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1 Introduction

In order to compare results of different Dark Matter (DM) direct detection experiments
one needs a theoretical framework in which to interpret the data. Since the typical mo-
mentum exchanges between DM and nuclei are small, gmax S 200 MeV, the interactions are
well described within Effective Field Theory (EFT) without recourse to detailed particle
physics models [1-23]. The interactions are ordered according to the dimensionality of the

operators, giving an effective interaction Lagrangian

X . c\d
Ly = ZC(Sd) oW where C49) = ﬁ . (1.1)
a,d

Here, Céd) are dimensionless Wilson coefficients, A is the NP scale, generically of the order
of the mediator mass, and the sum runs over the operator labels, a, and the mass dimension



of the operators, d. The EFT description is valid as long as the mediators are heavier than
the momenta exchanges, ¢max < A.

The UV theories of DM interactions with the SM generically give a nonzero contribu-
tion to at least one of the operators with d < 7. This set of operators already covers, for
instance, all the different chiral structures one can form out of two DM and two SM fermion
fields. Since the operators with low mass dimensions typically give the dominant contri-
butions to the scattering rates, it suffices for most purposes to truncate the sum in (1.1)
at d = 7. Indeed, the commonly used DM EFTs include operators up to mass dimension
seven [24, 25]. However, the sets used in the literature are not complete — they do not
contain the full basis of independent dimension-seven operators. In the present manuscript
we rectify this situation.

We construct a complete EFT basis for operators up to and including dimension seven,
coupling fermionic and scalar DM to the visible sector. We provide two sets of operators: a
basis valid at low energies, ;1 ~ 2 GeV, as well as a basis in the unbroken electroweak phase,
valid at or above the electroweak scale u = pugpw ~ myz. There are a number of operators at
dimension seven that were not considered before. We show that the complete basis can be
chosen in such a way that these additional operators contain derivatives acting only on the
DM currents. In the case of fermionic DM such operators are likely to be only a subleading
correction to the operators already considered previously. The situation is qualitatively
different for scalar DM. Here, the operators with derivatives acting on DM fields enter
already at mass dimension six and can form the leading contribution (for instance, if DM
is a pseudo-Nambu-Goldstone boson).

The formulation of the EFT at scale p depends on which degrees of freedom are
relevant at that particular scale. As a starting point we formulate in section 2.1 the EFT
for fermionic DM that is valid at u ~ 2 GeV and describes the couplings of DM to the u, d, s
quarks, leptons, gluons, and photons. In section 2.3 we then perform a nonperturbative
matching, at p ~ 2GeV, to an EFT that describes the couplings of DM to nonrelativistic
protons and neutrons. Section 2.2 contains the details about the renormalization group
(RG) running from the electroweak scale down to i ~ 2GeV. In section 3 we provide the
necessary ingredients to relate to the EFT above the electroweak symmetry-breaking scale.
In section 3.1 we first present the complete basis of dimension-seven operators above the
electroweak scale, while in section 3.2 we perform the matching at the electroweak scale
onto the five-flavor EFT by integrating out the Higgs, W, and Z bosons and the top quark.
In section 4 we extend the above formalism to the case of scalar DM. Section 5 contains
our conclusions. Finally, in appendix A we spell out the details on the construction of the
operator bases, while in appendix B we collect the relevant results for the nonrelativistic
reduction of the DM and nucleon fields.

2 Low-scale interactions of fermionic DM

We start by considering Dirac fermion DM, with field y, and write down the complete
basis of dimension-five, dimension-six, and dimension-seven operators at u ~ 2 GeV, for
interactions between DM and quarks, gluons, photons, and leptons, eq. (1.1). When writ-



ing the basis we assume that there is a conserved global dark U(1)p quantum number,
which forbids currents of the form Iy, where x° is the charge-conjugated DM field, and
I" denotes a generic string of Dirac matrices. The obtained basis is valid at all scales below
the electroweak scale, u < My, if matching corrections at the charm- and bottom-quark
thresholds and RG running are taken into account, as detailed in section 2.2. The nonper-
turbative matching onto an EFT coupling DM to nonrelativistic nucleons is presented in
section 2.3. We also comment on the modifications needed when considering Majorana DM.

2.1 Fermionic DM coupling to quarks, gluons and photons

The basis for dimension-five and dimension-six operators coincides with the one in refs. [19
25]. The two dimension-five operators are the magnetic and electric dipole operators,

5 e 5 e _ .
Q( ) = - < X" X) F Q( = 2 (xa" ivsx) Fuw (2.1)
where F* the electromagnetic field-strength tensor, and o = %[’y“,y”]. The four

dimension-six operators are formed from products of vector and axial-vector currents,

Q) = (v x) (Fvuf). Qéﬁ} = (X7 15X) (fruf) (2.2)
) = (") (Frs ) Q) = (x7#75%) (Frursf) - (2.3)

The subscript f runs over the quark and lepton fields with masses my < pu, so that f €
{u,d,s,e, p,7,ve,v,,v7}. (For SM neutrinos only the left-handed combination appears.)
The above basis is easily extended to all scales up to the electroweak breaking scales. For
scales m. < < my, in addition the charm quark is a propagating degree of freedom, so
the operators with f = ¢ need to be included, and for my < p < pgpw also the operators
involving the bottom-quark field, f =b.

At dimension seven, there are four operators involving products of gluon field strength
tensors G,

7 « — v 7 174
0" = T-(x0) GG, Q) = HE(RinX) GGy, (24)
a y Qs , v
0y = T2 () GG, . o) = X (Xins) GG, (25)
where é“ = ;F:WWG There are also six operators involving a scalar or tensor fermion

current. As they naturally arise from operators which, above the electroweak scale, involve
a Higgs field, we include an explicit factor of my and count them as dimension seven (see

section 3):
Qg} =mg(xx) (ff), Qé} m(XivsX) (ff), (2.6)
O = my(xx) (Finsf). O} = my(xinsx) (Finsf). (2.7)
Q) = mp(x0" X) (fouf). QM) = my(xo"ivsx) (Fout). (2.8)

The operators in egs. (2.4)—(2.8) were already used in ref. [19]. The full basis of dimension-
seven operators includes, in addition, the Rayleigh operators coupling DM to two photon



field strength tensors,

7 7 a y
le) = 12 (xx) FYFE,,, ng) = m(xwg)x) FrFE,,, (2.9)
(0% .
Qi = o L (Rx) FME, | Q1) = o (XivsX) F* Fu (2.10)
and eight four-fermion operators with derivatives in the DM currents,

xd _ i xd
Qi?,f = (X 10u x) (f"f), Q%ff = (xivs 10, X) (fYMS) (2.11)

(7) _ (7) _. 7
Qi7 = (X 10u X) (F7"51) , Qe = (Xivs 10y x) (FY"15f) s (2.12)
QY s = 0u(xo™ %) (fwf). Q) = Bu(xa™ irsx) (f > (2.13)
QY = 0u(x0™x) (Frsf) Q) = 0u(xo™insx) (Fuwsf) . (2.14)

where x Z%M X = Xi0ux — X iau X, and similarly for the other bilinears.

This completes the EFT basis of dimension-seven operators for fermionic DM that
couple DM bilinears to the fields in the visible sector. We have checked in two different
ways that this set of operators forms a complete basis: first, using an algorithmic procedure
that explicitly implements the equations of motion and various algebraic identities, outlined
in appendix A, and second, with a procedure based on the conformal Hilbert serles [26728].

