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1 Introduction

In a recent paper [1], we obtained the torus partition sum of a tT T̄ deformed CFT1 from

modular invariance, with some qualitative assumptions about the spectrum of the theory.

More precisely, we considered a theory with a single scale, associated with a dimensionful

coupling t, and assumed that the energies of states in that theory, when formulated on a

circle of radius R, depend only2 on t and on the energies and momenta of the corresponding

states in the undeformed theory. We showed that, under these assumptions, the torus

partition sum of the theory is uniquely determined to all orders in t, to be that of the tT T̄

deformation of the theory with t = 0.

Non-perturbative contributions to the partition sum, which are due to states whose

energies diverge in the limit t → 0, were found to be compatible with modular invariance

and finiteness of the partition sum in the limit of zero coupling only for a particular sign

of the coupling.3 We discussed possible relations between these field theoretic results and

holography.

In this note, we generalize the analysis of [1] to the case of a JT̄ deformed CFT.

This system was originally discussed in [25] and the spectrum was obtained in [26] (see

also [27, 28] for other works on this subject). As we will see, the techniques of [1] provide

1See e.g. [2–24] for other works.
2Here we mean dimensionless energies, momenta and coupling, all measured in units of the radius of the

circle, R.
3For this sign, the perturbative spectrum contains states whose energies become complex in the deformed

theory, which leads to problems with unitarity.
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a powerful approach for studying this theory. In particular, we will be able to rederive and

extend the results of [26] using this perspective.

Before turning on the deformation, the current J is holomorphic, i.e. it satisfies ∂̄J = 0,

as is standard in CFT. As emphasized in [26], the µJT̄ deformation is essentially defined

by the requirement that it preserves this property at arbitrary coupling µ, despite the

fact that the full theory is no longer conformal. We will assume in our analysis that this

property holds in the theories we discuss.

Usually, in two dimensional field theory, the presence of a holomorphic current means

that the theory has an essentially decoupled conformal sector (see e.g. [29]). This does

not seem to be the case here, probably because the theory is non-local (in the sense that

its UV behavior is not governed by a fixed point of the renormalization group). This issue

deserves further study.

As in [1], we assume that our theory has a single dimensionful coupling µ. The focus

of our discussion is going to be the partition sum of the theory,

Z(τ, τ̄ , ν|µ̂) =
∑

n

e2πiτ1RPn−2πτ2REn+2πiνQn , (1.1)

where µ̂ is the dimensionless coupling, µ̂ ∼ µ/R, and the sum runs over the eigenstates of

the Hamiltonian, the momentum operator P , and the charge operator Q. One can think

of (1.1) as the partition sum of the theory on a torus with modulus τ = τ1 + iτ2, in the

presence of a chemical potential ν that couples to the conserved current J .

At µ̂ = 0, (1.1) becomes the torus partition sum of a CFT with non-zero chemical

potential. It is modular covariant,

Z0

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
,

ν

cτ + d

)
= exp

(
πikcν2

cτ + d

)
Z0(τ, τ̄ , ν), (1.2)

with a, b, c, d ∈ Z and ad− bc = 1. Here k is the level of the U(1) affine Lie algebra,

[Jm, Jn] = kmδm+n,0 . (1.3)

Note that (1.2) implies that the chemical potential ν transforms as a modular form of weight

(−1, 0). This is due to the fact that it couples to a holomorphic current of dimension (1, 0)

(see e.g. [30, § 3.1] for a discussion).

As mentioned above, a key observation of [26] was that the current J remains holomor-

phic in the JT̄ deformed theory as well. Motivated by this, we assume that the partition

sum (1.1) of our theory satisfies a similar modular covariance property,

Z
(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
,

ν

cτ + d

∣∣∣∣
µ̂

cτ̄ + d

)
= exp

(
iπkcν2

cτ + d

)
Z(τ, τ̄ , ν|µ̂). (1.4)

The transformation of the (dimensionless) coupling µ̂ follows from the fact that we assume

that it couples in the action to an operator that in the undeformed theory has dimension

(1, 2). The transformation of ν is a consequence of the holomorphy of the current J ,

associated with the charge Q that ν couples to (the discussion of [30] can be extended to

– 2 –
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this case). Note that in our analysis we take this current to be normalized as in (1.3) for

all µ̂. This choice is reflected in the factor of k in the exponential on the right-hand side

of (1.4). It provides the normalization of the charges in (1.1), which will play an important

role in our discussion.

Following the logic of [1], we now ask the following question. Suppose we are given

a theory with a single scale, set by a dimensionful coupling µ, and a current J(z) that is

holomorphic throughout the RG flow. Using the fact that the theory on a torus is modular

covariant, (1.4), and assuming that the energies En and charges Qn in (1.1) depend only

on µ̂ and on the values of the energy, momentum and charge of the corresponding states

in the undeformed (conformal) theory, what can we say about the theory?

We will see that, like in [1], the above requirements fix the partition sum (1.1) uniquely

to be that of a µJT̄ deformed CFT to all orders in µ̂. Thus, a JT̄ deformed CFT is the

unique theory with these general properties.

In the process of proving that, we will derive equations that govern the flow of energies

and charges as a function of the coupling µ̂. These equations generalize the inviscid Burgers’

equation that describes the flow of the energies in a T T̄ deformed CFT [3, 4]. We will also

discuss the theory non-perturbatively in µ̂ for the JT̄ case,4 by using a differential equation

for the partition sum that generalizes the one used in [13, 19], and discuss relations to

holography.

The plan of this paper is the following. In section 2 we generalize the discussion of [1]

to a theory with a holomorphic U(1) current. We show that modular covariance (1.4), and

the qualitative assumption about the spectrum mentioned above, determine the partition

sum of the model uniquely to be that of a µJT̄ deformed CFT, to all orders in the coupling

µ̂. In particular, we obtain a recursion relation, (2.16), satisfied by the partition sum.

