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1 Introduction

A T T̄ deformed conformal field theory (CFT), a non-local theory that has recently received

some attention [1–23], is obtained by adding to the Lagrangian of a two dimensional CFT

an irrelevant operator bilinear in stress tensors in a specific manner. The corresponding

coupling, t, has holomorphic and anti-holomorphic dimensions (−1,−1) (i.e. it scales like

length squared). Despite the fact that the perturbation is irrelevant, and thus corresponds

to a flow up the renormalization group, the authors of [2, 3] showed that the resulting

theory is in some sense solvable. In particular, they computed the spectrum of the theory

on a circle of radius R.

In [18] it was shown that the spectrum found in [2, 3] leads to a modular invariant torus

partition sum. In terms of the dimensionless coupling, λ ∼ t/R2, which can be thought of as

the value of the coupling t at the scale R, it was found in [18] that the partition sum satisfies

Z
(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d

∣∣∣∣ λ

|cτ + d|2

)
= Z(τ, τ̄ |λ), (1.1)

where τ is the modular parameter of the torus, a, b, c, d ∈ Z and ad−bc = 1. At λ = 0, (1.1)

reduces to the modular invariance of the original CFT. In general, λ transforms as a mod-

ular form of weight (−1,−1).

In this paper we revisit the torus partition sum of T T̄ deformed CFTs from a different

perspective. The T T̄ deformed theories can be consistently formulated on a torus pertur-

batively in t, and we assume that this is true also for finite t, and that the theory at finite

t has a well-defined Hamiltonian when compactified on a circle. We do not assume that

the theory is local, namely that the Hamiltonian is an integral over a local density. Under

these assumptions, the torus partition sum must be modular invariant and obey (1.1),

since modular transformations correspond to reparametrizations of the torus. Perturba-

tively in t, this follows because computing in the deformed CFT corresponds to computing
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correlation functions in the undeformed CFT on the torus with multiple insertions of T T̄ ,

and then integrating over the positions of these insertions on the torus. The correlation

functions transform in a standard way under modular transformations, and if the integrals

do not introduce any new scales (due to divergences), then (1.1) follows, to all orders in t.

As we state explicitly, we assume that no new scales are generated, which leads to (1.1).1

For example, on a rectangular torus of size L1×L2, the torus partition sum must obey

Z(L1, L2, t) = Z(L2, L1, t), due to the freedom of relabeling the axes. At the same time, if

we view L1 as the circumference of the circle on which the theory lives, L1 = 2πR, and L2

as the inverse temperature, L2 = β, the transformation L1 ↔ L2 acts non-trivially on R

and on τ2 = β/2πR. In terms of the dimensionless coupling λ, this leads to (a special case

of) (1.1).

T T̄ deformed CFTs have the additional property that the energies of states in the

deformed theory depend only on the energies and momenta of the corresponding states in

the undeformed theory. Moreover, these energies have a good Taylor expansion in t (or

λ), since t is the coefficient of a local operator in the Lagrangian. It is natural to ask

whether the class of theories that have these properties is larger, i.e. whether there are

other deformations of general CFTs which are well-defined on a torus, so that they have a

torus partition sum obeying (1.1), and whose spectrum depends only on the coupling and

the unperturbed spectrum.

We show that the answer is negative — under the above assumptions, the torus parti-

tion sum (and thus the spectrum) of the deformed theory is uniquely determined in terms

of that of the undeformed theory to all orders in λ. Of course, the resulting partition sum

and spectrum must then agree with those of a T T̄ deformed CFT, and we show that this

is indeed the case.

Note that the assumption about the energies of states stated above only applies to

states that have a smooth λ → 0 limit, i.e. states whose contributions to the partition

sum have a perturbative expansion in λ. The deformed theory could have additional states

whose energies diverge in the limit λ → 0; in general, these give rise to non-perturbative

contributions to the partition sum Z(τ, τ̄ |λ), which need to be discussed separately. One

may think of these states as giving different high-energy completions for the deformed

theory at finite t.

Note also that the assumption that the theory has a single scale, associated with the

coupling t, is quite non-trivial. In general, theories with irrelevant couplings develop an

infinite number of scales, associated with the coefficients of all possible irrelevant operators

consistent with the symmetries. This is another way of saying that such theories are not

renormalizable. When viewed as effective field theories, they also depend on the choice

of UV cutoff. We are assuming that in our case, there is only one scale, i.e. that the

coefficients of all operators other than the one that couples to t can be consistently set to

zero, and that there is no dependence on the UV cutoff.

1More precisely, modular invariance leads to equation (1.1) when the theory has a single dimensionful

parameter of dimension (−1,−1). The generalization to cases where the parameter has a different dimension

is straightforward.
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The all orders partition sum satisfies a first order differential equation in the dimen-

sionless coupling λ. To study the theory non-perturbatively in λ, we assume2 that this

equation persists beyond perturbation theory, and analyze its solutions. We find that for

λ > 0 (the sign considered in [2, 3, 5], for which the spectrum of energies is real for small

λ), the solution of the differential equation with given boundary conditions at λ = 0 is

unique. For λ < 0, for which there are complex eigenvalues of the Hamiltonian, we find

a non-perturbative ambiguity. This ambiguity is due to the contribution to the partition

sum of states whose energies diverge like 1/|λ| in the limit λ→ 0. It is related to the fact

that the series in λ that defines the partition sum is asymptotic.

