diffusion and24

precipitation due to pitch angle scattering by cyclotron-resonant waves are frequently invoked,25

but as currently modeled they seem insufficiently effectiveat L∗ ∼ 4 or below, and at en-26

ergy below∼ 1 MeV, respectively [Morley et al., 2010;Turner et al., 2012;Yu et al., 2013;27

Albert, 2014]. HereL∗, or “Roederer L,” is the well-known quantity correspondingto the third28

adiabatic invariant associated with azimuthal drift around the Earth.29

Modern statistical models of the external magnetic field arebased on very large sets of30

in situ magnetic field measurements, with a large number of parameters that capture solar wind31

properties and the response of the magnetosphere; these arenow available with 5-minute time32

resolution. Several studies have investigated the behavior of radiation belt electrons in such33

time-dependent global magnetic field models, either directly [Kim et al., 2008, 2010;Saito et al.,34

2010;Degeling et al., 2013;Ukhorskiy et al., 2014, 2015] or indirectly [Matsumura et al., 2011;35

Su et al., 2011;Glauert et al., 2014;Hudson et al., 2014;Su et al., 2016]. The direct, test par-36

ticle approach automatically includes such complicationsas nondiffusive radial transport, the37

induced electric field of the changing (modeled) magnetic field, and drift orbit bifurcation. On38

the other hand, a kinetic description is typically much lessdemanding of computer resources,39

especially when small- or fast-scale processes such as wave-particle interactions are included,40

and so facilitates experimentation and analysis as well as practical application. A key ingre-41

dient in these simulations is the maximum value ofL∗ that constitutes the outer boundary of42

stable trapping in the global magnetic field. The role of thismaximumL∗ value, or “last closed43
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drift shell” (LCDS) has been explored byXiang et al.[2017] andOlifer et al. [2018]. LCDS44

values have also been considered for protons byKostantinidis and Sarris[2015].45

Under scrutiny, the concept of the last closed drift shell issubject to several caveats. First,46

even in a static magnetic field,L∗ values depend on the pitch angle of the associated parti-47

cles, which varies with location; the motion of a particle also depends on its energy. Sufficiently48

distorted magnetic fields may have multiple field strength minima along a field line, which can49

lead to local off-equatorial trapping (drift-orbit bifurcation) and non-closed drift paths. The50

details of transport across the open/closed boundary are also more complex than accounted51

for by many global models [Kim and Lee, 2014]. Nevertheless, it is expected that the evalu-52

ation of LCDS, and its straightforward use as an outer boundary for radiation belt simulations,53

are likely to capture some important consequences of the detailed magnetic field models now54

available.55

In this paper, we discuss the calculation of LCDS values using several different approaches56

and numerical codes, including a recent version of the widely-used IRBEM library [Boscher57

et al., 2013], in conjunction with the TS05 [Tsyganenko and Sitnov, 2005] and TS07 [Tsyga-58

nenko and Sitnov, 2007;Sitnov et al., 2008] magnetic field models, as well as the more recent59

TA15 [Tsyganenko and Andreeva, 2015], TA16 [Tsyganenko and Andreeva, 2016], and TA1760

[Tsyganenko and Andreeva, 2017] models. We also consider the LanlGeoMag code [Hender-61

son et al., 2018]. Both codes attempt to computeL∗ by finding locations consistent with preser-62

vation of the three adiabatic invariants, using the well-known “Roederer prescription” [Roed-63

erer and Zhang, 2014]. In addition, we use a recently developed dynamical code, named AFRL-64

Shell, which directly follows guiding center motion [Brizard and Chan, 1999]. All three codes65

use snapshots of the magnetic field model, and thus neglect the effects of electric fields. Re-66

sults are presented for four “GEM Challenge” events observed by the Van Allen Probes space-67

craft during 2013, namely (1) a storm-time enhancement on 17March; (2) a storm-time dropout68

on 1 June; (3) a non-storm enhancement on 19 September; and (4) a non-storm dropout on69

24 September. An overview of these challenge events and associated information can be found70

at http://bit.ly/28UnLpw, and plots of solar wind dynamic pressure, AE, and the 1-minute Sym-71

H index during the events are shown byEngebretson et al.[2018]. Also note thatBrito and72