Note that for Majorana DM the operators QS%, Qg?}, ng;h Qg}, Qlo L and
Qg) Froee Q;? 7 vanish, while the definitions of all the other operators coventionally in-

clude an additional factor of 1/2 (see also appendix A of ref. [19]).

2.2 RG running
If the initial conditions for Wilson coefficients are set in the four-flavor EFT, m. < p < my,
or in the five-flavor EFT, my < p < ppw, the Wilson coefficients C (d)

down to p ~ 2GeV. The RG running for operators Q(5) . Qlof in egs. (2.1)—(2.8)
can be read off from ref. [8]. The effect of weak mixing below the weak scale, potentially

need to be evolved

important for dimension-six operators, eq. (2.2), was presented in ref. [29], including the
leading logarithmic QCD corrections. Note that the additional dimension-seven operators
with derivatives on DM fields, Q%)J, e Q;Qf in egs. (2.11)—(2.14), have vanishing one-
loop anomalous dimension, and there are no matching corrections at the quark thresholds.

The CP even Rayleigh operators Qn , Qz1 in eq. (2.9) mix into the scalar operators
Q5 P Q6 ¢ in eq. (2.6) with anomalous dimension

2
Q@
— —_8 2.15
Y115, f = V12:6,f = (477) ) ( )
where the running is determined by the RG equations
d 7 d 7
pgpCog) = Cl (Wi and p G = O (mzey - (216)

The CP-odd Rayleigh operators Q13 , Ql? in eq. (2.10) do not mix into the pseudo-scalar
operators in eq. (2.7), contrary to their QCD counterparts, due to the absence of a QED
anomaly. The RG evolution of the operators in egs. (2.1)—(2.14) is also implemented in the
DirectDM code [25].



2.3 Couplings to nonrelativistic nucleons and nuclear response

The scattering of DM on nuclei is dominated by DM scattering on single nucleons. To
leading order in the chiral expansion the scattering is therefore described by the interactions
of DM with nonrelativistic nucleons and protons for which the EFT Lagrangian is [5, 25],

Lng = ZCZZ‘V(QZ)QN, (2.17)
iN

with two momentum-independent nonrelativistic operators,
oY =1,1y, oY =8,-Sy, (2.18)

and a set of momentum-dependent operators (displaying only the ones needed below),

oY —§,. ( . mfv) I, o — (s . qu) (gN . qu) (2.19)

O =1, (Sy - 71), oy =8, (7:5\/ X §N> , (2.20)
— iq = iq -

off = (8- 2L ) 1. o =-(8L) (sww). e

where N = p,n. The momentum exchanges are defined as

e L+ kitk
(=h—k=pi—p, G= -2 (2:22)
My 2mpy

where p;(7) is the momentum of incoming (outgoing) DM particle, and similarly k; ) for
incoming (outgoing) nucleon.

The chirally leading nonrelativistic reduction of the operators (2.1)—(2.8) was already
given in refs. [1, 19]. The nonrelativistic reduction for the remaining dimension-seven

operators with quark currents is
7 N
QY —2m F/N oY,
7 N
QYY) — — 2mnF/NON
7 N
Q7 — —4m FYNoON

7 N
QYY) —amyFiN O,

2.23
2.24
2.25
2.26

~—~~ ~~ ~~
~— ~— ~— =

=2 =2
7 q N 2q N N
Q5 =5 —FN oY + = (FIN + By o)

2my my (2.27)
—2my F/NON — 2mpy (FIN + FZMOY
Q% — — 2mnF{/NON (2.28)
Q%Y — — dmyFYN O}, (2.29)
Q% — 4mnFYN O (2.30)



The vector and axial form factors are defined through

1
(Nly"q|N) =y [Fq/N( 1+ Ff/N(qz)U“”qu]uN, (2.31)

2mpy

_ _ N N
(N'|qy"~5a|N) = Ty [Fﬁ/ (@*)7"75 + MF}Z (qz)%q“] un (2.32)
suppressing the dependence of nucleon states on their momenta, i.e., (N'| = (N(k2)],
|IN) = |N(k1)), and )y = un(k2), uny = un(kr).
The contributions of the operators Qg? g Qg) 4 to the coefficients cf-v in the nonrel-
ativistic Lagrangian are thus
-2
N 7 q 7
R CE R T 239
272
N q/N a/N\ ~(7)
= —(F" +F,")C e 2.34
G = N (Fy )Cig g T (2.34)
= —2myFINCR) 4 2.35

(2.35)
& = amy (Fq/N F!I/N)Cg)q o (2.36)
& = —am, FYVeD . (2.37)
éV_ —amyFYNes) + - (2.38)
(2.39)
(2.40)

“2

= —2my Fq/N (Cgﬁ?q + C%?q) 4 2.39
cﬁ = amy FY™ (€I, + Cha)y). 240

The ellipsis denotes the contribution of the operators in egs. (2.1)—(2.8), with the results
given in eqs. (17)-(26) of ref. [25]. The coefficient ¢} receives only contributions from
dimension-seven operators. In the above expressions we do not show the contributions
of the Rayleigh operators, since their hadronic matrix elements are poorly known [30].
The coefficient ¢V, for instance, receives a nonperturbative contribution from the CP-even
Rayleigh operator, Qg) ~ (xX)FF in eq. (2.9). In the EFT with nonrelativistic nucleons
one would need to keep both this contribution to @V, as well as the Rayleigh operator Qg)
itself, with appropriately modified Wilson coefficient due to the matching. The operators
Qg) ~ (xivsx)FF, Qg? ~ (xx)FF, and Qﬁ) ~ (xiysx)FF similarly give contributions in
the nonperturbative matching to the non-relativistic operators O ~ _’x - q, (’){\6 ~ Sy - q,
and O ~ (gx -q )(§ N -q ), respectively. The matching also modifies the Wilson coefficients
of these Rayleigh operators. At present only NDA estimates for the effects of the matching
are available [30-33].

This completes the matching of the most general EFT Lagrangian for fermionic DM
coupling to SM through operators up to and including dimension seven. The cross sec-
tion for DM scattering on nuclei, due to DM scattering on a single nucleon, is given by
egs. (40) and (46) of ref. [5]. These expressions do receive large corrections from the 2-
nucleon interactions in the case of Rayleigh operators. They are of the size ~ ZQo/mn
relative to the single-nucleon scattering, and can be dominant for large nuclei. Here
Qo ~ 1/(rgAY3) ~ 160 MeV/A'/3 is the momentum scale corresponding to the size of



the nucleus, see ref. [30] for further details. For all the other UV operators the two-nucleon
contributions are subleading, see, e.g., ref. [1], and the above expressions can be readily used
to obtain the leading-order expressions in chiral counting for the DM-nucleus scattering
cross section.

3 Interactions for fermionic DM above electroweak scale

If the mediators are heavier than the electroweak symmetry-breaking scale it is more con-
venient to write the operators in a way that is manifestly invariant under the SM gauge
group. This extends the SM-EFT Lagrangian [34, 35] by adding the operators that include
also DM fields.

Here, we allow DM to be part of a multiplet of the electroweak SU(2), with a possibly
nonzero hypercharge, Y,. We denote the multiplet field by x and its electromagnetically
neutral component! (the DM) by x°. We assume the DM interactions to be invariant under
a global dark U(1)p symmetry, with the DM multiplet charged under U(1)p.

