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Abstract 

Control algorithms play an important role in energy capture and load mitigation for offshore floating 

wind turbines (OFWTs). One of the advanced and effective control techniques is the feedforward or 

model predictive control approach, which requires the forecast of incoming environment conditions. For 

OFWTs, wave loading is one of the dominant sources to excite structural responses. This study is thus 

motivated to develop forecasting algorithms for wave elevations and wave excitation forces with the 

purpose of applying feedforward controllers on OFWTs. Two forecasting algorithms, the approximate 

Prony Method based on ESPRIT (Estimation of Signal Parameters via Rotational Invariance Techniques) 

and SVM (Support Vector Machine) regression, are developed and validated using wave records from 

tank tests. Utilizing the forecasted wave elevations and wave excitation forces, a feedforward LQR 

controller is designed to mitigate structural loads of an OFWT system. 
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1. Introduction

The ocean environment provides enormous sources of renewable energy, among which one of the most 

promising is the offshore wind energy. A recent trend of the wind industry is to go further offshore to 

overcome limited land availability and avoid visual and acoustic pollution. Besides, the ocean wind tends 

to blow more strongly and consistently, allowing the utilization of larger wind turbines that enjoy better 

economics per rated megawatt (MW). Meanwhile, using floating support structures in offshore wind 

farms adds more complexity to the system and leads to more technical and economic challenges. One 

important aspect of current research aiming to overcome such challenges is to develop advanced 

control systems to optimize energy capture or achieve load mitigation. 

Several advanced control approaches were proposed over the last decades to achieve load reduction or 

power optimization of onshore and offshore wind turbines. One promising approach is to use 

feedforward or model predictive control (MPC) to improve disturbance rejection. Extensive studies have 

been done on model predictive controls on onshore and offshore wind turbines with regard to wind 

induced loading (Körber & King 2010, Laks et al. 2010, Raach 2014). These studies have shown that, with 

a model predictive controller, the fatigue loads at critical structural sections can be significantly reduced 

when wind speed predictions are provided to the controller.  
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So far, the majority of studies on advanced control algorithms target the mitigation of loads induced by 37 

incoming wind speed. For offshore floating wind turbines, wave excitation force is also a dominant 38 

persistent disturbance that excites dynamic and structural responses. Control issues for modeling 39 

floating wind turbines were studied earlier with regard to the coupling between the pitch controller and 40 

the platform motion (Wayman et al. 2006, Larsen & Hanson 2007). Without adjustment, such coupling 41 

effects would cause negatively damped responses thus resulting in instability of the system. However, 42 

little research has been done aiming at load reduction by resisting wave disturbance via similar 43 

advanced control approaches.  44 

Furthermore, an implementation of such optimal control designed to resist wave disturbance requires a 45 

sufficiently accurate prediction of wave elevations or wave excitation forces in the time domain. Efforts 46 

have been made to predict wave elevations or wave excitation forces by various approaches. Hals et al. 47 

(2011) used the augmented Kalman filter with a simple damped harmonic oscillator to model and 48 

predict the wave forces with a forecast horizon 2.2 seconds under an irregular sea state for their model 49 

predictive controller. Fusco & Ringwood (2010) compared four different approaches for predicting 50 

short-term wave elevations, which were cyclical models, sinusoidal extrapolation with the Extended 51 

Kalman filter, autoregressive models, and neutral networks. The prediction models were validated using 52 

field measurements from two sites. Casanovas (2014) compared the performance of autoregressive 53 

models and ESPRIT (Estimation of Signal Parameters via Rotational Invariance Techniques) models to 54 

forecast wave elevations. Although some work has been done on this issue, there are still gaps to 55 

achieve real-time implementation. Hals et al. (2011) stated that the forecast horizon and accuracy had a 56 

great impact on the overall performance of the MPC algorithm. The augmented Kalman filter did not 57 

fulfil such requirements very well even though it was tested by simulated sea states. Fusco & Ringwood 58 

(2010) used ideal non-causal filters to preprocess the raw wave elevations to get a better forecast 59 

performance, which could not be implemented in real-time. Casanovas (2014) validated the AR and 60 

ESPRIT model using simulated wave elevations, which contained no noise thus much easier to predict.  61 

Therefore, more refined methods to predict real-time wave elevations and wave excitation forces need 62 

to be developed and validated. Also, the performance of optimal control algorithms for offshore floating 63 

wind turbines need to be validated under real-time prediction of wave elevations or wave excitation 64 

forces instead of an assumption of perfect prediction. 65 

The present paper applies a predictive model based LQR controller to minimize the structural loads of a 66 

floating wind turbine. To achieve such an optimal controller, the prediction of wave elevations or wave 67 

excitation forces needs to be provided. Two approaches, the approximate Prony method based on 68 

ESPRIT and the SVM (Support Vector Machines) regression, are proposed to forecast short-term wave 69 

elevations and wave excitation forces. The predictors and controllers are integrated and validated 70 

against a TLP (Tension Leg Platform) type floating wind turbine. Measured wave records from tank tests 71 

are used to validate the forecast algorithms. The performance of the optimal control algorithm is 72 

compared with a baseline Proportional-Integral (PI) controller. 73 

2. Short-term forecast algorithms  74 

2.1 Approximate Prony Method based on ESPRIT 75 

The approximate Prony method based on ESPRIT (Potts & Tasche, 2010) is a method that identifies 76 

signals composed of complex exponentials, which is essentially based on the Singular Value 77 