In section 3 we show that the recursion relation (2.16) leads to a flow equation for

the partition sum, (3.1), from which one can derive flow equations for the energies and

charges of states with the coupling, (3.4), (3.6), whose solutions agree with the spectrum

found in [26]. We also study the solutions of (3.1) non-perturbatively in µ̂ and discuss

some ambiguities that we find.

In section 4 we discuss two examples of our construction — charged free bosons and

fermions. We comment on our results and their relation to holography in section 5. Two

appendices contain results and details that are used in the main text.

2 Spectrum from modular covariance

In this section, we use modular covariance (1.4), and the qualitative assumption about the

spectrum described in the previous section, to uniquely fix the partition sum to all orders

in µ̂.

4Note that if we assume that the theory exists at finite µ̂ and not just in perturbation theory, then

this theory seems to be non-local, similar to T T̄ -deformed theories. In our analysis we do not assume

locality, but only the existence of well-defined energy levels of the theory on a circle. This implies that the

torus partition sum is well-defined and modular-covariant (for finite µ̂), without needing to assume locality,

and (1.4) follows.
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We start with the torus partition sum of the theory with µ̂ = 0, a CFT with a U(1)

current J , and a chemical potential ν for the corresponding charge,

Z0(τ, τ̄ , ν) = Tr
[
e2πiτ(L0−

c
24

)−2πiτ̄(L̄0−
c
24

)+2πiνJ0
]
=

∑

n

e2πiτ1RPn−2πτ2REn+2πiνQn , (2.1)

where Pn, En and Qn are the momentum, energy and charge of the state |n〉 on a circle of

radius R. They are related to the eigenvalues of L0, L̄0 and J0 by

(
L0 − L̄0

)
|n〉 = RPn|n〉,

(
L0 + L̄0 −

c

12

)
|n〉 = REn|n〉, J0|n〉 = Qn|n〉. (2.2)

The partition sum (2.1) satisfies the modular covariance property (1.2), which is essentially

the statement that the theory can be consistently formulated on a torus.

We now consider a deformation of the CFT, under which the states |n〉0 are deformed

to |n〉µ̂, and the quantities in (2.2) become

Pn 7→ Pn, En 7→ En(En, Pn, Qn, µ̂), Qn 7→ Qn(En, Pn, Qn, µ̂), (2.3)

where µ̂ is a dimensionless parameter, which can be thought of as the value of the di-

mensionful coupling µ at the scale R. The deformation is universal in the sense that the

deformed energy and charge of the state |n〉µ̂ only depend on the values of (Pn, En, Qn) of

the undeformed state |n〉0.
To evaluate the deformed torus partition sum (1.1), we follow [1] and assume that the

quantities in (2.3) allow regular Taylor expansions in µ̂

En =
∞∑

k=0

E(k)
n µ̂k = E(0)

n + E(1)
n µ̂+ E(2)

n µ̂2 + · · · , (2.4)

Qn =
∞∑

k=0

Q(k)
n µ̂k = Q(0)

n +Q(1)
n µ̂+Q(2)

n µ̂2 + · · · ,

where E
(0)
n = En and Q

(0)
n = Qn, and E

(k)
n , Q

(k)
n are functions of (En, Pn, Qn) that need to

be determined.

Plugging (2.4) into (1.1), we find the Taylor expansion of the deformed partition sum,

Z(τ, τ̄ , ν|µ̂) =
∞∑

p=0

Zpµ̂
p = Z0 + Z1µ̂+ Z2µ̂

2 + · · · . (2.5)

Modular covariance of the deformed partition sum, (1.4), implies that Zp transforms as a

non-holomorphic Jacobi form of weight (0, p) and holomorphic index k,

Zp

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
,

ν

cτ + b

)
= (cτ̄ + d)p exp

(
iπkcν2

cτ + d

)
Zp(τ, τ̄ , ν). (2.6)

The first few orders in the µ̂ expansion are given by

Zp =
∑

n

f (p)
n e2πiτ1RPn−2πτ2REn+2πiνQn , (2.7)
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where

f (1)
n = (−2πRE(1)

n )τ2 + 2iπνQ(1)
n , (2.8)

f (2)
n =

1

2!

(
−2πRE(1)

n

)2
τ22 − 2πR

[
E(2)
n + 2iπνE(1)

n Q(1)
n

]
τ2 − 2

[
π2ν2(Q(1)

n )2 − iπνQ(2)
n

]
,

f (3)
n =

1

3!

(
−2πRE(1)

n

)3
τ32 + 4π2R2

[
E(1)
n E(2)

n + iπν(E(1)
n )2Q(1)

n

]
τ22

+
[
2Rπ2ν2E(1)

n (Q(1)
n )2 − 2πiRν(E(1)

n Q(2)
n + E(2)

n Q(1)
n )− 2πRE(3)

n

]
τ2

− 4

3
iπ3ν3(Q(1)

n )3 − 4π2ν2Q(1)
n Q(2)

n + 2πiνQ(3)
n .

As in [1], we can write Zp as a differential operator in τ , ν acting on Z0, by replacing

E
(k)
n (En, Pn, Qn), Q

(k)
n (En, Pn, Qn) in (2.8) by differential operators, using the replacement

rules

En 7→ − 1

2πR
∂τ2 , Pn 7→ 1

2πiR
∂τ1 , Qn 7→ 1

2πi
∂ν . (2.9)

This leads to a double expansion of Zp in powers of τ2 and ν,

Zp =
∑

l,m

τ l2ν
mO(p)

lm (∂τ , ∂τ̄ , ∂ν)Z0, (2.10)

where the sum runs over the range l,m = 0, 1, · · · , p; 0 < l +m ≤ p.