Morley [2017] recently considered optimized modifications of several magnetic field models,73

including TS05 and TS07, for these events.74

–3–



2 L
∗ Computation and Codes75

Three adiabatic invariants are associated with the periodic gyro-, bounce, and azimuthal76

drifts of geomagnetically trapped energetic particles in the inner magnetosphere The three time77

scales are widely separated, and from classical mechanics the quantity
∮

P · dq associated78

with each one tends to be adiabatically invariant in the absence of large, rapid, or resonant per-79

turbations. HereP is the total canonical momentum,P = p+(q/c)A, with p the mechan-80

ical momentum andA the magnetic vector potential. Neglecting constant factors, the first and81

second adiabatic invariantsM andJ are given approximately by82

M = p2 sin2 α0/2mB0 = p2/2mBm,83

J = 2pI, I =

∫

√

1 − B/Bm ds, (1)84

whereα is the pitch angle, subscript0 indicates the equatorial value, subscriptm refers to the85

particle’s mirror point, ands is distance along the guiding center field line. It is assumedthat86

the particle energy is large enough to neglect theE× B drift compared to the∇B and cur-87

vature drifts, but small enough to neglect the Larmor radiusrelative to spatial field gradients.88

Time variations must also be slow compared to the gyro and bounce timescales. It is also con-89

venient to define90

K = J/2
√

2mM = I
√

Bm, (2)91

which is independent ofp.92

In evaluating the invariant associated with azimuthal drift, it is a usually valid to neglect93

p in the expression forP above. Then if variations are slow compared to the azimuthaldrift,94

the motion will lie on a closed ribbon-like “shell” and the magnetic fluxΦ threading it will95

be adiabatically conserved [Özẗurk, 2012;Roederer and Zhang, 2014]. This drift shell (though96

not the rate of motion along it) is independent ofp, so that it is fully specified by a location97

and the value of eitherα or K. It is convenient to label the shell byL∗ rather thanΦ, with98

Φ =

∫

B · dS, L∗ =
2πk0

ΦRE
, (3)99

whereRE is the Earth’s radius andk0 is the Earth’s dipole moment. If the total magnetic field100

is approximated by a dipole,L∗ equals the maximum (equatorial) value ofr/RE on the shell.101

As mentioned, the definition ofL∗ neglects so-called drift orbit bifurcation (DOB), which102

can occur if multiple localB minima exist on a magnetic field line (usually near local noon).103

As particles with small values ofK drift onto such field lines they may become trapped near104
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one of these local minima. This process typically leads to a nonadiabatic decrease inK and,105

strictly speaking, a non-closed drift shell [Özẗurk and Wolf, 2007]. Upon further azimuthal drift106

the local minima vanish,K increases, and the particle resumes dipole-like motion with a K107

value substantially different from the original value, except for highly symmetric special cases108

[Wan et al., 2010]. A compelling generalization ofL∗ to properly account for this behavior109

remains to be formulated. Here we rely on one of two expedients. The first is to simply let110

the numerical code in question proceed and “do whatever it does,” which can result in a dis-111

torted drift shell but a plausible-seemingL∗ value, considered to be within the nominal LCDS.112

The other, opposite approach is to regard any field line or trajectory whereK is violated as113

tantamount to an open drift shell, hence outside the LCDS. Both approaches will be investi-114

gated.115

2.1 IRBEM-Lib116

The International Radiation Belt Environment Modeling (IRBEM) library (originally ONERA-117

DESP-LIB) is a set of FORTRAN 77 routines widely used in radiation belt modeling to trace118

field lines, drift shells, and so on using various magnetic field models. It is currently main-119

tained as open source software, downloadable at sourceforge.net. This study used version 5.8.3,120

which fixes a significant bug present in version 5.6.3 of subroutine calculLstar opt; that re-121

lease fixes a significant bug present in version 5.4.8 of findfoot.f.122

IRBEM-Lib implements the procedure discussed in sections 3.2 and 3.5 ofRoederer and123

Zhang[2014]. First, the mirror magnetic fieldBm and field line integralI are found for a cho-124

sen location and local pitch angle. Then, at a number of otherlongitudes surrounding the Earth,125

field lines are found which yield the same values ofI for the givenBm. This requires some126

sort of iterative radial search, which IRBEM-Lib implements in terms of the latitude of field127

line footpoints in the northern hemisphere. The radial search proceeds linearly in latitude un-128

til two values ofI are found which straddle the sought-for value; the average value of the two129

associated latitudes is then assigned to the drift shell field line. The footpoints of these field130

lines, once found, specify a region on the northern polar capthrough which the magnetic flux131