Decomposition (SVD) of a specially constructed Hankel matrix. This signal processing technique has been 78 
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widely used in speech enhancement and recognition, direction of arrival estimation of sensor arrays, 79 

time series analysis and forecasting, etc.  80 

In principle, the Prony-type method or polynomial methods identify the exponents from the roots of a 81 

characteristic polynomial. The variants of this method differ in the way the coefficients of the 82 

polynomial are defined, which would extend the Prony method for extracting exponential signals from 83 

uniformly sampled time series data when there is no noise to the case when the signal is embedded in 84 

noise. The algorithm introduced in this study uses a truncated singular value decomposition of a Hankel 85 

matrix defined by the noisy signal to solve for the polynomial coefficients, which allows one to 86 

determine the number of representative exponential terms of the signal that is appropriate for the noise 87 

level (Pereyra & Scherer, 2010).  88 

Consider a sampled signal kh  which can be expressed as: 89 

 
1

, 1,2,...,k

j

k

M

j jh kz N


     (1) 90 

Where, N is the number of samples. 91 

M is the order of the exponentials, which is unknown. 92 

Based on the theory of Prony-like methods, jz  are eigenvalues of the matrix pencil: 93 

 , ,(0) (1)N L L N L LzH H     (2) 94 

Where, the Hankel matrix H is 1, 1
, , 0( ) : ( ( )) ( 0,1)N L L

N L L m rH s h s r m s  
       95 

L≥M is a parameter representing the upper bound of the exponential order M. 96 

To solve the eigenvalue problem described in (2), the algorithm is formed as follows: 97 

a. Form the rectangular Hankel matrix: 98 

 1,
, 0: ( )N L L

k l k lH h  
     (3) 99 

b. Carry out a singular value decomposition of H: 100 

 *H VU    (4) 101 

c. Form  the matrices: 102 

 1 : (1: ,1: )V V L L   (5) 103 

 2 : (2: 1,1: )V L LV     (6) 104 

 1 2:F V V   (7) 105 

Where, * 1 *
1 1 1 1: ( )VV V V   is the Moore-Penrose pseudoinverse of 1V  106 
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d. Compute the eigenvalues jz  , j=1,2,…,L, of the matrix F 107 

e. Compute j  as the least squares solution of the overdetermined linear Vandermonde-type 108 

system: 109 

 
1

, 1,2,...,k

j

k

L

j jh kz N


    (8) 110 

f. Set a tolerance bound ò , delete all the pairs ( , )j jz   with | |j ò  and denote the remaining 111 

exponential set by : 1,... }{ ,j jz M  with M ≤ L. 112 

g. Repeat step e and solve the new overdetermined linear Vandermonde-type system with order 113 

M again: 114 

 
1

, 1,2,...,k

j

k

M

j jh kz N


    (9) 115 

Output: , , 1,...,j jz j M     116 

Based on linear wave theory, measured or simulated wave elevations in unidirectional seas can be 117 

decomposed as: 118 

 ( ) j ji t

j

j
i

jAt e e
 








    (10) 119 

Where, ( )t  is the real-time wave elevations and je  is the noise. j  is the jth wave frequency, jA  and 120 

j  are the corresponding amplitude and phase. 121 

Clearly, the simulated or measured wave elevation with a sampling rate t  can be expressed in a form 122 

similar to (1): 123 

 
1

k
k j j

M

j

z 


   (11) 124 

Where, k  is the sampled wave record, k=1,2…,N. 125 

The complex amplitudes ji
jA e


 are represented by j . 126 

The complex exponentials ji t
e


 are represented by  k
jz  by converting , ji t

jk zt t e
 

    127 

Using the algorithm described by Eq. (3)-Eq. (9), the wave records over a certain length of time can be 128 

fitted by complex frequencies and amplitudes ( ),j jz . Correspondingly, the forecasted wave 129 

elevations can be expressed as: 130 

 
1

, 1,...,k
k j j forecast

M

j

z k N N N 


      (12) 131 
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Where, forecastN  is the forecast horizon.    132 

Similarly, under linear wave potential theory, the wave excitation forces can be expressed using exactly 133 

the same form (Eq. (13)) with that of wave elevations (Eq. (10)) and thus can be forecasted in the same 134 

way as Eqs. (3)-(9) and (12). 135 

 ( ) j ji t

j

i
e j jF t F e

 






  ò   (13) 136 

Where, ( )eF t  is the real-time wave excitation forces. jò  is the noise contained in the simulation or 137 

measurements. j  is the jth wave frequency, jF  and j  are the corresponding amplitude and phase. 138 

2.2 Least-Squares Support Vector Machines (LS-SVM) regression 139 

SVM regression is a powerful machine learning method which has been successfully used for time-series 140 

prediction in various fields (Trafalis & Ince 2000, Zhou et al. 2011, Salcedo-Sanz et al. 2011). It uses a 141 

hypothesis space of linear functions in a high dimensional feature space, which is trained with a learning 142 

algorithm from optimization theory that implements a learning bias derived from statistical learning 143 

theory. LS-SVM (Suykens & Vandewalle, 1999) is the least-squares version of standard SVM, which 144 

solves a set of linear equations instead of a convex quadratic programming (QP) problem of classical 145 

