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Abstract

Magnetic field ripple is inherent in tokamaks since the toroidal magnetic field is generated by a
finite number of toroidal field coils. The field ripple results in departures from axisymmetry that
cause radial transport losses of particles and heat. These ripple losses are a serious concern for
alphas near their birth speed v, since alpha heating of the background plasma is required to
make fusion reactors into economical power plants. Ripple in tokamaks gives rise to two alpha
transport regimes of concern. As the slowing down time T, is much larger than the time for an
alpha just born to make a toroidal transit, a regime referred to as the 1/vo T, regime is first
encountered, with v the appropriate alpha collision frequency. In this regime the radial transport
losses increase as v,T,/R, with R the major radius of the tokamak. The deleterious effect of
ripple transport is mitigated by electric and magnetic drifts within the flux surface. When drift is
strong enough a second regime referred to as the~/V is encountered where a collisional boundary
layer due to the drift plays a key role. We evaluate the alpha transport in both regimes, taking
account of the alphas having a slowing down rather than a Maxwellian distribution function and
their being collisionally scattered by a collision operator appropriate for alphas. Alpha ripple
transport is found to be in the v regime where it will be a serious issue for typical tokamak
reactors as it will be well above the axisymmetric neoclassical level and can be large enough to

deplete the alpha slowing down distribution function unless toroidal rotation is strong.

1. Introduction

Tokamak fusion reactors desire to operate such that the alpha particles born at high
energy slow down by electron and ion drag and thereby deposit nearly all their energy in the
background plasma before being lost. However, near the edge of a tokamak, magnetic field
ripple, 0 <<1, due to the finite number, N >> 1, of toroidal field coils can result in collisional
ripple losses larger than the axisymmetric collisional losses by mechanism considered by Galeev
et al. (1969), Stringer (1972), Connor & Hastie (1973), and Ho & Kulsrud (1987). These
collisional ripple loss calculations did not consider alpha particles which have a slowing down

tail background distribution function rather than a Maxwellian background distribution. In the



following sections we formulate and solve for collisional transport in a ripple tokamak by
considering both the 1/v and v regimes, where v refers to the relevant collision frequency
and the regime is characterized by the v dependence of its diffusivity.

In the 1/v regime the radial step due to the gradient of the magnetic field drift (the VB
drift) is determined by collisions. The evaluation of ripple transport of alphas in the 1/v regime
when pitch angle scattering off the ions dominates is a re-application of the method of Stringer
(1972) as substantially improved by Connor & Hastie (1973). When electron drag dominates a
similar, but approximate, calculation is performed. Ripple transport of alphas in the v regime
is based on a careful collisional boundary layer analysis as recently put forth by Calvo et al.
(2017), rather than the approximate treatments of Galeev et al. (1969) and Ho & Kulsrud (1987).
In the Vv regime the ExB drift in a flux surface reduces the radial step so it is no longer
determined by collisions. In this regime the ExB drift is large enough that a narrow boundary
layer arises so that only pitch angle scattering collisions need be considered. Our evaluation in
the 1/v regime allows quite general ripple, gNO ~ ¢ >> 0 ; while that in the v regime assumes
strong ripple, qN& >>¢>>0, where ¢ =a/R is the inverse aspect ratio with a the minor radius
near the separatrix, R the major radius, and q the safety factor. We do not consider the weak
ripple limit of Linsker & Boozer (1982) except to remark that the qNO <<¢ limit of our general
1/v regime evaluation must give a result different from theirs because we do not consider ripple
effects on the turning points of charges with banana trapped orbits in the nearly axisymmetric
magnetic field. We ignore such effects since the qNO << ¢ limit of Stringer (1972) and Connor &
Hastie (1973) suggests such ripples are extremely small perturbations of the axisymmetric
magnetic field on the high field side. In the pedestal, if ¢ ~ 5-7, € ~ 1/3,and & ~ 1/100, with N ~
16-20 [see Paul ef al. 2017 for more specific numbers], then ¢/qQNo~1/3-1/4 .

Sections 2 and 3 present some background on alpha particle behavior and the drift kinetic
formalism we use to consistently retain the various collisional transport processes. These
sections also serve to introduce most of the notation. In section 4 we give phenomenological
estimates for all the transport processes we evaluate in the latter sections. In section 5 we briefly
review axisymmetric tokamak collisional transport as evaluated in greater detail by Hsu et al.
(1990). We then go on to section 6 to consider 1/v transport in the pitch angle scattering and
electron drag dominated limits, and give a brief explanation of the difficulty of treating both at
the same time, even with a boundary layer analysis about the ripple trapped-passing boundary.
Section 7 presents the evaluation of transport in the /v regime for qNO >>¢€>> 9. The analysis
is performed by assuming the ExB drift in a flux surface is strong enough to create a boundary
layer narrower than that due to ripple, 8"*. Due to the careful boundary layer analysis the v
regime picks up a logarithmic correction that depends on ripple, collisions, and ExB drift as

first pointed out by Calvo et al. (2017). Our results are summarized in section 8, were we



indicate that the two ripple transport mechanisms considered are a serious concern for tokamak
reactors. Appendix A gives more details on the procedure of Stringer (1972) and Connor &

Hastie (1973) as needed to extend their analysis to handle particle transport.