Φ is computed. This equals the flux excluded by the drift shell (e.g., crossing the equatorial132

plane), and gives the third adiabatic invariant andL∗. It is implicitly assumed that a field line133

which closes in the northern hemisphere also closes in the southern hemisphere.134
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The radial search is coded in the subroutine calculLstar opt, which is accessed by a call135

to makelstar shell splitting1, as described in the supplied manual. An alternative subroutine,136

tracedrift bounceorbit opt, is accessed by a user call to the subroutine driftbounceorbit2 1.137

These calls specify resolutions in latitudeθ and longitudeφ, which are the spherical coordi-138

nates of field lines on the Earth’s surface. Thus the latituderesolution actually controls the res-139

olution of the radial search. Examination of the source codeindicates that the step size of in-140

tegration along a field line (done with a 4th order Kunge-Kutta scheme) is not adjustable. (The141

supplied documentation can be misleading on this point.) InIRBEM-Lib, these resolutions are142

set to∆θ = π/[720(1 + N3)] and∆φ = π/[25(1 + N4)], respectively, whereN3 andN4143

are user-supplied integers between0 and9. Of course, small separation near the Earth’s sur-144

face can increase greatly when mapped along field lines out into space.145

These search routines have a number of other idiosyncrasies. For one, theL∗ calcula-146

tion is immediately aborted if the McIlwain valueLm, evaluated at the user-supplied starting147

location, satisfiesLm > 10. More subtly, anomalies such as an out-of-bounds conditionfor148

the magnetic field model also lead to abandoning not just the trial field line but the entireL∗
149

calculation. Such an out-of-bounds condition is declared for the TS05 model ifx < −15 RE150

(in GSM coordinates), and (as of version 5.8.3) for the TS07 model if r > 20 RE . It is also151

noteworthy that the initial value of the search latitude is based on the final values at the pre-152

vious two longitudes, so that results may not be strictly independent of the starting position153

on a given drift shell.154

In the presence of DOB, searching for field lines with the original, unchangedK value155

might be expected to lead the radial search to large values ofr, whether or not the search suc-156

ceeds.157

2.2 LanlGeoMag158

The LANLGeoMag library [Henderson et al., 2018] provides a broad range of function-159

ality, including radiation belt domain calculations similar to IRBEM-Lib. The code is written160

in C, and is currently available at https://github.com/drsteve/LANLGeoMag. This study used161

version 1.5.16.162

To calculateL∗ from a given position and local pitch angle, LanlGeoMag (LGM) starts163

with a full trace of the field line to verify that it is closed. The field line is then traced from164

the minimum-B location to the northern and southern mirror points. This tracing uses the Bulirsch-165
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Stoer algorithm with adaptive step size, and finds the positions of the mirror points to a spec-166

ified level of precision; the integralI is then calculated with an adapative quadrature method.167

Nine quality settings are defined in LANLGeoMag, and for thiswork we used the default qual-168

ity setting of 3. Among other quantities, this sets the tolerance inI as10−3 and the tolerance169

in the integrator as10−6.170

The initial values ofI andBm are used as the target values for subsequent field lines171

on the same drift shell. Thus a new magnetic local time is selected and a search is conducted172

to find a point whereB = Bm. Starting at a location specified by latitude at the Earth’s sur-173

face, the new mirror point may be found by searching either radially or (as in this study) along174

the field line. The field line is then traced andI computed; if this newI is not the same as175

the original value, the search location is adjusted and the process repeats.176

OnceI andBm are found (within tolerance), the candidate field line is examined for177

the number ofB minima and the number of bounce regions for the targetBm. The default178

behavior of LGM matches that of IRBEM-Lib: the presence of more than one bounce region179

(i.e. a bifurcated drift orbit) is ignored. Optionally, thepresence of more than one bounce re-180

gion causes the candidate field line to be rejected, withL∗ undefined. Surprisingly, this was181

found to make no systematic difference to the results. Evidentally the search methodology and182

tolerance tests cause field lines with drift orbit bifurcation to be rejected most of the time.183