SVM. 146 

The general SVM regression model estimates the forecasted signal from a high dimensional feature 147 

space of the input vector: 148 

 ( )T
f w by  x   (14) 149 

Where, fy  is the signal to be forecasted. x is the input vector of features, 1 2, ,...( )k Tx xxx  . w is the 150 

weight vector. ( )   is the feature mapping function. b is the bias term. 151 

Given a sample of training data 1{( , )}N
i iy ix  , LS-SVM determines the optimal weight vector and bias 152 

term by minimizing the cost function R: 153 

 
2 2

,

1 1
min ( , )

2 2w e
R w e w e   (15) 154 

subject to the equality constraints: 155 

 ( ) , 1,2,...,T

i iw b e i Ny    ix   (16) 156 

Where,  denotes the Euclidean norm.   is the regularization parameter which controls the trade-off 157 

between the bias and variance of LS-SVM model. e is the error vector, 1 2, ,..., )( T
Ne e ee   158 

Eqs. (15)-(16) form a standard optimization problem with equality constraints. The Lagrangian of such a 159 

problem is: 160 
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1

) ( , ) ( ( ) )( , , , T
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i
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     ix   (17) 161 

Where, i  are the Lagrange multipliers. 162 

According to the Karush-Kuhn-Tucker Theorem, the conditions of optimality are: 163 
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  (18) 164 

Cast Eq. (18) into a linear matrix equation: 165 

 
1

00 b

 

     
     
      

T

1

y1 K I
  (19) 166 

Where, (1,1,...,1)T1  . I is the identity matrix. 1 2, ,... )( T
Ny yyy  . , 1( )( ) N

i jk  i jK ,xx  is called the 167 

kernel matrix, and )( ( ) ( )Tk  i j i j,x x xx   168 

Then, the forecasted signal using the LS-SVM regression model can be expressed as: 169 

 
1

( , )f ii i

N
y k b


  x x   (20) 170 

From Eqs. (19)-(20), it can be seen that the mapping function ( ) x  does not need to be known explicitly. 171 

All LS-SVM requires is the inner product of ( ) x , i.e., the kernel function )(k i jx ,x . Some widely used 172 

kernel functions take the form of linear, polynomial and Gaussian functions. In this study, the popular 173 

Gaussian kernel is used: 174 

 
2 2( ) exp( / )k  x,z x - z   (21) 175 

Where,   denotes the 2-norm of a vector.   is a constant determining the width of the Gaussian 176 

kernel. 177 

Eqs. (14)-(21) above describes the general principle of LS-SVM regression method. To implement LS-SVM 178 

regression to achieve the prediction of wave elevations or wave excitation forces, consider a one-step 179 

ahead prediction for a time series using the autoregressive model first: 180 

 1 1 1( , ,..., )t t t t df         (22) 181 

Where, t  denotes the sampled time series. d is the order of autoregressive model. 182 
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In the context of the LS-SVM, the training data 1{ }, trainingN

i iy ix  would be formatted as: 183 

 
1 1

1

[ ,..., ],
i i i

i

t dt t

i ty

  



  







ix
  (23) 184 

Where, trainingN  is the number of the data sets used in the training procedure. 185 

After training, Eq. (19) is solved. Denote the current time as ct , then for one-step ahead prediction, the 186 

input and output in Eq. (20) is: 187 

 
1 1

1

, ,...,[ ]
c c c

c

dt t t

f ty

  



  







x
  (24) 188 

To achieve multi-step ahead prediction, one only needs to repeat the one-step ahead prediction 189 

multiple times, substituting the output iy  in Eq. (23) as 
i kt   in the training step and similarly fy  in Eq. 190 

(24) as 
c kt   in the forecast (k=1,2,…, forecastN ). 191 

3. The optimal control formulation 192 

The offshore floating wind turbines are compliant to both wind and wave induced loads. The baseline 193 

controller of the wind turbine system at above rated wind speed is mainly designed to regulate the rotor 194 

speed to reduce power fluctuation using a PI control. In this study, an overlaid optimal control is 195 

proposed aiming to additionally mitigate the fore-aft tower base bending moment, which is largely 196 

excited by ocean waves. For both the baseline and overlaid optimal control designs, the approach of 197 

collective blade pitch control is used. To achieve such an objective, the wave excitation forces are 198 

modelled as persistent external disturbances that need to be evaluated and forecasted.  199 

The linearized system dynamics around an operation point can be represented as a state space model: 200 

 
( )

( ) ( ) (

( ) ( ) (

)

) ex t Ax t Bu t f t

y t Cx t Du t 

  
  (25) 201 

Where, ( )ef t  represents the external disturbance, i.e. wave induced loads in this study. 202 

( ), ( ), ( )x t u t y t  are the system states, input and output perturbations around an operation point.  203 

