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ABSTRACT: We present a prescription in F-theory for realizing matter in “exotic” rep-
resentations of product gauge groups. For 6D vacua, bifundamental hypermultiplets are
engineered by starting at a singular point in moduli space which includes 6D supercon-
formal field theories coupled to gravity. A deformation in Higgs branch moduli space
takes us to a weakly coupled gauge theory description. In the corresponding elliptically
fibered Calabi-Yau threefold, the minimal Weierstrass model parameters (f, g, A) vanish
at collisions of the discriminant at least to order (4,6, 12), but with sufficiently high order
of tangency to ensure the existence of T-brane deformations to a weakly coupled gauge
theory with exotic bifundamentals. We present explicit examples including bifundamental
hypermultiplets of e7 x sus and eg X sug3, each of which have dual heterotic orbifold de-
scriptions. Geometrically, these matter fields are delocalized across multiple points of an
F-theory geometry. Symmetry breaking with such representations can be used to produce
high dimension representations of simple gauge groups such as the four-index symmetric
representation of sus and the three-index symmetric representation of sus, and after further
higgsing can yield discrete non-abelian symmetries.
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1 Introduction

One of the important lessons from string theory is that not all quantum field theories can

be consistently coupled to quantum gravity. From a bottom up perspective, string theory

can be viewed as pointing the way to subtle consistency conditions which might otherwise

be missed. With this in mind, it is clearly important to delineate the full space of quantum

field theories which can be realized in string theory [1, 2].

For example, unlike from a purely effective field theory perspective, there seem to be

clear limitations on the matter content in weakly coupled (supersymmetric) gauge theo-

ries that are realized in string compactifications. The most straightforward examples in



perturbative open string theories involve matter in various two-index representations of
the classical gauge groups U(N), SO(N), Sp(/V). This can be widened in F-theory [3-5]
to include all the exceptional groups, but again, matter fields tend to transform in low
dimension representations (namely the fundamental or small extensions thereof) such as
the 27 of FEg.

It is sometimes possible to arrange for more exotic representations in various free
fermion constructions, as for example with heterotic strings at higher Kac-Moody levels
(see, e.g., [6] and references therein), but even here, there are limitations to what can be
obtained. The question of which 6D supergravity models can be embedded in F-theory has
been the subject of extensive research [7-13].

A related but far less explored question has to do with the structure of possible discrete
gauge groups which can be consistently realized. There are by now various examples of
models with abelian symmetries, but even in this case the order of the group is typically
quite small. Even fewer examples are available for non-abelian discrete groups. The latter
are of interest in their own right, and also have applications to topological field theory
and particle physics. Some work on the stringy realization of discrete non-abelian groups
includes [14-19] as well as [20] in F-theory. As of this writing there does not appear to be
a systematic method to determine whether a particular finite group can appear.

In a certain sense, the appearance of matter in high dimension representations of con-
tinuous gauge groups and non-abelian discrete gauge groups are related since the latter can
be obtained by giving vevs to scalars transforming in high dimension representations [21].
From this perspective, it is natural to ask whether there are systematic ways to find com-
pactifications which contain such structures.

Part of the issue with realizing higher dimension representations is that the standard
way to engineer low energy effective field theories via string compactification typically
breaks a substantial part of the higher-dimensional gauge group, leaving only a lower rank
remnant behind. For example, in the context of compactifications of the heterotic string,
one often specifies a vector bundle with structure group K C Eg. The commutant subgroup
G is then all that survives in the low energy theory. This in turn limits the matter content
G to low dimension representations. Related behavior occurs in F-theory and M-theory
models, where the appearance of a non-trivial vector bundle is instead signalled by the
presence of a generic unfolding of a singularity.

Tuning the moduli of a compactification provides one way to realize such exotica.
For example, it has been known since the early days of heterotic strings compactified on
orbifolds [22, 23], that it is possible to achieve matter fields in the (56, 2) of ey x sus as well
as the (27, 3) of ¢g x suz (see e.g. [24] for this and related examples). Perhaps surprisingly,
in F-theory the corresponding geometric realization of these exotic bifundamental matter
fields has only been studied in a few cases (see, e.g., [25]). Other examples with exotic
matter representations in F-theory involve matter on a singular divisor [12, 26-28]. As far
as we are aware, however, there is no systematic “rule of thumb” for how to realize such
matter representations in F-theory.

With this in mind, our aim in this work will be to develop a set of geometric criteria
for engineering exotic matter field representations in F-theory. In field theory terms, our



main interest will be on 6D theories in flat space with hypermultiplets in “exotic” rep-
resentations (Rq, Rg) of some gauge algebra g; x go. As already mentioned, activating
vevs for these matter fields also provides a mechanism for generating examples of discrete
non-abelian symmetries.

From a geometric perspective, we consider elliptically fibered Calabi-Yau threefolds
X — B with minimal Weierstrass model:

=2+ frtg (1.1)

so that the vanishing locus for the discriminant A = 43 + 27¢? has components support-
ing gauge algebra g; x gs. Matter in low-dimensional representations comes about from
collisions of these components. We get weakly coupled matter when the multiplicity of
vanishing for (f, g, A) is below (4,6, 12). We can also realize 6D superconformal field theo-
ries (SCFTs) when the multiplicity of vanishing is at least (4,6, 12) since then, the elliptic
fiber does not remain in Kodaira-Tate form [4, 5, 29-31] (see [32] for a recent review of 6D
SCFTs from a top down perspective). In this case, to truly understand the physics of the
F-theory model, we need to perform blow-ups of the base. Collapsing the additional P!’s
down to zero size then takes us back to the SCFT point. An interesting open problem is
to determine which 6D SCFTs can be consistently coupled to gravity. For some results in
this direction, see e.g. [10, 33, 34].

Now, in the context of F-theory, when one attempts to use the standard Tate algorithm
to engineer “exotic” high dimension representations (R, Rg) of some gauge algebra g1 X go,
one inevitably finds that the multiplicity of vanishing for (f, g, A) is at least (4,6,12),
indicating the appearance of a 6D SCF'T lurking at some point of moduli space.

But as has been appreciated for some time, the Weierstrass model provides only par-
tial information on the effective field theory specified by an F-theory model. To remove
possible ambiguities in reading off the low energy effective field theory, it is necessary to
indicate a neighborhood in moduli space, and in particular more than just a singular Weier-
strass model. At a smooth point of moduli space, this involves indicating the value of the
complex structure moduli as well as the intermediate Jacobian of the threefold [35-37],
and in singular limits, the moduli space is completed by T-brane configurations [36, 37]
(see also [38-44]). This is particularly important in the case of (4,6,12) points because
motion in a T-brane direction means one is not at a singular point of the effective field
theory moduli space. See figure 1 for a depiction of the different deformations of a singular
F-theory model.

When the collision of divisors supporting algebras g; and gs occurs with a sufficiently
high order of tangency, additional moduli are also often localized. This in turn leads to
the appearance of additional deformations with a weakly coupled interpretation. From
a bottom up perspective, a necessary condition for this to occur is that we can match
quantities such as the gravitational anomalies of the theory with 6D conformal matter [45—
47] with those at the weakly coupled point. From a top down perspective, we can provide
checks on our proposal by applying heterotic/F-theory duality in the special limit where
the heterotic string propagates on an orbifold.



g1 X g2 + singular

g1 + Ry

Figure 1. Depiction of the deformations of singular F-theory models which can generate an exotic
bifundamental. The minimal Weierstrass model contains points where the multiplicity of vanishing
for (f,g,A) is at least (4,6,12). T-brane deformations lead to models with exotic bifundamentals,
and tensor branch deformations lead to deformations of 6D SCFTs coupled to gravity.

In this work, we focus on two canonical examples where this phenomenon occurs,
though it is clear our method generalizes. First, we consider exotic bifundamental matter
in the (56, 2) of ey x suy. This arises in compactifications of heterotic strings on the orbifold
T*/Zs, and the F-theory dual description of this case has been studied for example in [25].
Here, we clarify some aspects of this construction, in particular the structure of the moduli
space on the tensor branch of the associated SCFTs. We then turn to exotic bifundamental
matter in the (27,3) of eg x suz which arises in compactifications of heterotic strings on
the orbifold T#/Zs. In this case, there are additional subtle features in the global F-theory
model, since the full gauge algebra is eg X sug x u(1) x e7. Both examples have the peculiar
feature that a single bifundamental hypermultiplet is spread across several points of the F-
theory base. As such, their appearance cannot be a purely local effect, as it is for standard
F-theory matter, and has to be a consequence of the global nature of our models.

The resulting 6D effective field theories can be further taken as the starting point for
realizing additional “exotic structures” in F-theory by further higgsing. Strictly speaking,
the compact models we present contain only a single exotic bifundamental, whereas to
initiate further breaking patterns it is necessary to have at least two such hypermultiplets.
This appears possible to arrange in various local geometries, as well as 4D models, and
suggests a rich class of additional exotic structures.

For example, breaking patterns involving the (56, 2) of ¢7 X sus can realize an suy gauge
theory with matter in the 5 of sus, which is higher than the 4 of sus realized via matter on a
singular divisor (see reference [12]). In the case of the (27, 3) of ¢g x sus, a further higgsing
yields an sus gauge theory with matter in the three-index symmetric representation (10)
of su3, thus exceeding the dimension of the two-index symmetric (6) constructed in [26].
Proceeding even further, activating vevs for these high dimension representations leads us
to finite non-abelian gauge groups. In the case of suy breaking via a vev for the 5 of suy
(see, e.g., [48]), this yields the quaternion group, and in the case of sus breaking via vevs for
the 10 as well 6 of sug (see, e.g., [49]), this yields A4, the alternating group on four letters.



The rest of this paper is organized as follows. In section 2 we present our proposal for
connecting points with “conformal matter singularities” in the presence of higher tangencies
of the Weierstrass model with the existence of weakly coupled points in the moduli space.
In section 3 we turn to the F-theory realization of the (56,2) of ¢7 X suy, and in section 4
we analyze the F-theory realization of the (27,3) of ¢g x suz. Section 5 discusses breaking
patterns using exotic bifundamentals. We conclude in section 6 and also discuss some
future areas of potential investigation. Some additional technical elements are deferred to
the appendices.