This is all repeated at a user-defined number of magnetic local times. For this work we184

used 96 field lines per drift shell, but nearly identical results were obtained using 144 field lines185

per drift shell. Once a complete set of field lines are found that comprise the drift shell, the186

code calculatesΦ andL∗. To find Φ, the footpoints of the drift shell field lines on the Earth’s187

surface are fit in MLT with a periodic spline function, andΦ is evaluated using an adaptive188

quadrature routine and the full model field. The Last Closed Drift Shell application of LGM189

(provided in the LANLGeoMag “Tools” directory) does not impose an upper limit tor or Lm190

on field lines. One result is that LANLGeoMag will often return much largerL∗ than IRBEM-191

Lib during quiet intervals. Finally, LGM works to a specifiedtolerance and if that tolerance192

cannot be achieved for any reason then a failure is reported.This can affect the results of a193

last closed drift shell search as will be described in section 4.194
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2.3 AFRL-Shell195

This FORTRAN 95 code traces drift shells by following the particle’s gyro-averaged drift196

motion, following the formulation ofBrizard and Chan[1999]. These equations of motion re-197

flect the properties of an underlying guiding center Hamiltonian, although the time integra-198

tion was done with a standard variable-step fifth-order Runge-Kutta algorithm rather than a199

symplectic numerical scheme. Since the actual, time-dependent motion is not needed,p‖ is200

determined from the constancy ofp and the relationsin2 α = B/Bm rather than integrat-201

ing the equation fordp‖/dt. The energy of the particle is chosen to give a chosen value of202

the (estimated, dipole-based) number of bounces per drift period, which sets the tradeoff be-203

tween longitudinal resolution and computational speed; this estimated ratioτd/τb was set to204

60. The particle motion is expected to be physical even in the presence of DOB, although only205

one local minimum will be chosen, effectively at random. Another detail is that gradients of206

B are needed, which are evaluated by finite differences and which are problematic near the207

magnetopause. Once the drift shell is found, the value ofL∗ is determined by mapping the208

northern mirror points to an imaginary sphere of radius 0.8RE and computing magnetic flux209

as the line integral
∫

A · dl to give the third adiabatic invariant. HereA is the vector poten-210

tial associated with the IGRF internal magnetic field model [Selesnick and Blake, 2000], which211

dominates the external field at this location. It is checked that the field lines through the mir-212

ror points close in the southern as well as the northern hemisphere. A limit ofr < 12 RE213

is also imposed on all field lines.214

Finally, AFRL-Shell converts the flux toL∗ using a fixed value for the dipole moment215

k0 corrresponding to the year 2000, while IRBEM-Lib uses the current, time-dependent value216

and the default behavior of LGM usesk0 from 2010. AFRL-Shell and LGM only use these217

fixed k0 values at this last stage so the results could easily be scaled to the value used by IRBEM-218

Lib or vice versa, but the differences amount to less than 1% and will be neglected.219

2.4 UBK Method220

The approach ofMin et al. [2013a,b], though not used here, is also noteworthy. It is based221

on (U, B, K) coordinates, but in the absence of electric fields it is physically equivalent to the222

previous methods. It precomputesK values as a function ofBm at each point on an(x, y)223

grid, which can be inverted to giveBm values on the grid for a chosen value ofK. A con-224

touring algorithm essentially interpolates this grid to find points on the drift shell of specified225
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M andK. In effect, the mechanics of locating the contours substitutes for the radial search226

in the Roederer procedure. Thus all of the considerations associated with DOB would also ap-227

ply.228

2.5 LANLstar and LANLmax229

Koller et al. [2009] andKoller and Zaharia[2011] compiled a database ofL∗ values cal-230

culated using TS05 (as well as earlier magnetic field models), computed with a contemporary231

version of IRBEM-Lib, for1 million randomly chosen locations and times during 1994 through232

2004. Of the valid results, 100,000 were used to train an artificial neural network (ANN), named233

LANLstar, which could then approximately reproduce the calculatedL values very rapidly.234