As is clear from the expansion (1.1), (2.4), the differential operators O(p)
lm (∂τ , ∂τ̄ , ∂ν)

with given p are only sensitive to the energy and charge shifts E
(k)
n , Q

(k)
n with k = 1, 2, · · · , p.

Conversely, if we know all O(p)
lm with given p, we can determine all the energy and charge

shifts with k ≤ p by using (2.7)–(2.10).

We can use the expansion (2.10) to prove that if Z1, · · · , Zp have been determined,

Zp+1 can be determined as well. As in [1], we start by considering the first step in this

process. Equation (2.10) (with p = 1) takes in this case the form

Z1 =
(
τ2Ô

(1)
1,0(∂τ , ∂τ̄ , ∂ν) + νÔ

(1)
0,1(∂τ , ∂τ̄ , ∂ν)

)
Z0. (2.11)

We are looking for differential operators Ô
(1)
1,0, Ô

(1)
0,1, for which Z1 transforms as a Jacobi

form of weight (0, 1) and index k, for any Z0 of weight (0, 0) and index k. To find them,

one can proceed as follows.

In [1, 19], we used the modular covariant derivative operators

D
(r)
τ ≡ ∂τ −

ir

2τ2
, D

(r̄)
τ̄ ≡ ∂τ̄ +

ir̄

2τ2
. (2.12)

These operators have the following properties. Acting with D
(r)
τ on a modular form of

weight (r, r̄) gives a modular form of weight (r+ 2, r̄). Similarly, D
(r̄)
τ̄ increases the weight

of such a modular form to (r, r̄ + 2).5

5Acting with D
(r̄)
τ̄ on a Jacobi form of weight (r, r̄) and holomorphic index k gives a Jacobi form of weight

(r, r̄ + 2) with the same index. On the other hand, acting with D
(r)
τ on a Jacobi form with holomorphic

index k 6= 0 does not give a Jacobi form.

– 5 –
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In our case, it is useful to introduce another covariant derivative, with respect to ν,

Dν ≡ ∂ν +
πkν

τ2
. (2.13)

Acting with Dν on a Jacobi form of weight (r, r̄) and index k gives a Jacobi form of weight

(r + 1, r̄) and index k (see appendix A for more details).

Using the covariant derivatives in (2.12), (2.13), it is straightforward to find a combi-

nation of the form (2.11) that has the correct modular transformation properties,

Z1 = ατ2Dν∂τ̄Z0. (2.14)

Here α is a constant that can be absorbed in the definition of µ̂; we will set it to one below.

It is not hard to check that (2.14) is the unique object of the form (2.11) with the correct

modular transformation properties.

We are now ready to move on to the general induction step. We assume that Z1, · · · , Zp

(with p ≥ 1) have been determined, and want to show that Zp+1 can be determined as well.

We saw before that from the form of Z1, · · · , Zp we can read off the energy and charge

shifts E
(k)
n , Q

(k)
n with k = 1, 2, · · · , p. Consider now the expansion (2.10) of Zp+1. Most

of the terms in that expansion involve the energy and charge shifts with k ≤ p, which are

assumed to be already known. There are only two terms in the sum, corresponding to

(l,m) = (1, 0) and (0, 1), that involve the unknowns E
(p+1)
n , Q

(p+1)
n .

To show that there is no more than one solution for the expansion (2.10), suppose

there were two different ones. Subtracting them, and using the fact that most terms in

the expansion (2.10) cancel between the two, we find that there must exist differential

operators δÔ
(p+1)
1,0 (∂τ , ∂τ̄ , ∂ν), δÔ

(p+1)
0,1 (∂τ , ∂τ̄ , ∂ν), such that

(
τ2 δÔ

(p+1)
1,0 (∂τ , ∂τ̄ , ∂ν) + ν δÔ

(p+1)
0,1 (∂τ , ∂τ̄ , ∂ν)

)
Z0 (2.15)

is a Jacobi form of weight (0, p+1) and index k, for any Z0 which is a Jacobi form of weight

(0,0) and index k. The fact that such differential operators do not exist (for p > 0) can be

proven by using the properties of the covariant derivatives (2.12), (2.13), in a similar way

to the proof for the T T̄ case in [1], and we will not repeat it here.

So far, we have proved that if a Zp with the right properties exists, it is unique. In order

to prove existence, one can again proceed as in the T T̄ case [1]. There, it followed from a

recursion relation that gave Zp+1 in terms of Zp. It is natural to seek a similar recursion

relation in our case. It turns out that such a relation exists, but it is more complicated. In

particular, it relates Zp to all Zj with 0 ≤ j < p. It takes the form

Zp =
τ2
p

[
DνD

(p−1)
τ̄ − iπkν(p− 1)

2τ22

]
Zp−1 −

iπk

2p

p−2∑

j=0

(
πνk

2iτ2

)j

D
(p−j−2)
τ̄ Zp−j−2 . (2.16)

One way to arrive at this recursion relation is to start with the known spectrum of the

theory [26], plug it into the partition sum (1.1), and expand in µ̂. Alternatively, Zp can

be determined order by order by taking an ansatz consisting of terms with the appropriate

– 6 –
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modular properties and demanding it has the general form (2.10). The structure of this

expansion at low p is discussed in appendix B.

In the next section we will prove that (2.16) indeed provides a solution of (2.10) for all

p, which establishes that under the assumptions we described above, the partition sum (1.1)

is uniquely determined to all orders in µ̂.