2 Prescription for exotic bifundamentals

In this section we present a general prescription for constructing examples in F-theory
of matter in “exotic” bifundamental representations. The main setup we wish to consider
involves collisions of two components of the discriminant locus, supporting respective gauge
algebras gy and go. At the collision point, matter will be localized. In terms of the minimal
Weierstrass model:

y? =2+ fr+g, (2.1)

the discriminant locus A = 4f3 4 27¢? factorizes into distinct components:
A=AAy---. (2.2)

Geometrically, the elliptically fibered Calabi-Yau is ill-defined when the multiplicity of
vanishing for (f,g,A) at a point of the base is at least (4,6,12). In this case, blow-
ups of the base are necessary, and the physical interpretation is the appearance of a 6D
superconformal field theory with degrees of freedom localized at this singular point of the
geometry [4, 5, 29-31]. When there is a collision but the multiplicity of vanishing is less
singular, we instead expect weakly coupled hypermultiplets. For a recent review on the
construction of 6D SCFTs in F-theory, see [32].

Following the standard Tate algorithm [29, 50], we find that engineering bifundamentals
for gauge algebras such as ey X sus or eg X susz inevitably leads to a singular collision point
where the elliptic fibers do not remain in Kodaira-Tate form. For example, the collision of
a type IIT* and a type III fiber can, in local coordinates (¢, u) of the base, be written as:

y? = 23 + tudz + 20, (2.3)

so to interpret this in terms of a Calabi-Yau geometry, we must blow-up the base at the
point ¢t = v = 0. By a similar token, the collision of a type IV* and a split type IV fiber
can be written as:

y? = 23 + 2z 4 2t (2.4)
which again suggests the need for a blow-up at the collision point ¢t = v = 0. The analysis
of the resulting F-theory geometries was first carried out in [29, 30|, and was subsequently
systematized in later work on 6D SCFTs (see [32] for a recent review).

But the physical theory involves additional data beyond that specified by the minimal
Weierstrass model. Indeed, in the context of 6D vacua, the Higgs branch of F-theory vacua



at a smooth point in moduli space is specified by the complex structure moduli as well as
the (Weil) intermediate Jacobian of the Calabi-Yau threefold. In singular limits of complex
structure moduli [30, 36, 37], the moduli of the intermediate Jacobian are interpreted as
T-brane data [38-44]. From this perspective, a seemingly singular presentation of the
Calabi-Yau geometry may actually reside at a non-singular point of moduli space in the
physical theory.

An illustrative example of this kind is the F-theory dual for heterotic strings compact-
ified on a smooth K3 surface with vector bundle specified by the standard embedding, that
is, we embed the spin connection in one of the Eg factors. The F-theory geometry is the
same as the one we would specify for a theory of 24 small Eg instantons [30]. We have in
both cases (again using local coordinates):

y? = 2% + goa()u® + fs(t)utz + gr2(B)u’ + .. .. (2.5)

Geometrically, each zero of gog specifies a type II fiber, and the collision with the Fg locus
(a type II* fiber) over u = 0 indicates a superconformal field theory, provided we are at
the origin of the moduli space [4, 5].

From a physical perspective, we can start at the singular point in moduli space asso-
ciated with codimension four instantons of the ten-dimensional Fg gauge theory, in which
case the zeros of go4 indicate the locations of these instantons. Dissolving these instantons
into flux (by making the instantons have finite size) moves us onto the Higgs branch of the
moduli space, and takes us to a non-singular point in moduli space which is smoothly con-
nected to the heterotic tangent bundle description. At this point in moduli space, we have
a standard weakly coupled interpretation of the gauge theory and matter content given by
an ey gauge theory with 20 half-hypermultiplets in the fundamental representation.

We can also coalesce multiple instantons at the same location. For example, the local
presentation:

y? =23+ ud(u+ at®) + ... (2.6)

involves a higher order tangency of intersection at t = u = 0, and is associated with k small
instantons at the same locus. The appearance of more instantons at the same location of
the geometry means there are additional moduli are available. Again, in heterotic terms
we can dissolve these instantons as flux inside the Fg locus, leading to a weakly coupled
point of moduli space. In these cases as well, T-brane deformations are available which
leave the Weierstrass model unchanged.

Putting these facts together, we see that even when we encounter a singular point
where the multiplicity of vanishing for (f, g, A) is at least (4,6, 12), it may still be possible
to move in Higgs branch moduli space whilst still remaining at a singular point of complex
structure moduli. Moreover, we see that by increasing the order of tangency for the collision
of components of the discriminant, we have additional moduli. These additional moduli
mean there can be further T-brane deformations available to move us to a weakly coupled
description. Note that for heterotic strings compactified on a smooth K3 surface, we need at
least four small instantons to participate in the breaking pattern to F~. The standard way
to check whether such a Higgs branch transition is possible is to match various anomalies



between the tensor branch and Higgs branch descriptions. In particular, we need to ensure
that there is no change in the contribution to the gravitational anomaly:

SH — §V + 296T = 0, (2.7)

where §H denotes the change in the number of hypermultiplets, §V the change in the
number of vector multiplets, and d7" the change in the number of tensor multiplets.

Taking into account these considerations, we see that even when we encounter colli-
sions of the discriminant locus which do not remain in Kodaira-Tate form, the physical
theory may nevertheless be described by a weakly coupled model. From this perspective,
to engineer examples of “exotic” bifundamental representations, we apply the following
procedure:

e Engineer a collision between two components of the discriminant with gauge algebra
g1 X g2.

e Determine the tensor branch by blowing up the collision point, using the algorithm
outlined in references [29, 30] (see also [31]).

e Passing back to the origin of the tensor branch, increase the order of tangency to
generate a higher dimension for the Higgs branch.

e Introduce a candidate weakly coupled gauge theory with bifundamentals with the
same gravitational anomaly as the tensor branch theory.

e When available, use a dual heterotic description as a cross check.

In practice, we find that exotic bifundamentals are delocalized across multiple collision
points. While it might indeed appear exotic in F-theory, in the hetorotic dual the exotic
bifundamental comes from the untwisted sector. This also illustrates that some aspects of
exotic bifundamentals are not completely local.

As we have already noted, the step of tuning to increase the order of tangency is
sometimes necessary for a T-brane deformation to exist at all. It would be interesting to
determine from first principles the minimal order of tangency necessary to accommodate
exotic bifundamentals, but in this work we shall confine our analysis to a recursive “trial
and error” procedure.

3 Engineering the (56, 2) of e; X su,

In this section we turn to the F-theory realization of 6D vacua with hypermultiplets trans-
forming in the (56, 2) representation of e; X suy. As we have already remarked in section 2,
the construction in F-theory is somewhat subtle, in part because such bifundamentals ap-
pear to reside at singular points where the elliptic fiber is no longer in Kodaira-Tate form.

On the other hand, we are in some sense guaranteed to find a sensible F-theory real-
ization because there is a well-known way to generate such bifundamental representations
via compactifications of the Eg x Eg heterotic string on the orbifold geometry 7% /Z,. The



full 6D theory has gauge algebra e7 X suy X eg, a single tensor multiplet of charge —12, and
hypermultiplets in the representations

(56,2,1) @ (56,1,1)* © (1,2,1)** & (1,1,1)*". (3.1)

Since the orbifold T#/Zy can be viewed as an elliptically fibered K3 surface with tuned
values of the K3 moduli, we expect there to be a corresponding F-theory dual, and therefore,
for an F-theory realization to exist. The resulting elliptically fibered Calabi-Yau threefold
was identified in [25], but as we shall shortly review, it appears to contain singular collision
points which would ordinarily be identified with the presence of a 6D SCFT. However, by
moving in the T-brane branch of moduli space, we can instead pass to a point where we
retain a weakly coupled gauge theory description in the low energy effective field theory.
This helps to clarify several aspects on the moduli space of these solutions, both in the
F-theory and heterotic realizations of this model.

The rest of this section is organized as follows. First, we present some general con-
siderations on the behavior of T-branes in F-theory backgrounds where the heterotic dual
geometry is an orbifold. After this, we turn to the study of the moduli space of the F-theory
background which contains the (56,2), focussing in particular on the family of elliptically
fibered Calabi-Yau threefolds with Fi2 base [51]. By tuning to a singular point in moduli
space, we reach a theory coupled to 6D SCFTs, as well as its Higgs branch and tensor
branch deformations. This setting is dual to heterotic compactification on a K3 with 24
mobile instantons, of which the T*/Zy orbifold is a special limit [52].

3.1 T-branes and heterotic orbifolds

To frame the discussion to follow, we now briefly review some qualitative elements of
our proposal. Recall that for heterotic strings compactified on an elliptically fibered K3
surface with vector bundle given by the standard embedding (the tangent bundle Tks),
the corresponding F-theory dual is described by a singular Weierstrass model with local
presentation [4, 5]:

y? = 2% + goa(s)® + fust's + grst® + ... (3.2)

with fks and gks the parameters of the minimal Weierstrass model for the dual heterotic
K3 geometry. To really specify the geometry, we also need to consider generic points in
the complex structure moduli, wherein we work at a non-zero value of the intermediate
Jacobian. At the singular point in complex structure moduli, the associated T-brane
deformation dissolves the small instantons localized at the zeros of go4 to finite size, leading
to the heterotic tangent bundle model. Already in this case, we can see that in spite of
the singular presentation near various (4, 6, 12) points, we expect to have a weakly coupled
description.

From this starting point of the standard embedding, we can ask what will happen
as we further tune the moduli of the K3 surface so that it degenerates to the orbifold
T*/Zs. There are two sorts of tunings we need to arrange to actually generate the standard
heterotic orbifold. First, we seek a limit of an elliptically fibered K3 surface which has
degenerated to this orbifold (see, e.g., [52]). Second, we must demand that the vector



bundle used in the standard embedding also degenerates in a suitable fashion to reach this
special point in moduli space. In the dual F-theory geometry, we expect to encounter some
features such as T-branes, so we should not discard geometries where the multiplicity of
vanishing for (f,g,A) is at least (4,6,12). That being said, one way to understand such
configurations is to first begin with a generic unfolding, and then perform further tunings in
the discriminant locus. With this in mind, we shall first begin with a minimal Weierstrass
model where the e7 is visible in the complex structure:

y? =23 + foo(s)t32 4 goa(s)t° + fratlz + grst® + ... (3.3)

Further tuning in the parameters foo, 924, fK3, gx3 Wwill then take us to the proposed het-
erotic dual geometry. An important subtlety in this procedure is that because the heterotic
dual has orbifold singularities, we must allow for the possibility that even though we are
dealing with a T-brane deformation, the fog deformation parameters are actually “visible”
in our presentation. Indeed, from a field theory perspective, the appearance of local C?/Zs
singularities in the heterotic geometry means that we are dealing with breaking patterns
eg X Sy — e7 X (SU2)diag, Where the diagonal (sug)giag is “visible” in the heterotic and
F-theory geometries.