The size of the EFT operator basis depends on the dimensionality of DM SU(2) mul-
tiplet, dy. One needs to distinguish three different cases. For a DM multiplet with d, > 3
the basis is the most general one, and is given below. If DM is a doublet, d, = 2, one can
use the completeness relation for Pauli matrices,

O‘%O'zl = 25,‘[5]@ — 6ij5kl7 (3.1)

to reduce the basis to a smaller set. Below we comment on which of the operators should
be dropped for the case of d, = 2 in order to obtain a complete set of operators without
redundant members. For singlet DM, d, = 1, further reductions of the basis occur: because
the SU(2) generators in that representation are zero, several operators vanish trivially.

3.1 EFT basis above the electroweak scale

We start the construction of EFT for DM interactions above the electroweak symmetry
breaking scale by discussing the renormalizable interactions, i.e., the kinetic term in the
Lagrangian

L = ixPx — myxx. (3.2)

If DM is an electroweak singlet, d, = 1, Y, = 0, the covariant derivative is simply a
partial derivative. For DM in a nontrivial representation of electroweak group the covariant
derivative contains the renormalizable interactions between DM and the W*, Z gauge
bosons. In the important special case of vanishing hypercharge of DM, Y, = 0, the neutral
component x” does not couple to the Z boson at tree level. This suppresses the direct
detection rates below the current experimental bounds.

For such cases a phenomenologically interesting possibility is that the leading interac-
tions between DM and the visible sector, relevant for direct detection experiments, are due

n section 2 we did not display the superscript “0” in order to shorten the notation.



to higher dimension operators. We collect them in the effective Lagrangian

s
EEW = Z Ad_4 Qg ) . (33)
a,d

Here, the label a runs over different operators of dimension d, the Ca(td) are the corresponding
dimensionless Wilson coefficients, and A may be identified with the mass of the mediator.

The number of independent operators depends on whether DM is an SU(2) singlet, a
doublet, or has d, > 3. For general multiplet, d, > 3, there are 8 dimension-five operators,
18 dimension-six operators, and 100 dimension-seven operators the couple DM currents
to the visible sector, not counting multiplicities due to the quark and lepton flavors, and
choosing a basis where all operators are Hermitian. The basis is smaller for d, = 2 (d, = 1),
with 8 (4) dimension-five, 18 (12) dimension-six, and 92 (50) dimension-seven operators.
The complete basis for dimension-five and dimension-six operators of DM interacting with
the SM can be found in ref. [36], and we repeat it here for completeness. We present the
complete basis of the dimension-seven operators here for the first time.

3.1.1 Dimension-five operator basis

The CP-conserving dimension-five operators are

g — v g — vV ~a a
® = 87:2(%7“ X)Buw QY = ﬁ(xa“ T NOWiy (3.4)
QY = (v (HH), QY = (v#"x)(H'rH) (3.5)

while the CP-odd operators have an extra insertion of ~s,

g — v — _pr~a: a
Q5" = 5 (X" i5x) B 0 = (X W, (36)
QY = (xinsx)(H'H) . QY = (XFinsx) (H'T°H). (3.7)

Here and below, H is the SM Higgs doublet. All SU(2) (and, below, also color) indices
are not displayed explicitly and are assumed to be contracted within the brackets. Note
that if x is a SU(2) singlet, the operators QgS), QS), Qé5), and QS) are absent. In a

perturbative UV theory the operators Qg and Qé‘i’% are generated at one loop, while the

operators Q:(,f)l and Q% are typically generated at tree level. This expectation is reflected
in our normalization of the operators.

3.1.2 Dimension-six operator basis

At dimension six there are many more operators. We do not consider flavor violating
operators, keeping our discussion minimal. For each SM fermion generation, ¢ = 1,2, 3,
there are then eight operators that are products of DM currents and quark currents,

Q) = (X7 7 (@A 7°Q%) QYY) = (X970 (@ Q%) | (3.8)
Q%) = (x1) (@i Q%) QYY) = (x50 ( Q" QL) (3.9)



QYY) = () (@ ufp) , QYY) = (x5 x) (@ uly) (3.10)
QYY) = (X)) (diydiy) . QY = (xy5x) (diy i) (3.11)

Here @1, denotes the left-handed quark doublet, and ug, dr the right-handed up- and down-
type quark singlets, respectively. The corresponding operators involving lepton currents

are
5(96) = (XY 7x) (LA LY) Q@l = (XY™ X) (Lot LY) (3.12)
o = () (LA LY, QY = (vns) (LA L) (3.13)
QY = (01ux) (Cr ) Q) = (vrs ) (Tt (3.14)

where Lj denotes the left-handed lepton doublet, and ¢r the right-handed down-type
lepton singlet. Finally, there are four dimension-six operators involving Higgs currents,

©) — (xyh7oy) (Y D%, H ©) = (vr579x) (i D, H 3.15
Q5 = (X' 7)) (H" D, H), Q17 = (X7 x)(H'i D*) H) , (3.15)
A <>
QY = (vy*)(H'i D, H), QY = (vy*ysx)(H'i Dy, H). (3.16)

The Higgs currents are defined in terms of hermitian combinations of the covariant deriva-
tives, B#E D,— BL and 5)““5 7D, — BL 7% Additional operators with covariant
derivatives acting on the DM fields vanish via the DM equations of motion, up to total
derivatives. As in the case of dimension-five operators, the basis simplifies if DM is a SU(2)
singlet. In this case, the operators Qg?i) , QS@) , gfi) , Qgi, Qgg), and Qg? vanish and should
be dropped from the basis.

3.1.3 Dimension-seven operator basis

We group the dimension-seven operators into several classes, depending on how many
derivatives they contain and to which SM fields they couple. Our convention for the
covariant derivative is Dty = (0, + igsTGY, — igaT*W i + ig1Yy By /2)1y, where T is
the generator of SU(3)., 7% the generator of SU(2)y, both in the representation furnished
by 9¢ (for a doublet we denote it by T“), while Y} is the hypercharge of 1. The dual
field-strength tensor is defined as G E'u,/pnGp K

Gauge-Gauge operators. For d, > 3 there are 22 dimension-seven operators that
couple DM to two gauge field-strength tensors:

Qs

QY = 5= (VGG 0 = Tom (X05X) Gl G (3.17)
Qz(a? = gs( )Gl GoH g) = 87(XW5X)GGVGQW’ (3.18)
Q) = 1051 (xXx) B B" = 5 —L (isX) B B" (3.19)
Q= 5 (00 B B, b = g(xmx)BWBW, (3.20)
Qyy) = ?212( X)W B QY = %(xi75?“x)WﬁVB“V, (3.21)



571)\/ = %( X)W, B 572)‘/ = ag—(xwm' X)W, B* (3.22)

g?v = f;m (XUWTGX)W,%BVU, Qﬁ)‘/ = ?2 (xo"iysT® X)WﬁaBua, (3.23)
Qi = %()‘(X)W,%W“”‘”, Qigy = 12 2 (X)W, WY (3.24)
A = %(XX)W[LW“’“”, Q'Y = S—W(xm—,x)wgywa’#”, (3.25)
Qi = %(XU“”?“ YWD, W7 e, Q% = g—z(xa“”i%%“x)wlfgw,f’”eabc, (3.26)
QS = o= (AW, W QW = T (st thow, whar | (3.27)
where 7lab} = Fazb 4 7bza  Among those, the eleven operators Q,(:& with k& =

1,4,5,8,9,12,13,15,18,19,21 are CP even, while the remaining eleven are CP odd. In
the definitions of the operators we included loop factors with appropriate gauge couplings,

2 2 2
g1 047972 9192 aigig

J1 — = = 2
47_‘_7 2 A ) 12 Ar ) S A ) (3 8)

Q] =

since these operators arise in perturbative theories at one loop or higher.