Our discussion of uniqueness in this section started from the assumption that the

coupling µ has dimension (0,−1), i.e. that the corresponding perturbing operator has

dimension (1, 2). More generally, if µ has dimension (h, h̄), i.e. the corresponding perturbing

operator has dimension (1 − h, 1 − h̄), the dimensionless coupling µ̂ transforms under

the modular group as a form of weight (h, h̄), and Z1 transforms as a Jacobi form of

weight −(h, h̄) and index k. One can show that the form (2.11) is inconsistent with this

transformation property, except for the case h = 0, h̄ = −1 that was analyzed above.

3 Non-perturbative analysis

The recursion relation (2.16) can be phrased as a differential equation for the partition

sum (1.1). Namely, if the partition sum Z(τ, τ̄ , ν|µ̂) satisfies
(
1 +

iπkµ̂ν

2τ2

)
∂µ̂Z = τ2DνDτ̄Z − iπkµ̂

2

1

1 + iπkµ̂ν
2τ2

Dτ̄Z, (3.1)

where (compare to (2.12))

Dτ̄ ≡ ∂τ̄ +
i

2τ2
µ̂∂µ̂, (3.2)

then expanding this equation in a power series in µ̂ reproduces (2.16). For the T T̄ case,

the flow equation for the torus partition sum can also be derived from a description with

a dynamical metric [13, 16]. It would be interesting to derive (3.1) from a similar point of

view, by including a dynamical gauge field as well.

As in [1], although (3.1) was derived from a perturbative expansion in µ̂, we assume that

it holds non-perturbatively as well. Before turning to a discussion of the non-perturbative

effects implied by (3.1), we would like to point out that from this equation we can read off

a system of differential equations that describes the evolution of the energies and momenta

of states with the coupling µ̂. To do that, we plug the general expression for the partition

sum (1.1) into (3.1), and compare the coefficients of a given exponential on the left and

right hand sides. We also multiply by the factor (1 + iπkµ̂ν/(2τ2)) on both sides. The

resulting equation then takes the form

Y0 + Y1ν + Y2ν
2 = 0. (3.3)

Here, Yi are functions containing En(µ̂), Qn(µ̂), Pn and the derivatives E ′
n(µ̂), Q′

n(µ̂). Since

this should hold for all values of ν, we have Y0,1,2 = 0. The equations Y1 − Y2 = 0 and

Y2 = 0 respectively yield

E
′
n(µ̂) [1 + πµ̂Qn(µ̂)] = π [Pn − En(µ̂)]Qn(µ̂), (3.4)

Q′
n(µ̂) [1 + πµ̂Qn(µ̂)] =

πk

2
[Pn − En(µ̂)] ,

– 7 –
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where En(µ̂) = REn(µ̂), and Pn = RPn is the quantized momentum. The equation Y0 = 0

gives rise to a equation which is consistent with the above two.

Dividing the two equations in (3.4), one finds that

kEn(µ̂)−Qn(µ̂)
2 = independent of µ̂, (3.5)

which reproduces one of the results of [26].

Equations (3.4) can be expressed in a form that is closer to Burgers’ equation by

writing them in terms of the dimensionful µJT̄ coupling µ = µ̂R, and using the fact that

the dimensionless energies En depend only on the dimensionless coupling µ̂.

The resulting system of equations can be written as6

∂

∂µ
(En − Pn) = πQn

∂

∂R
(En − Pn), (3.6)

∂Qn

∂µ
= πQn

∂Qn

∂R
− πk

2
(En − Pn).

The differential equation on the second line of (3.6) looks like the inviscid Burgers’ equation

with a time-dependent source, where the coupling µ plays the role of time. The dynamics

of this source is described by the first line of (3.6).

The solution of (3.6) with the boundary conditions En(0) = En and Qn(0) = Qn is

given by

E(+)
n (µ̂) = − 2

π2µ̂2kR

√
(1 + πQnµ̂)2 + π2µ̂2kR(Pn − En) (3.7)

+
1

π2µ̂2kR

(
2 + 2πQnµ̂+ π2µ̂2kPnR

)
,

Q(+)
n (µ̂) =

1

πµ̂

√
(1 + πQnµ̂)2 + π2µ̂2kR(Pn − En)−

1

πµ̂
,

where we took the positive branch of the square root, so that

lim
µ̂→0

E(+)
n (µ̂) = En, lim

µ̂→0
Q(+)

n (µ̂) = Qn. (3.8)

Plugging (3.7) into (1.1) gives a partition sum that has a regular Taylor expansion in µ̂,

and satisfies limµ̂→0Z(τ, τ̄ , ν|µ̂) = Z0(τ, τ̄ , ν) (2.1).

It is instructive to compare the spectrum of energies and momenta described by (3.7)

to that obtained in the tT T̄ case [3, 4]. There, the structure of the spectrum was different

for the two different signs of the coupling t. For positive t, the energies were real and the

asymptotic high energy density of states exhibited Hagedorn growth [6, 19]. For t < 0,

states with sufficiently high energy in the original CFT had the property that their energies

became complex in the deformed theory.

In the µJT̄ case, the spectrum (3.7) is the same for both signs7 of µ̂, which are related

by the symmetry J → −J . The spectrum has the qualitative structure of that with t < 0 in

6To reproduce the equations given in [26], we need to make the replacement µ̂ = µ/(2πR).
7We take µ̂ to be real so that the Lagrangian of the theory is real in Lorentzian signature. This is related

to the fact that for complex µ̂, the energies and charges (3.7) are in general complex.
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the tT T̄ case. Beyond a certain maximal undeformed (right-moving) energy, that depends

on the charge, the deformed energy and charge become complex. As in the tT T̄ case, this

means that the theory is not unitary; the consequences of this remain to be understood.

It is also worthwhile to note that, as in the T T̄ case [19], the spectrum (3.7) contains

a protected subsector. States with En = Pn retain their CFT charges and energies in the

JT̄ deformed theory. This is natural from the perspective of (3.4); it is related to the fact

that En−Pn is the charge that couples to T̄ , which appears in the interaction Lagrangian.