With these preliminaries dealt with, we now turn to the construction of an exotic
bifundamental in our geometry.

3.2 Generic Weierstrass model with e; X sug

1

To set up the notation, note that a Hirzebruch surface F,, is a ]Piliber-ﬁbration over a Py ..

Denoting the homogeneous coordinates along the fiber by (u,v) and those along the base by
(s,t), their scaling relations and associated divisor classes are given by the following table:

wlv|s|t
w|1]1lo]o (3.4)
[s] [ n|O]1
The intersection numbers are [v]?> = —n, [s]> = 0, [v] - [s] = 1. The geometry also has

self-intersection +n curves with divisor class [u] = [v] + n[s]. The anti-canonical bundle
has class K = [u] + [v] + [s] + [t] = 2[v] + (n+2)[s]. For a Calabi-Yau elliptic fibration over
IF,,, the Weierstrass functions f and g have to have classes 4K and 6K, respectively.

For 19, it is well known that any such elliptic fibration has to have a type II* fiber
over {v}, which in F-theory corresponds to a “non-higgsable” eg gauge factor without any
charged matter (see references [51, 53]). To engineer the e7 X sus gauge factor, note that in
the heterotic spectrum (3.1), there is precisely one bifundamental hypermultiplet. In an F-
theory model with this matter content, anomaly cancellation requires that the intersection
number between the e7 divisor [w] and the suy divisor [o] is 12. Furthermore, the spectrum
also dictates that both divisors have genus 0 and self-intersection number 12. Therefore,
a natural choice is that [w] = [¢] = [u]. Exploiting the reparametrization freedom along
Péber, we can put the e7 at u = 0. This leaves the sus divisor to be a generic +12 curve on



o = dyu+pi2v = 0, where dy is a constant and p19 is a degree 12 homogeneous polynomial
in (s,t).!
The two exceptional groups can be straightforwardly realized by the Weierstrass model:

f=udvtf, g=u’v’g, A=u’v0U®P+27Tui?). (3.5)

A

The divisor class of the remaining free coefficients are

[f] = u] +8[s] = [v] +20(s],

N (3.6)
(9] = [u] + [v] + 12 [s] = 2[u] = 2[v] + 24 [s].

As discussed in [25], this model can be viewed as having higgsed the suy completely with
the doublets in (3.1). Importantly, the number of singlets required to cancel the gravi-
tational anomaly agrees with the number of complex parameters in f and § modulo the
reparametrization degrees of freedom of Fys.

We now employ Tate’s algorithm [50, 51] to enhance the fiber singularity over {o} to
Is. Because of the classes (3.6), the most general form of f and g is

fz fQOU + fsm
G = Goav® + Gravo + goo?
B A=Y (4do f3) — 27 Gay p12)
0 (3.7)
Ao
3U4 R ~ ~ ~ 2
+ a0 (4do f35 f3 + 9G24 (Goa — 2G12 p12)) 0 + O(07) .

Ay
Note that gg is not really an independent free parameter, because it can be absorbed in o

by the coefficient dy. To obtain an sus on ¢ = 0, we have to tune AO = Al = 0, keeping

1

base and thus elements of a unique factorization

in mind that these are polynomials over P
domain (UFD). Explicitly, requiring Ag = 4 dy f3,—27 §3, p12 = 0 means that prime factors
of foy9 have to contain those of p1o. However, because of the cube, go4 must then also contain

a factor of pq9, i.e.,
foo=cspra, Goa=ciapz = Ag=piy(ddocl —27c3,). (3.8)

To set this to zero, we therefore need cg ~ ci and c19 ~ ci for an arbitrary degree 4
polynomial ¢4. The coefficients turn out to be such that

- 1 N Vdoy
f20 = =P i, Gu= <64 P12 ci, (3.9)

which, as can be verified, sets Ay = 0. Substituting into A; yields

Ay~ /do (3 + 144 fs) eq — 1728 G12 = 0, (3.10)

'The constant do could also be absorbed into p12, so that ¢ = u + pi12 v. However, we keep it here in
order to have the same notation as in [25].

~10 -



which requires g5 = T@ c4 (CZ + 144 fg). Making the redefinitions ¢4 = 12d4//dy, cs =
ds/dy, go = 1/dy (recall that gy was not independent of dy), the result of the above tuning
is the Weierstrass model

’LLSU4 2
f= a (d0d8u+(3d4+dg)p121}),
U5U5
9=~ (3w’ +do (df + dids + 2pr2) uv + (3d] + dads + prz) 12 v”)
PN 2 (27 d3 43 2 21 4(3d2% + dg)? pran?
= (dou+piav)® (27dgw’ + (-..)uw v+ (... )uv? +4(3dj + dg)’ pr2v?) .

Ares
(3.11)

The unspecified parameters are in the polynomials of the indicated degrees, dy, d4, dg, p12,

which yields a total of 28. Of these, 3 can be removed by the SL(2,C) reparametrization

1
base*

is only the rescaling freedom left on the fiber P!, which removes another free parameter.

freedom on P By insisting on the e¢7; and eg divisors be on v = 0 and v = 0, there
Thus, there are 28 — 4 = 24 independent deformation parameters preserving the e7 X sy
gauge group, i.e., there are 24 neutral hypermultiplets.

Charged hypermultiplets are localized at intersections of discriminant components.
At the intersection u = pi;2 = 0 of the suy and e¢; divisors, the vanishing orders of
(f,9,A) ~ (4,6,12) indicate non-minimal singularities and will require further discus-
sion. To analyze other matter loci, we take a closer look at the I; locus over the residual
discriminant component A, = 0. First, the only enhancement points on the e7 divisor
other than the non-minimal points are at 3d3 + dg = 0. Importantly, the coefficient of
uv? does not factor this polynomial, which also implies that the vanishing orders of the
Weierstrass functions (3.11) at u = 0 = 3d3 + dg are (f,g,A) ~ (4,5,10), indicating the
presence of % 56’s. Since 3d3 + ds has degree 8, there are therefore 8 half-hypermultiplets
of (56,1) matter.

For the enhancement points on the sus divisor o = dyu + p1ov, we rewrite the residual
discriminant as

Aves =270+ (..) 0% v+ (...) 0 v® + Qe pradi v, (3.12)

where neither the ellipses in parentheses nor the degree 16 polynomial @16 contain any over-
all factor of d4 or . Besides the non-minimal points at pjo = 0, there are two other types
of enhancements. By simply checking the vanishing orders of the Weierstrass functions,
we identify enhancements to Iz resp. type III at Q16 = 0 resp. dgy = 0. The enhancement
to I3 occur at normal crossings with the I; component at ¢ = Q1 = 0 and thus lead to
16 hypermultiplets of (1,2). On the other hand, the type III enhancement points with no
matter are at order 2 tangency points ¢ = d4 = 0, where the residual discriminant goes
like Ajes ~ o + d2.

Finally, the non-minimal points at u = p;2 = 0 are transverse intersections between
the e7, sus divisors and the residual discriminant. To resolve these, we have to blow-up the
base with twelve exceptional divisors at each root of pjo = u = 0. This introduces twelve
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(—1)-curves in the base, over which the elliptic fiber is easily checked to be smooth and
thus no further matter states at their intersections with {u} and {o}. Because all twelve
blow-ups occur on the e7 and sus divisors, each of their self-intersection number is lowered
by 12, thus we end with self-intersection 0 curves in both cases. This is consistent with
anomaly cancellation, which requires precisely 4, resp. 16 fundamental hypermultiplets.
The twelve blow-ups further introduce twelve tensor multiplets, which contribute to the
gravitational anomaly. Taking into account the spectator eg, we thus have:

T =13,

V =248 + 133 + 3 = 384,
Heharged = 4-56 +16 - 2 = 256, (3.13)
Hpeutral = 24

= H-V+29T =273.
3.3 Orbifold conditions from heterotic/F-theory duality

So far, we have not paid attention to the heterotic dual of this F-theory model on Fi2. By
heterotic/F-theory duality, the heterotic compactification space is a K3 surface inside the
F-theory threefold that is elliptically fibered over P%)ase. To reach the T*/Zs orbifold point
in moduli space, the heterotic K3 first has to be tuned such that its elliptic fibration has
four Ifj fibers. Each such fiber contributes four volume moduli, which together with the
volume of the base and the generic fiber yield 18 Kéhler parameters, leaving two complex
structure parameters inside h!(K3) = 20. Of these, 16 of the Kihler moduli have to
be fixed to shrink all but the middle component of the Ij fibers to zero size. The four
remaining free parameters (two complex and two Kéhler) form the four singlets in the
heterotic spectrum (3.1).

As pointed out in [25], one should identify the heterotic K3 inside the F-theory model

by expanding the F-theory Weierstrass functions (f, g) in the variables (u,v),

= Zf56712kuk R g = 2984712k uF o7k (3.14)
k>0 k>0

where the coefficients are homogeneous polynomials over Fi5’s base P! of degree given by
the subscript. The elliptic fibration structure of the K3 is then described by the Weierstrass
model (fk3,9x3) = (fs, g12). Furthermore, the 24 mobile instantons of the heterotic theory
are localized in the fibers of the K3 over the zeroes of go4. For the heterotic K3 to have
I fibers at four points, which we can without loss of generality assume to be the roots

1

of a non-degenerate degree four polynomial ps over P we need to tune fg ~ p? and

base’
g12 ~ p3. Additionally, the mobile instantons have to be trapped at the fixed points in the
orbifold limit. These fixed points correspond to the singularities of the K3 which are in
the T} fibers, hence we also need gag4 ~ p§.