This ANN requires all of the inputs for the selected magneticfield model, as well as the lo-235

cation, date and time, local pitch angle,Lm, andBm. Similarly, the LANLmax ANN was trained236

on 30,000 LCDS values, and could thereafter be run very quickly. These training LCDS val-237

ues were found by calculatingL∗ and employing a radial search similar to those of the codes238

discussed above, although the search was conducted along a duskward radial vector in the GSM239

equatorial plane, and local pitch angle rather thanK was held fixed. The LANLmax ANN also240

requires all of the inputs for the selected magnetic field model, as well as date, time, and lo-241

cal pitch angle. For a given application it is not clear how the local pitch angle should be spec-242

ified, as equatorial pitch angle is not constant within a drift shell. This is the likely explana-243

tion for the minimal dependence of LANLmax results on pitch angle. The LANLstar ANN244

is available through the Community Coordinated Modeling Center (https://ccmc.gsfc.nasa.gov245

/models/modelinfo.php?model=LANL), which uses the LANLstar and LANLmax implemen-246

tations in the SpacePy software library [Morley et al., 2011].247

A study byYu et al.[2012] concluded that the ANNs worked well in some cases, but248

that LANLmax with TS05 “performed poorly” whenDst < 50 nT, under conditions with249

large solar wind dynamic pressure, when IMFBz < 10 nT, or whenBz > 0. On the other250

hand,Olifer et al. [2018] showed that the LANLmax prediction for the 17 March 2013 storm,251

studied as Event 1 in the present work, was similar to the LCDSfor K = 0.11 REG1/2 cal-252

culated by LANLGeoMag using TS05. Thus the use of an ANN to quickly estimate LCDS253

is a promising method, but due to the lack ofK dependence in LANLmax, and the signifi-254

cant modifications to IRBEM-Lib noted in section 2.1 which were implemented after LANL-255

star and LANLmax were trained, we do not pursue this approachfurther here.256
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3 Magnetic Field Models257

All computations presented here used the International Geomagnetic Reference Field (IGRF)258

internal field model in conjunction with various external field models, which will be briefly259

described by excerpts from the associated publications.260

In Tsyganenko and Sitnov[2005], “the essence of the approach is to derive from the data261

the temporal variation of all major current systems contributing to the distant geomagnetic field262

during the entire storm cycle, using a simple model of their growth and decay. Each princi-263

pal source of the external magnetic field (magnetopause, cross-tail current sheet, axisymmet-264

ric and partial ring currents, and Birkeland current systems) is driven by a separate variable,265

calculated as a time integral of a combination of geoeffective parametersNαV βBγ
s .” Thus266

the TS05 model requires a number of interplanetary magneticfield quantities, some of which267

are integrated over time [Qin et al., 2007]. These have been compiled and made available at268

omnweb: https://omniweb.gsfc.nasa.gov/owmin.html; the version used here has 5 minute ca-269

dence. (SeeMcCollough et al.[2008] andHuang et al.[2008] for useful evaluations of TS05270

and earlier field models.)271

Tsyganenko and Sitnov[2007] introduce a “nearest-neighbor approach, in which the spa-272

tial structure of each state of the magnetosphere is described by . . . actual data obtained for273

the given state and data from other time intervals (e.g., similar phases of other storms), neigh-274

boring the present state in the space of global parameters, solar wind electric field, Sym-H in-275

dex, and its time derivatives.” It also requires an elaborate set of time-dependent coefficients,276

as well as a fixed set of tail parameters, available at http://rbspgway.jhuapl.edu/analysismodels277

(registration required). Note that the current version of TS07 is about 4 times faster than the278

original version, due to more efficient evaluation of the high-order Bessel functions used in279

various fittings. However, the model is still noticeably slower than TS05.280

Tsyganenko and Andreeva[2015] describe “a new empirical model, covering the distance281

range up to 60 RE, easily parameterized by routinely available data from upstream interplan-282

etary monitors, and reasonably efficient in terms of computation speed. The model is based283

on a large set of archived data taken in the magnetosphere andin the solar wind in 1995–2013.284

Some of its elements have been inherited from the earlier models, though most of the mod-285

ules were developed anew.” The source code and required coefficient files for this and the fol-286

lowing two models are available at http://geo.phys.spbu.ru/ tsyganenko/nat.html. Two versions287
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are given, using different versions of a solar wind couplingfunction, but we have only used288

the one based onNewell et al.[2007].289

Andreeva and Tsyganenko[2016] andTsyganenko and Andreeva[2016] “model the mag-290

netosphere directly from spacecraft data, with no a priori knowledge nor ad hoc assumptions291

about the geometry of the magnetic field sources. The idea wasto split the field into the toroidal292

and poloidal parts and then expand each part into a weighted sum of radial basis functions (RBF)293