If the original CFT has a right-moving supersymmetry, states with En = Pn are right-

moving Ramond ground states, and the spectrum (3.7) implies that the elliptic genus with

a chemical potential for Q does not depend on µ̂.

Note also that the discussion of this section provides a proof of the statement that the

recursion relation (2.16) gives rise to a solution of (2.10) for all p. Indeed, this recursion

relation is equivalent to the flow equations (3.1)–(3.4), which give rise to the spectrum (3.7).

Plugging this spectrum into (1.1) gives Zp’s of the form (2.10).

We now move on to a discussion of non-perturbative contributions to the partition

sum that solves (3.1). As explained in [1], a simple way to investigate them is to consider

the contribution to the partition sum of states for which we take the negative branch of

the square root in (3.7). The two branches are related by

E(+)
n + E(−)

n =
2

π2µ̂2kR

(
2 + 2πQnµ̂+ π2µ̂2kPnR

)
, (3.9)

Q(+)
n +Q(−)

n = − 2

πµ̂
.

While E(+)
n , Q(+)

n approach finite limits as µ̂ → 0, (3.8), E(−)
n , Q(−)

n diverge in this limit,

E(−)
n (µ̂) ≃ 4

π2µ̂2kR
, Q(−)

n (µ̂) ≃ − 2

πµ̂
. (3.10)

The fact that the energy E(−)
n goes to +∞ in the limit, implies that states with these

energies give non-perturbative contributions to the partition sum, which satisfy the correct

boundary conditions limµ̂→0Z(τ, τ̄ , ν|µ̂) = Z0(τ, τ̄ , ν), as in the tT T̄ case with t < 0.

One way to find consistent non-perturbative contributions is then to assume that we

have some extra states in our theory labeled by ñ, whose energies and charges are given

by E(−)
ñ and Q(−)

ñ (appearing in the partition sum (1.1)). These states can be the negative

branch energies and charges of some other JT̄ deformed CFT, that a priori need not have

anything to do with the one that gives the perturbative contributions discussed above.

We find

Znp =
∑

ñ

e2πiτ1RPñ−2πτ2RE
(−)
ñ

+2πiνQ
(−)
ñ (3.11)

= e
−

8τ2
πkµ̂2

− 4iν
µ̂

∑

ñ

e2πiτ1RPñ+2πτ2RE
(+)
ñ

−2πiνQ
(+)
ñ

−8τ2Qñ/µ̂−4πRτ2Pñ .

Using the relation

Qn =
πµ̂kR

2

(
E(±)
n (µ̂)− Pn

)
+Q(±)

n (µ̂), (3.12)
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satisfied by both branches of (3.7), we can rewrite (3.11) as

Znp = e
πkν̃2

2τ2
−πkν2

2τ2

∑

ñ

e2πiτ1RPñ−2πτ2RE
(+)
ñ

+2πiν̃Q
(+)
ñ , (3.13)

where the shifted chemical potential is given by

ν̃ = −ν +
4iτ2
πkµ̂

. (3.14)

A few comments are in order here:

1. By construction, the partition sum (3.13) must be modular invariant (since the orig-

inal expression (3.11) is). This can be shown directly as follows. The prefactors

in (3.13) transform as

e
−πkν2

2τ2 7→ e
−πkν2

2τ2 × e
ickπν2

cτ+d , e
+πkν̃2

2τ2 7→ e
+πkν̃2

2τ2 × e−
icπkν̃2

cτ+d . (3.15)

The partition sum on the right-hand side of (3.13) transforms as

∑

ñ

e2πiτ1Pñ−2πτ2RE
(+)
ñ

+2πiν̃Q
(+)
ñ 7→ e

ickπν̃2

cτ+d

∑

ñ

e2πiτ1Pñ−2πτ2RE
(+)
ñ

+2πiν̃Q
(+)
ñ . (3.16)

Combining these transformations, we see that Znp (3.13) indeed transforms as a

Jacobi form, (1.4).

2. The fact that Znp is a non-perturbative contribution to the partition sum is due to

the behavior as µ̂ → 0 of the prefactor on the right-hand side of (3.13). The leading

behavior of the partition sum in this limit is Znp ∼ e
−

8τ2
πkµ̂2 Z̃0, which is exponentially

small for both signs of µ̂, as expected. Thus, we see that the non-perturbative

completion of the partition sum of JT̄ deformed CFT has a similar ambiguity to

that found in [1] for a tT T̄ deformed CFT with negative t. This was perhaps to

be expected, since already the perturbative spectrum of the theory showed a similar

structure (complex energies) to that encountered in that case.

3. In the analysis of this section, the case iπkµ̂ν + 2τ2 = 0 plays a special role. In

particular, eq. (3.1) degenerates in that case, and (3.14) takes the form ν̃ = ν.

Furthermore, the partition sum (1.1) in this case takes the form

Z = Tr
[
e2πiτ(L0−L̄0)+2πiνJ0

]
. (3.17)

The above trace is highly divergent, since there is no suppression of states with large

L0+ L̄0 and fixed L0− L̄0. Thus, the result depends on the order in which the sum is

performed. It would be interesting to understand the physical interpretation of these

observations better.

4 Examples

In this section, we illustrate the discussion of the previous sections by considering two

examples, namely, the charged free boson and fermion.
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4.1 Charged free boson

Consider the CFT of a scalar field X, living on a circle of radius R, X ∼ X + 2πR.

We take the holomorphic current J that figures in the discussion of the previous sections

to be J = i∂X. Taking X to be canonically normalized, 〈X(z)X(w)〉 = − log |z − w|2,
corresponds to setting the level k, (1.3), to one. The charge Q is in this case the left-moving

momentum, Q = pL.

