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ABSTRACT

Molecular dynamics (MD) simulations were used to predict the thermal conductivity of
B-octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine (B-HMX) along directions normal to the (011),
(110), and (010) crystal planes. These directions were selected based on the measured
morphological importance of the corresponding crystal surfaces. A reverse non-equilibrium MD
approach was used wherein a constant heat flux is imposed along a prescribed direction and the
resulting steady-state temperature gradient determined. The coefficient of thermal conductivity A
is the quotient of heat flux and temperature gradient (i.e., Fourier’s Law). Finite-size effects and
sensitivity to imposed heat flux were investigated. The results reveal a modest dependence of the
conductivity on crystal orientation, significant finite-size effects, and low sensitivity to imposed
flux so long as the Fourier’s Law analysis is limited to the spatial interval in the simulation cell
for which the temperature gradient is constant. Infinite-length thermal conductivities were
estimated by linear regression of A}(L) vs. reciprocal cell length L™ for each direction. The
predicted values are systematically larger, but within a factor of two, than most published
experimental determinations, the latter of which were obtained for pressed-powder or composite

samples rather than oriented single crystals.

! Author to whom correspondence should be addressed. Email: sewellt@missouri.edu

1



1. INTRODUCTION

The substance octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine (CsHgNgOs, HMX) is the
energetic component in many military plastic-bonded explosives (PBXs) [1]. HMX exhibits four
crystal polymorphs, denoted a, B, 8, and y [2,3]. The a, B, and & polymorphs are pure forms and y
is a hydrate. The  polymorph—monoclinic (P21/n), centrosymmetric, two molecules per unit
cell—is the most stable structure at standard ambient conditions and the least sensitive to impact
[2]. The fundamental physical and chemical properties of HMX have been the subject of many
experimental [2,4-19] and theoretical [20-35] investigations among which are studies of isothermal
linear and volumetric compression and thermal expansion [5-10,20-21], sound speeds and elastic
properties [11,12,22-24], surface morphology [13,14], dislocation nucleation and glide (inelastic
deformation more generally) [25,26], mechanical response to high-strain-rate loading and dynamic
failure behavior [15,16,30-33], transport coefficients [4,17-19,27-29], and shock-induced
chemistry [34,35]. These are among the more important properties required for construction of
accurate mesoscale models of PBX behavior [36-42].

Thermal conductivity is an important physical property for energetic materials as it determines
the time and space scales for diffusive thermal transport. It plays an important role in the
dissipation rate of the heat generated locally by mechanical or chemical processes (generically
known as hot spots) to the surrounding material. The competition between the heat-generation rate
and heat-dissipation rate governs the fate of hot spots, that is, hot-spot quenching or growth and
coalescence possibly culminating in violent reaction or detonation initiation [43-46]. Therefore, it
IS necessary to characterize thermal conductivity of explosives for use in mesoscale models for

propellant combustion and ignition of chemistry and detonation initiation in PBXs.



Molecular dynamics (MD) simulation is a viable approach for obtaining the properties of
energetic materials, especially for thermodynamic and loading conditions not readily interrogated
experimentally [47-49]. Because MD simulations are in effect numerical experiments, given an
accurate potential-energy surface and assuming the validity of the classical approximation, they
can serve as a powerful complement to laboratory experiments or as a surrogate for them in
situations where experiments are not feasible or practical.

Two commonly used methods for calculating the thermal conductivity are equilibrium MD
simulations based on the Green-Kubo formalism and steady-state non-equilibrium MD (NEMD)
based on application of Fourier’s heat law. The Green-Kubo method [50,51] is based on the
fluctuation-dissipation theorem that relates the thermal conductivity to the heat-current correlation
function. It has been widely applied to calculate the thermal conductivity [52-55]. Whereas it has
the advantage that it yields the full conductivity tensor from a single simulation at a given
thermodynamic state, the drawback to the Green-Kubo approach is that the convergence of the
heat-current correlation function is slow, often requiring simulations of tens of nanoseconds
duration. By contrast, the traditional NEMD approach [56] is analogous to phenomenological
experimental studies in the sense that a temperature gradient is imposed and the resulting heat flux
is calculated using Fourier’s Law. The disadvantage of this approach is that the convergence of
the heat flux is slow due to large fluctuations, which demands using a large temperature gradient
to distinguish the resulting heat flux from noise. Also, NEMD approaches depend relatively
strongly on system size [55].

The reverse NEMD method (rNEMD), which was originally developed independently by
Ikeshoji-Hafskjold [57] and Miller-Plathe (MP) [58,59] partially overcomes the difficulties of

traditional NEMD methods by imposing a known, constant heat flux and measuring the resulting



steady-state temperature gradient, which converges comparatively quickly. Two main rNEMD
methods have emerged, differing in the algorithms used for imposing the heat flux. In the Heat
Exchange (HEX) method [57], the heat flux is imposed at every integration time step by adding or
subtracting a specified amount of heat, AQx, to/from specified regions (denoted hot and cold slabs)
in the simulation cell. This is accomplished by scaling velocities of all particles in those slabs in a
way such that non-translational kinetic energy of the slab changes by AQk and the center-of-mass
velocity remains unchanged. In the MP-rNEMD (velocity-exchange) method [58,59], the heat flux
is imposed by exchanging at regular time intervals the molecular center-of-mass velocities (or
atomic momenta) of the translationally hottest molecule (atom) in the cold slab and the
translationally coldest molecule (atom) in the hot slab. The MP-rNEMD method conserves the
total linear momentum, total kinetic energy, and total energy, whereas the HEX algorithm causes
significant energy drift for multi-nanosecond simulations. Wirnsberger et al. [60] explained the
reason for this energy drift, which arose due to numerical implementation details in the original
HEX algorithm, and proposed an enhanced version of HEX (dubbed eHEX) to correct the energy
conservation issue.