Applying these criteria to the generic Weierstrass model (3.11) with e7 X sug, we obtain

the conditions

f=dods ~p3, §=do(d}+dads+2p12)~ps, gaa=(3d;+dyds+pi2)pia ~ps,
(3.15)
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The minimal (i.e., removing the least number of free parameters) tuning necessary is

dy=Bps, ds=api, pi2=Dpi, (3.16)

for some complex numbers «, 3. The resulting elliptic fibration describes the F-theory
geometry dual to the T*/Zy orbifold [25]:

2
F=P2 030 (dou+ (a+38%) piv),

do
1
g:d—u5v5(d%u2+d0(2+a5+53)piuv+(1~|—0¢B+353)p2212),
0
1 9 10 3 \2 3 3.2 6, .2 9.3 3.17
:d—g w’ v (dou+pyo)* (A u’ + Aaplu” v+ Agpguv® + Ay pyv°) ( )
bEr  Es SU(2) Aves

with A\ =27d3, X =54di(1+af+3%), M=4(a+35%)3,
A3 =dy (27 +40®+54af+27a% 5% 4162 8% + 54a B +275°).

This Weierstrass model has eight free parameters in terms of py4, dg, cr, 8. Subtracting the
3+ 1 reparametrization choices left on o, it leaves precisely 4 singlets, as required by the
perturbative heterotic spectrum (3.1).

By inspection of the minimal Weierstrass model, we see various non-minimal points
with order of vanishing for (f,g,A) at least (4,6,12). In this respect, our analysis sup-
plements the considerations of [25] because we have identified the appearance of T-brane
deformations, which move us away from the singular point in moduli space. At such a
point, blowing up the base is not physically allowed. This is in accord with the considera-
tions of reference [25]. Of course, we can also move back to the singular point of the Higgs
branch moduli space, and then move onto the tensor branch. We turn to an analysis of
this next.

3.4 The strongly coupled sector of the global model

The above tuning process was solely justified through the duality to heterotic theory. In
the following, we will discuss the model from a purely F-theory perspective and elucidate
the connection to strongly coupled physics.

One key feature of the tuning process is that it changes the type of intersection between
the e7 divisor with the other discriminant components from transverse to tangential with
order three. From an F-theory perspective, this seems to be a necessary condition for
the appearance of matter in the 56 of e;. Indeed, the standard Weierstrass model with
¢7 on a divisor {w}, y? = 2% + w3 fz + w’§, has a residual discriminant of the form
A = 275%w + 4 f3. For generic g, the residual discriminant at w = f = 0 is locally
described by the curve w ~ f3, indicating that the 7-brane along A=0is intersecting
the ey stack at w = 0 with an order three tangency. In the generic case, the singularity
of the fiber enhances to eg, which according to the Katz-Vafa rules [29, 54], gives rise to a
hypermultiplet of % 56.

From this perspective, it is expected that the “generic” Weierstrass model (3.11) with
e7 X sup gauge group cannot support matter in the 56 at the intersection between the
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divisors. In that case, the residual discriminant factors into two components. While the
I; part still intersects the e; divisor {u} tangentially at u = 3d3 + ds = 0 , giving rise to
56’s, the Iy component along {dou + p12v} now intersects {u} transversely at u = p12 = 0.
Note that the global nature of the model forces the I; to also intersect {u} transversely at
this point, preserving the multiplicity three of the total intersection at each meeting point
between the e7 and the rest of the discriminant. The resulting non-minimal singularity can
only be resolved by blowing up the base.

However, the tangency argument alone is not enough to justify the tuning (3.16) that
the heterotic dual requires. This can be easily seen as it would have sufficed to set p1o =
pi in (3.11), which would have made the ¢7 divisor intersect the Iy and I; discriminant
components tangential with order three. So how can we make sense of the additional
tunings d4 ~ py4,dg ~ p37 that are required to reach the orbifold limit in F-theory? To
shed some light on this issue, it proves to be instructive to again resolve the non-minimal
points by blow-up, i.e., we go onto the tensor branch of the theory. It is straightforward
to check that the partial tuning pia = p} does not change the gauge sector on the tensor
branch:> Though we have grouped the 12 non-minimal points into four groups of three,
the vanishing order of (f,g,A) is still (4,6,12). These points are still resolved with 12
exceptional curves, now three at each point, over all of which the elliptic fiber remains
smooth. Therefore, the numbers of tensors, hypers and vectors remain as in (3.13) in order
to cancel the gravitational anomaly, i.e., we have not really lost the singlets by going from

p12 to pi.

The situation changes considerably when we include also the other two tuning con-
ditions. By setting dy ~ p4,ds ~ p3, all the codimension two enhancement loci — those
supporting the (56,1) and (1,2) matter states as well as the type III fibers on the sus
locus — are collapsed onto the non-minimal point at ©u = py = 0. The vanishing orders
are now enhanced to (f,g,A) ~ (6,7,14). By again blowing up these points in the base,
we now observe that the tensor branch theory has changed drastically: now we need five
blow-ups at each point to resolve the singularity, and these curves are decorated with sin-
gular Kodaira fibers over them. The situation is summarized in figure 2. The result of this
blow-up process is a new gauge sector at each previously non-minimal point, consisting of
the gauge factors sus X go X sup with matter [(2,1,1)&(2,7,1)® (1,7 ® 1,2)]&(1,7,1).
In addition, the suy divisor {o} passes through all four go divisors, with each intersection
contributing a %(7 @ 1, 2) hypermultiplet. One can check that the gauge anomalies of each
of the blow-up sectors is cancelled with this spectrum (all gauge groups introduced by
blow-ups are on —2 curves). Through the blow-up process, the self-intersection of the e7
divisor has decreased to 12 —4-5 = —8, which is required by the anomaly conditions for no
charged matter. The self-intersection of the Iy divisor on ¢ changes to 12 —4-3 = 0 — the
first three blow-ups are enough to remove any non-minimal points on it (see figure 2) —
which is also consistent with having in total 4 x % x 8 = 16 fundamental hypermultiplets.

2The charge lattice of strings does change, however.

— 14 —



g u g u
€3 ‘
< €3
€1 —
€
62 64 2 E]_
(2,7) : o :11 (T91,2)
\ L |SuUg
g2
€3 —

e gug (7812 \\/ 11| U e
€ ——+ Je
L — L [ D
4

€

Figure 2. Blow-up of the base at one of the four points u = py = 0, where the e¢7 divisor {u}
and the su, divisor {o = dou + p3v} intersect. It requires five P1’s {¢;}, carrying the indicated
Kodaira fibers and associated gauge algebras, to resolve all non-minimal points (black dots). After
the blow-ups the curve {u} has self-intersection —8, and {o} has 0. All of the exceptional curves
have self-intersection —2, except for {e5} which has —1. All displayed matter multiplets are half-
hypermultiplets, except the 7 of go on {es}, which is a full hypermultiplet spread across the three
intersection points with the residual discriminant.

The full spectrum on the tensor branch is thus

1 1
Hcharged =4 x # (2 [(27 17 ]-) > (2777 1) ® (17 7D 1, 2)] & (17 77 1) SP 5(7@ 1; 2))

— 124,
V = dim (e7 x su2 X e X (sutp X go ¥ sup)¥t) = 464,
T—1+4.5=21,
— 273 = Hepurged — V + 20T + 4,

(3.18)

which confirms that there are only four singlets in the theory.
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The strongly coupled sector generated in this way is also interesting in its own right.
Taking a decompactification limit for the curves supporting the ey and su, gauge algebra
factors, we are left with the tensor branch of a 6D SCFT (actually four copies) with tensor
branch description (with notation as in reference [31, 45, 47] as well as the review [32]):

sy g2 Sug
[Er], 1,2, 2,22 (3.19)
[Sp2]

In this SCFT there is an emergent Sps ~ Spins flavor symmetry. Indeed, we have a half
hypermultiplet in the representation (7,4) of go x spy. The sp, flavor symmetry has a
maximal (sug)y, X (suz)pr subalgebra, one factor of which is identified with the gauge alge-
bra of the compact model. From this perspective, our discussion also provides additional
examples of 6D SCFTs coupled to gravity. See e.g. [10, 33, 34] for some earlier examples.
Note also that in the limit where we decouple gravity (and the FE; and Spe are flavor
symmetries) and proceed back to the SCFT point, the (56,2) is a decoupled free hyper-
multiplet which is delocalized across the four collision points of the e; and suo loci. Such
scenarios, where single hypermultiplets are spread across several enhancement points, are
not uncommon; in fact we have just seen above a similar fate for the 7-representation of go
in the strongly coupled sector over three points. However, such a delocalization of matter
states is usually associated with matter charged under non-simply laced algebras, where we
have the well-understood effect of Tate-monodromy. For the gauge algebra e x suy, there
is no known geometric mechanism which spreads one hypermultiplet across four codimen-
sion two loci. This further emphasizes the importance of the global construction, as well
as the non-local nature of the relevant T-brane deformation, which emerges only when we
gauge the diagonal subalgebra in the flavor symmetry of four strongly coupled sectors of
type (3.19).

With this discussion in hand, we can summarize the significance of the tuning (3.16)
as enhancing the strongly coupled sector, which is always accessible via the tensor branch.
However, this highly tuned and singular F-theory model is anomaly equivalent to the het-
erotic orbifold with a perturbative spectrum (3.1). This is a strong indication that at the
origin of the tensor branch of the tuned model (3.17) the strongly coupled sector has a Higgs
branch, on which the heterotic orbifold model with the perturbative spectrum (3.1) sits.
In reference [25], a matching of the spectrum was provided by performing various complex
structure deformations, and then tuning back to the singular point in complex structure
moduli. From this perspective, we can instead consider deformations involving the interme-
diate Jacobian. In this case, the general description provided in [36] (see also [37]) indicates
that in the limit where the complex structure moduli are tuned to a singular value, we can
remain in a weakly coupled regime due to the presence of a T-brane deformation.

3.5 Adding more bifundamentals

The presentation given thus far has relied on the existence of a globally complete heterotic
dual. In this case, we observe that we can manage to get a single bifundamental, which is
delocalized across four points of the geometry. It is natural to ask whether we can modify
this construction to produce examples with more than one bifundamental.
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Considering that our criterion is primarily local in nature, we can in principle relax any
constraints on the self-intersection numbers of the curves supporting the e¢7 and sus locus to
produce local geometries with these gauge symmetries and a bifundamental between them.
Of course, it will be more challenging to construct a fully compact model, and given the
fact that the curves supporting our gauge divisors have positive self-intersection number,
there is a sense in which 6D supergravity must always be reintroduced.