For d, < 3 not all of the above operators are linearly independent. For DM that is
an electroweak doublet, d, = 2, the operators le)v’ ng)v should be dropped from the
basis, since they are equivalent to Qg?\/? Q%)V. Similarly, for DM that is an electroweak
singlet, d, = 1, the operators Qg}, ceey g?v and Qg)v, ey Qg)v should be dropped from
the basis.

Gauge-Higgs operators. For d, > 3 there are 12 operators that couple DM currents
to a set of mixed Higgs and gauge-boson operators,

Q'Y = 89771 (0" X)By, H'H Qs = g o3 (X" i5x) By HUH - (3.29)
Qg/, = SQ—(XU’W “X)Bw HTTGH, Qg/), 89 (xo"ivs7x) Buw Hire H,
(3.30)
Qg}, = %(XU““X)WLLV HTTGH, Qﬁ\/' 8—()(0””175)()1/1/51, HTT“H, (3.31)
Qnr = gra (o™ 7 )Wy, H'H QO = 225 (R0 insm )Wy, H'H, (332)
Qé@, = 89720(0‘“’7'“ )Wﬁl, Hir¢He%e QlOV’ = 8g—(XU“”i757~'ax)W5V Hir¢Hee
(3.33)
Q" = ES%(XUW%{“”}X)W,‘}V wiora, QU = %(xgwm%{ab}x)wgy Hi7H .
(3.34)

The definitions of the operators include an appropriate gauge coupling and a loop factor,
because they are expected to arise at one loop when matching from a UV theory. For DM
that is part of an electroweak doublet, d, = 2, the operators qu' and Qg)v, should be
dropped from the basis, while for singlet DM, d, = 1, in addition the operators Qg}, AV

and Q7). 14y should be dropped.

~10 -



Four-Higgs operators. For d, > 3 there are six dimension-seven operators that involve
only DM and Higgs fields,

Q\0 = (v HIH HH, Q) = (xivsx) H'H H'H, (3.35)

Q) = (x7x) H'r°H H'H , Q' = (vins7x) Hir°H HTH,  (3.36)

QS = () (i H) (HIH), QS = (Rins M) (HT e H) (HYTPH).
(3.37)

The operators Qgg, Qég, and Qég are CP even, while Qg}, i?l, and Q67H are CP odd.

For DM that is an electroweak singlet, d, = 1, the operators Q:(,E, . ,Qm are redundant
and should be dropped, while for DM that is a doublet, d, = 2, only the operators Qg}
and Qé2 should be dropped from the basis.

Two-Higgs operators. There are ten operators coupling a d, > 3 DM multiplet to
Higgs bilinears, given by

Q\T= () DuH! D H Q5= (XirsX) D, HIDIH | (3.38)
Q\),= (x7x) D, Hi79DHH | Q)= (xirs7ox) D, HIT%DHH (3.39)
Q) = i(xo"x)D,HID,H , D i(xo"ivsx) D HI D, H , (3.40)
Q)= i(xom7ax) D, H 7D, H , Q)= i(xomiys7ax) Dy H 7D, H | (3.41)
Q) = i(xom #Hahy ) (Do BN (D, H), QST = i(xom FH M insx) (D, o HY) (D, 70 H) . (3.42)

For DM that is an electroweak doublet, d,, = 2, the operators Qg g and Q%)H, are redundant
and should be dropped from the basis. Similarly, for electroweak singlet DM, d, = 1, the

operators Qég,, Qi?l,, Qgg, 10z should be dropped.

Yukawa-like operators. The operators with chirality-flipping currents on both the DM
and the SM side are

1Yz = (X X)(QL RH) sz, (xi 5X)(QLURH) (3.43)
é?z (FFO(Quupr H) (= (70 (@Qpugr"A) (3.44)
m = (X0 ) QLo upH) Qs = (o) QLo ui i), (3.45)
m = (W)(QLdR ) QY = (Xsx)(Qrdy ) (3.46)
gyZ = (x7* )(QLd H), mez (XivsT X)(QLd H), (3.47)
uyz = (Xowx)(QL o drH), m/, = (Yo7 N)(QLo" T dL H),  (3.48)
Q13Y1 (OO (L lRH), 14Y@ = (XivsX) (LR H) (3.49)
Qs = (VX)L lRr"H) Qity.: = (XinsTX) (Ll H) , (3.50)
Q17Y1 (XouwX) (L] UW«%H% Q1syz (XouwT “X)(L] Uwf “H), (3.51)
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where H = iogH* is the charge-conjugated Higgs field. The above operators are not
Hermitian so that they enter the effective Lagrangian, eq. (3.3), with complex coefficients.
Their Hermitian conjugates have to be included, modifying (3.3) to

oL
Low =) = )(+h.c.), (3.52)
a,d
where the “h.c.” 1is present in the sum only for the operators QQ’Z., e ,ley ;- Alter-

natively, one could work with a set of 36 Herm1t1an operators with real coefficients, by
defining QE? = sz + (le))r, Qi_ = ZQ (Q( ))T for each of the operators in
egs. (3.43)—(3.51). The above set of operators ka is part of a complete basis for both
dy > 3 and for d, = 2, while if DM is an electroweok singlet, d,, = 1, the operators with

k=3,4,6,9,10,12,15, 16,18, should be dropped from the basis.

Four-Fermion operators. Finally, we list the tensor operators that involve four fermion
fields and one derivative, which for d, > 3 and d, = 2 are given by

lez (X FX)NQLT QL) QQF@ O (X ivs7x) QLT n QL) ,  (3.53)
3FZ = 0u(Xo""X) QL1 QL) » 4F1 = O0u(Xo™iv5x) Q1 Q%) (3.54)
QS = 0u(Xo" ) (@hyiy) | Qi = Ou(Xo" i) (Wauly) (3.55)
QW = du(x 0“”X)(J diy)., QL) = B (X0 ir5X) (i i) (3.56)
@gpz (VoM FX) (Lo, L) s = Bu(xo™ i T X)Ly Ly),  (3.57)
m = O (X" ) (LY L) Qi = 0u(x0"insx) (L L), (3.58)
Qi = 0u(X0™ ) (T ) | Q. = Bu(x0™ 5 ) (T i) (3.59)

The operators Ql Fis g?z and Qgp)i, Q%)Fz should be dropped from the basis for singlet

DM, d, = 1.

This completes the list of dimension-seven operators coupling Dirac-fermion DM cur-
rents to the visible sector. If DM is a Majorana particle, several of these operators vanish
identically. These are the operators that involve a DM vector or tensor current, namely the
gauge—gauge operators ngv, g?v, Q%)w Qg))v, in egs. (3.23), (3.26); all of the gauge-Higgs
operators QW,, .. QlQV,, in egs. (3.29)—(3.34), the two- Higgs operators Qég,, e Q%)H,,
in egs. (3.40)—(3.42); the Yukawa-like operators Qg}l, QGYZ, Qlle’ Qg)yl, Qg?yw Qg)h in
egs. (3.45), (3.48), and (3.51); and all of the four-fermion operators Qu«w . Qﬂ)},l in
egs. (3.53)-(3.59).