A, B, C, D are the associated state, input and output matrices.  204 

The objective is to find an optimal control law optu  such that: 205 

 0

0
0 0

1 1
( ) argmin ( ) )2 ) ( )( (

2 2

T T T T T
pt

t

to
u

u Qx u Ru u Sx dt T GJ x t Tt u x x t


        (26) 206 

Where, 0t  is the present time. T is the optimization horizon. Q, R, S, G are the weighting matrices 207 

penalizing the states, control efforts, cross term of states and control efforts and the final time states, 208 

respectively. 209 
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Thus, the optimization problem is to find an optimal solution of (26) subject to the linear constraints (25). 210 

The optimal control law optu  under such a problem takes a generalized state feedback form (Yong & 211 

Zhou, 1999): 212 

 1
0 0[( ( ) ) ( ) ( )], [t , ]T T

opt R B P t S x t B t t t Tu        (27) 213 

)( )), ( , (tP xt t  are solutions of the following ODEs (ordinary differential equations): 214 

 
1 1 1 1

0

( ) ( )( ) ( ) ( )

(

) )

)

( ( T T TB P t Q S R S PP t P t BR t A BR S A BR S P t

P t T G

         

 





  (28) 215 

 
1 1

0 0

0

[t ]( ) [ ( ) ( ) ] ( ) ( ) ( ), ,

( ) 0

T T
et P t BR B A BR S t P t f t t t T

t T

 



      


 

  (29) 216 

 
1 1

0 0

0 0

[ ( ) ]} ( ) ( ) ( ),( ) { [t ],

( )t ) (

T T
eB P t S x t BR B t f tx t t t T

x

A BR

x t

       







  (30) 217 

The ODEs (28) and (29) have a known final value and thus need to be solved backwards in time. Making 218 

a change of variable 0' Tt t t   , Eqs. (28)-(29) can be transformed into initial value problems as: 219 

 

1 1 1
0 0 0

1
0

( ) ( )( )

           ( ) ( ), ' [0, ]

( ') (

)

)

(0

T T

T

T t B P t T t Q S R S P t T t A BR S

A BR S P t T t

P t P t BR

t T

P G

  



           



 

    















  (31) 220 

 

1 1
0 0 0 0( ') [ ( ) ( ) ] ( ) ( ) ( ),

' 0,

(0

[ ]

) 0

T T
et P t T t BR B A BR S t T t P t T t f t T t

t T

 



                 


 





  (32) 221 

Eqs. (30)-(32) are initial value ODE problems, which can be solved by numerical methods such as ABM4 222 

(Adams-Bashforth-Moulton 4th order predictor-corrector) method. Once the optimal control law optu  is 223 

solved, the system dynamics would be updated as: 224 

 
( ) ( ) ( )

( ) ( ) ( )

( )opt e

opt

t

y t Cx

x t Ax t Bu t f

t Du t

 






  (33) 225 

4. Validation of forecast algorithms 226 

In this application of the optimal control of offshore floating wind turbines, the physical quantity that 227 

needs to be evaluated and forecasted is the wave excitation force. In real-time implementation, two 228 

approaches may be used to obtain the wave excitation force. One is to use real-time wave elevation 229 

measurements such as on-board wave probes or remote wave sensing techniques (Naaijen & Blondel-230 

Couprie, 2012). Then the wave loads can be simulated by priori derived frequency domain transfer 231 

functions. Such transfer functions can be computed using penal method codes based on linear and 232 
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second-order wave potential theory such as WAMIT (Lee & Newman, 2006). Another approach is to use 233 

on-board measurements of motion and structural responses to inversely evaluate the wave excitation 234 

forces based on pre-simulated system dynamics. Either way, the derivation of wave excitation forces 235 

would contain noise terms due to inaccurate measurements or modeling errors.  236 

Ideally, due to the physical essence of wave excitation forces and platform motions, the floating 237 

structure itself can be treated as a natural low-pass filter. Therefore, the wave excitation forces contain 238 

lower frequency components and less noise than ambient wave elevations. Taking account of the 239 

additional noise due to inaccurate measurements or modeling errors, as stated in (10) and (13), the time 240 

series of wave elevation records and wave excitation forces essentially have the same characteristics. 241 

Therefore, to better validate the forecast algorithms under real-world noise, records of wave elevations 242 

measured in tank tests are considered as a good representation of real-time input signal for the 243 

evaluation of wave excitation forces. The two forecast algorithms, approximate Prony method based on 244 

ESPRIT and LS-SVM regression method, are implemented and compared. 245 

For the approximate Prony method based on ESPRIT described in (2)-(9), there are three parameters 246 

affecting the accuracy of the forecast. One parameter is the number of the training samples N, one is 247 

the upper bound of the number of the complex exponentials L and one is the bound ò  to determine the 248 

actual number of complex exponentials eliminating the components regarded as noise. The choice of 249 

these three parameters can be specified for each record since the noise level and dominant frequency 250 

components can vary as time marches for different sea states. In this study, we have done multiple 251 

sensitivity studies to get the most consistent and robust results as time marching for one wave record as 252 

well as for multiple wave records using fixed parameters. Based on these sensitivity studies, reasonable 253 

values for ò  are 8 10~e e  . The number of training samples N in time scale are in the range of 3~6 wave 254 

typical periods, and the upper bound of frequency terms L needs to be set close to N (approximately N-255 