Focussing on the purely gauge theoretic aspects of 6D anomaly cancellation, the rele-
vant constraints are (see e.g. [51, 55]):

D, -D

(6D5U(2) * Dgy2) + 16) = N(1,2) +56 X Ns6,2) (3.20)
De7 . Dsu(Q) =12 x N(56,2)7

where here, Dy denotes the divisor class of a curve wrapped by a seven-brane with gauge
algebra g, and the N’s indicate the multiplicity of various representations.

Increasing the number of bifundamentals necessarily raises the self-intersection number
relative to the case of a single bifundamental. To see why, consider the extreme example
where all matter comes from a bifundamental. This can be satisfied if the divisors support-
ing gauge algebras intersect as:

Nse2) =2, Nie1) =0, Na2) =0,
D27 . D97 — 0, Dsu(?) . DSU.(?) - 16, D27 . DSU.(Q) - 24 (321)

At this level of analysis, there are many examples of this sort. Clearly, gravitational
anomalies will impose additional conditions, but if we permit ourselves to consider arbitrary
bases, it is a priori possible that all such anomaly cancellation conditions can be satisfied.
We leave a full analysis of such examples for future work.

We can also descend to 4D vacua by compactifying on a matter curve, and in such mod-
els the constraints on the number of exotic bifundamentals are likely substantially weaker.
The construction of a Calabi-Yau fourfold with the requisite singularities will of course be
highly tuned, and will exhibit singularities along curves (see e.g. [56]), and possibly at var-
ious Yukawa points as well [57]. Restricting our attention to a purely field theory problem
decoupled from gravity, we note that compactification of a 6D hypermultiplet on a genus
g curve ¥ yields, in the absence of any fluxes, h° (K;/ 2) = g 4D N =1 chiral multiplets in
the bifundamental representation (56,2), and hl(K;/Q) = hO(Ké/Q) =g 4D N =1 chiral
multiplets in the conjugate representation. From this perspective, it is natural to expect
there to be many ways to generate 4D vacua with a large number of exotic bifundamentals.

4 Engineering the (27,3) of eg X sug

As a second example, we construct an F-theory model that has bifundamental matter under
¢ X suz. For that, we again rely on heterotic/F-theory duality to have a reference model.
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Indeed, there is a heterotic Zs-orbifold which contains the desired gauge symmetry and
matter. Labeled as model ITId in [24], the gauge algebra is eg X sug x e7 x u(1), with the

following spectrum:?

(27,3,1)0® (27,1,1)P ® (1,3, )% @ (1, 3,1)%18
3 3 3 (4.1)

@ (1,1,56)1 ®(1,1,1); © (1,1,1)F2.

3
Cancelling the resulting gauge anomalies in F-theory requires the self- and mutual intersec-
tion number of both the e¢g and sug divisors to be 6, as well as the self-intersection number
of the ey divisor to be —6. Thus, the natural choice for the F-theory base is Fg, with e7 on
the unique —6-curve {v} and the eg and suz divisors on +6-curves {u} and {o = u + ps},
respectively, with pg a homogeneous degree six polynomial on the Plloase of Fg.

Following the extensive discussion in the 7%/Zy case, we will use the two criteria
developed in section 3.4, namely the correct order of tangential intersections and the en-
hancement of the tensor branch theory, to construct the F-theory dual of the Zs-orbifold.
However, due to the global nature of u(1)’s in F-theory, our local criteria cannot fully de-
termine the necessary tuning. Physically, the missing tuning conditions are reflected in a
miscount of the singlets, which can be especially delicate in an interplay with a u(1).

In order to have a good starting point, we begin with a model over Fg having eg X sug X eg
constructed via Tate’s algorithm, as detailed in appendix A. Here, the second eg is the
non-higgsable algebra on the —6 curve {v}. In order to enhance to e7, as required for the
heterotic orbifold, we simply set the parameter gg = 0. The resulting model

f=[fou®+ (2 faps — 3¢5+ cace)uv + pe (f2ps — c2c6) v2] u?v?,

g= [(2@06+a2p6—12fgc§) u?
+ (3a®pg +24¢5 (3 — faps) + ¢ (c6 + 123 + 6 apg)) uv
+ (3a%pg+2c6 (665 +cg) + 6ps (acg — 2 foc3)) psuv® (4.2)
2 2.3 ut v
+p5 (¢6 + pe @)* v’ 5
L 3

A:Eu U9(U+p60)3AreS7

with

4
Ares =4 faut + () wPv+ () w0+ () ue® + 3P (a]fg + ) vt (4.3)

=4f3ot+ (. )Bv+ ()% + () ovP 4 ps 3 Qg vt

where 0 = u + pgv and @15 a degree 18 polynomial.

The six non-minimal points at v = pg = 0 with vanishing orders (f, g, A) ~ (4,6,12)
are a result of the transverse intersections between the eg, the suz and the residual dis-
criminant components. They are resolved by a blow-up at each point with one exceptional
curve, over which the elliptic fiber turns out to be smooth. Thus these blow-ups do not
introduce additional gauge algebras. They do however separate {u} and {o} completely

3Note that the u(1) charge here is normalized such that the only charged singlet has charge 1. Compared
o [24], this amounts to dividing the charge there by 2.

~ 18 —



and lower the self-intersection number of the e¢g and sus divisor both to 0. The gauge
anomaly is then cancelled by the six 27’s at u = apg+cg = 0 and 18 x 3’'s at 0 = @15 = 0.
Furthermore, the e¢7; gauge anomaly is cancelled by the two %56’5 at v = fo = 0. Finally,
the gravitational anomaly requires 17 uncharged singlets, in agreement with the 21 free
parameters in fo, c2, cg, pg, @ modulo the four reparametrization degrees of freedom of the
base Fg. In order to obtain the F-theory geometry dual to the heterotic orbifold, we have
to specialize these parameters further.

The first step towards the perturbative heterotic spectrum (4.1) should now be to
ensure the correct tangential intersection between the ¢g divisor and the other discrimi-
nant components.

4.1 Tangency of intersection and the need for a Type IV fiber

Similar to the case of ey, fundamental matter of eg generically appears at a tangential in-
tersection of the ¢g locus with another discriminant component. While for e7, the necessary
order of tangency was three, it is four for e¢g (as can be seen from a generic Weierstrass
model with Es). However, for the I3 locus on {u + pg v}, there is no possible factorization
of pg such that one has an order four tangency at all points of intersection with {u}.

To resolve this issue, we propose that the sug should be realized with a type IV fiber.
First, the above naive picture applies to a single 7-brane hitting the eg, such that the
fundamental states can be thought of as massless strings ending on the eg branes and the
single 7-brane. Locally, in the I3 version of sus, the ¢g sees three mutually local 7-branes
which happen to pass through the same point. From the eg perspective, each of these
branes would have to therefore meet at an order four tangency, which is impossible in
the given setup. However, the type IV version of sug is realized on four branes which are
mutually non-local. Thus, there is the possibility of multi-pronged strings that end on two
of the four branes while still constituting a single state from the eg perspective. Indeed, if
one looks at a generic model with type IV sug on {w},

f=wrf, g=w?§, A=uw'(dfPw?+275Y, (4.4)
N———

A

one can see that the codimension two enhancement loci {w} N {A} = {w = § = 0}, which
is known to host three hypermultiplets of triplets at each point, locally looks like two of
the four branes on {w} meeting the residual I; locus {A} at quadratic order.

On the Fg base, such a non-transversal meeting is indeed possible between ¢g and type
IV sug, both on +6-curves: one simply has to set the sug locus to be {u + p% v}, which
meets the eg locus on {u} tangentially with order two. In the above model (4.2), setting
c2 = 0 enhances the singularity type over the sus locus to type IV, which then is guaranteed
to intersect the e¢g at quadratic order with pg = p%. The Weierstrass model now takes the

form
= Ffu® o’ (utpio)®,
g= %u4v5 (u+ p3v)? (o (ap? +2c6) u+ (cg + ap3)®v), (4.5)
A= %ugvg (u+p3o)?t (645 u(u+p3v)®+3v(a(apd+2c)u+ (cs+aps)v)?) .
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Similar to the e7 x sus case, the tangency argument alone is not sufficient to obtain the
correct orbifold dual model. Again, we can convince ourselves that despite the tuning pg =
p3, the non-minimal points at p3 = u = 0, now with vanishing orders (f, g, A) ~ (5,6, 12),
are still resolved with six blow-ups (two at each point), with no additional gauge algebras
or matter accompanying them (the intersection structure of these blow-ups do change).
In fact, counting the singlets naively one finds that there are three singlets missing to
cancel the gravitational anomaly. However, this is no surprise as we have set co = 0 to
obtain the type IV fiber, which does not change the charged spectrum on the tensor branch
compared to the model with I3 (4.2). Therefore, the three parameters of ¢ still correspond
to massless singlets present in the tensor branch theory.

4.2 Enhancing the strongly coupled sector

The next step of the tuning is now to enhance the gauge sector on the tensor branch,
which becomes strongly coupled when we blow-down the exceptional curves. To do that,
we again collapse all codimension two enhancement loci on the ¢g and suz divisors on top
of each other. A quick look at (4.5) reveals that the eg intersects the residual discriminant
at cg + « p% = u = 0, while the suz divisor meets it at u + p%v = 0 = ¢g. To collapse
both loci onto u = p3 = 0, we therefore have to tune c¢g = pg. With some slight cosmetic

4

redefinitions,* our F-theory geometry is now given by

f=foudv® (u+pjov)?,

2
p
g= £u4v5 (u+p3v)% (pu+ N piv), (4.6)
1
A= Eugvg (u+p3o)?t (64 f3u(u+piv)?+3pjv(pu+ N piv)?) .