The plan of the paper is the following. In section 2 we determine to all orders in

the coupling λ the torus partition sum of any theory that satisfies the modular invariance

condition (1.1) and the assumption on the spectrum mentioned above. In particular, we

show that this assumption leads to a recursion relation, (2.17), for the coefficients in the

perturbative expansion (2.7). We prove that the only solution is the partition sum of a T T̄

deformed CFT.

In section 3 we use a differential equation that follows from the above recursion rela-

tion, (3.1), to study the partition sum non-perturbatively in λ. We find that for positive

λ, there are no non-trivial non-perturbative effects, while for negative λ there is a non-

perturbative ambiguity associated with states whose energies go to infinity as λ→ 0.

For λ > 0 the partition sum has a Hagedorn singularity. We discuss this behavior and

some of its implications in section 4.

In section 5 we discuss the relation of our results to holographic constructions of T T̄

deformed CFTs and of related deformations of large c conformal field theories.

We end in section 6 with a summary and a discussion of some future directions.

2 Spectrum from modular invariance

In this section, we show that modular invariance (1.1), and the qualitative assumption

about the spectrum described in the previous section, allows one to uniquely fix the parti-

tion sum to all orders in λ.

The torus partition sum of the undeformed CFT, as a function of τ = τ1 + iτ2, is given

by the standard expression

Z0(τ, τ̄) = Tr
[
e2πiτ(L0− c

24
)e−2πiτ̄(L̄0− c

24
)
]

=
∑
n

e2πiτ1RPn−2πτ2REn , (2.1)

where the sum over n runs over all the eigenstates |n〉 of the Hamiltonian H and of the

spatial momentum P on a circle of radius R, and Pn and En are the momentum and energy

of the state |n〉, related to the eigenvalues of L0, L̄0 via

(L0 − L0)|n〉 = RPn|n〉,
(
L0 + L0 −

c

12

)
|n〉 = REn|n〉. (2.2)

2For the T T̄ case, this assumption follows from the results of [12, 15], but here we take a broader point

of view.
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For any consistent CFT, the partition sum (2.1) is modular invariant

Z0

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d

)
= Z0(τ, τ̄), (2.3)

for any integers a, b, c, d with ad− bc = 1.

We now consider a deformation of the CFT that satisfies the property mentioned in

section 1: the states |n〉 of the original theory with energies En and momenta Pn, are

deformed at finite λ to states |n〉λ with energies En and the same (quantized) momenta,

En 7→ En(En, Pn, λ), Pn 7→ Pn, (2.4)

such that En depends only on the energy and momentum of the undeformed state |n〉, and

on λ. For now we restrict our attention to states whose energies have a regular Taylor

expansion in λ,

En(En, Pn, λ) =

∞∑
k=0

E(k)
n λk = E(0)

n + λE(1)
n + λ2 E(2)

n + · · · , (2.5)

where E
(0)
n = En is the undeformed energy (2.2), and E

(k>0)
n are functions of En, Pn to be

determined.

Plugging (2.5) into the partition sum

Z(τ, τ̄ |λ) =
∑
n

e2πiτ1RPn−2πτ2REn (2.6)

leads to a Taylor expansion

Z(τ, τ̄ |λ) =
∞∑
k=0

Zk λ
k = Z0 + Z1 λ+ Z2 λ

2 + · · · (2.7)

for the perturbed partition sum. Here Z0(τ, τ̄) is the undeformed CFT partition sum (2.1).

If the deformed CFT contains a single scale, associated with a dimensionful coupling

t, we can form a dimensionless combination, λ, from t and an appropriate power of R, such

that the torus partition sum depends only on the modular parameter τ and on λ. Since

modular transformations act3 on R but do not change t, λ transforms non-trivially.

We begin with the special case in which t has scaling dimension (−1,−1), leading

to the modular transformation (1.1). This implies that the coefficients Zp(τ, τ̄) in (2.7)

transform as modular forms of weight (p, p),

Zp

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d

)
= (cτ + d)p(cτ̄ + d)p Zp(τ, τ̄). (2.8)

We will next show that (2.4), (2.5), (2.8) determine Zp(τ, τ̄) uniquely.

3This can be seen, for example, by noting that the area of the torus, R2τ2, must be invariant under

modular transformations.
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To do that one can proceed as follows. Plugging the perturbative expansion of the

energies (2.5) into the partition sum (2.6), one gets explicit expressions for the coefficient

functions Zp(τ, τ̄) in terms of the energy shifts E
(k)
n . The first few of those are:

Z1 =
∑
n

(
−2πRτ2E(1)

n

)
e2πiτ1RPn−2πτ2REn , (2.9)

Z2 =
∑
n

(
τ2

2

2
(2πRE(1)

n )2 − 2πRτ2E(2)
n

)
e2πiτ1RPn−2πτ2REn ,

Z3 =
∑
n

(
−τ

3
2

6
(2πRE(1)

n )3 + (2πRτ2)2E(1)
n E(2)

n − 2πRτ2E(3)
n

)
e2πiτ1RPn−2πτ2REn .