There have been several previous experimental and theoretical studies of thermal conductivity
in HMX [4,17-19,27,29] and related substances [4,18,54,61-66]. The experimental studies were
performed using a variety of techniques, but a feature common among them is that they were
performed for pressed powders or composites, thus yielding an isotropic conductivity value for a
given thermodynamic state. Most of these experiments were performed at room temperature. The
theoretical studies were performed using the Green-Kubo method [54], other equilibrium
approaches [66], or various versions of NEMD [27,29,54,61-64]. Some of the theoretical studies

investigated multiple polymorphic forms of the same substance [29], liquids [27,61], and/or



thermodynamic states away from standard ambient conditions [27,29,61,64]. A few explicitly
investigated finite-size effects [54,62,65] and/or effects of crystal anisotropy [29,54,62-64], albeit
for directions chosen out of computational convenience rather than based on measured
morphological importance of the corresponding crystal faces. Generally speaking, the theoretical
studies yielded “reasonable” to “good” agreement with experimental data to the extent that detailed
comparisons were possible.

Here, we report a theoretical study of the (300 K, 1 atm) thermal conductivity anisotropy in
B-HMX using rNEMD in conjunction with the eHEX algorithm for imposing the flux. Finite-size
effects and sensitivity to magnitude of imposed flux were studied for conduction directions
perpendicular to the three most prominent crystal faces (P21/n space group setting) identified in a
recent experimental study [13] of B-HMX crystal morphology. It is hoped that this latter point will
stimulate experimental determinations of conduction along these directions. Computational
methods are presented in Section 2; results in Section 3; and discussion in Section 4, which
includes comparisons to experiments and preceding theoretical studies for HMX and other

energetic substances. Conclusions are provided in Section 5.

2. COMPUTATIONAL METHODS

We applied an rNEMD approach in which a user-prescribed constant heat flux J, is imposed
along some prescribed direction z using the eHEX [60] algorithm. The heat flux is imposed along
z between defined hot and cold slabs in a 3-D periodic simulation cell, which results in a steady-
state temperature gradient (with two branches) along z. Once the steady-state gradient is achieved

the average temperature gradient < V,T > is determined. The coefficient of proportionality



between the heat flux and average temperature gradient is the thermal conductivity 4,, which is

calculated using Fourier’s law:

Jz

Ay = ———,
z <V,T>

(1)

The simulations were performed using the Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS) software [67]. Three conduction directions were chosen for study. These
directions, No11), N(110), and N(o10), were selected based on their high morphological importance in
a recent experimental study [13]. The notation Nk denotes the crystal direction normal to the
(ijk) crystal plane. The reason for introducing this notation is that, in crystals with symmetry class
lower than cubic, the crystallographic direction normal to the (ijk) crystal plane does not
necessarily coincide with the [ijk] crystal direction.

Simulation cells for the three conduction directions were constructed using the Generalized
Crystal Cutting Method (GCCM) [68]. The cells were constructed to be approximately
orthorhombic in shape and oriented such that Nk is parallel to z in the Cartesian lab frame.
Denoting as Lo the length along z of the shortest simulation cell for a given crystal orientation,
small, medium, and large cells were constructed such that L, = Lo, 2Lo, and 4Lo, respectively. The
cell edge lengths transverse to the conduction direction for a given orientation are constants across
the small, medium, and large cells. The edge lengths of the small cells for N(o11), N(110), and N(o10)
are 40.03 A x 33.96 A x 110.62 A, 46.19 A x 40.94 A x 77.33 A, and 57.00 A x 47.34 A x 83.55
A, respectively, and the corresponding simulation cell lattice angles (o, B, y) are (91.4°, 89.3°,
89.7°), (90.8°, 88.4°, 90.0°), and (90.0°, 90.0°, 90.2°), respectively. The lengths of the small cells
were chosen to be at least similar to or greater than twice the estimated phonon mean-free-path
length for p-HMX as discussed five paragraphs below. Figure 1 shows zoom-in snapshots of the

simulation cell for each direction. Two projections of each cell are shown to qualitatively highlight
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variations in crystal packing normal to the three faces considered. More details about the GCCM
construction for each orientation are provided in the Supplementary Material.

The all-atom flexible-molecule non-reactive Smith-Bharadwaj force field [69,70] was used.
Covalent interactions in this model are described using harmonic and truncated cosine series
functions. The N-O and C-H covalent bond stretching force constants reported by Bedrov et al.
[70] were adjusted as in our recent study [24] to better reproduce the measured vibrational
spectrum of HMX;; specifically Kc.1 = 680.1 kcal mol™ A2and Kn-o = 1120.0 kcal mol™ A2, The
RATTLE [71] algorithm (a velocity version of the SHAKE [72] algorithm) was used to constrain
the C-H covalent bonds to the equilibrium distance. Non-bonded interactions between atoms
belonging to different molecules and pairs of atoms separated by three or more covalent bonds
(i.e., 1-4 and higher interactions) within a given molecule are modeled using the Buckingham-
plus-Coulomb form. The cutoff distance was set to 15 A. The particle-particle particle-mesh
(PPPM) k-space method [73,74] was used to evaluate Coulombic and dispersion interactions
beyond the cutoff distance. The relative error in PPPM forces was set to 10°. The velocity-Verlet
algorithm [75] as implemented in LAMMPS was used as the integrator.

Thermalization of the simulation cells at T = 300 K was performed in two steps. First, an
isochoric-isoergic (NVE) simulation was performed for 1000.0 fs using a 0.2 fs integration time
step. During this stage, complete velocity re-selection from the Maxwell distribution was
performed every 1000 time steps and velocities were re-scaled to a kinetic temperature of 300 K
every 100 time steps if the deviation between instantaneous kinetic temperature and 300 K
exceeded 10 K. Next, an isochoric-isothermal (NVT) simulation was run for 100.0 ps using a 0.5
fs integration time step and thermostat damping parameter of 100.0 fs. Note that no isobaric-

isothermal (NPT) equilibration was performed. The base generalized unit cell for each of the three



orientations was constructed using lattice parameters for the (1 atm, 300 K) crystal structure
predicted by the force field. Analysis of the system stress tensor during the NVT thermalization
confirmed that the simulation cells were all hydrostatic with pressures close to 1 atm (within
uncertainty).

Heat flux J is defined as the amount of energy E transferred along the conduction direction per
unit area A per unit time t; E/(At). Fourier’s law relates the heat flux to the temperature gradient,
with the thermal conductivity as the coefficient of proportionality. Therefore, the input values for

the constant energy flux Je =E/t used in our simulations can be calculated using Egs. 2 and 32

E
J= =A<V >, )
—E—ZAAAT 3
]E_t_ AZ’ ()

where A is the cross-sectional area of the simulation cell perpendicular to the conduction direction
and AT and Az are the temperature difference and distance between the hot and cold slabs,
respectively. The factor of two accounts for the periodicity of the simulation cell.