2. Alpha background

The isotropic slowing down tail solution f, =f (T,v) satisfies

2R Gy BV =C{f }+ M -0, 2.1)
Mc 4nv’
where the coefficient of the d(v-v,) function is the fusion birth rate for alphas:
S=S(y)=n(y)n,(WYXOV)y, . (2.2)

The alphas of mass M and charge number Z are born with birth speed v, . The alpha collision
operator is C, with c the speed of light, e the charge on a proton, and B the magnetic field.
We expect alphas to be born on surfaces of constant pressure so that they have the usual

slowing down distribution function on a flux surface to lowest order:

S(y)t,(W)H(v, — V)

f=1f(y,v)= 23

= L0Y) 4TV + V()] ¢
with y the poloidal flux function, H(v, —v) the Heaviside step function, T, the alpha slowing
down time

3MT3/2
W)= 4
4(2tm)"“Z7e"n (y)/nA
and v, the critical speed defined by summing over background ions
1/2m3/2 2
Vg = V:(w) = 37[: Te (IP) Zi ni(w) . (2.5)

2m)”n. (4 M
Electron and bulk ion densities and temperatures are denoted by n; and T;, with m the electron

i

mass and M, the mass of a bulk ion of charge Z, . The density of slowing down alphas is

vidv T,
n = [dV, =St [ ——— R 1+ (V2 v =St (v, /v,), (2.6)

where we assume vg >> vg as is the case for the deuterium-tritium (D-T) fusion reaction. Self-
collisions are unimportant for the alphas. They are effectively a trace population since
n /n, ~ T,/Mv; <<1, based on the alpha heating estimate n Mv; ~n_T, .

To obtain the slowing down distribution function the usual collision operator for alphas is

employed (see Cordey 1976), namely,

C{f}——V [(V A < )vf V* (VI-¥)-V.f], 2.7)

where



s 31t1/2T3/2(l|I)
vy =V, ()= )Moy )2 (). (2.8)

To obtain this form and generalizations of it expansions of the collision operator are employed
for v, >>v>>v,, where v,=/2T,/m and v,=4/2T, /M, are the electron and typical bulk ion

thermal speeds. Typically, v, > v, ~v, ,with v,/v, ~3 for D-T fusion.

3. Drift kinetic formulation

For the Vlasov operator we use the drift kinetic equation of Hazeltine (1973) in T, v or

E=V/2+Ze®(y)/M, (3.1)
w=v,/2B, (3.2)

and gyrophase @ variables, with
E = -V (y)- V(T), (3.3)

where the function ¢(F) is a periodic function of the poloidal, ¥, and toroidal, {, angles and

also depends on the poloidal flux function vy . Then

_Ze of Vi Mc of S(H)d(v-v,)
(an"'Vd) (VI Mv v Vo) = B V- {f[B+ Ze VX(Vub)]} an Vq) C{f}+—4nvz )

(34)
where f is the alpha distribution function, C{f} is the linearized collision operator for alphas, and

v g;vx(v“b)_ va¢+ﬂbxv13+ ”bx(b Vb)+ Yi b v xb. 3.5)

The preceding form of the drift kinetic equation is adequate for our purposes as it gives
the correct electric and magnetic drifts. It does not give the proper small correction
(Vi/ZQ)BB-VxB , to the parallel streaming term, as discussed in Boozer (1980), Parra & Catto
(2008) and Landreman & Catto (2013). We neglect this small parallel streaming correction from
here on as it is of no importance, and we assume Ze¢ <<Ze® ~T ~T.. In addition, we may

view v=Vv(E,p) via

v =42[E - Ze®(y)/M] (3.6)
whenever we need to keep non-radial components of the (c/ B)bx V® drift. Moreover, we use
v =v'=2uB =2[E — (Ze®/M)— uB]. (3.7)
In the preceding, the magnetic field is
B=B(y,%,0)=Bb=IBIb, (3.8)
and the alpha gyrofrequency is

Q=7eB/Mc. 3.9

Using ¢, O, and { as the variables, with
a=C-qU, (3.10)



and q=q() the safety factor, the Clebsch and Boozer (1981) representations for the magnetic

field are
B = Vax V=K, 3,0)Vy+ G )V + [(Y)VT, (3.11)
with K(,9,C) periodic in 9 and T . The preceding give
B VO = Vax V-V = Vap x VI -V (3.12)
and
B-VC =qVyx V3V =qB- VI, (3.13)
as well as B-Va =0 =B-Vy . In addition,
B’ =(G+ql)B- V9, (3.14)

with G/qI~1B /qRB, ~ e’/q° <<1, ¢ the inverse aspect ratio, and B, and B, the poloidal and

toroidal magnetic fields. In addition, we are ignoring finite gyroradius corrections, but will
retain finite poloidal gyroradius effects by assuming q/e>>1.