Continuing to higher values of p, it is easy to see that the expression for Zp for general p

has the following properties:

1. Since E
(k)
n are functions of the unperturbed energies and momenta, En and Pn, in

expressions such as (2.9) they can be replaced by differential operators in τ and τ̄ ,

using

2πREn 7→ −∂τ2 =
1

i
(∂τ − ∂τ̄ ), 2πiRPn 7→ ∂τ1 = ∂τ + ∂τ̄ . (2.10)

2. After doing that, Zp takes the general form

Zp =
[
τp2 Ô

(p)
1 (∂τ , ∂τ̄ ) + τp−1

2 Ô(p)
2 (∂τ , ∂τ̄ ) + · · ·+ τ2Ô(p)

p (∂τ , ∂τ̄ )
]
Z0(τ, τ̄), (2.11)

where Ô(p)
j (∂τ , ∂τ̄ ) are differential operators, that encode the information about the

energy shifts E
(k)
n .

3. Ô(p)
1 is fixed by E

(1)
n (and vice versa). Ô(p)

2 is fixed by E
(1)
n and E

(2)
n . In general, Ô(p)

k

is fixed by E
(j)
n , with j = 1, 2, · · · , k.

We can use the properties listed above to show that given Z0, there is a unique Zp that

satisfies all the constraints. We will do this using induction, by showing that if Z0, · · · , Zp
have been uniquely determined, Zp+1 can be determined as well.

Before discussing the general case, it is useful to consider the case p = 1 in (2.11). We

are looking for an operator Ô(1)
1 , such that

Z1 = τ2Ô(1)
1 (∂τ , ∂τ̄ )Z0(τ, τ̄) (2.12)

is (using (2.8)) a modular form of weight (1, 1) for any modular invariant Z0(τ, τ̄). To find

Ô(1)
1 , it is useful to recall the modular covariant derivatives [24]

D(k)
τ = ∂τ −

ik

2τ2
, D

(k)
τ̄ = ∂τ̄ +

ik

2τ2
. (2.13)

Acting with D
(k)
τ on a modular form of weight (k, k′) gives a modular form of weight

(k + 2, k′). Similarly, D
(k′)
τ̄ increases the weight of such a modular form to (k, k′ + 2). It is

also useful to recall that τ2 is a modular form of weight (−1,−1).
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Looking back at (2.12), we see that we need to find a differential operator Ô(1)
1 , such

that Ô(1)
1 (∂τ , ∂τ̄ )Z0(τ, τ̄) is a modular form of weight (2, 2). Clearly, the unique operator

with these properties is

Ô(1)
1 (∂τ , ∂τ̄ ) = α∂τ∂τ̄ , (2.14)

where α is an arbitrary constant. Indeed, according to (2.13) with k=0, Ô(1)
1 (∂τ , ∂τ̄ )Z0(τ, τ̄)

is in this case a modular form of weight (2, 2), while acting with additional derivatives with

respect to τ and/or τ̄ gives rise to non-zero contributions that transform as (k, k′) forms

with k and/or k′ larger than two.

The constant α does not play a role in the discussion, as it can be absorbed into the

definition of the coupling λ (see (2.7)). We will set it to one below.

We are now ready to discuss the general induction step, going from p to p + 1 (with

p>0). As explained earlier, assuming that Z0, Z1, · · · , Zp have been uniquely fixed means

that the energy shifts E
(j)
n , with j = 1, 2, · · · , p, have been fixed as well. In the expres-

sion (2.11) for Zp+1, the operators Ô(p+1)
k with k = 1, 2, · · · , p are thus uniquely determined,

and the only unknown operator is Ô(p+1)
p+1 .

Suppose there are two such operators that satisfy all the constraints. Since each of

them gives rise to a Zp+1 with the right modular transformation properties, (2.8), the

difference between them should also transform as a modular form of weight (p+ 1, p+ 1).

However, in the difference, all the terms that go like powers of τ2 larger than one in (2.11)

cancel, and we conclude that there must exist an operator δÔ(p+1)
p+1 (∂τ , ∂τ̄ ), such that

δÔ(p+1)
p+1 (∂τ , ∂τ̄ )Z0(τ, τ̄) is a modular form of weight (p+ 2, p+ 2).

To see that such an operator does not exist, consider the action of ∂τ , ∂τ̄ on modular

forms fk,k̄(τ, τ̄) of general weight (k, k̄) (see (2.13)),

∂τfk,k̄(τ, τ̄) = D(k)
τ fk,k̄(τ, τ̄) +

ik

2τ2
fk,k̄(τ, τ̄), (2.15)

∂τ̄fk,k̄(τ, τ̄) = D
(k̄)
τ̄ fk,k̄(τ, τ̄)− ik̄

2τ2
fk,k̄(τ, τ̄).