Finite-size effects were studied by using three simulation cell lengths for each conduction

direction (described above). The phonon-gas expression for thermal conductivity [76],

1
A = §Cyvl, (4‘)

can be used to characterize the size dependence of rNEMD predictions of thermal conductivity.
Here Cv is the isochoric phonon heat capacity per unit volume, v is the acoustic phonon speed, and

| is the effective phonon mean-free-path length (MFP), which is limited by scattering processes.

2 We adopt the LAMMPS convention of calling Je = JA the energy flux. The more precise term for this quantity is

energy current.



When the phonon MFP is similar to or greater than the distance between hot and cold slabs,

scattering effects cause a reduction in the effective MFP, I . This results in a reduction in

apparent thermal conductivity based on Eq. 4. The effective MFP can be evaluated using
Matthiessen’s rule [77,78],

1 1 1
= + , (5)
leff lph—ph lbound

where L,,_,, is the MFP associated with phonon-phonon scattering (intrinsic scattering) and

lpouna 1S the phonon-boundary MPF which is limited by the distance between hot and cold slabs
along the conduction direction. Substituting Eq. 4 into Eq. 5 results in a linear relation between A
and L from which the infinite-length thermal conductivity 1. can be estimated by extrapolation
to LT > 0 [79,54]. Although in reality the conductivity should be calculated using the
generalization of Eq. 4 in which the accumulated conductivity is obtained as the summation of
mode-specific contributions to the conductivity in terms of modal group velocities, heat capacities,
and mean-free-path lengths for each phonon, we use Eg. 4 as a practically useful heuristic for
gauging the various factors that contribute to the conductivity.

To ensure that the lengths of our simulation cells are greater than twice the MFP, where the
factor of two arises due to the presence of the heat reservoirs, we estimated this quantity using two
approaches. The first approach is based on Eq. 4. Typical experimental values of thermal
conductivity are about 0.5 W m™ K? [4,17,18]. Sound speeds in B-HMX range between
approximately 1 km s and 4 km s depending on orientation and mode polarization [12]. The
classical isochoric heat capacity is equal to nks, where n is the number of degrees of freedom.
Using these values the MFP is estimated to be approximately 1 to 3 A, in general agreement with
predictions for other molecular crystalline substances [54,64]. However, the actual MFP may be

longer, as the B-HMX phonon spectrum has 165 optical branches that generally exhibit lower
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group velocities. To assess this, in the second approach the MFP is estimated by multiplying the
sound speed by typical mode-specific phonon relaxation times. McGrane et al. [80] reported an
experimental determination of mode-specific temperature-dependent phonon relaxation times in
B-HMX based on Raman spectroscopy. In that study, which interrogated modes with
wavenumbers between 50 cm™ and 3500 cm™, at 4 K — 7 K mode relaxation times for several low-
wavenumber phonons exhibited lifetimes > 40 ps. However, at 100 K all lifetimes were less than
approximately 7 ps and at 295 K all lifetimes were of the order of only 1 ps— 2 ps across the entire
spectral interval studied; cf. Fig. 6 of Ref. 80, which also includes results for two other explosives
and naphthalene. (Pereverzev and Sewell [81] reported similar relaxation times for selectively
excited infrared-active modes with wavenumbers between 46.9 cm™ and 94.1 cm™ in 300 K MD
simulations of pentaerythritol tetranitrate, another molecular crystalline explosive that is among
those studied using Raman by McGrane et al.) These measured room-temperature relaxation times
for B-HMX yield MPF estimates of approximately 10 A to 40 A. Thus, the highest MPF estimate
is about one half of the smallest simulation cell edge length used here and is much smaller than
the edge lengths of our medium and large simulation cells. These considerations, along with (vide
infra) the linearity of the results for A X(L) vs. L, provide some confidence that the simulation
cells are sufficiently long for the present need.

Two sets of simulations were performed that differed in the protocol used for specifying the
heat flux. In one protocol a single value for the flux (0.055 kcal mol™* fs) was used for all crystal
orientations and cell sizes (hereafter we call this set SF for single flux). In the second protocol
different flux values were used for each combination of crystal orientation and cell size (hereafter,
DF for different flux). In the case of DF, a nominal targeted temperature difference between hot

and cold slabs was set to 40 K. The average thermal conductivity for p-HMX along the three
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directions reported by Long et al. [29], 0.645 W m™ K, was used in conjunction with Eq. 3 to
specify the flux value for a given simulation cell. The energy flux value Je for each cell for the DF
protocol is provided in Table S1 of the Supplementary Material. We emphasize that DF and SF
do not differ in the implementation of the heat flux—both use eHEX as implemented in
LAMMPS—but only in how the flux value for a given simulation is specified. As all of the DF
flux values are less than any of SF ones, in some instances we refer to DF and SF as low-flux and
high-flux cases, respectively.

Each production simulation was run for 6 ns. In all cases a steady-state temperature gradient
was established within 1 ns, and therefore the final 5 ns was used to calculate conductivity. The
same analysis approach described in Ref. [62] was applied to calculate the temperature gradient,
namely:

1- The instantaneous kinetic temperature T for each slab was computed every 10.0 fs using

T = %Ekin, where Exin is the total kinetic energy of the slab and n is the total number of
B

degrees of freedom in the slab, taking into account the eight constrained C-H bonds per
HMX molecule. (If the center of mass of a particular molecule falls within a given slab, all
atoms belonging to that molecule are assigned to that slab. Empirically, it was determined
that initial molecule-slab mappings are maintained throughout a given simulation.)

2- The time series of instantaneous temperatures for each slab was coarse-grain averaged
using contiguous, non-overlapping 50 ps time windows. Temperatures for symmetry-
equivalent slab-pairs were combined for this purpose. The standard deviation of the slab
average temperature for each time window was computed for each slab-pair.

3- Weighted linear least-squares fitting was used to calculate the temperature gradient for

each individual time window using the average temperatures from Step 2.
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4- The average temperature gradient < V,T > and its uncertainty were computed from the

windowed temperature gradients accumulated over the final 5 ns of the simulations.