3.2 Tree-level matching at the electroweak scale

Next, we perform the tree-level matching of the EFT for DM interactions above the elec-
troweak scale onto the EFT valid below the electroweak scale. In the matching at u ~ pgw
we integrate out the heavy states with masses of the order of the electroweak scale — the
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Higgs boson, the top quark, and the W and Z bosons — resulting in the effective La-

grangian (1.1) with five active quark flavors. The results for the gauge-invariant EFT

containing dimension-five and dimension-six operators can be found in ref. [36]. Here, we

present the additional contributions due to the presence of dimension-seven operators.
We use the conventions of ref. [37]. The gauge fields in the broken phase are

1 Z Cw S w3
. Wl 2 I - wow r )
Wi =5 (W i), <&) (ﬂw%)<&>, (3.60)

with the sine of the weak mixing angle s, = g1/1/¢% + g5. Accordingly, we choose the
following explicit form of the SU(2) generators

(7 £i72),, = b/ (I F DI £L+1), (7), = 1oy, (3.61)

with I, = (dy — 1)/2, and the indices k, ! running over the values —I,,...,I, —1,1,. The
Higgs doublet field is

H= (1(v +GI:F+ z‘GO)> : (3.62)
NG

where h denotes the physical Higgs field, and G*, GO the pseudo-Goldstone fields, eaten
by the longitudinal components of W+ and Z.

Before proceeding we remark that both the DM mass, m,, and the DM field x get
shifted by the contributions of the four-Higgs operators in eqs. (3.35)—(3.37) if all Higgs
fields are replaced by their vacuum expaectation values. The kinetic and mass terms in the
dimension-four Lagrangian eq. (3.2) thus become

LB, =5 = X' P — m X'\, (3.63)

where the y field now only denotes the DM field, i.e., the neutral component of the
DM multiplet, which in addition has been transformed by a simple chiral rotation,
X' = exp (47v5¢)x, where (see also ref. [38])

o+ Bol) + o+ o)+ Rl

tang = —x 5 7 7 ) dmyAS (3.64)
O + %xC —am A /oy, + O + 05 + 2l -
while the new mass term is
Y,
ml, = m, cos ¢ —|— — 0(5) XC’S) sin ¢ — C’?EE)) + —XCf) cos ¢
X 2A 4
vt .

Y, Y,
+ <C£2 + %C’g} + gC’éB) cos qb] .

The corrections from dimension-five and dimension-six operators were already derived in
ref. [36].
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The field redefinition also changes the operators Ql ,...,QS) in (3.4)-(3.7) and the
corresponding Wilson coefficients, CZ-(5)’ = C’Z@ cos ¢ + C’( )481n¢, Z(_?_)Zl = 0(5)4 cos ¢ —
C’Z@ sing, fori =1,...,4, while there is no change in the dimension-six Wilson coefficients.
The field redefinition changes all of the dimension-seven operators in this section. The

corresponding Wilson coefficients of the operators with primed fields are given by

7y ) ™ .
Cor—1,402k,4) = Cor1,402k,4) €05 @ £ Cop 4 0—1,4) SINP; (3.66)

for A=V(V' H,H' | F), in which case k = 1,...,11(6,3,5,7), and also for A =Y, with
k=1,2,4,5,7,8, while for the remaining dimension-seven Yukawa-like operators one has

(V' = ) explig) k=5,6,11,12,17,18. (3.67)

) )

From now on we will assume that the above field and mass redefinitions have been per-
formed, and drop the primes on the Wilson coefficients, the x fields, and the DM mass m,.

Next we give the contributions from dimension-seven operators above the electroweak
scale, when matching onto the EFT below the electroweak scale (the contributions from
dimension-five and dimension-six operators are given in [36]). The gauge-Higgs operators,
egs. (3.29)—(3.33), contribute to the dimension-five dipole operators after the Higgs obtains
its vacuum expectation value, leading to

2
5(5) _ U ) Yy ) L
Cio) = 523 |Ciw + ZXO +5C

Y o
2A3 3(4) Vv’ 5(6)V’ + ?XC vl e (3.68)

7(8)
The ellipsis denotes the tree-level contributions from the dimension-five UV operators, as
well as the one-loop contributions from renormalizable gauge interactions. The explicit
expressions for both of these contributions can be found in ref. [36]. Note that there are
no tree-level contributions from the operators Qé@v, and Q%)V,.

The matching of dimension-seven electroweak operators (3.17), (3.18) onto the gluonic
operators (2.4), (2.5) is given by

¢n— L o

=5 iy + - k=1,....4. (3.69)

The ellipsis denotes the one-loop contribution of the dimension-five scalar operators, given
in ref. [36].

The tree-level matching of the operators (3.19)-(3.27) onto the Rayleigh opera-
tors (2.9)—(2.10) is given by

A7) (7) (7) (7) (7) _
Ciivk = 33 |Cshmv T XC(9+k)V T Clispmy T (0o + 5k1) C(21+k)V k=0,...,3.

(3.70)

Note that there are no tree-level contributions to the interactions of the neutral compo-
nent x° from the operators Qg?v, Qﬁ)w Qg)v, and Q%)V.

The Yukawa-like operators, eq. (3.43)—(3.51), match onto the dimension-seven scalar-
current four-fermion operators, (2.6)-(2.8), by replacing the Higgs with its vacuum ex-
pectation value. In addition, the four-Higgs operators in egs. (3.35)—(3.37) contribute to
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Figure 1. Matching contributions to dimension-seven effective operators for u < vgw due to Higgs
exchange.

the same operators via tree-level Higgs exchange, see figure 1. This yields the following
coefficients for up-type quarks (u; = u,ug = c)

5 _ 1| vBw (7) Yy A7)
C5(6) ui A3 [\[m .Re (Cl(Z)Y,i - 4XC3(4)Y,i>

y2 (3.71)
_UBw (7) (7
5(7) VEW ()
C?(S),uz‘ A3 \[m ( (4)y’i> > (372)
5(7 VEW
= e Re (4, - C&) , (3.73)
5(7 1 vgw 7
Cln, = N Vo, Im (Céy) - CéQ) : (3.74)

where the ellipsis in eq. (3.71) denotes the contributions from dimension-five operators,
given in ref. [36]. For down-type quarks (di = d,d2 = s,d3 = b) one has

5(7) 11 vew M Yo
Co(6),d: = [\fm Re (C 8)Y,i T 4 Cg(m)w)
Bw (A0 Yo Ya (379)
T2 <Cl(2)H + 5 Csmm + C5(6)H> +e
s _ 1 uEw (1) (1)
Cr®).a; = A3 \amy, Im <C7(8)Yz + *XC (10)Y1> ; (3.76)
5(7 1 vgw 7 Y, 7
0 = pre (o + 2eR) (3.77)
5(7 1 vgw 7 Yy 7
(i = Tt (O + 20 (379
while for charged leptons ({1 = e, 0y = p,l3 =7)
5 _ 1| vEw (7) Yx A7)
Coey e, = A3 [\/ﬁm[Re <Cl3(14)Y,i + 4XCI5(16)Y,1‘>
' 3.79)
2 Y2 (
VEw ([ A7) (7) (1)
_M,3<Cl<2>H Xcs<4> +§<C5<6>H> T
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5(7) 1 vpw (7) ™
C?(S) F\/ﬁmﬂlm <013(14) X015(16) ) ) (3.80)

s 1 vEw (7) ™

96 — A3 Vo, Re <Cl7Y,i + 4XC18Y7@') ) (3.81)
s _ 1 vBw M Y
Clo,& - F\/img.lm (CNY,i + 4XCl8Y,i> : (3.82)