The first line says that acting with ∂τ on a modular form of weight (k, k̄) gives a linear

combination of modular forms of weights (k+2, k̄) and (k+1, k̄+1). Similarly, acting with

∂τ̄ gives a linear combination of forms of weights (k, k̄+2) and (k+1, k̄+1). In particular,

the total (left + right) weight always increases by two units, but the individual weights of

different contributions are in general different.

The fact that δÔp+1(∂τ , ∂τ̄ )Z0(τ, τ̄) must be a modular form of weight (p + 2, p + 2)

implies that the operator δÔp+1(∂τ , ∂τ̄ ) must contain a combined total of p+ 2 derivatives

with respect to τ and τ̄ . It is easy to see that an arbitrary linear combination of all such

terms has, in addition to the desired (p + 2, p + 2) form, other contributions from (k, k̄)

forms with k 6= k̄ and k + k̄ = 2p + 4, which do not vanish for general Z0. Thus, δÔp+1

must vanish, and we conclude that Zp+1 is also unique.

Having established that the form of the Zp’s is unique given Z0 (up to the freedom of

rescaling λ in (2.7)), it is natural to ask whether they can be computed in closed form. It
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turns out that a useful ansatz is the recursion relation

Zp+1 = dp

(
τ2D

(p)
τ D

(p)
τ̄ −

bp
τ2

)
Zp, (2.16)

where dp, bp are constants to be determined. If Zp is a weight (p, p) modular form, then

Zp+1 (2.16) is (by construction) a (p+ 1, p+ 1) form, as expected (2.8). The constants dp,

bp can be determined as follows:

• dp can be determined by comparing the coefficients of τp+1
2 on the left and right hand

sides of (2.16), using (2.11) and the fact that for each energy level Ô(p)
1 gives a factor

of (−2πRE
(1)
n )p/p!; one finds dp = 1/(p+ 1).

• bp can be determined by demanding that when Zp does not have a term that goes

like τ0
2 in the expansion (2.11), neither should Zp+1. A short calculation leads to

bp = p(p+ 1)/4.

Thus, we conclude that the coefficients Zp must satisfy the recursion relation

Zp+1 =
τ2

p+ 1

(
D(p)
τ D

(p)
τ̄ −

p(p+ 1)

4τ2
2

)
Zp. (2.17)

In particular, all Zp>0 are uniquely determined by the unperturbed partition sum Z0 (2.1).

As discussed above, one can use (2.17) to determine the energy shifts E
(j)
n (2.5). The

first few of these are

E(1)
n = −πR

2
(E2

n − P 2
n), (2.18)

E(2)
n =

π2R2

2
(E2

n − P 2
n)En,

E(3)
n = −π

3R3

8
(E2

n − P 2
n)(5E2

n − P 2
n).

These are the first terms in the expansion of the energy spectrum of T T̄ deformed CFTs,

En(En, Pn, λ) =
1

πλR

(√
1 + 2πλREn + λ2π2R2P 2

n − 1
)
, (2.19)

where we used the conventions of [3],4 with λ = 4t/R2. Note that for λ positive and

sufficiently small, these energies are real, while for any negative λ the spectrum arising

from large enough energies En becomes complex, so the theory cannot be unitary (the

Hamiltonian is not Hermitian).

Another way to see that the recursion relation (2.17) gives rise to the spectrum of a

T T̄ deformed CFT is to note that it is identical to the one found in [18], from the diffusion

equation for the partition function of that model [12]. We will also see in the next section

that this recursion relation gives rise to the inviscid Burgers equation for the spectrum of

a T T̄ deformed CFT found in [2, 3].

4Our convention for the deformed energy is slightly different from the one in [3], 2πEhere = Ethere.
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So far in this section we assumed that the partition sum (2.6) has an expansion in

integer powers of the dimensionless coupling λ, as in (2.7), where λ transforms as (1.1).

The motivation for this was that λ is proportional to the coupling t, which we took to have

dimension (−1,−1). A natural question is whether there is another class of theories that

satisfies our requirements, in which the coupling has a different dimension, such that the

dimensionless coupling λ has a different modular weight.

If such a class existed, it could be studied in our formalism by defining a coupling λ̂ that

has the same weight as in our analysis, and writing the physical dimensionless coupling of

the theory as λ = λ̂a with some real number, a. Thus, in terms of our analysis, the question

becomes whether there is another class of partition sums satisfying our requirements, in

which the leading correction to the CFT partition sum Z0 is Z1λ̂
a, with a 6= 1.

Repeating the analysis from before, we can write Z1 in the form (2.12), and since Z1

must be a modular form of weight (a, a), Ô1(∂τ , ∂τ̄ )Z0(τ, τ̄) must have weight (a+1, a+1).