. . . The model consolidates the largest ever amount of data and has been found to provide the294

best ever merit parameters.”295

However,Tsyganenko and Andreeva[2017] find the resolution requirements of TA16 pro-296

hibitive, but that “the gross global structure of the magnetosphere can be fairly well represented297

by a standard modular model of the kind developed in our past works ... while the remain-298

ing inaccuracies can be removed by adding an RBF component tothe base modular model.”299

The TA15, TA16, and TA17 models are not integrated into the currently supplied ver-300

sion of IRBEM-Lib, but this was easily done by modifying the routines initnouveau.f and on-301

eradesplib.f to call the unmodified, author-supplied source code, as does AFRL-Shell. These302

more recent models are not yet available in LGM, though it does incorporate versions of TS04303

and TS07.304

4 Finding Last Closed Drift Shells305

Starting with a local pitch angle at given position, all of the codes described in Section306

2 use a magnetic field model to provide either a value ofL∗ or an indication that none ex-307

ists, i.e. an open drift shell. Using each code, these calculations were repeated with a binary308

search in the starting location, taking the maximum validL∗ value found as describing the “last”309

closed drift shell.310

With each code, this was done as a binary search between two points with SM coordi-311

nates(r cosφ, r sin φ, 0), with r = 3 RE and15 RE , andφ fixed. The value ofφ was set312

to 180◦, near local midnight, to avoid field lines with multiple minima at least during setup.313

At each starting point, the local pitch angle angle corresponding to the chosen value ofK was314

found by binary search. Finally theL∗ calculation was attempted and the result, successful315

or not, was used to refine the radial search interval. If the code does not report a validL∗ value,316

the starting point is considered to lie on an open shell. Thisapproach is efficient but some-317

what risky, since many sorts of calculational difficulties may lead to failure to obtain anL∗
318
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value. All future searches will start at lowerr and never obtain anL∗ greater than the one that319

was missed. (Such algorithm failures, and indeed code bugs such as those mentioned above,320

are often benign but can have a large effect when searching near the closed/closed drift shell321

boundary.)322

The guiding center code AFRL-Shell also estimated the valueof K from the steps be-323

tween mirror points. These crudely-determinedK values typically fluctuated by about1%, so324

a 20% reduction from one bounce to the next was taken to indicate DOB. Thus AFRL-Shell325

was run in two modes: either “ignore DOB” and proceed, or else“reject DOB.” In the latter326

case, drift paths with DOB were rejected in the radial searchfor the LCDS.327

Figure 1 shows several stages of the radial search for the LCDS at 01:50 of day 152 in328

2013 (Event 2), forK = 0.11 REG1/2 using the TS05 model. The axes are for geographic329

coordinates,i.e., Z points toward geographic north andX points toward the intersection of330

the equator and the Greenwich meridian. The same initial positions were used by AFRL-Shell331

(left column) and IRBEM-Lib (right column). Here IRBEM-Libwas run withN3 = N4 =332

6, although the supplied routines only return a maximum of 1000 points on field lines at 25333

different azimuths. AFRL-Shell, on the other hand, makes available all points found while in-334

tegrating the guiding center drift motion. For AFRL-Shell,the colors label significantly dif-335

ferent estimates ofK, associated with DOB. If DOB is not allowed, AFRL-Shell obtained a336

LCDS value of 5.93, while allowing DOB produced LCDS=6.09, with open drift shells at larger337

distances. In this case, IRBEM-Lib produced similarL∗ values inside the DOB region but also338

reported finding closed drift shells at larger distances, with a LCDS value of 6.99.339

5 Results340

These codes were used to find LCDS values during the four GEM Challenge intervals,341

for the valuesK = 0.2, 0.11, and0.05 REG1/2. At the start of each event and at SM co-342

ordinates(−6.6, 0, 0)RE, theseK values correspond toα0 ≈ 30◦, 40◦, and50◦, respectively.343