10). 256 

For the LS-SVM regression method, there are two parameters  in the training process that need  to be 257 

specified based on the characteristics of the signal, namely the order of the autoregressive model d in 258 

(22) and the number of training samples trainingN  in (23). Besides, there are two hyperparameters of the 259 

model itself, the regulation parameter  in (15) and the kernel width parameter   in (21), that needs to 260 

be optimized. Similar to the approximate Prony method based on ESPRIT, the order of the 261 

autoregressive model d and the number of training samples trainingN  are determined based on 262 

sensitivity studies to get the most consistent and robust results as well. The order of the autoregressive 263 

model is around 1~2 typical wave periods and the number of training samples in time scale is about 264 

50~60 typical wave periods. The two hyperparameters are tuned automatically using 10-fold cross-265 

validation (K. Duan et al. 2003) for each forecast.  266 

Two different sea states are tested to validate and compare the two forecast algorithms. One is a mild 267 

operational sea state with significant wave height (Hs) 1.7 meters and typical wave period (Tp) 8.7 268 

seconds, while the other one is a more severe sea state with Hs 4.5 meters and Tp 11.8 seconds.  269 

The measured wave records are 2.5-hours long. The sampling rate of the original tank wave records is 270 

0.0707 seconds, and resampled with sampling rate 0.495 seconds. The forecast horizon is 5 seconds. 271 



10 
 

Three 300-second segments are tested here as examples to show the performance of the algorithm, 272 

which are located at 6000s~6300s, 9000s~9300s and 11000~11300s of the records.  273 

The RMS error of the forecasted signal is defined as:  274 

 
1

21
 | |

k k k

N
RMS error

N
 


    (34) 275 

Where, k  is the forecasted wave elevation. k  is the original wave elevation. To better evaluate the 276 

forecast performance, the RMS error is normalized using the significant wave height Hs. 277 

The statistical results of the forecast error and algorithm parameters are listed in Table 1. The overall 278 

RMS error of the entire forecasted signal of the three segments is summarized. Besides, the maximum 279 

RMS error occurred of each five-second forecast horizon is listed as a measure of worst-case 280 

performance. The number of training samples used in the two methods as well as the order of the 281 

autoregressive model for LS-SVM regression are listed here as a measure of the computational cost. 282 

Comparisons of the original and forecasted wave elevations of one segment are shown here to give a 283 

sketch of the forecast performance (Figure 1 and Figure 2). 284 

 285 

Table 1a. Sea state 1: Hs=1.7m, Tp=8.7s 286 

Algorithms 
Overall RMS Error/Hs 

(%) 
Maximum 5-second 
RMS Error /Hs (%) 

Training Intervals (s) 

Approximate Prony method 
based on ESPRIT 

17.36 59.57 ~6Tp=52s 

LS-SVM regression 13.16 32.33 
AR model ~2Tp=17s 
Training~60Tp=522s 

 287 

Table 1b. Sea state 2: Hs=4.5m, Tp=11.8s 288 

Algorithms 
Overall RMS Error/Hs 

(%) 
Maximum 5-second 
RMS Error /Hs (%) 

Training Intervals (s) 

Approximate Prony method 
based on ESPRIT 

14.74 36.63 ~6Tp=71s 

SVM  12.74 32 
AR model ~2Tp=24s 
Training~60Tp=708s 

 289 
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 290 

Figure 1a. Sea state 1: Approximate Prony method based on ESPRIT, RMS error = 18.47% Hs 291 

 292 

Figure 1b. Sea state 1: LS-SVM regression method, RMS error = 12.8% Hs 293 
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 294 

Figure 2a. Sea state 2: Approximate Prony method based on ESPRIT, RMS error=12.73% Hs 295 

 296 

Figure 2b. Sea state 2: LS-SVM regression method, RMS error=12% Hs 297 

All the tested records above are the original measured wave records without any filtering. As mentioned 298 

before, the real-time measured wave elevations contain unknown noise. To forecast a time series, a 299 

challenge is to learn higher frequency components of the signal itself and to cancel noise simultaneously. 300 

This can be interpreted as a trade-off between underfitting and overfitting. If the algorithm treats the 301 

noise as components of the signals, identifying noise would lead to overfitting, whereas, forgetting 302 

higher frequency components would cause underfitting. Furthermore, the real-time measured wave 303 

elevations or wave excitation forces are actually non-stationary signals. The frequency components that 304 
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a finite length of wave elevation and wave force records contain are changing over time, so as is the 305 

signal to noise ratio. 306 

From the results shown in Table 1 and Figure (1) and (2), the LS-SVM regression method has an overall 307 

better performance, for both the overall RMS error and worst-case RMS error, than the approximate 308 