For positive integer a, we have seen before that this is impossible. It is easy to see that it

is impossible for non-integer a as well, due to the fact that the operator Ô1(∂τ , ∂τ̄ ) must

have, by construction, a good Taylor expansion in its arguments. Negative values of a

(corresponding to relevant perturbations of a CFT) can be ruled out in a similar way.

Thus, we conclude that perturbatively in any (single) dimensionful coupling, a T T̄

deformed CFT is the only solution to the requirements we imposed.

3 Non-perturbative analysis

In section 2 we determined the partition sum (2.6) to all orders in the coupling λ. It is

natural to ask what happens beyond perturbation theory. The first question we need to

address is what we mean by non-perturbative contributions to the partition sum from the

general perspective of the previous sections.

We saw that the coefficient functions Zp in the expansion (2.7) satisfy the recursion

relation (2.17). This recursion relation can be summarized in a compact way as a differential

equation for the partition sum Z(τ, τ̄ |λ) (2.7),

∂λZ(τ, τ̄ |λ) =

[
τ2∂τ∂τ̄ +

1

2

(
i (∂τ − ∂τ̄ )− 1

τ2

)
λ∂λ

]
Z(τ, τ̄ |λ). (3.1)

Indeed, plugging the expansion (2.7) into (3.1) gives the recursion relation (2.17). Alterna-

tively, plugging (2.6) into (3.1), and comparing the coefficients of particular terms in the

sum over n on the left and right hand sides, gives an ODE in λ. This ODE is equivalent

to the inviscid Burgers equation for the energies, En(λ), derived in [2, 3], which is indeed

solved by (2.19).

A natural non-perturbative completion of the construction of the previous sections is to

take the partition sum Z(τ, τ̄ |λ) to obey the differential equation (3.1) with the boundary

condition

Z(τ, τ̄ |0) = Z0(τ, τ̄), (3.2)

where Z0(τ, τ̄) is the partition sum of the original CFT (2.1).

– 8 –
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In the context of a T T̄ deformed CFT, an identical equation (written in a different

form) was derived from the path integral in [12], so that this deformation gives an example

of such a non-perturbative completion.5 From our more general perspective, which does

not assume a priori that we are dealing with a T T̄ deformed CFT, it is a natural non-

perturbative completion.

We now ask what non-perturbative effects do (3.1), (3.2) describe. A useful way of

thinking about this is the following. As mentioned above, the differential equation (3.1)

determines the spectrum of energies (2.19). In that equation we took the positive branch

of the square root, because we wanted the energies to satisfy the boundary condition

En(En, Pn, 0) = En.

Denoting the energies En in (2.19) by E(+)
n , the negative branch of the square root gives

another set of energies, E(−)
n , related to those in (2.19) via the relation

E(+)
n + E(−)

n = − 2

πλR
. (3.3)

In particular, while E(+)
n have a finite limit as λ→ 0, E(−)

n behave as λ→ 0 like

E(−)
n ∼ − 2

πλR
. (3.4)

For positive (negative) λ they go to minus (plus) infinity. This will lead to a difference

in the analysis of the partition function between positive and negative values of λ, even

though no such difference appeared in the perturbative expansion of the previous section.

The key point for our purposes is that the differential equation (3.1) is linear in Z.

Thus, it holds separately for the contribution of any specific state to Z, and is valid for

both branches of the spectrum. The perturbative contribution to the partition sum studied

in section 2 is obtained by plugging into (2.6) the energies E(+)
n . If, on the other hand, we

take for the spectrum some other states with energies Ẽn = Ẽ(−)
n in (2.6), we get a partition

sum that goes like

Znp(τ, τ̄ |λ) = e4τ2/λ
∑
n

e2πiτ1RPn+2πτ2RẼ(+)
n , (3.5)

where we used (3.3). The Ẽ(+)
n here are given by (2.19) with some energies Ẽn.

Note that:

1. The coefficient of the exponential in (3.5) has a good Taylor expansion in λ. It can

be thought of as obtained from some spectrum (2.19) by taking λ 7→ −λ, Ẽ 7→ −Ẽ,

Ẽ 7→ −Ẽ , which preserves the form of our equations. Note that it is natural to take

most of the Ẽ(+)
n ’s in (3.5) to be negative, so that the sum over n converges.

2. The exponential in (3.5) is modular invariant by itself, so that Znp is modular in-

variant if and only if the spectrum Ẽn corresponds to a modular invariant conformal

field theory.

5In fact, [12] showed that the same equation holds also for general T T̄ deformed theories (not necessarily

conformal), such that these theories also obey (1.1), even though they have more than one mass scale.
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3. The exponential in (3.5) diverges badly as λ → 0+. Hence, for positive λ, such a

term is forbidden by the boundary condition (3.2). This is related to the fact that

the energies E(−)
n go to (−∞) as λ→ 0 in this case.

4. For negative λ, (3.5) goes rapidly to zero as λ → 0−. It corresponds to a non-

perturbative contribution to the partition sum Z(τ, τ̄ |λ) that solves (3.1), with extra

states whose energies go to +∞ as λ→ 0−.