More precise values are given in Table S1.344

Figure 2 shows results calculated by IRBEM-Lib forK = 0.2 REG1/2 in the TS05345

model, with four different accuracy settings:N3 = 0, 3, 6, 9 with N4 = N3. The lowest res-346

olution implies the shortest run time but the calculated LCDS values exhibit large, periodic347

drops, centered around noon (and to a lesser extent midnight) UT. These oscillations dimin-348

ish with increasing resolutionN3, indicating they are numerical or algorithmic artifacts. Sim-349

–12–



ilar behavior was found forK = 0.05 andK = 0.11 (not shown). Examination of the searches350

indicates that theL∗ values starting from the same positionr do not vary drastically with ac-351

curacy, when successfully obtained. Rather, low accuracy settings lead to frequent failures at352

larger to determine anL∗ value at all, driving the radial search to low values ofr and LCDS.353

It should be mentioned that no such oscillations were present, even at the lowest accuracy set-354

tings, when computingL∗ values at the locations of Van Allen Probes A and B, which gen-355

erally lie within the LCDS, during the four time periods.356

Figure 3 compares results forK = 0.2 REG1/2, using TS05, from IRBEM-Lib (with357

N3 = N4 = 6), LanlGeoMag, and AFRL-Shell run in both “ignore DOB” and “reject DOB”358

modes. For this value ofK the codes are in fairly good agreement, except for occasional anoma-359

lous points and a tendency for LanlGeoMag to overestimate large values of LCDS, likely due360

to its acceptance of long field lines and largeLm values. Figure 4 shows similar results for361

K = 0.11 REG1/2, with reasonable consensus among the codes. Notably, AFRL-Shell agrees362

well with IRBEM-Lib when run in “ignore DOB” mode (red and blue symbols, respectively),363

while it agrees closely with LanlGeoMag when run in “reject DOB” mode (green and magenta364

symbols). This tendency is even more pronounced forK = 0.05 REG1/2, shown in Figure365

5, where the difference is substantial. LanlGeoMag also gives more spuriously low values in366

this case. We tentatively attribute these aspects of LanlGeoMag’s behavior to the stringent re-367

quirements it imposes on field line tracing, integration, and search convergence which, when368

not met, act to bias it towards low LCDS values.369

Figure 6 shows LCDS values forK = 0.11 REG1/2 during Event 1, from IRBEM-370

Lib and both modes of AFRL-Shell, using each of the magnetic field models TS05, TS07, TA15,371

TA16, and TA17. As expected, for each field model AFRL-Shell tends to give lower values372

in “reject DOB” mode (green symbols) than in “ignore DOB” mode (red symbols). This dif-373

ference seems to be largest for TS07, especially in the second half of the event, and in that374

case IRBEM-Lib (blue symbols) more closely tracks the larger (“ignore DOB”) values. Also375

shown is the shifted Shue magnetopause,(RMP /RE)−2 (solid black curve) [Shue et al., 1998].376

This value gives a fair indication of the timing and minimum LCDS, but seems to recover more377

quickly, especially compared to TA16 and TA17. The final panel of the figure overplots all378

the LCDS values color-coded by field model, indicating that the dependence on field model379

is greater than the variation among the computations. TA15 generally gives the largest values,380

with noticeable oscillations, and no values aroundt = 76.8 because the “N index” (a nor-381

malized solar wind coupling function) exceeds the maximum permissible value of 2.0, while382
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TA16 gives somewhat lower values and TA17 gives considerably lower values than the ear-383

lier models.384

Figure 7 shows the results for Event 2. Again AFRL-Shell gives lower values if DOB385

is rejected than if ignored, especially for TS07, and again IRBEM more closely agrees with386

the larger (“ignore DOB”) values. The low values for TS05 around t = 152.2 from AFRL-387

Shell seem questionable, but they were also obtained by LanlGeoMag (see Figure 4b). Again388

TA15 gives mostly larger (and oscillating) values than the other models, while TA16 values389

are usually among the lowest; coefficient files for TA17 are not available for this time period.390

Events 3 and 4, shown in Figures 8 and 9, respectively, show the same tendencies, al-391

though for these events the LCDS values do not go below about 6.0. The effect of DOB on392

AFRL-Shell is strong for TS07, and TA15 shows clear, large oscillations. The values from TS05393

aroundt = 266.7 of Event 4 are much lower than from the other models, and obtained by394

all codes tested (compare to Figure 4d). Coefficients for TA17 were not available for this time395

interval.396

The computer time required for these runs was not insignificant. They were done on up-397

to-date computers with Intel Xeon multicore CPUs (at 2.27 GHz in the case of LGM, and 3398