3. RESULTS

Thermal conductivity for B-HMX along No11), N@10), and N0y Was calculated using two
different protocols for specifying the flux values, as described in Section 2. The SF (high-flux)
approach yields an explicitly extensive (cell-length dependent) temperature range in the simulation
cell that is proportional to system length. For long cells the temperature range becomes large and
the temperature profiles significantly non-linear. Figure 2 shows the steady-state temperature
profiles for the medium-size (011)-oriented cell, which is representative of the other crystal
orientations and simulation cell sizes studied, for both DF and SF (panels (a) and (b), respectively).
The green dashed lines are linear fits to the temperature profiles excluding the hot and cold slabs.
For the high-flux case (SF, Je = 0.055 kcal mol™ fs1), the temperature change across the cell is far
larger than for the low-flux case (DF, Je = 0.006 kcal mol™ fs1). Deviations of temperature profiles
from linearity in Fig. 2 are obvious for both DF and SF in the vicinity of the hot and cold slabs.
Therefore, an analysis approach was developed and applied, for all crystal orientations and
simulation cell sizes and for both the SF and DF protocols, that restricts the temperature gradient
calculations to spatial intervals for which the temperature profiles are linear.

Specifically, a sequence of weighted linear least-squares analyses was applied in which the
number of symmetry-equivalent slab-pairs was systematically decreased from system-length-
dependent maximum values. The pair of central slab-pairs between the hot and cold slabs, one per
branch in the temperature profiles, for which the temperatures were 300 K were used as tandem
spatial origins for this analysis. The maximum number of slab-pairs included is the total number
of slab-pairs in the sample excluding only the hot and cold slabs. Starting from that limit,
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successively greater numbers of slab-pairs closest to the hot and cold slab-pair were excluded from
the analysis, in ‘hotter’ and ‘colder’ pairs of slab-pairs, and the resulting temperature gradients and
uncertainties were plotted versus the number of slab-pairs N included.

These results are presented in Figure 3 for the same cases shown in Fig. 2 (i.e., DF and SF for
the (011)-oriented medium-size cell). The top row shows the same temperature profiles, arranged
as in Fig. 2 but here showing color-coded regression lines for different numbers of slab-pairs, N,
included in the fits. The regression lines are all extrapolated from fits on the smaller intervals
indicated in the figure panel legends to extend all the way between the hot and cold slabs. The
bottom row shows the gradients, with uncertainties, plotted versus N. A t-test analysis® was
applied to select the largest N-value, based on overlap of error bars for different values of N, for
which the temperature gradient is practically (statistically) as constant as the one obtained using
the next smaller value of N. This was done on a simulation-by-simulation basis and the gradients
corresponding to the optimized N values were used to calculate the thermal conductivity using Eq.
1. The resulting thermal conductivity values are 0.418 + 0.008 W m* K* (DF with N = 13) and
0.424 +0.001 W m* Kt (SF with N = 11), which are in good agreement. Consistent with Figs. 2
and 3, N for the low-flux case (DF) is larger than that for the high-flux case (SF). The same analysis
was applied to the other simulations and we found that Npr > Nsr in all cases.

Weighted linear-regression gradients with uncertainties, along with the optimized N-values
used to obtain them, are presented in Table S2 of the Supplementary Material. The resulting
thermal conductivities for all conduction directions and system sizes are presented in Table 1,
which also contains extrapolations to “infinite-length” crystals and the collected experimental
results. Table S3 of the Supplementary Material contains the steady-state temperature differences

between slabs-pairs directly adjacent to the hot and cold slabs for all cases studied. The top and
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bottom values in each row of Table 1 are the thermal conductivities calculated using the DF and

SF flux-specification protocols, respectively, along with uncertainties obtained as o; = A%. The
results in Table 1 reveal good agreement between DF and SF for a given crystal orientation and
cell size, despite the significantly different temperature ranges in the cells for the two protocols.
That is, use of the t-test approach identifies sub-regions within the sample for which the gradient
is essentially constant and over which Fourier’s Law should apply.

Figure 4 shows the reciprocal of the thermal conductivity for each cell, plotted against the
reciprocal of the length of the simulation cell, for all three conduction directions and both flux-
specification protocols. The extrapolation to Lt = 0 yields the “infinite-length” prediction,
denoted A,, and shown in Table 1 for both the DF and SF cases. The infinite-length thermal
conductivity values for the DF protocol (panel (a)) are 0.553 + 0.050 W m™ K1, 0.701 + 0.090 W
m* K?, and 0.632 £ 0.070 W m™ K for No11), N(110), and N(o10), respectively. The results reveal

relatively small thermal conductivity anisotropies, with percentage differences of ~10% for N(110)

and N(o10), #14% for No11) and N(o10), and ~27% for N(o11) and N110).

4. DISCUSSION

4.1. Considerations impacting conductivity results.

4.1.1 Stress profiles across the cells. It is not immediately obvious that the good agreement in
Table 1 between the DF and SF results would be obtained. The simulations were performed in
isochoric, constant-shape, 3-D periodic cells. Recall that the cells were constructed using the
GCCM in conjunction with lattice parameters corresponding to (300 K, 1 atm) for the force field
model used, such that the system stress is hydrostatic with P = 1 atm (within uncertainty) for all

three orientations prior to imposition of the eHEX heat flux to the cells. Thus, whereas it is possible
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for the system to achieve a uniform stress profile for the normal stress component that coincides
with the conduction direction, this is not possible in general for the normal components transverse
to the conduction direction or for the deviatoric stress components. Because of this, the local stress
tensor varies along the length of the simulation cell, and in the case of large fluxes and large cells
this variation can be quite large.

Figure 5 shows profiles of the local stress tensor as a function of location along the length of
the sample for the medium-size (011)-oriented cell. The top row (panels (a) and (b)) contains
profiles of normal stress components and the bottom row (panels (c) and (d)) profiles of deviatoric
stress components. The left-hand column is for imposed flux Je = 0.006 kcal mol? fs* and the
right-hand column for Jg = 0.055 kcal mol™ fs* (DF and SF cases, respectively). For the low-flux
case (DF, panels (a) and (c)), profiles for all six stress components are nearly flat. This is contrasted
by the high-flux case (SF, panels (b) and (d)), for which the normal stress component parallel to z
is essentially equal to zero along the entire length of the sample, but the transverse normal stress
component magnitudes are quite large (~2000 atm) in the vicinity of the hot slab (negative stress,
compression) and cold slab (positive stress, tension). Profiles of the two components of shear stress
that involve z are also essentially zero whereas the one that does not involve z has sizeable
magnitude (~800 atm).