The dimension-seven four-fermion UV operators in eq. (3.53)—(3.59) match onto the
dimension-seven four-fermion operators in eq. (2.13)—(2.14) after electroweak symmetry
breaking. The coefficients for up-type quarks are given by

s L (7) (7) (7)
Clo(0)u; = A3 (_C 12y T Cayri + CS(6)F,@') ; (3.83)
5(7) 1 (7) (7) %
Cor(2).u; = A3 < = 12)Fi ~ Cayps + C5(6)F,i) ) (3.84)
while for down-type quarks one has
s 1 (Y (™) (7)
Cl9(20),di = 5A3 <X01(2)F7Z + 03(4)F7i + 07(8)F7i> ) (3.85)
sy _ 1 (7) (7) (7)
Corlon)a; = 9A3 <C 12)Fi ~ Csyr + C7(8)F,i> : (3.86)
The matching for charged leptons (¢ = e, lo = p, ¢35 = 7) is given by
s 1 (7) (7) (7)
Clo@o)e; = 378 < —Cq oa0yri T iy p T C13(14)F,i> ) (3.87)
s (7) (7) (7)
621(22)761' T 9A3 <_4X09(10) C'11(12) ;T C13(14)F1> ) (3.88)

and for neutrinos (v1 = ve,v2 = vy, 3 = v;)

5(7) __p _ 1 (7) (7)
C19(2o),ui - _021(22),111- T 9A3 < 09(10) ;T Cll(lQ)F,i) . (3.89)

Note that the two-Higgs operators in eqs. (3.38)—(3.41) do not contribute to the matching
at tree level.

4 Scalar DM

Next we turn our attention to complex scalar DM, again allowing for DM to be part of an
electroweak multiplet (we comment on the changes required for scalar DM below). There
are only two renormalizable couplings between scalar DM and the SM,

/

A
Loy > 22 (o o) (1 H) + "2 (7o) (1t ) (4.1)

If these Higgs-portal couplings are absent or are very small, the higher dimension operators
can become important. This can happen, for instance, if ¢ is a pseudo-Goldstone boson in
which case the above two operators are forbidden by a shift symmetry.
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The nonrenormalizable interactions of scalar DM with the visible sector start at di-
mension Six,

cld
Liw = ZAd QW (+h.c.). (4.2)

Note that, in order to simplify the notation, we denote the operators and Wilson coefficients
with the same symbols as we did for fermionic DM in the previous two sections. The
Hermitian conjugate in the sum is present only when the operators are not Hermitian. This
is the case for the operators in eqs. (4.12)—(4.14), whose Wilson coefficients can be complex.

4.1 Scalar DM above the electroweak scale

Above the electroweak scale there are 36 Hermitian operators at dimension six that couple
scalar DM in a d,, > 3 multiplet to the currents in the visible sector. For d, = 2 this
reduces to a basis of 33 linearly independent operators, while for d, = 1 the basis is further
reduced to only 20 operators (not counting the flavor structures of quark currents). The
operators that couple DM currents to the field strength tensors of the SM gauge fields are

6 Qs * a G UY 6 O * a Aa,uv
Y = S (pTe) GG P = S5 () G, G, (4.3)
6 Oél * v 6 Oél * I
P = 1o (¢7@) BB, ¢ = 5, (00) BB, (4.4)
6 Q12 *~a a,puv 6 Q12 *~a a y
O = 1o, P T0) B W, ¢ = o T ) By, W (4.5)
6 a2 * a a,uv 6 a2 * a Yi7a,uv
o = ZE (g Wi W, O = 2 (o) Wh e (4.6)
(6) _ a2 x~{ab} a b,uv (6) _ o2 x ~{ab} a 1i7b,uv
QQ 127 (90 T 90) WMVW ) QIO 87 (‘,0 T @) VV;UJW ) (47)

where we included a loop factor with appropriate gauge couplings, see eq. (3.28). For DM
that is an electroweak doublet, d, = 2, the operators Qgﬁ) and Qg%) should be dropped
from the basis as they are not linearly independent, while for DM that is an electroweak
singlet, d, = 1, in addition the operators Qgﬁ) and ng) should be dropped from the basis,
since they both vanish in that case.

For d,, > DM multiplet there are seven operators that involve Higgs currents,

Q) = (%) (H1H)" QY = (pr7g) (Hirem) (HTH) . (48)
QY = @*3“@) (H',H), Q) = (w*gﬂfago) (HT9,7°H),  (4.9)
QW = (v*i0"e) D (HH), QY = (¢igh7p) du(irem),  (4.10)
o9 = (Lp*%{“b}go) (HTTC‘H> (HT TbH) . (4.11)

For DM that is an electroweak doublet, d, = 2, the operator Qg(;) should be dropped from
the basis. For singlet DM also the operators Qﬁ), Qg%) should be dropped.
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The Yukawa-like operators are, for both d, > 3 and d, = 2,

O = (¢"0) (QuuiH), QY. = (¢"70) (Qpulpr®H) , (4.12)
Q% = (") (QLdRH), QY = (9"70) (QldRT H) , (4.13)
O = (") (LylH) QW) = (¢"7%0) (L liyr®H), (4.14)

For singlet DM, d, = 1, the operators ngz, 2“,Q23Z do not appear in the basis.

Note that the above operators, Ql&i, . .,Q23ﬂ- are not Hermitian, and their Wilson co-
efficients can be complex. Thus, in the effective Lagrangian, eq. (4.2), both the operators
Qg?i, ey Qg?i and their Hermitian conjugates appear in the sum. Alternatively, one could
use a set of 12 Hermitian operators (6 for d, = 1), i.e., (Q((fz) + QS?T), and Z(Q((fl) - Q((flﬁ),
with real Wilson coefficients.

Finally, the operators with fermion currents are, both for d, > 3 and d, = 2,

Q4 = (#"19"¢) (Q@L) QW = (¢19"7¢) (Q1yTQL),  (4.15)
QW = (#710"0) (whyuu) QY = (#"10"0) (dprudy). (4.16)
Q8 = (¥1i0") (LiwLh), QW = (¢i9"7%0) (Limyr'Ly),  (417)

G (4.18)

Qs = (w@“) rIulR) - 4.18

For singlet DM, d, = 1, the operators Qg?i and Qgg)’i, should be dropped from the basis.
For completeness, we also display the dimension-seven operators for scalar DM. For
dy > 3 there are three operators, all of which violate lepton number by two units, AL = 2,

Q) = (") (L5 " H'Ly;), (4.19)
QY] = (" 7%0) (L5 A" H' L) (4.20)
QS = (7 ) (L (v T H7Ly ) (4.21)

For DM that is an electroweak doublet, d, = 2, the operator, Qi(;l) is not linearly indepen-
dent and should be dropped in order to obtain a basis. For singlet DM both ng‘) and Q:(;Z-)
are zero. 7 7
This completes the construction of the EFT basis for operators with mass dimension
seven, for complex scalar DM. We have checked that the basis is complete both with the
algorithmic procedure outlined in appendix A, as well as with the conformal Hllbert series
method [26-28]. For real scalar DM, the operators Q13 , g?, éi i Q26 i 27 i 568)1, and

Qé((i)),i vanish and should be dropped from the basis.