Prony method based on ESPRIT. Moreover, the LS-SVM regression methods performs significantly better 309 

for the milder sea state (sea state 1).  Figure 3 is a comparison of the normalized wave spectrum of the 310 

two sea states. From the spectra, sea state 1 contains relatively more higher frequency components 311 

which makes it more difficult to forecast. LS-SVM regression method inherently prohibits over-fitting the 312 

signal and thus is more capable of distinguishing high frequency components from noise without causing 313 

too much overfitting, while the approximate Prony method based on ESPRIT performs better for signals 314 

with relatively lower frequency components and clean signals. In terms of the computational cost, the 315 

approximate Prony method needs fewer training samples than the LS-SVM regression leading to less 316 

computational time.  317 

 318 

Figure 3. Comparison of the normalized wave spectrum of the two sea states 319 

 320 

5. Simulation results of the optimal control for load reduction 321 

A TLP supported floating wind turbine system is used to verify the optimal control algorithm. A more 322 

detailed introduction of the prototype can be found in the following references (Vita et al. 2015, 323 

Tsouroukdissian et al, 2016). A sketch of the coordinate system associated with the floating wind turbine 324 

is shown in Figure 4. The open-loop system dynamics is linearized around an operation point and the 325 

corresponding state space model of the wind turbine is generated using FAST (Fatigue, Aerodynamics, 326 

Structures, and Turbulence) code, which is a comprehensive aero-hydro-servo-elastic simulator for wind 327 

turbines (NREL, 2005). A set of fully nonlinear FAST simulation cases with baseline controller were used 328 

for validation purposes. 329 
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 330 

Figure 4. A sketch of the coordinate system  331 

5.1 Validation of the linear state space model 332 

As described in (25), the wave excitation force is considered an external disturbance in this study. For 333 

operational conditions above rated wind speed, the control variable of the system is the blade pitch 334 

angle (NREL, 2009). Using FAST, the open-loop system dynamics under calm water condition is linearized 335 

around an operation point above the rated wind speed: 336 

 
d

d

x A x B B v

y C x D D v





      

      

  (35) 337 

Where, x  is the states deviating from steady values under the operation condition. In this study, x  338 

has totally 23 states describing the kinematic and structural characteristics of the floating wind turbine 339 

system. y  is the output variables deviating from the corresponding steady values, in this study, y  340 

includes two tower base bending moments (side-side and fore-aft).   is the blade pitch angle apart 341 

from the operation point. v  is the incoming wind speed apart from the operation point. A, B, dB , C, D, 342 

dD  are the corresponding state space matrices representing aero-elastic behavior of the 6MW offshore 343 

wind turbine. 344 

Since this study aims to apply an optimal control for reducing structural loads excited by wave excitation 345 

forces, the incoming wind is assumed to be known. In practice, the optimal control would be overlaid 346 

with the baseline rotor speed regulator, thus the linear model needs to be modified by adding a PI 347 

controller into the loop. The design of this baseline controller has taken the instability issue due to 348 

“negative damping” into consideration and a more detailed investigation is beyond the scope of this 349 

paper. Detailed information of the baseline controller can be found in (Fleming et al., 2014).  350 

The baseline PI controller regulating the rotor speed is added to (35) to form a revised linear model, 351 

with gains pk and ik . Then, the linear model is modified to: 352 
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PI d

PI d

x A x B B v

y C x D D v





     

     

  (36) 353 

Where,  354 

 
0

( ) ( ) ( )PI p i

t
t k k dee t       (37) 355 

 22 22( ) ( )( ) t re x x tt      (38) 356 

Where, 22 ( )x t  is the actual rotor speed. r is the reference value. 22( )x t  is the 22nd state of x  in (36). 357 

The PI controller (37)-(38) can be expressed in state space form by introducing an additional state: 358 

 
22

22PI i p i p

x

z k e k z k

z e

k x

 

   






  (39) 359 

Plugging (39) into (36), the modified linear model becomes: 360 
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 
     

 

   (40) 361 

Where, [0,0,..., ,0]p pK k   362 

To validate the linear model, Eq. (40) is solved numerically in the time domain. The model is validated 363 

under the calm water condition. The same wind velocity is input to the linear model as in FAST nonlinear 364 

simulations. The mean wind velocity is 16m/s and the turbulence intensity is about 0.0564, which is 365 

above rated-speed and temporally coherent. Under the calm water condition, there is no incident wave 366 

excitation force and the effects of wave radiation force have already been included in the state space 367 

model. Therefore, under such wind-only conditions, model (40) should ideally capture all the system 368 

dynamics.  The comparisons of output variables (fore-aft tower base bending moment TwrBsMy and 369 

side-side tower base bending moment TwrBsMx), control variable (blade pitch angle) and concerned 370 

states (rotor speed) between the linear model and the FAST nonlinear simulations are shown in Figures 371 

5. 372 

All the concerned physical quantities in this section are normalized to [-1, 1] and the non-dimensional 373 

results should not affect the discussions and conclusions drawn from this study.  374 
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 375 

(a) Tower bending moments in time domain 376 

 377 
(b) Tower bending moments in frequency domain 378 
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 379 
(c) Blade pitch angle 380 

 381 
(d) Rotor speed 382 

Figure 5. Comparison of the linearized model and FAST nonlinear simulation under calm water 383 

From Figure 5, it can be seen that the linear model (40) captures most of the system dynamics affecting 384 

the fore-aft tower base moment under the calm water condition, while it has a significant gap for the 385 

side-side tower base moment. Figure 6 shows a frequency domain result of the tower bending moments 386 

under the same wind condition but also with an irregular wave sea state (Hs=2.75m, Tp=8s) by nonlinear 387 