The partition sum (2.1) takes the form

Z(τ, τ̄ , ν) = Tr
[
qL0−c/24q̄L̄0−c/24yJ0

]
=

1

|η(τ)|2
∑

m,n∈Z

q
p2
L
2 q̄

p2
R
2 ypL , (4.1)

where y = e2πiν . The left and right-moving momenta are given by

pL =
n

R
+

mR

2
, pR =

n

R
− mR

2
. (4.2)

In the decompactification limit, R → ∞, one finds

Z(τ, τ̄ , ν) =
R

|η(τ)|2
∫ ∞

−∞

dp (qq̄)
p2

2 yp =
R√

2τ2 |η(τ)|2
exp

[
−πν2

2τ2

]
. (4.3)

In the above,
√
τ2 |η(τ)|2 is invariant under modular transformations. The anomalous

transformation factor of the Jacobi form arises from the exponential factor.

The Lagrangian for the JT̄ deformed free boson theory was computed in [26]. We

consider the expansion for the deformed partition sum (2.5). The first order correction is

given by (2.14). Substituting Z0 from (4.3), we have

Z1 =
πiν

2τ2
Z0. (4.4)

The above quantity transforms as a Jacobi form of weight (0,1) and holomorphic index 1, as

expected. Interestingly, all higher order corrections turn out to vanish and the µ̂-expansion

terminates, leading to the following closed form expression for the deformed partition sum:

Z(τ, τ̄ , ν|µ̂) = R√
2τ2 |η(τ)|2

(
1 +

πiµ̂ν

2τ2

)
exp

[
−πν2

2τ2

]
. (4.5)

A few comments about this result:

1. One can check that (4.5) is an exact solution of the flow equation (3.1).

2. (4.5) vanishes when iπµ̂ν+2τ2 = 0. Note that this is the same value as that discussed

in point (3) in the previous section.

3. Any function F(τ, τ̄ , ν|µ̂) of the form

F(τ, τ̄ , ν|µ̂) = F (τ, τ̄)

(
1 +

πiµ̂ν

2τ2

)
exp

[
−π

2

ν2

τ2

]
, (4.6)

for an arbitrary function F (τ, τ̄), is a solution to the flow equation (3.1).8 It would

be interesting to understand this freedom better.
8This expression with an arbitrary F (τ, τ̄) is a solution to the flow equation (3.1). However, for the full

partition sum to have the appropriate modular properties (1.4) we require F (τ, τ̄) to be modular invariant.
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4.2 Charged free fermion

Here we consider a free complex left-moving fermion (ψ, ψ∗) and its right-moving coun-

terpart (ψ̄, ψ̄∗). The central charge of the model is cL = cR = 1. The holomorphic

current J is given in this case by J = ψ∗ψ. Normalizing the fermions canonically,

〈ψ∗(z)ψ(w)〉 = 1/(z − w), leads to k = 1 in (1.3).

After summing over spin structures, the charged partition sum takes the form

Z(τ, τ̄ , ν) =
∑

i=2,3,4

ϑi(ν|τ)
η(τ)

ϑi(0|τ̄)
η(τ̄)

. (4.7)

Using the S-modular transformation of the Jacobi ϑ-functions we have

Z(τ, τ̄ , ν) = e−
πiν2

τ Z(−1/τ,−1/τ̄ , ν/τ). (4.8)

We next consider the µ̂ expansion of the deformed partition sum (2.5). The first order

correction from (2.14) is

Z1 = τ2
∑

i

(
D
(1/2)
τ̄ ϑi(0|τ̄)

η(τ̄)

)(
D

(0)
ν ϑi(ν|τ)
η(τ)

)
. (4.9)

This has weight (0,1) and holomorphic index 1. Here, D
(r)
τ̄ is the Ramanujan-Serre deriva-

tive [31] which preserves holomorphy and raises the weight r of a modular form by two

units

D
(r)
τ̄ ≡ ∂τ̄ −

πir

6
E2(τ̄), (4.10)

and D
(n)
ν is given in (B.2).

The expressions for higher order corrections get progressively more complicated. How-

ever, they can be expressed in terms of covariant modular derivatives which simplifies

them to some extent. This also facilitates an easy way to read off the modular weights and

indices. The second order correction is

Z2 =
∑

i

[
τ2
6

D
(1)
ν ϑi(ν|τ)
η(τ)

(
3τ2D

(5/2)
τ̄ D

(1/2)
τ ϑi(0|τ̄) + iπτ2Ẽ2(τ̄)D

(1/2)
τ ϑi(0|τ̄)

)

η(τ̄)

− iπ

2

(
νD

(0)
ν θi(ν|τ) + θi(ν|τ)

)

η(τ)

D
(1/2)
τ ϑi(0|τ̄)

η(τ̄)

]
. (4.11)

As expected, the above quantity transforms as a Jacobi form of weight (0,2) and holomor-

phic index 1. In the above formula, the shifted Eisenstein series Ẽ2(τ̄) is a non-holomorphic

modular form of weight (0,2), defined as Ẽ2(τ̄) ≡ E2(τ̄) + 3/(πτ2) [31].

5 Discussion

In the recent paper [1] we showed that modular invariance together with a qualitative

assumption about the spectrum of a two dimensional QFT determine uniquely the partition
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sum (and thus the spectrum) of the theory to be that of a T T̄ deformed CFT. The main

purpose of this note was to generalize the discussion to the case where the QFT contains

a holomorphic U(1) current J throughout its RG flow, and the qualitative assumption

involves the U(1) charges.

We showed that if such a theory can be defined on a torus, so that its partition sum

with a chemical potential for the charge Q associated with J is modular covariant, (1.4),

and it has the further property that the energies and charges of states in the deformed

theory depend only on the coupling, µ̂, and on the spectrum of the undeformed theory,

the partition sum and thus the spectrum of energies and charges of the deformed theory is

uniquely determined to be that of a µJT̄ deformed CFT, to all orders in µ̂ ∼ µ/R.