4.2 Matching below the electroweak scale, RG running, and nuclear response

Below the electroweak scale the basis for DM interactions with the SM fields contains &8
operators of dimension six (see ref. [25]):

o} = (90*1'3”@0) (fyuf) o)
O’} = my (¢*0) (Ff) . o)

= (¢*i0"e) (Fusf) . (422)
= my (¢"0) (firs]) (4:23)

~ 18 —



QW = 2 (prpyGe,arv 0l = 25 (o) Go, G (4.24)

127 8w 7
6 « 6 a * v
Q;):E( )F F,uzu Qé):§(<p(p)Fqu,. (4'25)

Note that the operators Ql f and Q(ﬁ) vanish for real DM.

In the remainder of this section we present the explicit tree-level matching conditions
from the EFT above the electroweak scale to the five-flavor EFT. The resulting Wilson
coefficients can then be evolved, using the RG equations, down to the hadronic scale
1~ 2GeV, where the matching onto the nuclear EFT is performed. The details for the
RG running and the subsequent matching to the nuclear EFT for the above operators
has been given in ref. [25], with the exception of the Rayleigh operators Qgﬁ), Qgﬁ). Their
nonperturbative matching is directly analogous to the case of the fermionic operators Qﬁ) ~
and Qﬁ), for which, however, only NDA estimates are available at present (for the details
see the previous section).

Tree-level matching at the electroweak scale gives, for the Wilson coefficients of the
operators with the fermionic vector and axial currents in eq. (4.22),

= i (FCEL T O+ B2 (420
0, = g3z (08 + 2l 4 o) (1.27)
% = 7z (208 Yxo;9z+cgoz), (429

60, =08, = o (c- Z0) (1.29)

The operators involving scalar currents, eq. (4.23), obtain the following contributions:

0 _ L vew o (oo Yn®) w00, Yep© X o0
Bui = A2 e\ s — 7 Lo ) T R e

. M?
1\@”"1 . h (4.30)
X
56) _ 1 UBW ©) _ Yx ~(6)
C4,u¢ T A2 \/Qmui Im <C18,z‘ - 4019,i> (4.31)
for up-type quarks,
1 - o [+ ) - B et e+ )
,d; A3 4 v ]\J2 4 8
1\/§mdi v, (4.32)
— —— | Ao + — 72 I R
AM? 47
5(6 1 vgw 6 6
). = 0 Jom Im (Céo), XC§1)1> (4.33)
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for down-type quarks, and

)

5(6 1 | vew 6) . Yy (6 vE 6 Y6 Yi 6
9= g5 | SR re(clt+ i) - o (e Feotp + Ko

LN Ve, M (4.34)
_4]\1/[5<)\@H+};X :@H> +oee
) % \;);n"; Im <c§§?i + ixcég?i) (4.35)
for charged leptons. The matching for the gluonic operators, eq. (4.24), gives
C0) = 1500 (4:36)
while for the Rayleigh operators we have
o1 (c;g) + Lo o ’g?oggo)) | @)

Note that, at tree level, the two-Higgs operators with derivatives in eqs. (4.9) and (4.11)
do not give contributions to the dimension-six operators below the electroweak scale.

5 Conclusions

We presented a complete operator basis for an Effective Field Theory (EFT) that describes
the interactions between DM bilinears and the SM fields, up to and including mass dimen-
sion seven, both for fermionic and scalar DM. For Dirac fermion and complex scalar DM we
restricted the discussion to the case where the EFT obeys a dark global U(1) p symmetry,
under which the DM field carries a nonzero charge. For DM that is a Dirac fermion in a
general electroweak SU(2) multiplet of dimensionality d, > 3, the basis for an EFT valid
above the electroweak symmetry breaking scale contains 100 Hermitian dimension-seven
operators. We have shown that such a basis is complete. A reduction of the basis occurs,
if DM is an electroweak doublet or a singlet, or if DM is a Majorana fermion, as discussed
in detail in the main text.

We provided both the tree-level matching at the electroweak scale onto an EFT with
five quark flavors, valid for my, < p < myy, as well as the renormalization group running
down to an EFT with four quark flavors, valid for p < my, and down to three quark flavor
EFT, where also the charm quark is integrated out. We also presented the nonperturbative
matching onto the nuclear EFT at leading order in chiral counting.

There are a number of UV models of DM that give the first nonzero contributions
only at dimension seven. For instance, if DM is a Majorana fermion, a singlet under the
electroweak gauge group, but couples to electroweakly charged heavy states, the leading
interaction at low energies can well be the Rayleigh operators, egs. (2.9) and (2.10) (see
ref. [39] for explicit models). Another popular set of UV models that give dimension-
seven operators as the leading effect has DM coupling to the visible sector through scalar
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mediators. The scalar mediator exchanges in the s-channel (for DM annihilation) lead to
the scalar operators in eq. (2.6), while ¢-channel scalar mediator exchanges lead to a linear
combination of scalar and tensor operators, egs. (2.6) and (2.8), after Fierz transformations.

The EFT we presented is valid as long as the mediators are heavier than the momenta
exchanges in the physical process one is considering. For direct detection the typical
momentum exchange is below 200 MeV. This means that the direct detection processes
for a large class of the UV theories of DM would be described by the EFT discussed in
this paper. Still, one can think of ways to extend the framework further. For instance,
one could extend the basis to include operators with several DM multiplets, or to relax the
assumption of global dark U(1)p. We leave these for future work.
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A Construction of the operator basis

Here we briefly describe the algorithmic procedure that was used to construct the operator
basis (see also refs. [35, 40]). We concentrate on the EFT valid above the electroweak
breaking scale, so that the DM furnishes a general representation of the SU(2) gauge
group. The construction of the operator basis below the electroweak scale proceeds in an
analogous, albeit simpler way.

We start by writing all possible gauge- and Lorentz-invariant contractions of two DM
fields with any number of SM fields to construct all possible operators of a given mass
dimension. We then use various relations to eliminate redundant operators. Note that we
do not include in our basis the operators that involve charge-conjugated dark-matter fields.
For Majorana DM these do not lead to any additional operators. However, for Dirac DM
one could obtain additional operators, depending on the choice of the DM hypercharge,
Yy, which does not cancel in the x“I'x current (unlike the xI'x currents). For example, for
Y, = —1/2 the dimension-seven operator

(X“X)(LE°H) (A1)

is gauge invariant and could be added to the operator basis. Above, the charge conjugation
of the DM field x includes an appropriate transformation of its SU(2) representation.

In the remainder of this section we will discuss all relations that were exploited to
remove linearly dependent operators. For more details on the actual implementation into
C++ code, see ref. [41].

Permutations of identical fields and index symmetries. We explicitly check the
disparity of operators under simultaneous permutations of (anti-)symmetric indices and
index sets of identical fields, keeping track of fermionic signs. This also allows us to
eliminate operators that vanish already via antisymmetry of indices.
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Chirality of standard model fermions. We eliminate all operators that vanish via
the chirality of the respective fields.

De-facto symmetry of covariant derivatives. Pairs of covariant derivatives acting
on the same field can be decomposed into parts that are symmetric and antisymmetric,
respectively. Since the antisymmetric part is proportional to the commutator [D,, D, ],
which is in turn given in terms of gauge field strength tensors, it is already covered by

operators with a lower count of covariant derivatives.

Integration by parts. Since total derivatives leave the action invariant, expanding them
using the Leibniz rule yields additional relations between our operators.