FAST simulations. From Figure 6, it can be shown that the side-side tower base bending moment 388 

(TwrBsMx) is mostly dominated by the first tower bending mode (around 1.5~2 rad/sec). In the other 389 

hand, the fore-aft bending moment (TwrBsMy) has multiple peaks corresponding to platform surge 390 

resonance frequency (around 0.25 rad/sec), wave excitation frequencies (around 0.5~1.5 rad/sec) and 391 

the first tower bending mode (around 1.5~2 rad/sec). Clearly, wave excited loads have a major impact 392 
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on the fore-aft bending moment (TwrBsMy). Since the major objective of this study is to reduce the 393 

wave excited fore-aft tower base moment, the linear model (40) is considered reasonable enough to 394 

proceed with the implementation of optimal control. 395 

 396 

Figure 6. Power spectrum of irregular wave (Hs=2.75m, Tp=8s) and corresponding tower bending 397 

moments simulated by FAST  398 

5.2 Implementation of the finite-horizon LQR controller with predictor 399 

The actual system dynamics under the irregular wave condition is: 400 

 
0[0,0,...,1,0] 0
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Where, ef  is the wave excitation force vector.  402 

Evaluate ef  as follows assuming knowledge of the system states: 403 
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  (42) 404 

Where, , ,x z v   are real-time measurements of the system states and wind speeds when evaluating the 405 

force vector ef .  406 

If the linear model matches the system dynamics exactly, ef  would be the incident wave excitation 407 

force. However, from results shown in Figure 5, there is a large gap for the side-side tower bending 408 

moment. This indicates that ef  evaluated from (42) would include components introduced by this 409 
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modeling error. We consider ef  derived from Eq. (42) as an equivalent forcing vector that can be 410 

measured online in terms of the system states and predict it using the approximate Prony method based 411 

ESPRIT or LS-SVM regression. 412 

With the knowledge of predicted equivalent wave disturbance terms ef , the finite-horizon LQR problem 413 

(27)-(32) can be solved. And the system dynamics with the optimal control effort optu  can be derived in 414 

time domain (33). 415 

5.3 Simulation results of the finite-horizon LQR with prediction of equivalent wave force 416 

To validate the finite-horizon LQR with the prediction of equivalent wave force vector, three different 417 

scenarios are tested and compared with the baseline controller. The FAST simulations with baseline 418 

controller are 2000-second long. The finite-horizon LQR problem subject to the modified linear state 419 

space model (41) is solved in the time domain using FAST simulation data as initializations. The LQR 420 

controller is turned on at t=200s.  421 

The time step of the numerical solver for the optimization problem and system dynamics are set to be 422 

0.025 seconds based on convergence tests. The optimal controller update rate is 1 second and the 423 

optimization horizon T in Eq. (26) is 1 second, which is also the forecast horizon of the equivalent forcing 424 

vector ef . The average value of blade pitch angle solved from (27) is applied until the next controller 425 

update.  426 

The controller with the predictor is tested under three different scenarios. The mean value of wind 427 

velocity is 16 m/s as the linearization point. In addition, a coherent turbulence model is used to generate 428 

the actual wind time series. Two unidirectional wave conditions with different significant wave heights 429 

and typical wave periods are tested in the simulations, which both have zero degree wave headings. 430 

Furthermore, the controller and the predictor are also tested under spread sea conditions.  The main 431 

wave heading is zero degrees and a Cosine-2s spreading model is used. The combination of wind and 432 

wave conditions for the three tested cases are listed in Table 2. 433 

Table 2. Wind and wave conditions for the five tested cases 434 

Case 
No. 

Wind 
Wave 

Hs Tp Heading 

Case 1 
Coherent turbulent wind, mean speed 16 m/s, 

turbulence intensity 0.0564 
2.75 8 Zero degree 

Case 2 
Coherent turbulent wind, mean speed 16 m/s, 

turbulence intensity 0.0564 
3.5 11 Zero degree 

Case 3 
Coherent turbulent wind, mean speed 16 m/s, 

turbulence intensity 0.0564 
2.75 8 

Spread sea, main wave 
heading is zero degree 

 435 

The performance of the overlaid optimal controller is measured by the percentage of changes for 436 

variables of concern: 437 

 
(

%
)

( )

(

)optimal baseline

baseline

Var Y Var Y

Var Y


  (43) 438 
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Where, Y could be the fore-aft tower bending moment TwrBsMy, side-side tower bending moment 439 

TwrBsMx and rotor speed. ( )Var   denotes the variance of the concerning variables. The variance of 440 

tower bending moments is treated as an indirect measure of fatigue loading.  441 

Taking account of the actuator limits, the maximum blade pitch rate is normally up to 7 degrees/second. 442 

The trade-off between the performance and control efforts are adjusted through the penalty matrix Q 443 

and R in (26). The weighting matrices S and G in (26) are set to be zero. 444 

The performance of the finite-horizon LQR controller with the prediction of the equivalent forcing vector 445 

is summarized in Table 3 and Figures (7)-(9). From the results, the finite-horizon LQR controller with 446 

prediction of the equivalent wave force vector significantly reduces the fore-aft tower base bending 447 

moment. Meanwhile, the side-side tower bending moment and rotor speed variation are slightly 448 

increased as a cost, which is acceptable since the side-side tower bending moment is far lower than that 449 

in the fore-aft direction thus not leading to increased structural requirements. In addition, depending on 450 

different concerns of structural safety or power stabilization, the effects of the optimal controller on 451 

different quantities can be adjusted via the penalty matrix in the optimization process. 452 