5. The non-perturbative contribution (3.5) to Z corresponds to an arbitrary modular

invariant partition sum multiplying the exponential. In particular, it need not have

anything to do with Z0 (3.2). We have a one-to-one correspondence between non-

perturbative solutions to (3.1) (for a given CFT at λ = 0) and independent modular-

invariant CFTs.

The above discussion can be concisely summarized by considering the following ansatz

for the non-perturbative solution of (3.1):

Znp = X(τ, τ̄ |λ) exp

[
4τ2

λ

]
. (3.6)

Plugging this into (3.1), we find that the prefactor X satisfies

∂λX = −
[
τ2∂τ∂τ̄ +

1

2

(
i (∂τ − ∂τ̄ )− 1

τ2

)
λ∂λ

]
X. (3.7)

As anticipated by the discussion above, this is the same as the original equation (3.1), with

λ 7→ −λ. Comparing (3.5) and (3.7), we see that X in the latter is the pre-exponential

factor in the former. In particular, it has a smooth limit as λ→ 0.

Thus, we conclude that for λ > 0, the solution of (3.1), (3.2) does not have any non-

perturbative ambiguities, while for λ < 0 it has an ambiguity of the form (3.6). This

ambiguity is parametrized by a choice of a modular invariant function X0 = X(τ, τ̄ |0),

which provides the boundary condition for (3.7).

The form of the non-perturbative contribution to the partition sum suggests that the

perturbative series (2.7) is asymptotic, with the appropriate large order growth. More

precisely, one expects that for large p we have

Zp(τ, τ̄) ∼ (p− 1)!

(−4τ2)p
Y (τ, τ̄), (3.8)

where Y (τ, τ̄) is a modular invariant function. From the perspective of (2.17) this is the

statement that the solution of the recursion relation approaches at large p a zero mode of

the operators D
(p)
τ , D

(p)
τ̄ , which is not unreasonable. In particular, note that for Y = 1, (3.8)

gives a solution to this recursion relation.
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4 Some properties of the torus partition function

In this section we briefly comment on some properties of the deformed partition function

Z(τ, τ̄ |λ).

Let us start with the case λ > 0, where the deformed energies are real for small

enough λ. As is shown in [5, 18], for λ > 0 and a CFT of central charge c, the density of

states of the deformed theory interpolates between Cardy behavior, ρ(E) ∼ e
√

2πRc
3

E
in an

intermediate range of energies (which is only present for λ � 1), and Hagedorn behavior,

ρ(E) ∼ e2πRE
√
πcλ
6 at asymptotically large energies.

Consider, for simplicity, the partition sum (2.6), for τ1=0. The Hagedorn behavior of

the asymptotic spectrum implies that the partition sum is convergent only for

τ2 > τH
2 (λ), (4.1)

with

τH
2 (λ) =

√
πcλ

6
. (4.2)

Modular invariance, (1.1), implies that

Z(τ̃2, λ̃) = Z(τ2, λ), with τ̃2 =
1

τ2
, λ̃ =

λ

τ2
2

. (4.3)

Writing (4.1) in terms of (τ̃2, λ̃), we obtain

πcλ̃

6
< 1. (4.4)

Thus, the partition sum on a rectangular torus is only well-defined when both sides of the

torus are larger than 2π
√

2πct
3 .

It is useful to note that:

1. The Hagedorn singularity, that in terms of the original variables (τ2, λ), happens at a

particular value of τ2 that depends on λ, (4.1), (4.2), happens in the dual variables at

a particular value of the dual coupling λ̃, (4.4), for all values of the dual modulus τ̃2.

2. There is an independent reason to require the condition (4.4) on the coupling. Look-

ing back at (2.19), we see that this condition is necessary for the SL(2,R) invariant

vacuum of the original CFT, which has E0R = −c/12 and P0 = 0 (2.2), to have a

real energy E0 in the deformed theory. For larger values of λ, or equivalently smaller

values of R for a given t, this energy becomes complex. The condition (4.4) can be

thought of as the requirement that the coupling at the scale R be sufficiently weak.

3. The above discussion is reminiscent of the usual relation between the high energy

density of states and the mass of the lowest lying state winding around Euclidean

time in a free string theory at finite temperature.

4. The modular parameter of the torus, τ , can be restricted to a single fundamental

domain, e.g. the standard domain |τ | ≥ 1, τ1 ∈ [−1/2, 1/2]. If we impose the condi-

tion (4.4) on the coupling and use the fact that in that domain, for τ1 = 0 one has

τ2 ≥ 1, we see that the Hagedorn singularity (4.2) is never reached.
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For λ < 0, the spectrum of energies (2.19) is complex for large enough undeformed

energies En. This leads to the torus partition sum also being complex (even for τ1 = 0). The

interpretation of such non-unitary deformations of unitary theories is not clear. However,

it is interesting to note that there is one specific non-perturbative completion for which the

partition function becomes real. It corresponds to accompanying each state with energy

E(+)
n by a state of energy E(−)

n , or in other words to choosing the Ẽn appearing in (3.5) to

be Ẽn = −En. This seems to be a natural UV completion of the partition function, but

from our point of view it is not clear why it is preferred compared to others.