That the DF and SF results agree so well despite the quite different local thermo-mechanical
states in the samples away from the central point(s) of analysis is perhaps surprising. Although we
have not pursued it in the present study, it is possible that one could exploit the stress and
temperature gradients in the SF (high-flux) simulations to extract thermal conductivity coefficients

for multiple thermodynamic states from a single simulation, by performing local analyses of the
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temperature gradients at various locations along the cells corresponding to different local
temperature and stress states.

Except where noted, in the following we focus our discussion on the DF results because
potential (but, vide supra, seemingly minor) concerns about the effects of thermal stresses in the
simulation cells are smaller for that flux case. Following from this consideration, for simplicity we
only report DF results in the Conclusions, though we re-emphasize here that the SF case, combined
with the t-test analysis, yields results that are essentially equivalent to the DF values.

4.1.2. The effect of C-H bond constraints. The C-H bonds were constrained in the present study.
This was done both to increase (double) the NVE time step and to ‘freeze out’ the C-H vibrations,
which are highly quantum mechanical in nature (AE,—¢—,=1/kg ~ 4200 K). The question of how
to account for nuclear quantum effects, such as the heat capacity, zero-point energy flow, and
tunneling in MD simulations has been of interest for decades; see Refs. [83-95] for representative
examples. Other than indirectly by constraining the C-H stretches, we have made no attempt to
incorporate quantum effects in the present study. Although imposition of bond constraints
obviously modifies the Hamiltonian, the dynamical effects should be relatively minor as the C-H
stretches are largely isolated from lower-frequency modes. The main effects of constraining the
C-H bonds in the present study will be (1) a slight decrease (< 0.05% in Ref. [64]) in the unit cell
volume compared to the case with flexible bonds; (2) the absence of modes with » > 2000 cm™ in
the phonon density of states of the crystal; and (3) a reduction in the molecular heat capacity that
is directly proportional to the number of bonds constrained. The first of these is of no practical
relevance here and the second is not expected to play a significant role in the dynamics due to the
weak coupling between the C-H stretches, which comprise a largely isolated subset of modes, and

the other crystal vibrations. Although the presence or absence of C-H stretching modes certainly
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affects the predicted conductivity values, they do so in a way that can be characterized and
empirically accounted for if desired.

Kroonblawd and Sewell [64] examined the effect of N-H bond constraints in MP-rNEMD
simulations of (300 K, 0 GPa) thermal conductivity in oriented crystals of 1,3,5-triamino-2,4,6-
trinitrobenzene (TATB), an explosive with considerably greater structural anisotropy than HMX.
Predicted TATB conductivities obtained using constrained N-H bonds were consistently lower
than with flexible bonds, as had been reported by others [96] in MP-rNEMD studies of liquid H.O
and n-hexane. Kroonblawd and Sewell showed that the difference could be explained, essentially
quantitatively and for multiple crystal orientations, by accounting for differences in the volumetric
heat capacity Cv based on classical equipartition.

The dominance of Cyv on thermal conductivities calculated classically seemingly may apply
even for significantly different model representations of the same material. Wang et al. [97]
reported anisotropic conductivity values in the triclinic molecular crystal pentacene using two
different force field models: the Generalized Amber Force Field (GAFF [98]), which is an all-
atom description (C22H14); and the Optimized Potential for Liquid Simulations-United Atom
(OPLS-UA [99]) force field, which is a united-atom (UA) model in which all H atoms are
subsumed into the C atom to which they are bonded (Cs(UA)14). The classical molecular heat
capacities for the GAFF and UA models are 108ks and 66Kkg, respectively. Whereas the use of
constrained X-H bonds (X = C, N, O, etc.) mainly eliminates modes that are localized in frequency
space and relatively weakly dynamically coupled to the other degrees of freedom of the system,
the use of a UA model explicitly eliminates from the potential all intramolecular two-, three-, and
four-body terms that directly involve the X-H linkage and thus strongly affects the vibrational

density of states. Kroonblawd and Sewell®* demonstrated that, even for this ‘extreme’ case, the
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ratios of conductivities calculated using the two models are largely consistent within a scale factor
determined by the heat capacities.

We anticipate that the heat capacity scaling conclusions reached for TATB and pentacene
would apply analogously for HMX. The classical molecular heat capacity scaling factor for HMX
is cgonstrained — (76 /84)c/'*¥P' where 76 and 84 are the number of degrees of freedom per
HMX molecule in the presence and absence of C-H bond constraints, respectively. Justification
follows from Eq. 4 under the assumptions that: (1) the presence of X-H bond constraints has
negligible effect on the elastic coefficients, which determine the longitudinal sound speed and thus
the phonon group velocity, v; and (2) phonon-phonon coupling, which affects the phonon mean-
free-path length I is not strongly affected by the bond constraints. Although these effects are
undoubtedly present, Kroonblawd and Sewell [64] argued in some detail that they are small under
the conditions studied. We apply this same analysis below in Sec. 4.2 when we compare the present
predictions for (010)-oriented B-HMX with those published by Long et al. [29] based on the same
force field employed here but with flexible C-H bonds and using a completely different method
for obtaining the conductivity.

4.2. Comparisons to other studies of HMX. Hanson-Parr and Parr [18] measured the thermal
diffusivity and heat capacity of pressed-powder HMX for temperatures 298 K < T <513 K and
obtained the thermal conductivity using that information along with the sample density. The values
for pure (pressed) HMX taken from the Los Alamos Explosives Properties compendium* are 0.502
W m? K1 (T =298.15 K) and 0.418 W m™ K™%, More recently, Dong et al. [19] reported a value
of 0.290 W m K based on differential scanning calorimetry (DSC) measurements. The thermal

conductivity of HMX/Viton PBX formulations were measured as a function of HMX content [17].
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The results reveal increasing thermal conductivity with increasing HMX content, as one would
expect, and extrapolation to 100% HMX yielded a thermal conductivity value of 0.519 W m™* K1,