As for the optimal controller itself, the performance is influenced by the optimization horizon, accuracy 453 

of the predictor, trade-off of the elements in LQR weighting matrices, etc. Furthermore, the input wind 454 

and wave conditions and accuracy of the linearization process would also have significant effects on the 455 

overall performance for the load reduction. From the results, the proposed LQR controller as well as the 456 

predictor is robust performing consistently under different wave conditions and is capable of tolerating 457 

non-negligible modeling residues in the linearization process.      458 

Table 3. Performance of the finite-horizon LQR with predictor 459 

Case No. 
TwrBsMx (side-

side) (%) 
TwrBsMy (fore-

aft) (%) 
Rotor speed 
variation (%) 

Maximum blade 
pitch rate 
(deg/sec) 

Case 1 +19.87 -69.86 +28.94 6.8 

Case 2 +17.65 -55.74 +14.32 6.84 

Case 3 -0.58 -67.34 +17.80 6.76 

460 
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 461 

(a) Tower bending moments in time domain 462 

 463 
(b) Tower bending moments and input wind wave conditions in frequency domain 464 
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465 
(c) Control efforts: blade pitch angle and blade pitch velocity466 

467 
(d) Rotor speed468 



23 
 

 469 
(e) Platform pitch motion 470 

Figure 7. Case 1: Comparison of the optimal control and baseline controller 471 

 472 
(a) Tower bending moments in time domain 473 
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474 
(b) Tower bending moments and input wind wave conditions in frequency domain475 

476 
(c) Control efforts: blade pitch angle and blade pitch velocity477 
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 478 
(d) Rotor speed 479 

 480 
(e) Platform pitch motion 481 

Figure 8. Case 2: Comparison of the optimal control and baseline controller 482 
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 483 
(a) Tower bending moments in time domain 484 

 485 
(b) Tower bending moments and input wind wave conditions in frequency domain 486 
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 487 
(c) Control efforts: blade pitch angle and blade pitch velocity 488 

 489 
(d) Rotor speed 490 
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491 
(e) Platform pitch motion492 

Figure 9. Case 3: Comparison of the optimal control and baseline controller 493 

494 

6. Conclusion and discussion495 

In this study, successful wave elevation and exciting force forecast algorithms have been developed for 496 

use in optimal control on load reduction. Two forecast algorithms, the approximate Prony method based 497 

on ESPRIT and the LS-SVM regression method, are developed and validated using real-time 498 

measurements.   499 

On the basis of the ability to forecast the wave force over a finite horizon into the future, a deterministic 500 

finite-horizon LQR controller is designed to reduce the fore-aft tower base bending moment, especially 501 

the components excited by the wave force. The performance of the optimal control is effective and 502 

robust for the aimed load reduction comparing to the baseline speed regulator.  503 

The general predictability of a sea state is a difficult question to answer in principle since real sea states 504 

are nonstationary and multi-directional. Therefore, we rely on the performance of the forecast 505 

algorithms in our paper and do not address the more fundamental question of how forecastable real 506 

seastate elevations are. The error in the forecasts generated by the algorithms consist of three 507 

components a) algorithm bias b) algorithm variance c) noise. Alternative algorithms introduce different 508 

bias vs variance tradeoffs, which is a topic that we do not address in this paper as well. Ambient noise is 509 

unforecastable by any algorithm. The relative magnitude of these three sources of error is only possible 510 

after a systematic study among alternative algorithms and parameters within each algorithm. This topic 511 

is beyond the scope of the present paper and will be addressed in the future work. 512 

Therefore, considering the forecast algorithm itself, the performance would degenerate significantly as 513 

the forecast horizon gets larger. The tradeoff between the forecast accuracy and required forecast 514 

horizon should be balanced depending on specific problems and objectives. In the context of this paper, 515 

the forecast accuracy of the wave elevations up to a 5-second horizon is considered by the ESPRIT and 516 
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SVM algorithm and found to be good. Meanwhile, this time scale is also considered as sufficient for 517 

controller design purposes.  518 

In future work, more detailed sensitivity studies will be conducted in terms of the effects of the 519 

optimization horizon, controller update rate and predictor accuracy. Furthermore, on-line linearization 520 

and optimization techniques would be considered for better real-time implementations. The 521 

computational effort necessary to generate the forecasted signals needs to be addressed so that the on-522 

line implementation can be achieved efficiently for sequential controller updates.  523 

The control algorithm developed in this paper for a stiff TLP floating wind turbine may be also 524 

implemented with minor modifications for “softer” floating wind turbine concepts like Spars and 525 

Semisubmersibles. For example, the effectiveness of blade-pitch controllers has been already 526 

demonstrated for the Hywind concept for the mitigation of responses at frequencies well below the 527 

peak of the wave spectrum. Meanwhile, this approach is also promising for different control targets 528 

combined with the ability to forecast wind speed.     529 
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