In the process, we derived a flow equation that governs the evolution of the partition

sum with the coupling µ̂, (3.1), and flow equations that determine the evolution of the

energies and charges of states with µ̂, (3.6), whose solution (3.7) agrees with that obtained

by other means in [26].

Studying the flow equation (3.1) non-perturbatively, we found ambiguities correspond-

ing to the contributions to the partition sum of states whose energies diverge as the coupling

µ̂ → 0.

In the tT T̄ case, the properties of the theory were found to be sensitive to the sign of

the coupling. For one sign (t > 0 in [1]), the energies of all states are real (on a large circle),

and the entropy interpolates between the Cardy entropy of a CFT and a Hagedorn entropy.

For t < 0, the energies of highly excited states are complex in the deformed theory, leading

to problems with unitarity. Non-perturbatively, the theory with t > 0 is well defined, while

that with t < 0 has non-perturbative ambiguities.

In µJT̄ deformed CFTs, the structure we found for both signs of the coupling µ̂ is

similar to that of a tT T̄ deformed CFT with negative t. The energies of highly excited

states (3.7) are complex, and non-perturbatively there are ambiguities. It is an interesting

challenge to understand all these theories better. Note that truncating the theory to keep

only the real energies is not consistent with modular invariance (and, thus, with a well-

defined theory on a torus). In the T T̄ case a specific suggestion for the UV completion of

the theory, in terms of a theory of Jackiw-Teitelboim gravity, appeared in [7, 16]; it would

be interesting to find a similar UV completion for the JT̄ deformed CFTs.

One of the motivations for studying JT̄ deformed CFT’s comes from holography. As in

the T T̄ case, there are two different holographic constructions that were considered in the

literature. One is the double trace deformation (identical to the large central charge limit

of the deformation we discuss in this paper), that was discussed in [28]; the conjectured

dual geometry is AdS3 with a modification of the boundary conditions that involves a

combination of the metric and of the Chern-Simons gauge field dual to the U(1) current.9

As in the T T̄ case [1], it would be interesting to understand the status of states with complex

energies, and the non-perturbative ambiguities that we found, from the bulk point of view.

We leave this for future work.

9The results in [28] do not precisely agree with our results for the shifted energy levels and charges,

but a small change in the precise boundary conditions, that are in principle determined by the form of the

double-trace deformation, should cure this.
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The second holographic construction, discussed in [26, 27], corresponds to adding to the

Lagrangian of the CFT a certain dimension (1, 2) single trace operator, A(x, x̄), constructed

in [32]. This operator has the quantum numbers of JT̄ , but as explained in [32] it is

different from it. As reviewed in e.g. [26] (see also [1]), for some purposes one can think

about the boundary CFT corresponding to string theory on AdS3 as a symmetric product

MN/SN [33, 34]. From the point of view of this theory, the operator A takes the form∑N
i=1(JT̄ )i, and the single trace deformation discussed in [26, 27] takes the symmetric

product to MN
µ̂ /SN , where Mµ̂ is a JT̄ deformed version of the block M .

From the bulk point of view, the single trace deformation takes AdS3 × S1 to a four

dimensional background that was described in [26, 27].10 This background is non-singular,

but it has closed timelike curves at large values of the radial coordinate, starting from a

radial position that depends on |µ̂| [35]. Dimensionally reducing it to three dimensions gives

rise to null warped AdS3 [36–38], a background that plays a role in various developments

related to the Kerr/CFT correspondence, three dimensional Schrödinger spacetimes, and

dipole backgrounds (see e.g. [39, 40] and references therein for reviews).

It is interesting to compare the properties of the boundary and bulk theories in the T T̄

and JT̄ cases. As discussed above, on the field theory side, many properties of JT̄ deformed

CFTs are analogous to those of a tT T̄ deformed CFT with negative t. In particular, the

energy spectrum becomes complex in the UV, and the partition sum has non-perturbative

ambiguities.

On the bulk side with single trace deformations, in the tT T̄ case the background has

a curvature singularity at a finite value of the radial coordinate, and closed timelike curves

beyond it. In the JT̄ case, there is no curvature singularity, but there are closed timelike

curves at large values of the radial coordinate [35]. Thus, it is natural to conjecture that

the complex energies and non-perturbative ambiguities mentioned above are related to the

closed timelike curves and not to the curvature singularity.

It would be interesting to understand this relation better, and in particular under-

stand whether the theory is well defined after all, despite the issues with unitarity, non-

perturbative ambiguities and closed timelike curves. One possible way to go about this is to

further explore the string theory formulation of the theory, as a current-current deformation

of string theory on AdS3 × S1 [26, 27]. We leave this too for future work.
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A A covariant derivative

In this appendix, we show that the differential operator

Dν ≡ ∂ν +
kπν

τ2
(A.1)

is modular covariant. Acting with Dν on a non-holomorphic Jacobi form of weight (n, n̄)

and holomorphic index k gives a Jacobi form of weight (n+1, n̄) and holomorphic index k.

Let us consider a Jacobi form Jn,n̄(τ, τ̄ , ν) of weight (n, n̄) and index k. Under modular

transformations, we have

Jn,n̄
(
τ ′, τ̄ ′, ν ′

)
= e

iπckν2

cτ+d (cτ + d)n(cτ̄ + d)n̄ Jn,n̄(τ, τ̄ , ν), (A.2)

where

τ ′ =
aτ + b

cτ + d
, τ̄ ′ =

aτ̄ + b

cτ̄ + d
, ν ′ =

ν

cτ + d
. (A.3)

Acting with ∂ν on both sides of (A.2) and using the fact that ∂ν′ = (cτ + d)∂ν , we have

∂ν′Jn,n̄
(
τ ′, τ̄ ′, ν ′

)
= e

iπckν2

cτ+d (cτ + d)n+1(cτ̄ + d)n̄ ∂νJn,n̄(τ, τ̄ , ν) (A.4)

+ 2πickν e
iπckν2

cτ+d (cτ + d)n(cτ̄ + d)n̄ Jn,n̄(τ, τ̄ , ν).