GHz for IRBEM-Lib and AFRL-Shell). The codes were not parallelized (though it is possi-399

ble to parallelize LANLGeoMag-based applications), but runs for different times (DOY) could400

be done simultaneously. Table S2 shows detailed timing for the several codes and 5 magnetic401

field models forK = 0.11REG1/2 at representative times, namely the beginning and mid-402

dle of each of the 4 events. On average, a single LCDS determination using IRBEM-Lib took403

about 2, 13, 5, 9, and 0.8 minutes, respectively, for the 5 field models, while AFRL-Shell took404

between 3 and 9 times as long, and LGM took even longer (even after scaling to account CPU405

speed). This is because each IRBEM run made several million Bfield evaluations while AFRL-406

Shell and LGM, each run with default, non-optimized tolerances, called the B field models tens407

of millions of times.408

6 Summary409

The “last closed drift shell” of radiation belt particles isa popular concept, and widely410

believed to play an important role in explaining dropouts during magnetic storms, although411

drift orbit bifurcation introduces both conceptual and computational complications. A dynam-412

ical code such as AFRL-Shell can follow particle motion evenin the presence of DOB (though413
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an ensemble of particles might be called for), but defining orassigning a value ofL∗ is still414

problematic. It is not obvious how to modify the standard RoedererL∗ procedure, as imple-415

mented by IRBEM-Lib and by LanlGeoMag, accordingly.416

Nevertheless, exercising these codes during four dissimilar disturbed periods produces417

seemingly reasonable, and similar, results. The variationbetween codes (including AFRL-Shell418

run in two different “modes”) is much less than the dependence on magnetic field model, even419

though the five models tested are quite elaborate and in widespread use (TS05 and, increas-420

ingly, TS07) or quite recent (TA15, TA16, TA17).421

Detailed study is still needed to assess the global consequences of modeled LCDS de-422

creases, and to determine whether they lead to good agreement with observed particle behav-423

ior. However, it appears that the available magnetic field models, and the computational tools424

to exploit them, are becoming mature enough to do so.425

Figure 1. Various, corresponding stages of the radial search for the LCDS forK = 0.11 REG1/2 at 01:50

UT on day 152 of 2013 (Event 2) in the TS05 model, as found by (left) AFRL-Shell and (right) IRBEM-

Lib. The axes are for geographic coordinates. For AFRL-Shell, the colors indicate different value ofK: for

the trajectory shown in the third row,K jumps from0.11 to about0.06 and back again, while in the fourth

row K changes several times, ending up at about0.2 REG1/2. The values ofR0 give the radial distance at

(z = 0, y = 0, x < 0) in SM coordinates.

426

427

428

429

430

431

Figure 2. LCDS (last closed drift shell)L∗ values forK = 0.2 REG1/2 during the 4 GEM challenge events,

computed by IRBEM-Lib using the TS05 field model and 4 different accuracy settings.

432

433

Figure 3. LCDS values forK = 0.2 REG1/2 computed by several codes, using the TS05 field model.434

Figure 4. LCDS values forK = 0.11 REG1/2 computed by several codes, using the TS05 field model.435

Figure 5. LCDS values forK = 0.05 REG1/2 computed by several codes, using the TS05 field model.436
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Figure 6. LCDS values forK = 0.11 REG1/2 during Event 1, using the magnetic field models TS05, TS07,

TA15, TA16, and TA17. For each field model, results are shown from IRBEM-Lib (blue symbols), AFRL-

Shell in “ignore DOB” mode (red symbols), and AFRL-Shell in “reject DOB” mode (green symbols). In these

plots, the shifted Shue magnetopause distance,(RMP /RE) − 2 is also shown as a solid black curve. In the

final panel, all LCDS values are shown overplotted and color-coded by field model.

437

438

439

440

441

Figure 7. Same as Figure 1, but for Event 2. Coefficients for TA17 are notavailable for this event.442

Figure 8. Same as Figure 1, but for Event 3.443

Figure 9. Same as Figure 1, but for Event 4. Coefficients for TA17 are notavailable for this event.444
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