5 Relation to holography

Many two dimensional CFT’s are related via holographic duality to vacua of string theory

on AdS3. After the original papers [2, 3], there has been some work on the fate of these dual

pairs after a T T̄ deformation [4, 5, 7, 9–11, 13, 20, 22]. In this section we comment on the

interpretation of our results in that context, leaving a more detailed discussion to future

work. There are two distinct holographic constructions that we discuss in turn below.

The first involves starting with an AdS3 vacuum of string theory, which is weakly

coupled corresponding to a large c CFT, and turning on the tT T̄ deformation in the dual

CFT. Such a deformation which is quadratic in the single-trace/gauge invariant CFT

operators is known as a “double-trace” deformation. At leading order in t and in 1/c the

general rules of the AdS/CFT correspondence [25, 26] imply that it modifies the boundary

condition for the graviton at the boundary of AdS3. More precisely, this is true when one

takes the large c limit keeping fixed the combination (t · c) (note that this is the same

combination appearing in the Hagedorn temperature; see (4.2)). Because t ∼ 1/c, the

changes in the spectrum of light states in the bulk are very small, but the changes in the

energies of black hole states with E ∼ c can be large. The description as a deformation

of the boundary condition reproduces correctly the perturbation expansion of correlation

functions and other observables in (t · c), but it is not clear how to generalize it to finite

values of (t · c), or to higher orders in the expansion in powers of t or 1/c. We expect

significant changes in the behavior near the boundary of AdS3, at least if extra matter

fields are present so that there are dynamical degrees of freedom in the bulk theory.

The leading order description above holds for both signs of t. For t > 0 where the

spectrum is unitary, there are no known candidates for the dual holographic description at

finite t; our considerations suggest that this dual should be unique. For t < 0, where the

spectrum is non-unitary, a suggestion for the holographic dual at finite t appeared in [4] and

was analyzed further in [11, 13, 16, 19, 23]. This suggestion involves putting a finite cutoff

on the radial direction of AdS3, at a position related to t. This correctly reproduces many

features of the T T̄ deformation, but when there are more fields (beyond the graviton)

in the bulk, such a finite cutoff corresponds to a much more complicated deformation

involving many different double-trace operators [11]. It is not clear if such a deformation,

which involves many dimensionful coupling constants, has any special features, and it is

not directly related to our discussion here. In any case, our analysis implies that there

can be many different UV completions of the T T̄ deformation for this sign of t, and it is

not clear which, if any, could be related to a finite cutoff in the bulk. If we accept the
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relation to a finite cutoff, it is tempting to suggest that perhaps this freedom corresponds

to different choices of the fields living beyond the cutoff, while not modifying the physics

inside the cutoff.

In addition, the authors of [4] suggested that the spectrum of energies of the deformed

theory should be cut off at the value of the energy where the energy spectrum (2.19)

becomes complex, and that all higher energy states should be removed. Such a trunca-

tion is not modular invariant by itself. However, note that already for AdS3, modular

transformations exchange different gravitational solutions in the bulk (which are all locally

AdS3) [27, 28], in which different cycles of the torus shrink to zero in the bulk. This sug-

gests that one could make the finite cutoff prescription modular invariant by adding to

its truncated partition function all of its SL(2,Z)-transforms with a finite cutoff which is

the SL(2,Z) image of the original one. However, there is no reason to believe that these

additional contributions would correspond to a consistent spectrum (namely, that they can

be written as a sum of the form (2.6)), so the meaning of this suggestion is not clear.

A second holographic construction, studied in [5, 7, 9, 10, 20, 22], involves deforming

an AdS3/CFT2 dual pair by adding to the Lagrangian of the CFT a “single-trace” operator

of dimension (2, 2), D(x, x̄) [29], which has many features in common with T T̄ . From the

AdS3 point of view, it corresponds to deforming the geometry from AdS3 to a certain

background known as M3 [5, 30]. In the worldsheet description of string theory on AdS3

(with NS B-field) it corresponds to a null current-current deformation of AdS3 [5, 31].

The geometry ofM3 depends on the sign of the deformation parameter t. For t > 0, one

finds a smooth asymptotically linear dilaton flat three-dimensional space-time, compactified

on a circle with radius R, and capped in the infrared region by a locally AdS3 space. We

will refer to this background as M(+)
3 .

For t < 0, the background, which we will denote by M(−)
3 , looks as follows. In the

infrared region in the radial coordinate, it approaches AdS3. As one moves towards the

UV, the geometry is deformed, and at some value of the radial coordinate, that depends

on t, one encounters a singularity. The region between the IR AdS3 and the singularity

looks like the region between the horizon and the singularity of a black hole. Proceeding

past the singularity, the geometry approaches a linear dilaton spacetime. From the point

of view of an observer living in that spacetime, the singularity in question is naked. Also,

the role of space and time on the boundary are flipped when passing the singularity. Thus,

the region past the singularity has closed timelike curves.