Because a given eHEX-rNEMD simulation does not yield the entire thermal conductivity
tensor but rather only the conductivity along one direction, and given the spread in the
experimental pressed-powder results, detailed comparisons between our extrapolated ‘infinite-
length’ values (DF protocol), which range from 0.553 W m?* K* — 0.701 W m* K, and the
isotropic experimental values, 0.290 W m™? K — 0.529 W m™ K are of necessity qualitative.
However, if one takes the mean of our values as a crude proxy for the isotropic value that would
result from appropriate averaging over the full tensor, it appears that the simulated values are
somewhat larger than the experimental ones by (very approximately) 20%. Two possible
explanations for this are that: (1) the crystal sizes in the pressed-powder samples limit the
maximum phonon MFP lengths, thereby reducing the conductivity from what would obtain for
‘infinite’ crystals; and (2) inter-crystal thermal resistance hinders energy transport between
crystals. We think that neither of these explanations likely explains the discrepancy, however, as:
(1) The crystal ‘diameters’ in the pressed-power samples range in size from approximately microns
to hundreds of microns. This is orders of magnitude larger than the effective MFP lengths deduced
in the present study as well as in others for HMX and related compounds (see Sec. 4.3 below). If
the short MFP lengths are to be believed, then the finite sizes of the crystals in the experiments
should have little practical effect on the measured conductivity. (2) Preliminary rNEMD
simulations performed by some of the present authors for B-HMX samples containing a
(010)|(011) grain boundary, oriented perpendicular to the conduction direction, indicate very little
interfacial thermal resistance across the grain-boundary plane. Other factors, such as residual

porosity in the pressed samples and internal crystal defect structures such as voids, solvent
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inclusions, and cracks, may also affect the measured values, but assessing these possibilities is
beyond the scope of the present investigation.

Long et al. [29] used MD in conjunction with the Smith-Bharadwaj [69,70] all-atom flexible-
molecule non-reactive force field to study the thermal conductivity of HMX polymorphs for
temperatures in the intervals 50 K < T <380 K for f-HMX and 430 K < T <550 K for 6-HMX.
No bond constraints were imposed. They applied a direct method in which the temperature gradient
was imposed and the heat flux calculated. They derived a formula for calculating the heat flux
based on a modified set of Newtonian equations of motion that differs from those used in other
NEMD approaches. For B-HMX (P21/n), Long et al. reported values of 0.472 W m? K1, 0.801 W
m?t K1, and 0.662 W m™ K for conduction in the “a, b, and ¢” crystal directions, respectively,
and an arithmetic average value of 0.645 W m K that was taken to correspond to polycrystalline
aggregates. The direction-dependent results yield an anisotropy of ~20% among thermal
conductivities obtained along lattice vector directions a, b, and c.

The only orientation for which the values of Long et al. [29] and the present ones are directly
comparable is Nz10) (b direction in the notation of Long et al.), for which Long et al. reported a
value of 0.8008 W m™ K, which is ~27% larger than our A, result for that direction, 0.632 W
m™ K1 There are at least two possible explanations for this difference. First, Long et al. did not
report extrapolations to infinite-length cells. Rather, their reported value is for a single simulation
cell size. Although they did not provide details, Long et al. stated that their results, which were
obtained from trajectories of only 5 ps duration for systems containing fewer than 10000 atoms,
exhibited minimal size effects. (In light of this, in the discussion that follows we treat their reported
value as the converged, infinite-size limit for their model.) By contrast, our study, which was

performed using 5 ns production simulations in systems for which the small cells contained
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between 16128 and 24192 atoms and were between 83.55 A and 110.62 A in length along the
conduction direction, revealed significant finite-size effects. (The medium and large cells were
two and four times longer, respectively, and contained twice and four times as many atoms.)
Second, whereas the C-H bonds were constrained in the present study, which results in 76 degrees
of freedom per HMX molecule instead of 84, no constraints were employed by Long et al. The
ratio of molecular heat capacities with/without C-H bond constraints is 76/84. If we “correct” the
Long et al. result using the prescription of Sec. 4.1.2, the conductivity is reduced from 0.8008 W
mtK?to0.725 W m? K, leading to a 15% difference from our value.

4.3. Comparisons to related materials. Below we discuss additional theoretical studies of
crystal conductivity for explosives other than HMX that are nevertheless relevant to our study.

4.3.1. a-RDX. lzvekov et al. [54] studied the thermal conductivity of a-1,3,5-trinitro-1,3,5-
triazine (a-RDX, a six-member ring analog to HMX) using both the HEX [57] version of INEMD
and direct Green-Kubo [50,51] equilibrium MD. The study was performed using the same Smith-
Bharadwaj force field mentioned in the preceding paragraphs [69,70]. No bond constraints were
employed. Izvekov et al. considered conduction parallel to the three cardinal crystallographic
directions (a, b, and c, which are mutually perpendicular in the orthorhombic a-RDX crystal
structure) for temperatures T = 230 K, 275 K, and 300 K. The conductivity was predicted to be
largest along ¢ and smallest along b for all cell lengths and temperatures. Finite-size effects were
investigated using the HEX-rNEMD approach using cell lengths of L, 2L, 4L, 8L, and 16L, where
L is the length of the basic supercell, for each direction and each temperature. The reciprocal of
thermal conductivity was found to vary linearly with the reciprocal of the sample length, as
expected based on the simple phonon-gas model for thermal transport (i.e., Eq. 4). The averaged

“infinite-length” thermal conductivity coefficient, 1° = (A% 44 + 1%pp + 1°..)/3, is 0.355 W
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m?* K1, 0401 W m? K71, and 0.354 W m? K™ at 300 K, 275 K, and 230 K, respectively. The
consistency between HEX and Green-Kubo results was reported to be 5% for 275 K and 300 K
and 10% for 230 K.

Based on empirical analysis of the heat-current autocorrelation function (HC-ACF) required
in the Green-Kubo formula, lzvekov et al. [54] concluded that oscillations in the HC-ACF
contribute as much as 30% to the thermal conductivity of a-RDX. Similar contributions to the
conductivity from oscillations in the HC-ACF have been reported for other technologically
relevant materials; approximately 20% for certain zeolites and 8% for quartz [100]. They have also
been reported for silicon [101] and even crystalline argon [102,103]. It is widely accepted that such
oscillations arise from optical modes [54,100,104]. A recent theoretical effort has provided a
formal explanation for these oscillations by extending the Peierls [105] expression for the heat
current (which leads to a monotonic decay of the HC-ACF) to treat all quadratic terms and not just
the diagonal ones [106]. Although the C-H oscillators would not be expected to be efficient energy
carriers on an individual basis, the strong contribution of optical modes to the conductivity of a-
RDX suggests that, at least within the classical approximation, their collective effect on the heat
transfer is significant.