Fierz identities. The general form of the well-known Fierz identities (see, for instance,
refs. [42, 43]) allows us to disregard contractions that are not in a standard order (though
this is arbitrarily chosen). Any operator obtained by reordering the pattern of contractions
will be a linear combination of the previous operators. This argument also applies to more
than two bilinears, since a general permutation of fields can be expressed as a number of
transpositions, for which the usual formula holds.

While the Fierz relations can be used to move all bilinears into a standard ordering,
there are two cases where they imply additional relations. First, if two fields in the bilinears
are identical, application of a Fierz identity directly relates terms that are already in the
standard order. Second, if an expression in a non-standard order vanishes, for instance,
by chirality, the equation fo motion (EOM), or integration-by-part identities, then the
equivalent expression in the standard ordering must vanish too, possibly yielding a new,
independent relation.

Schouten identities. These follow from the fact that there is no totally antisymmetric
tensor with more indices than the vector space dimension, other than the zero tensor. In
our case, antisymmetrizing an object with more than four Lorentz indices yields zero. For
instance, antisymmetrizing the indices of the Levi-Civita symbol together with p in

(X0, X) B, Bape”?" (A.2)

and dropping terms that vanish by symmetry, implies that the whole operator vanishes.
Moreover, Schouten identities can also yield relations like

XU,LLVTGX WbUVWS,B Eabcguaaﬁ _ XO—,LLVTGX Wbaawoczﬁ Eabcguauﬂ , (A3)

which follows from antisymmetrizing the Levi-Civita symbol, together with the index v,
on the left-hand side.

Bianchi identity. The Bianchi identity for any gauge field strength tensor Gy, is
given by
D.Gy, + DG}, + DG, = 0. (A.4)

In particular, this implies that the covariant derivative of the dual tensor vanishes,

DtGS, =0. (A.5)
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Additional reductions for special representations of SU(2). Our operator basis
is valid for a general irreducible representation of SU(2) that the dark matter field x
furnishes. Additional relations, however, can make some operators redundant for specific
representations. For the fundamental representation, d, = 2, some of the operators in
the general basis are linearly dependent due to the completeness relation, eq. (3.1). The
reduced set of operators is given explicitly in the main text. For the trivial representation
of SU(2), dy = 1, one simply drops all the operators with an SU(2) generator in the
DM current.

Additional reduction for the Majorana/real scalar case. For every Majorana DM
bilinear we can use the Majorana condition to replace x with its charge conjugate (see,

g., [44]). A dark matter bilinear that is odd under charge symmetry can then be dropped
from the operator basis in the case of Majorana DM, eliminating DM vector and tensor
currents (the covariant derivatives acting within the bilinear can change this). The list
of these operators is given explicitly at the end of section 3.1. In complete analogy, the
operators listed at the end of section 4.1 vanish for real scalar DM.

Equations of motion. The EOM of the SM and DM fields imply relations between
operators that can be used to reduce the operator basis [45]. For scalar fields and field
strength tensors, the reduction using the EOM is fairly straightforward. For Dirac fields,
however, the Clifford algebra complicates matters. To deal with this, we first construct
a new set of EOM-vanishing operators by finding all operators of the appropriate mass
dimension with any of the following matrix expressions in Dirac field bilinears,

(O s MY Y s Y Y st (A.6)
where either the rightmost or leftmost Lorentz index is contracted with a covariant deriva-

tive acting on the right or left Dirac field, respectively. We then translate each of these
terms into relations between elements of our full operator list by exploiting the identities

VYo = N — 10 (A7)
VoV = M ¥s — 105 (A.8)
YoV = Mo + MopYu — Mup Yo — Eouwp° V5 (A.9)

VYo Vo ¥s = N Yp¥5 + MupVu V5 — Tup Ve Vs — €ourp’ (A.10)

where the chirality projector of the SM fields is used to absorb -5, if possible. If there
already exists another Lorentz Levi-Civita symbol in the remainder of the operator, their
product gets simplified as described above.

This procedure, together with the previously discussed treatment of partial integration
and index symmetries, captures all relations implied by equations of motion. To see this,
consider a completely general EOM-vanishing operator

(¥T*D,¥) X , (A.11)

where U is any Dirac field, I' is any sum of products of Dirac matrices, possibly contracted
with other expressions in the remainder of the operator, which is denoted by X. This
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operator, when expressed in our basis, does not induce any relations beyond the ones
constructed above. Egs. (A.9) and (A.10) can be repeatedly applied within each term of
I' to reduce it to a sum of terms with a maximum of two gamma matrices (and possibly
one 75, which can always be anticommuted to the rightmost position and eliminated if
an even number of them exists). We have thus expressed the above operator as a linear
combination of the vanishing operators already constructed. The case where the covariant
derivative acts on the left, or if additional derivatives appear, can be treated analogously.

Finally, as a consistency check of the constructed basis, we compared it with the
operator counts for a given field content that were derived using the conformal Hilbert
series method [26-28]. This approach allows for a systematic group-theoretic treatment of
equations of motion and inclusion of integration-by-parts identities. It calculates an object
called the Hilbert series, given by

H(D,¢1,....dN) = D Chirpry O11 - 03 DF, (A.12)
k1N
where ¢; and D are complex numbers that stand in for the fields of the theory and the
covariant derivative. The coefficients cj ,, ., are the desired operator counts.

The Mathematica package provided in ref. [28], with the addition of the fermionic or
scalar DM field in an SU(2) multiplet, gives the total number of independent, Lorentz- and
gauge-invariant operators of a certain mass dimension, as well as their field content. We
have verified that the number of operators within each operator class obtained in this way
exactly matches the number of operators constructed using our algorithmic procedure.

B Non-relativistic reduction of fermion bilinears

To match onto an EFT with nonrelativistic nucleons, we first introduce a Heavy DM
Effective Theory (HDMET) field (for further details see ref. [19]),

x(z) = e imx T (Xv(l”) + Xv(as)) , (B.1)
where ) )
W@ —eme s )y e ol @y
Integrating out the antiparticle modes, we obtain the tree-level relation [46]
imao- i,
= e (] B.3
X=¢€ ( +iv'0+2mx—ie>xv’ (B3)
where 7/ = v# — v#¢, so that we obtain the conventional “NRQED” type Lagrangian,
. i0))?
EHDMET:)(I)(lv-a—I-(Q)—F"')XU, (B.4)
My

where 9/ = 0* —v-9dvH. Using the replacement (B.3) and applying the equation of motion
derived from eq. (B.4), we obtain the following nonrelativistic DM currents:

—_ »H — _ ,H
(XlauX) — mevuXva + Xt OpXov + -+ (B.5)

1
()‘(z’fyg,igux) — 2vu8p(>ZUS§xv) + WOP(XUS)’;Z'S“XU) 4., (B.6)
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(X" x) — _QEQ/BWUQ&B (XoSx.pX0)

v B.7
oo (%) - 2 B (RSB ) s
2m,,
gy va (= i - qpv
O (X" iy5x) — 2070, (X S{Xv) + miap (XS20"x0) + -+, (B.8)
X

that enter the nonrelativistic reduction of the new dimension-seven operators, eqs. (2.11)—
(2.14). The ellipses denote higher orders in the expansion in 1/m,. The remaining nonrel-
ativistic currents, as well as the corresponding products with the expanded nuclear form
factors, have already been presented in ref. [19].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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