While the backgrounds M(+)
3 and M(−)

3 look rather different, their constructions in

string theory are very similar. As described in [7], the worldsheet theory corresponding to

both can be obtained via null gauging of the worldsheet CFT on R× S1×AdS3. For t > 0

(t < 0), the gauging involves an axial (vector) symmetry. Therefore, it is natural to expect

both of them to give rise to good string backgrounds.

To relate string theory in the deformed backgrounds M(±)
3 to the discussion of this

paper, we need to understand the role of the deformation operator D in the CFT dual

of string theory on AdS3. In general, the CFT dual to string theory on AdS3 is not well

understood, but there is a partial picture that is sufficient for our purposes. We next briefly

review this picture and discuss its implications for our case.
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The spectrum of string theory on AdS3 includes strings winding around the spatial

circle on the boundary and carrying some momentum in the radial direction. Such strings

are well described by the symmetric orbifold MN/SN [32, 33], where M is the theory

describing a single string, and N is related to the string coupling, N ∼ 1/g2
s . From the

point of view of this description, the operator D can be thought of as
∑N

i=1(T T̄ )i, where

(T T̄ )i is the T T̄ deformation in the i’th copy of M . Thus, the single trace deformation

studied in [5, 7, 9] corresponds from this point of view to the orbifold MN
t /SN , where Mt

is a T T̄ deformed version of the block M .

Many aspects of the discussion of this paper have a natural interpretation in the above

string theory construction. For example, we found that for t > 0, the spectrum of the

theory does not receive non-perturbative corrections. This is natural in the string theory

construction since M(+)
3 is a smooth space. An explicit calculation shows that the states

in string theory on M(+)
3 described by the symmetric product do indeed have a smooth

limit as t→ 0+.

On the other hand, for t < 0 we found that the partition sum of the theory has a

non-perturbative ambiguity, parametrized by (3.6), (3.7), which corresponds to states with

energies that diverge as t → 0−. It would be interesting to understand these and other

features of the field theory discussion from the string theory perspective. It is tempting

to speculate that states whose energies have a good perturbative limit correspond in the

bulk to wavefunctions that in some sense live in the region between the horizon and the

singularity, while those whose energies diverge in the limit (3.4) live in the region beyond

the singularity. Analyzing this could shed light on whether the singularity of the space-time

M(−)
3 is resolved in string theory, and how. We hope to return to this subject in future work.

6 Discussion

In this paper we studied the torus partition sum of a two dimensional quantum field theory

obtained by an irrelevant perturbation of a CFT. We showed that modular invariance,

together with the requirement that the energies of states in the perturbed theory depend

only on the energies and momenta of the original CFT and on the coupling, places strong

constraints on the spectrum. In particular, it fixes it to be that of a T T̄ deformed CFT

to all orders in the coupling. In a natural non-perturbative completion, for one sign of

the coupling the spectrum is uniquely fixed, while for the other there are non-perturbative

ambiguities, that we described.

From the point of view of our paper, all of these non-perturbative (UV) completions

of the t < 0 theory, labeled by an independent modular invariant CFT partition function,

are equally valid, and could correspond to a consistent field theory on a torus. It would

be interesting to understand if there are additional constraints that should be imposed on

these completions. For instance, these could come from requiring consistency of the theory

on higher genus Riemann surfaces, or from the existence and consistency of correlation

functions of some local operators (like the energy-momentum tensor itself). Note that in

any case these theories are non-unitary, limiting the possible consistency requirements.
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The theories we described can be defined in terms of their explicit spectrum of states

(with a specific choice made for t < 0), or, perturbatively in t, as T T̄ deformations.

Ideally, we would like to have an independent construction of the deformed theory on a

torus, which does not rely on perturbation theory in t, and is valid at all energy scales.

One such construction was suggested in [6, 15], as a theory of Jackiw-Teitelboim gravity

coupled to matter. A priori, this definition makes sense for either sign of t. It would be

good to understand if this is indeed the case and, if this definition makes sense for t < 0,

which UV completion it corresponds to from our perspective.

Similarly, holography could provide an independent definition of these theories, at least

in a large c expansion. The current constructions via a cutoff in the bulk are not directly re-

lated to the T T̄ deformations, despite many similarities. It would be interesting to find some

consistent holographic dual for them (for t < 0 this would involve a specific UV completion).

The construction of this paper can be generalized to other, related, theories. An exam-

ple is a JT̄ deformed CFT, which was discussed recently in [34–37]. Using our techniques,

one can show that the torus partition sum and spectrum of this theory can be constructed

starting from modular covariance and the assumption that the spectrum of energies and

charges of the deformed theory depends only on those of the undeformed theory [38].

If the original CFT has left and right moving currents J , J̄ , one can further generalize

the discussion to general perturbations of the form JJ̄ , JT̄ , T J̄ , T T̄ and linear combinations

thereof. Our construction may be useful for studying the resulting theories.
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