It has been observed experimentally that the thermal conductivity of B-HMX is greater than
that of a-RDX for nominally equivalent thermodynamic states (T = 300 K) [18]. Hanson-Parr and
Parr [18] determined the conductivities of HMX and RDX pressed powders using the same
technique for both. The correction for porosity in the samples was accounted for in the thermal
diffusivity. Although the scatter in the data is quite large even at a single temperature (cf. Figs. 8
and 11 of Ref. [18]), using approximate average values obtained by Hanson-Parr and Parr near

300 K yields Aymx/Arpx = 1.8. Using the average value for a-RDX reported by lzvekov et al.
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[54] at 300 K and the average of our ‘infinite-length’ predictions for f-HMX also at 300 K (DF
case), the ratio Aypyx/Arpx from MD is predicted to be ~2.0. Both sets of simulations were
performed using versions of the Smith-Bharadwaj [69,70] force field that differ significantly only
in the choice of bond constraints employed, so the scale factor 84/76 was applied to the present
conductivity results for B-HMX to account approximately for the effect of C-H bond constraints.
The experimental and MD-based ratios thus obtained agree to within 10%.

A simple estimate of A,,x/Arpx, based on the volumetric heat capacities as discussed in Sec.
4.1.2 and using experimental crystal densities (1900 kg m for B-HMX and 1800 kg m™ for
a-RDX) [4] and molecular weights (296.17 g mol™ for HMX and 222.13 g mol™ for RDX) yields
Aumx/Arpx ~1.06. Thus, although the molecular structures are quite similar—RDX and HMX can
be thought of cyclic 3-mers and 4-mers, respectively, of the same methylene nitramine (CH2N205)
building block—details of the molecular geometry and crystal packing evidently exert greater
influence on the thermal conductivity than does the isochoric heat capacity, leading to breakdown
of Eq. 4 as a simple heuristic for making these kinds of estimates.

4.3.2. TATB. Kroonblawd and Sewell [62-64] investigated the anisotropic thermal conductivity
of crystalline TATB using MP-rNEMD simulations in conjunction with an all-atom flexible-
molecule non-reactive TATB force field originally due to Bedrov et al. [107] and subsequently
modified by Kroonblawd and Sewell [62]. They reported the temperature (200 K < T <700 K at
P = 0.0 GPa) and pressure (0.0 GPa <P <2.5 GPa at T = 300 K) dependence and sensitivity to
intramolecular force field terms (harmonic vs. Morse covalent bonds and flexible vs. constrained
N-H bonds) [64], as well as finite-size effects [62,63] and sensitivity to molecular vacancy defects
[63]. Their results showed that thermal conductivity of TATB is highly anisotropic with predicted

(300 K, 1 atm) values of 1.13 + 0.07 W mt K, 1.07 +0.07 W m? K, and 0.65 + 0.03 W m? K*!
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along the a’, b’, and ¢’ directions, respectively, in defect-free crystal. (Here, a’ = b x ¢, etc., in the
triclinic crystal structure.) The defect study [63] revealed a linear decrease in conductivity with
decreasing density that is in remarkably good agreement with data. The temperature-dependence
study [64] revealed a linear relationship between the conductivity and reciprocal temperature, in
accord with theoretical expectations. As noted in Sec. 4.1.2, the conductivity was found to scale
essentially quantitatively with the classical heat capacity in the presence or absence of constrained
N-H bonds [64].

To assess the consistency between rNEMD conductivity predictions obtained for the same
material, force field, system size, and imposed flux value but using different INEMD flux-
imposition algorithms, we repeated the one of the TATB simulations reported by Kroonblawd and
Sewell [62], using the eHEX algorithm rather than the velocity-exchange rNEMD algorithm
employed by those authors. We restricted the comparison to conduction along the ¢/ =a x b
direction and the small-cell case studied by Kroonblawd and Sewell, using as input to the eHEX
algorithm the same flux value obtained in their MP-rNEMD simulations for that case. Because the
force field used was the same in both studies, this enables an even-handed, direct comparison of
the results. The thermal conductivity reported by Kroonblawd and Sewell is 0.58 + 0.02 W m™! K!
(cf. Table 3 in Ref. [62]). In their analysis, only the hot and cold slabs were excluded to obtain the
temperature gradient. The thermal conductivity obtained in our mini-study for TATB is 0.49 +
0.009 W m! K'! when only the hot and cold slabs are excluded and 0.55 + 0.03 W m™! K'! when
the same #-test based analysis used in the present study was applied to determine an optimal value

of slab-pairs N for determination of the gradient.
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5. CONCLUSIONS

We used the eHEX version of INEMD to study the (300 K, 1 atm) thermal conductivity of
B-HMX for conduction along directions normal to the (011), (110), and (010) planes (Nqijk)). These
directions were selected based on their experimental morphological importance in the hope that
they will stimulate conductivity measurements for oriented B-HMX single crystals. There are no
previous reports for thermal conductivity along N11) and Nz10). The results for two different
protocols for prescribing the value of the heat flux are in good agreement provided that the
Fourier’s Law analysis is restricted to regions in the simulation cell, identified using the t-test
statistical metric, for which the temperature gradients are constant. Finite-size effects were studied
for all three crystal orientations and the results revealed significant size dependence. “Infinite-
length” thermal conductivities were obtained by extrapolation, yielding values of 0.553 £+ 0.050
W m?t K% 0.701 + 0.090 W m?t K%, and 0.632 + 0.070 W m™ K for No11), N10), and No10),
respectively, with a maximum percentage difference of 27% between the directions with the

largest and smallest conductivity values among the three.

SUPPLEMENTARY MATERIAL

See supplementary material for specific DF protocol flux values used; steady-state temperature
gradients, based on the t-test analysis described in the main article text, along with the optimized
N-values for which they were obtained, for all crystal orientations and system sizes studied; steady-
state temperature differences between slabs-pairs immediately adjacent to the hot and cold slabs
for all cases studied; and details of the GCCM construction used to yield the small cell for each

crystal orientation studied.
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TABLES

Table 1. Thermal conductivity (1) with uncertainty (2¢) for conduction directions normal to (011),
(110), and (010) planes (Ngijk). The top and bottom values in each row are thermal conductivities
for the DF (low-flux) and SF (high-flux) protocols, respectively. A, is the infinite-length thermal
conductivity obtained by extrapolation for each direction. Thermal conductivity for the large
(011)-oriented cell was not calculated in the SF case due to the extremely large temperature range

that resulted.