Multiplying both sides of (A.2) by kπν/τ2, and using the fact that ν = ν ′(cτ + d) as well

as τ2 = τ ′2(cτ + d)(cτ̄ + d), we find that

kπν ′

τ ′2
Jn,n̄

(
τ ′, τ̄ ′, ν ′

)
= (cτ̄ + d)

kπν

τ2
e

iπckν2

cτ+d (cτ + d)n(cτ̄ + d)n̄ Jn,n̄(τ, τ̄ , ν) (A.5)

=
kπν

τ2
e

iπckν2

cτ+d (cτ + d)n+1(cτ̄ + d)n̄ Jn,n̄(τ, τ̄ , ν)

− 2πickν e
iπckν2

cτ+d (cτ + d)n(cτ̄ + d)n̄ Jn,n̄(τ, τ̄ , ν),

where in the second equality we used the fact that cτ + d = cτ̄ + d− 2icτ2. Taking the sum

of (A.4) and (A.5), we see that the terms that are not covariant cancel, and we are left with

Dν′Jn,n̄
(
τ ′, τ̄ ′, ν ′

)
= e

iπckν2

cτ+d (cτ + d)n+1(cτ̄ + d)n̄DνJn,n̄(τ, τ̄ , ν), (A.6)

which means that DνJn,n̄(τ, τ̄ , ν) is a Jacobi form of weight (n + 1, n̄) and index k. This

completes the proof.
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B Zp from a covariant ansatz

In order to find Zp, we write down an ansatz with the desired modular properties, (2.6), and

require it to be consistent with the general structure of the perturbative expansion, (2.10).

The leading term in 1/τ2 is fixed by (2.10), (2.14), to be

Zp =
τp2
p!
D

(p)
ν D

(p)
τ̄ Z0 + · · · , (B.1)

where

D
(j)
ν ≡ D

j
ν , D

(j)
τ̄ ≡

j−1∏

m=0

D
(2m)
τ̄ . (B.2)

The other terms have lower powers of τ2 and can be written in terms of D
(i)
ν , D

(j)
τ̄ with

0 ≤ i, j ≤ p. A term of the form D
(i)
ν D

(j)
τ̄ Z0 with particular i, j is multiplied by τa2 ν

b, such

that its contribution to Zp transforms as a Jacobi form of weight (0, p) and index k, (2.6).

Since τa2 ν
b
D

(i)
ν D

(j)
τ̄ has weight

(i− a− b, 2j − a), (B.3)

we have the constraint

i− a− b = 0, 2j − a = p. (B.4)

The indices i, j satisfy the constraits 0 ≤ i, j ≤ p and 0 ≤ b ≤ p. This leads to

0 ≤ p+ i− 2j ≤ p. (B.5)

In addition, there are no terms with a = b = 0. Taking into account these constraints, we

can write down the ansatz for any p. The first few Zp take the form

Z1 = a1 τ2D
(1)
ν D

(1)
τ̄ Z0, (B.6)

Z2 =
(
b4 τ

2
2D

(2)
ν D

(2)
τ̄ + b3 ν

2
D

(2)
ν D

(1)
τ̄ + b2 νD

(1)
ν D

(1)
τ̄ + b1D

(1)
τ̄

)
Z0,

Z3 =
(
c7 τ

3
2D

(3)
ν D

(3)
τ̄ + c6 τ2ν

2
D

(3)
ν D

(2)
τ̄ + c5 τ2νD

(2)
ν D

(2)
τ̄ + c4 τ2D

(1)
ν D

(2)
τ̄

)
Z0

+
1

τ2

(
c3 ν

3
D

(2)
ν D

(1)
τ̄ + c2 ν

2
D

(1)
ν D

(1)
τ̄ + c1 νD

(1)
τ̄

)
Z0

To fix the constants ak, bk, ck we impose the conditions which stem from the structure of

the perturbative expansion. To be more explicit, we first expand the covariant derivatives

D
(j)
ν and D

(j)
τ̄ in terms of ∂ν and ∂τ̄ in the ansatz. Comparing with the structure of the

perturbative expansion, we impose the following conditions

• The coefficient of τp2 ∂
p
ν∂

p
τ̄ is fixed to be 1/p!;

• The coefficients of the terms without τ2 and ν, namely ∂n
ν ∂

m
τ̄ are zero;

• The coefficients of terms with negative powers of τ2, i.e. terms of the form τ−n
2 νm∂i

ν∂
j
τ̄

with n > 0, vanish.
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We find that these conditions are powerful enough to fix Zp completely at any given order.

The solutions for the first few orders are given by

Z1 =
(
τ2D

(1)
ν D

(1)
τ̄

)
Z0, (B.7)

Z2 =

(
1

2
τ22D

(2)
ν D

(2)
τ̄ − iπ

2
νD(1)

ν D
(1)
τ̄ − iπ

2
D

(1)
τ̄

)
Z0,

Z3 =

(
1

6
τ32D

(3)
ν D

(3)
τ̄ − iπ

2
τ2νD

(2)
ν D

(2)
τ̄ − 3iπ

4
τ2D

(1)
ν D

(2)
τ̄ − π2

4τ2
ν2D(1)

ν D
(1)
τ̄ − π2

2τ2
νD

(1)
τ̄

)
Z0.
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