Let us verify that this tuning indeed enhances the strongly coupled sector by blowing
up the only non-minimal points at u = p3 = 0, which now have vanishing orders (f, g, A) ~
(5,9,15). The result of this process is a tree of five rigid curves for each point, cf. figure 3.
Inside there is a chain of (—2)(—3)(—2) curves carrying singular fibers corresponding to
the gauge algebras suo — 507 — suy. Anomaly cancellation forces the matter content to be
$(2,8,1) & 3(1,8,2). The blow-ups lower the self-intersection numbers of the eg divisor
to —6 and of the sus divisor to —3, so they are non-higgsable, i.e., have no matter [53].
These blow-ups did not touch the ey loci, whose 2 x %56 are localized at {v = fo = 0}.
Finally, there are nine free parameters in fo, p3, A, u, which after subtracting the four
reparametrization degrees of freedom yield five uncharged singlets. The complete spectrum
is therefore:

Hy, =5,
1 1
Hharged = # | 3 X 5((2,8, 1)®(2,8,1)) +2x 556 =104,

V =133+ 7848+ 3(3+ 21 +3) = 300,
T=1+3-5=16,
— 273 = Huparged + H1, — V + 29T .

Define a = A — /A2 — pand B = /2 — L.

—90 —



— —_— 6%%
€3 €9
€4 63;>\\§%§><i<\
o
u U o

u g u €1 g u €1 o
€2
€1 €1

SUo

S5 €

Figure 3. Blowing-up the base at the three points u = ps = 0 where the eg divisor {u} and the sus
divisor {o = u + p3 v} intersect. It requires five P1’s {¢;} to resolve all non-minimal points (black
dots). After the blow-ups the curve {u} has self-intersection —6, and {c} has —3. The sequence of
curves €1 — €5 — €3 has self-intersections (—2, —3, —2) and have the gauge algebras siy — s07 — sus.
At the two intersection points we have %(8, 2), where 8 is the spinor representation of sor.

It is reassuring to see that the singlets are counted correctly by our free parameters, as
indicated by the cancellation of the gravitational anomaly.

We can analyze further aspects of the strongly coupled sector by decompactifying the
curves supporting the e¢g and sus gauge groups. Doing so, we are left with the tensor branch
of a 6D SCFT (actually three copies) with tensor branch description (with notation as in
references [31, 32, 47)):

Su  S07  Su2

[E6]7 17 2 b % b 2 (4.8)
[SOo]
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Namely at the SCFT point, there is an emergent SO(9) flavor symmetry. Indeed, the
—1 curve theory supports an E-string theory, and we can gauge the so; factor of the
507 X §09 C eg subalgebra. The sus gauge symmetry of the compact model is obtained by
gauging a subalgebra of this SO(9) flavor symmetry.

Cross check — Dual heterotic K3 as Zg-orbifold. At this point, it is worth compar-
ing the above tuning, motivated solely from an F-theory perspective, with the heterotic K3
in the dual orbifold model. For the case at hand, the elliptic fibration of the K3 has to have
three IV* fibers to be compatible with the T%/Z3 orbifold (see e.g. [58]). This means that
the Weierstrass functions have to be of the form (fks, gks) = (0,¢3), where the position
of the singular fibers are the roots of some degree three polynomial ¢3. Furthermore, the
heterotic dual of an F-theory model over Fg has 18 mobile instantons, which again have to
be localized at the orbifold fixed points, i.e., inside the IV* fibers.

Naively, these conditions seems to be incompatible with (4.5): identifying fks as the
coefficient of u*v? in f would then require setting 2 f2p§ to 0. However, by setting either of
the two functions to zero would enhance the singularity type over either {v} or {u}, none
of which would yield the spectrum of the heterotic orbifold.

On the other hand, the curve {u} is not special on the Fg base of F-theory. Unlike the
—6-curve {v}, +6-curves come in a family {s = u+ g v = 0} for any gs. Therefore, there is
no obvious reason why one cannot identify the gluing K3 along any of these +6-curves {s}.
In fact, one might view this shift by ¢g as a consequence of the non-trivial shift inside both
Eg’s on the heterotic orbifold side. So we write the F-theory Weierstrass functions (4.5)
as polynomials f = >, fi skodk g =35 9a, sk 487k Then, the heterotic K3 is the
Weierstrass model with

fxs = fa=f2(2p3 —5qe) - (4.9)

The necessary condition fks = 0 can now be solve with ¢s = 2/5 pg. It is reassuring to see
that the resulting gks as well as the polynomial gig encoding the location of the 18 mobile
instantons are compatible with the orbifold:

5A2 —4p
JK3 E9/12 = (60)]9§7
: (4.10)
;o 10T+ 11p ¢
918 = 300 3

i.e., the heterotic K3 has three IV* fibers at p3 = 0, at which the 18 instantons are localized.

4.3 Engineering the u(1) and singlet counting

The only part of the gauge group that is still missing is the u(1) factor. To engineer it,
the F-theory fibration has to have a non-trivial Mordell-Weil group, i.e., another rational
section in addition to the zero section. With the tuned model (4.6), this turns out to be
fairly easy. By inspection of g, we see that it is almost a perfect square up to the factor

- 29 —



v (pu + A% p3v). However, this can be easily changed by setting u = 0, yielding

f=fou’v® (u+p5v)?,

)\2

g="1ppsu' v’ (utpiv)?, (4.11)
1

A:Eugvg(u—l—pgv)4 (64 5 u (u+p3v)* + 311 p§o?) .

Then, the Weierstrass equation
2_ .3
y =z"+fz+g (4.12)

has a rational solution at (z,y) = (0,,/9) = (0, Ap3 u?v® (u + p3 v)/v/12), which is clearly
not the zero-section at infinity.

Setting p© = 0 makes the singularity over the locus v = fo = 0 non-minimal. The
blow-up introduces two tensors and no additional gauge group. They do, however, change
the self-intersection of the e7 divisor to —8, which does not allow for any e; matter. The
change in the gravitational anomaly can also be computed:

§H — 6V +290T = (=56 —1) —1+2-29 =0. (4.13)

Unfortunately, this tuning is not enough to produce the heterotic dual, as reflected by
the mismatch in the number of uncharged singlets: by losing only one singlet compared
to (4.6), we still have four uncharged singlets, which exceeds the counting in the heterotic
spectrum (4.1) by two.

To resolve this paradox, we need to pay more attention to the Higgs branch of the
heterotic model. Given the heterotic spectrum (4.1) with gauge algebra eg X sug x e7 x u(1),
one cannot higgs the u(1) in a D-flat manner with just one charged singlet. Consequently,
any higgsing that breaks the u(1) must proceed via vevs of the other matter multiplets,
which necessarily also break parts of the non-abelian gauge group. Conversely, this means
that an honest complex structure tuning that corresponds to a chain of unhiggsing should
have implemented the u(1) before the appearance of all the non-abelian gauge factors.

One starting point could be a model with eg X ¢7 gauge symmetry only, given by the
Weierstrass model

f=uv*f, g=u*v"g, with

f=fou’+ fsuv+ fiar?,

J=gsu’ + grau’ v+ grsuv® + 755 0°
— A=u0? (4u 3+ 270 vy Fuv(..))),

(4.14)

which certainly lies in the Higgs branch of the heterotic model (one can break the sus xu(1)
with the charged triplets only). This geometry was also be taken as the starting point of
our tuning process, that led us to the above ¢g x su3 x ez model (4.6) (see appendix A). Thus
one might hope that by first implementing the additional rational section, one could still
incorporate the above tuning to yield the desired sus part. Unfortunately, despite the many
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recent advances in the study of u(1)’s in F-theory,” it is technically still very challenging
to come up with a model that not only includes the u(1), but also has no redundancies
such that we can correctly count the uncharged singlets by the free parameters in the
Weierstrass model.”

However, there is one key feature of the u(1) which is easy to implement and sufficient
to identify one necessary complex structure tuning. Starting from (4.14) and enhancing
the gauge group to eg X e7 X u(1), the two %56 hypermultiplets have to merge into a single
hypermultiplet charged under the u(1). Since such a spectrum is perfectly compatible
with minimal Kodaira fiber types, standard F-theory dictates that a necessary geometric
condition for the existence of such a u(1) is the factorization fo — fZ, which combines the
two loci of the %5678 in the eg x e model (4.14). Since none of the subsequent tunings to
obtain the type IV sug affect fo, the factorization should also persist in the result (4.11).

The factorization of fo — f? reduces the number of free parameters in (4.11) by
one. Another one can be removed by noticing that the parameter A can be absorbed by
a rescaling of (u,v) — A~Y%(u,v) and a redefinition of f; — f1 A*3. With that, the
resulting fibration

f= i’ o’ (ut+pio)?,

1

9= ppsutv’ (utpiv)?, (4.15)
1

A= Eugvg(u+pgv)4 (64 7 u (u+p3v)* + 3p§0?) |

now has the right number of singlets. Therefore, F-theory compactified on (4.15) should
be dual to the heterotic Zs-orbifold with the spectrum (4.1). Just like in the e; X suy
case, the single (27,3) hypermultiplet is spread across three points on the base. Hence,
their appearance cannot be just a local phenomenon and should be further investigated in
future work.

As a final consistency check, let us comment on the global structure of the gauge group
of this model. From the spectrum (4.1), we see that the u(1) charges of the matter states
are tied to their non-abelian representations in a particular way:

e The u(1) is normalized such that the singlet has charge 1.
e Fundamentals under ey have half-integer charges.

e Fundamentals under ¢g and sus have charges in multiples of 1; in the case of triplets,
the charges are % mod Z.

e The bifundamental (27,3) has integer charge.

®Starting with [59] and subsequently [60-62] there have been many recent developments. For a more
complete set of references, see the review article [63].

SFor example, while the so-called Morrison-Park model [60] guarantees a section by embedding the fiber
into an BliP112 ambient space, the resulting Weierstrass model has some redundancies in terms of the
coefficients of the BliPi12-hypersurface, which have to be identified for a correct counting of uncharged
singlets.
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The associated gauge group thus has to be

Eg x SU(3) x Er x U(1)  Eg x SU(3) x E7r x U(1)
ZG B Z3 X ZQ .

(4.16)

In F-theory, such non-trivial global gauge group structures are realized whenever the zero
section and independent section intersect the codimension one fibers over the gauge divisor
at different components in the resolved geometry [11].” For the three gauge algebras at
hand, there is (up to automorphisms of the respective Dynkin diagrams) only one possi-
bility, which all shrink in the singular limit. Thus, the independent section has to pass
through the singular point over the gauge divisors. Since in the model (4.15), both f and
g vanish over these codimension one loci ({u}, {v}, {u + p3v®}), the singular point of the
elliptic fiber sits and x = y = 0, which is indeed intersected by the section (z,y) = (0, \/9).
Therefore, we see that our tuned F-theory geometry also accommodates the global gauge

group structure of the heterotic orbifold.