A+, (WmtK?

N(ijk) Small Medium Large Ao
Nom, DF 0327£0.004  0418+0.008  0.4670.005 0.5530.050
gF  0335£0.002  0.424+0.001 0.577

N pp  0297£0006  0405+0.009  0.533+0.007 0.701 +0.090
(110) of  0296+0.002  0408+0.002  0.512+0.001 0.671+0.020

N pp  0362£0.008  0.450+0009  0.540+0.010 0.632+0.070
(010) gp  0356+0.005  0.460+0.003  0.549+0.001  0.665+0.020

Experiment Ref. 4 Ref. 17 Ref. 18 Ref. 19

(Isotropic) 0.502, 0.418 ~0.519 ~0.469 0.290
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FIGURE CAPTIONS

Figure 1. Zoom-in snapshots of the simulation cells for (a)-(b): No11); (¢)-(d): N10); and (e)-(f):
N(o10). The vertical direction is the conduction direction (|| z in the Cartesian lab frame).

Figure 2. Steady-state temperature profiles for the (011)-oriented medium-size cell for two
different flux values. Panels (a) and (b) are for the DF (low-flux, Je = 0.006 kcal mol™ fs!) and SF
(high-flux, Je = 0.055 kcal mol™? fs1) cases, respectively. The uncertainties reported here and
elsewhere in the paper correspond to two standard deviations (20).

Figure 3. As in Fig. 2 but showing linear least-squares fits to the temperature profiles for different
numbers of slab-pairs N between the hot and cold slabs. Panels (a) and (b) are for the DF (low-
flux) and SF (high-flux) cases, respectively. Panels (c) and (d) show the corresponding gradients
plotted as functions of N.

Figure 4. Plots of L'}(L) vs. L for all conduction directions. Panels (a) and (b) are for DF and SF,
respectively.

Figure 5. As in Figs. 2 and 3 but showing stress tensor profiles in the simulation cell parallel to
the conduction direction. Panels (a) and (b) show the diagonal components (normal stress) for the
DF and SF cases, respectively, and panels (c) and (d) the corresponding off-diagonal components

(deviatoric stress).
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A Molecular Dynamics Simulation Study of Thermal Conductivity Anisotropy in

B-Octahydro-1,3,5,7-Tetranitro-1,3,5,7-Tetrazocine (f-HMX)
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This Supplementary Material includes the energy flux values Je used in our simulations
for the different-flux (DF) protocol (Table S1); the temperature gradients and uncertainties
calculated for both the single-flux (SF) and DF protocols (Table S2); the steady-state
temperature differences between slabs-pairs immediately adjacent to the hot and cold slabs
(Table S3); and details of the GCCM construction used to generate the small cell for each

crystal orientation studied.

Table S1. Energy flux values Je for each cell (DF protocol).

Je (kcal mol* fs1)

Nijk) Small Medium Large
No1r) 0.013 0.006 0.003
Naio) 0.027 0.012 0.006
No10) 0.035 0.016 0.008

! Author to whom correspondence should be addressed. E-mail: sewellt@missouri.edu



Table S2. Weighted linear-regression gradients (VT) with uncertainties (oyr), and the
numbers of slab-pairs N leading to them as obtained from the t-test, for the three conduction
directions studied, Njx). The top and bottom values in each row-block are for the DF (low-
flux) and SF (high-flux) protocols, repectively. The gradient for the large (011)-oriented
cell was not calculated in the SF case due to the extremely large temperature range that
resulted.

VT + oyp (KA

Nijk) Small Medium Large

Noiy DF 1.011+0.014 (8,8)* 0.374+0.007 (13,17)  0.162 £ 0.002 (31, 35)
SF 4.013+0.022 (6,8) 3.316+0.008 (11, 17) ---

Naiwoy DF  1.650+0.034 (6,6) 0.558 £0.012 (11, 13)  0.205+0.003 (23, 27)
SF  3.420+0.021 (4,6) 2.479+0.012 (9, 13) 1.974 £ 0.005 (15, 27)

Noioy DF 1.229+0.026(5,7) 0.459+0.009 (11,15) 0.186 £ 0.003 (21, 31)
SF 1.989+0.026 (5,7) 1.527+0.011 (9, 15) 1.291 £ 0.003 (19, 31)

8 The first number in parenthesis is the optimized value N of slab-pairs included in the gradient calculation,
as determined from the Student t-test analysis discussed in the main article. The second number is the
maximum possible value of N for a given cell.

Table S3. The steady-state temperature difference between slabs-pairs immediately
adjacent to the hot and cold slabs. The top and bottom values in each row-block are for the
DF and SF protocols, respectively.

AT (K)
Nijk) Small Medium Large
Noin DF 45.0 41.2 36.5
SF 187.1 361.7 ---
Naio) DF 46.3 41.4 33.9
SF 96.4 185.8 329.5
Noo10) DF 42.3 37.9 334
SF 68.2 128.5 232.8




Details of the GCCM construction used to generate the small cells
The GCCM solutions for the three small cells considered in this study are each

expressed as a set of three vectors x1, X2, and x3 that are constrained to be lattice vectors.
That is, x; = m;a + n;b + p;c. In order to obtain near-orthorhombic representations, the
X; are not necessarily along “convenient” lattice directions. The GCCM solutions for the
three cells are:
for (110)

X; = —3a+ 3b —4c

X, = —2a + 2b + 4c

X3 = 10a+ 4b + 1c
for (010)

X; = —4a+ 0b+ 1c

X, = la+ 0b + 2c

x3; = 0a + 1b + Oc
and for (011)

x; =5a—2b + 2¢c

X, = 3a+ 2b - 2c

x3; = la + 3b + 6¢
From these solutions, one can directly connect the Cartesian directions to the underlying
lattice. The cells are oriented in a Cartesian lab frame for which x; is along x; Xz is in the
x-y plane; xs is in the +z half space; and, by construction, the conduction direction x; X x,
is exactly along z. With the given rotational frame, the relation between x and X is trivial,

and because the cells are nearly orthorhombic, x2 is very close to being aligned with y and

similarly for x3 and z.