4.4 Adding more bifundamentals

Much as in the case of the e7 X sus model, we ask whether it is possible to engineer eg X sug
gauge theories with more than one “exotic” bifundamental. Locally, at least, there seems to
be little issue with this procedure, provided we relax the constraints on the self-intersection
numbers of our curves. For example, we can simply add more zeroes to produce additional
delocalized bifundamentals.

Focussing on the purely gauge theoretic aspects of 6D anomaly cancellation, the rele-
vant constraints are (see e.g. [51, 55]):

(Deg - Deg +6) = Nia7.1) + 3 X Ngr3)
(6Dgy(3) - Dou(zy +18) = N1,3) + 27 x N2z 3) (4.17)
Deg - Dgy3) = 6 X N(27,3).-
where here, Dy denotes the divisor class of a curve wrapped by a seven-brane with gauge
algebra g, and the N’s indicate the multiplicity of various representations.
Increasing the number of bifundamentals necessarily raises the self-intersection num-

ber relative to the case of a single bifundamental. As an example with more than one
bifundamental which satisfies these conditions, we can take:

Nars) =2, N@r1)=0, Nasz) =0,
De, - Deg =0, Dy + D3y = 6, Dey - D3y = 12. (4.18)

It seems plausible that this could arise in a compact geometry, but again, we defer a full
analysis to future work.

"In this reference, the derivation of the global gauge group structure assumes a smooth global geometry,
which we have not provided here. Given the presence of the non-minimal point, a Calabi-Yau resolution of
the tuned Weierstrass model without blow-ups in the base will most likely include non-flat fibers. However,
we expect the statement of [11] to still hold, since the global group structure only depends on the interplay
between the rational sections and codimension one fibers, which in our model are still of Kodaira-Tate form.
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T-Brane T-Brane
e7 X sus + (56, 2) e X suz + (27,3)
(d(56,2)) # 0 (O(27,3)) # 0
508 X (SUg)diag + (1,5) sug X suz + (1,10) + (1,6)
. (P1,8) # 0
(a5 #0 e

(#1,10)) # 0

s0g X Qg sug X Ay

Figure 4. Depiction of breaking patterns associated with vevs for exotic bifundamentals. Here, we
assume that the continuous symmetries are flavor symmetries so that no D-term constraints need
to be satisfied. The final stage of the breaking patterns leads to a finite order non-abelian group.
Here, Qg denotes the order eight quaternion group and A, the alternating group on four letters. In
the case of the breaking pattern for eg X su3 to sus x Ay, this also requires a vev for a scalar in the
(1, 6) of sug x suz, which descends from the (27,1) of ¢g X sus.

Much as in the case of e7 X sus exotic bifundamentals, we can compactify our 6D
hypermultiplet on a genus g curve, and in so doing, produce g 4D N = 1 chiral multiplets
in the (27,3) representation of e¢g X sus, and ¢ in the conjugate representation. Again,
this discussion neglects subtleties having to do with embedding the matter curves in a
Calabi-Yau fourfold geometry, or the presence of ambient fluxes.

5 Breaking patterns

In the previous sections, we focused on the geometric realization of exotic bifundamental
matter field. From this starting point, a number of additional exotic structures can be
realized in F-theory. The main idea is that by activating background vevs for bifundamental
matter fields, we can reach unbroken symmetries with both high dimension representations
of lower rank symmetry groups, as well as finite non-abelian discrete symmetries. This
follows the general strategy advocated in reference [21] to get non-abelian finite groups
from breaking patterns of a continuous symmetry group. See figure 4 for a depiction of
the breaking patterns associated with the exotic bifundamentals (56, 2) of e7 X su and the
(27, 3) of ¢g X SuUs3.

Now, in the specific geometries we have constructed, we have a single bifundamental
hypermutiplet between two gauge groups factors. Activating a vev in this case is obstructed
because of the D-term constraints from the two gauge algebras. The reason comes down to
the fact that to actually Higgs a suy x g gauge theory with matter fields in the fundamental
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representation, we need at least two hypermultiplets (see e.g [53]).8 Of course, we can take
a decompactification limit where all gauge group factors turn into flavor symmetry factors.
In this limit (which is also decoupled from gravity), there are no D-term constraints to
satisfy, and we can reduce our problem to a purely group theoretic exercise. If we insist on
a model where all symmetries are gauged, we can also contemplate models with more than
one exotic bifundamental. As we have indicated in previous sections, there appears to be
no a priori obstruction to realizing 6D vacua with this feature, and even fewer constraints
for 4D vacua.

With this in mind, our aim here will be to explore the breaking patterns generated by
giving a vev to an exotic bifundamental. For ease of exposition, we focus on the special
case where the pair of gauge algebras are decoupled, namely we treat them as global
symmetries. Note that since the exotic bifundamentals are delocalized across multiple
points of the geometry, we must also keep all such singular points localized in a single
patch of the geometry.

Of course, we can also weakly gauge these flavor symmetries (and introduce a corre-
sponding tensor multiplet to cancel gauge anomalies) and obtain similar breaking patterns
in models where there is more than one exotic bifundamental. As we have already re-
marked, the explicit geometric realization of these cases is likely to be more involved,
though a priori, there does not appear to be any bottom up obstruction to realizing such
a model.

Our plan in the rest of this section will be to study the resulting breaking patterns
from the (56,2) of e7 x suy and the (27,3) of eg X sus.

5.1 The (56,2) of e7 X sug

As a first example, consider the breaking pattern generated by a single (56, 2) of e7 x sus.
Returning to our discussion in appendix B.1, we observe that there is a singlet in the
decomposition to the subalgera sog X (su2)qiag:

e7 X Sly D §0g X (5U2)diag

(56,2) — (84,3) + (84,3) + (8., 3)
+ (84,1) + (85,1) + (8, 1)
+(1,5) + (1,3)% + (1,1)92,

Note also that the coset space ¢7 x su3/508 X ($u2)diag has dimension 105, the same as the
Goldstone modes:

Goldstone Modes : (8,,3) + (85,3) + (8.,3)
+(8,,1) + (85,1) + (8., 1) + (1,3)%.

8To see why this is so, it is enough to consider the super-Higgs mechanism for suy gauge theory. Suppose
we have a theory of M hypermultiplets in the fundamental representation. Writing the collection of scalars as
pairs of complex scalars ¢gr and g7 for I = 1,..., M such that each doublet (qr, q~}L) rotates as a doublet under
SU(2) R-symmetry, a breaking pattern of suxy requires us to give a vev to two hypermultipets. Moreover, as
can be seen from the way the Goldstone bosons are eaten, we need one set of complex scalars transforming
in the fundamental representation, and one set of complex scalars in the conjugate representation to get a
vev. This is problematic when we have a single bifundamental, since then, only ¢ or ¢ can be eaten.
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Nevertheless, as we have already remarked, the D-flatness conditions cannot be satisfied
with a single exotic bifundamental. Taking this into acount, we see that the leftover
modes not parameterizing the coset includes the (1,5) of sog X su(2)qiag. This is a high-
dimensional representation, and as we have remarked, it has proven difficult to engineer
string compactifications with this representation, though as far as we are aware there is no
“no-go” theorem forbidding the appearance of these representations (see, however, [12]).
Indeed, the present discussion suggests that it ought to be possible to find models with more
than one exotic bifundamental, and thus higgs further to such an exotic representation.

This also provides a way for us to generate a high order non-abelian discrete group.
To see why, we note that a vev for the 5 of (su2)qiag leaves unbroken the order eight group
known as Qs, the quaternion group [48].”

5.2 The (27, 3) of eg X SuUg

As another example, consider the breaking pattern generated by a single (27, 3) of ¢ x sus.
Returning to our discussion in appendix B.2, we observe that there is a singlet in the
decomposition to the subalgebra (su3)(3) X (5U3)diag:

g X sU3 D (Eu;g)(g) X (Eug)diag
(27,3) — (1,8)%% + (1,1) + (1,10) + (3,8) +(3,1) + (3,8) + (3,1).

Note also that the coset space eg x suz/(su3)(3) X (5U3)diag has dimension 70, the same as
the Goldstone modes:

Goldstone Modes: (1,8)%% +(3,8) + (3,1) + (3,8) + (3,1),

which leaves us with a matter field in the 10 of sus. This is the three-index symmetric
representation of sus, and has been viewed as difficult to engineer in F-theory [12]. Here,
we see that if there really is an issue, it cannot be ascribed to local geometric conditions but
must instead have to do with subtle global questions about compact Calabi-Yau threefolds.
Giving a further vev to this uneaten mode results in a continuous group [49], but in
tandem with a vev for matter in the 6 of sug, all continuous symmetries are broken. Note
that the decomposition of the fundamental of eg contains such a representation:
eg X Suz D (sU3)(3) X (5U3)diag
(27,1) — (1,6) +(1,3) + (3,3) + (3,3)

The combination of a vev in the 10 and 6 of sus breaks the continuous group to A4 the
alternating group on four letters [49]. Note that we typically have many matter fields in
the (27,1). From this perspective, the primary challenge in realizing compact models will,
as stated before, be to obtain models with more than one exotic bifundamental.

9Recall that Qg is the group with relations <E7 i 7, k\Ez =eil=52=k =ijk= E>7 with e the identity.
This group has order eight.
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6 Conclusions

F-theory is a remarkably flexible framework for realizing a broad class of low energy ef-
fective field theories via string compactification. From this perspective, it is important
to understand the list of possible exotic phenomena involving singular limits of moduli in
such backgrounds. Such singular limits can lead to novel structures in low energy effec-
tive field theory, including high dimension representations for matter multiplets, as well as
non-abelian discrete symmetries. In this paper we have taken some preliminary steps in
developing a systematic framework for the construction of “exotic” bifundamental matter,
as well as the subsequent symmetry breaking patterns generated by such matter fields.
From a geometric perspective, the main idea in our approach is to allow the appearance of
singular elliptically fibered Calabi-Yau threefolds in which the multiplicity of vanishing at
a collision of two components of the discriminant locus is at least a (4, 6,12) point. When
this collision has a sufficiently high order of tangency, there are additional directions in the
Higgs branch of moduli space, and it is possible to activate a T-brane deformation, moving
away from the SCFT point, and instead to a weakly coupled gauge theory. This new point
in moduli space is described by the same singular Calabi-Yau geometry, but is non-singular
in the physics description. We have illustrated these general considerations in the special
case of bifundamental matter for e; x sus and e¢g X sug, matching them to explicit dual
heterotic orbifold models. Additionally, further higgsing of these theories leads to matter
in “exotic” high dimension representations of suy and susg. In the remainder of this section
we discuss some avenues of further investigation.

One of the items left open by our analysis is a general criterion for the order of tan-
gency needed in order to activate a T-brane deformation to a weakly coupled gauge theory.
Rather, we have used a combination of top down and bottom up considerations to provide
plausible candidates for such a match. In particular, we have often relied on some global
features of heterotic/F-theory duality, even though the appearance of exotic bifundamental
matter appears to be an issue which is localized in the geometry of an F-theory compacti-
fication. Developing a concise description of general necessary and sufficient conditions to
realize such exotic bifundamental matter would seem a worthwhile undertaking. Specif-
ically, the feature that the bifundamental hypermultiplet is spread across several points
deserves further investigation. A better understanding of this phenomenon could provide
us with methods to construct duals of other orbifolds with interesting matter (e.g., Zs-
orbifolds with the three-index antisymmetric (84) of sug), and to extend our analysis to
F-theory vacua which do not have heterotic duals.

We have also presented evidence that we can engineer discrete non-abelian symmetries
in F-theory by performing an appropriate higgsing with such exotic bifundamental matter.
We have deferred an explicit construction of models with more than one hypermultiplet
in a bifundamental representation, but as we have already remarked, there does not ap-
pear to be any issue with engineering such examples from the perspective of bottom up
considerations. Further, a geometric characterization of non-abelian discrete symmetries
in F-theory remains an important open problem to understand better.

Along these lines, it would be interesting to better understand in systematic terms the
class of discrete symmetries which can actually be realized in string compactification. The
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present method using exotic bifundamental matter provides some examples, but it would be
interesting to further analyze whether there are sharp upper bounds on the order, structure
and representations of such delicate objects.

Another important direction to explore further is the behavior of such exotic bifun-
damental matter upon compactification to four dimensions. One of the standard tools for
understanding chiral matter spectra in particular involves coupling hypermultiplets local-
ized on matter curves to various gauge field and bulk fluxes. Due to the way these matter
fields are engineered in F-theory, it would be interesting to examine the conditions necessary
to realize a chiral matter spectrum for them. Turning the discussion around, this may also
provide insight into non-perturbative corrections to heterotic orbifold compactifications.
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A Tate model with eg X sus

In this appendix, we present the generic Tate model of an elliptic fibration over B = Fg,
whose codimension one singularities correspond to an eg X su3 X ¢g gauge algebra in F-theory.
To begin with, any Weierstrass model over Fg has a non-higgsable eg on the —6-curve {v}
due to the factorization

f=v*Ff, g=v'g, (A.1)

where [f] = 5[u] + 2[s] = 5[v] + 32[s] and [j] = 8[u] = 8[v] + 48[s]. Let o = 0 denote the
locus of the sus, with [o] = [u] a +6-curve. Expanding

f=fa®+ fasvio+ favda 4+ f,

_ (A.2)
=g+ gv o+ g0+ 03¢,

the generic way to obtain a split I3 fiber over ¢ = 0 is to set

¢Ts — 12 foo &%

fa2=—3¢8, qus =205, gio=—d18bs, fos=P1sds, 936 = 12

(A.3)

Next, we want to tune a split type IV fiber on another +6-curve. Follow the e7 X suy
example, we label this curve by u = 0, and the su3 curve by ¢ = u + pgv = 0 for a generic
degree 6 polynomial pg. For that, we have to tune the remaining coefficients in (A.2)
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such that f ~ 43 and § ~ u*. By degree counting, the general expansion for the primed
functions are

= fou? + fauv+ frav?,

(A.4)
g = gou5 +96U4U+912u302 +918U2'U3 +924UU4+930115

Inserting this into (A.2), together with o = u+ pg v, we can again solve the vanishing order
conditions using standard UFD methods.

The tricky part is implementing the split condition for eg. Explicitly, this requires the
following function to be a square:

(§/u*)lu=0 = 12 g6 ps + 12 f2 ¢ ps + ¢ - (A.5)

The most general way to do it is by setting

96 o?ps —12 frc3 +2acs) , (A.6)

:ﬁ(

where « is an arbitrary complex number. The final result of the tuning process is

f=[f2u®+ (2 faps — 3¢5+ cace) uv +p (f2ps — cace) v?] uPv?,
g= [1290u4—|—(3690p6+2ac6+a2p6—12f20§)u31}
+ (3(12 g0 + ) pg + 243 (c3 — faps) + 6 (c6 + 1265 + 6 apg)) u? v?
+ ((12g0 +3a®) pg + 2c6 (63 + c6) + 6ps (vcg — 2 foc3)) peuv® (A7)

4 .4
u-v
+p§ (c6 + pe ) v?] o

A =u808 (u+ pg v)3 Ares ,
with

pe (ps + co)* o5
144 (A.8)
=272 "+ () st ()3 + ()52 (L) sot 4 pecd Qug v

Aves =27 g2 0’ + (. ) uto + () wdo? + () w0 + (L) un? +

After blowing up the non-minimal points at © = pg = 0 and thus introducing six
tensors, both the ¢g and sug divisors have self-intersection 0. Consistent with anomalies,
the intersections with the residual discriminant result in six points of e¢7; enhancement for
u = 0 with 27 matter of eg, and 18 points of I; enhancement for o = 0 with 3 matter of
sug. The free parameters of the Weierstrass model (A.7) are contained in fa, c2, g, ps, 90, @,
which after subtracting 3 + 1 reparametrization degree of freedoms yield 18 uncharged
hypers. Omne can verify this counting by checking the gravitational anomaly, which is
indeed canceled:

H=6x27T+18x 3+ 18 = 234,
V =2x78+8=164,
T=1

— 273=H -V +297T.

(A.9)
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B Branching rules for bifundamental multiplets

In this appendix we review some aspects of branching rules for representations of e7 X st
and eg x su3. This is used in the main body of the text to study the appearance of higher
dimension representations of sus and sug. All of this material is standard, and can be
extracted for example from [64] as well as computer packages such as LieART [65].

B.1 ey X sus

To begin, we observe the following branching rules for representations of ¢7 to some subal-
gebras. We begin with the decomposition to s012 X sus.

¢7 D §5012 X SUy (B.l)
56 — (12,2) + (32,1) (B.2)
133 — (66,1) + (32,2) + (1,3). (B.3)

It is also helpful to consider the decomposition of s012 to the subalgebra sog x sug X suo:

5012 D 508 X SUy X Slg (B.4)
12 — (8,,1,1) + (1,2,2) (B.5)
32 = (8,,2,1) + (8,,1,2) (B.6)
66 — (28,1,1) + (8,,2,2) + (1,3,1) + (1,1,3), (B.7)

where in the above, 8;, 8. denote the two spinor representations of sog.
Putting this together, we now consider the decompositions of e7 X sus to the subalgebra
(s0g X (su2)”) X sug, in the obvious notation:

e7 X 1y D 608 X (sU3)° X sy (B.8)
(56,2) — (8,,1,1,2,2) +(1,2,2,2,2) + (8,,2,1,1,2) + (8,,1,2,1,2) (B.9)
(56,1) — (8,,1,1,2,1)+ (1,2,2,2,1) + (8,,2,1,1,1) + (8.,1,2,1,1) (B.10)
(133,1) — (28,1,1,1,1) (B.11)
+(8,,2,2,1,1) + (8,,2,1,2,1) + (8.,1,2,2,1) (B.12)
+(1,3,1,1,1) +(1,1,3,1,1) + (1,1,1,3,1) (B.13)

(1,2) —»(1,1,1,1,2) (B.14)
(1,3) — (1,1,1,1,3). (B.15)

As per our discussion of breaking patterns in section 5, we seek out the branching rules
to the diagonal subalgebra sos X (su2) g,

e7 X Slo D 508 X (sug)diag (B.16)
(56,2) — (8,,3) + (85,3) + (8, 3) (B.17)
+ (84,1) + (84, 1) + (8, 1) (B.18)
+(1,5) 4 (1,3)3 + (1,1)%2 (B.19)
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(56,1) — (8,,2) + (85,2) + (8.,2) + (1,4) + (1,2)*2 (B.20)
(133,1) — (28,1) (B.21)
+ (84,3) + (85, 3) + (8., 3) (B.22)

+ (84,1) + (85,1) + (8, 1) (B.23)

+(1,3) + (1,3) +(1,3) (B.24)

,2) — (1,2) (B.25)

,3) = (1,3). (B.26)

B.2 ¢ X sug

Consider now the decompositions of representations for eg x sus. To begin, we observe the
following branching rules for representations of ¢g to some subalgebras:

eg D SU3 X SU3 X SlU3 (B.27)
27— (3,3,1) +(3,1,3) + (1,3,3) (B.28)
78 — (3,3,3) +(3,3,3) +(8,1,1) + (1,8,1) + (1,1, 8). (B.29)

The decomposition of the various representations of eg x sug to (su3)® x sug is then:

¢g X SU3 D (5u3)3 X SU3 (B.30)
(27,3) — (3,3,1,3) +(3,1,3,3) + (1,3,3,3) (B.31)
(27,1) — (3,3,1,1) + (3 1,3,1)+(1,3,3 (B.32)
(78,1) — (3,3,3,1)+(3,3,3,1) +(8,1,1,1) + (1,8,1,1) + (1,1,8,1) (B.33)

(1,3) — (1,1,1,3) (B.34)
(1,8) — (1,1,1,8). (B.35)

We now single out the third (5u3)(3) factor, and take the diagonal subalgebra of the first,
second and fourth factors. The various representations then decompose as:

¢ X Uz D (U3) 3) X (SU3) gipg (B.36)
(27.3) — (1,8)%2 4 (1,1) + (1,10) + (3,8) + (3,1) + (3,8) + (3,1) (B.37)
(27,1) — (1,6) + (1,3) + (3,3) + (3,3) (B.38)
(78,1) — (3,8) + (3,1) + (3,8) + (3,1) + (1,8)%%? 4 (8,1) (B.39)

(1,3) = (1,3) (B.40)
(1,8) — (1,8). (B.41)
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