The ripple 0 due to N toroidal field coils is defined as
6=B,, B, )/ B +B

max ™ Buin)/ (B + By ) (3.15)
with & <<¢e. We consider the ripple trapping wells as being due to the toroidal magnetic field
that is produced by the N toroidal field coils. We will often make use of the simple form
B=B,[1-¢&(y)cos®—d(y)cos(NO)], (3.16)
to obtain explicit results. This simple form allows magnetic field minima away from % =0 . For
ripple extending to the magnetic axis a form such as 0 =9, +(d, —9,)(r/a)’ can be used with p
an integer and poloidal variation of the ripple ignored. Following Stringer (1972) and Connor &
Hastie (1973), the extrema in the magnetic field are found from B-VB=0 at fixed o to be
given by €sin9B- VO +N&sin(N{)B-V{=0 or
esin O+ gNJdsin(NC) =0. (3.17)
If gNO <<¢ then the ripple wells are only near 9 =0 . However, for gNo > € ripple wells exist
for all ¥ . To see this more clearly we note that because N >> 1 the ripples have a short toroidal
extent compared to the tokamak circumference so the variation ¥ of a trapped alpha during its
bounce motion in a ripple is small while NT varies by a full bounce period. To introduce
magnetic field minima containing ripple trapped particles at all O requires qNO > €lsin¥l > €.
Consequently, we will assume the ordering qNO ~ € when possible, and use qNJ >>¢ to further
simplify expressions.
In an axisymmetric tokamak of inverse aspect ratio € there is a single well and fraction of

"> In a tokamak with N field ripples the trapped fraction in each

particles that are trapped is €
ripple well is 8"?. Consequently, transit averages in simple ripple wells such as
B=B,[1-8cos(NC)] are very similar to those in standard axisymmetric tokamak

wellsB=B;(1-ecosV).



To retain axisymmetric and ripple transport systematically it is convenient to separate f
into two terms by introducing one function f, that depends on what would be the constants of

motion if we were in the axisymmetric limit and a remainder function h. Therefore, we let

f=1.(y..v)+h(r,v.u,0), (3.18)
where f, =f >>h,
c=v,/lvl, (3.19)
and
v, =y —I(y)v,/Q. (3.20)

Then we may write

(v,b+V,)-VE + "V {h[B+—V><(v,,b)]} vl,b V¢——C{f} %-
A%

(3.21)

Recall that in an axisymmetric tokamak
B— I(y)V{+V{xVy,
and the alphas try to move on a surface of constant canonical angular momentum
v, = Y —(Mc/Ze)R*VE-v =y —I(y)v,/Q+Q bxVy -V,
where we used R’V{— B™'(Ib—bx V).
To rewrite the kinetic equation we use
(vb+v)-Vy, =V, V(y-1v,/Q)—v,b-V(lv,/Q), (3.22)
where in an axisymmetric tokamak Vv, -Vy— V“B ‘V(Iv,/Q) and v, -V(Iv,/Q)—0 (see
Appendix B of Parra & Catto 2010). Neglecting the v, -V(Iv,/Q) as small since it can only

depend on the departure from axisymmetry and it is also small in the drift, we find

v,b* Vh+[V, - Vip-v,b- V(IV” )] aaj) 3V'[hVX(V||B)]—%Vll_" 813 =C{f}+w,

. v

(3.23)
where we have also neglected VHB V¢ oh/dv as small since we assume both h and ¢ are small.

Next , it is convenient to define
S(y.)t (v, )H(v, - V)
ATV’ +vi(y,)]

from which it follows that our kinetic equation becomes

v,b-Vh+[V, - Vy —V”B-V(%)]s V"V [hV X (v,b)]— v”

f,=f(y—>wvy,,v)= , (3.24)

=C{f.—f +h}, (3.25)

where we use the approximations
of, /0y, = of /o (3.26)

and
of, /ov=0f /dv . (3.27)



We will often make use of vy, ¥, and T independent variables. In these variables, the

divergence of an arbitrary vector A can be written as

AVw) a(AVﬁ) 9 A-VE
B-VO 90 B-VY aC B-VO

V-A=B Vﬁ[—( —)]. (3.28)

Then, for example,

Iv Gv

V- Vx(v,b)=V-(v,bx V B VO ! ! 3.29

Y- Vx(vb)=V-(vbx V)= [E(B)E(B)] (3.29)
Using these variables and assuming streaming dominates for the alphas gives the lowest

order equation to be

- - oh  oh
v,b-Vh=v,b -Vf}(E + qi) =0. (3.30)

For the passing alphas, h—h_ and it must be a periodic flux function to lowest order as the

passing trace out a flux surface. Therefore, we write

h, =h,(,v,u,0)+h, (p,9,C,v,u,0) (3.31)
The lowest order trapped alpha distribution function, h — h, , cannot be odd in v, and need not
be periodic in ¥ and . For it we must allow

h, =h,(p,0,v,w) +h, (p,0,9,v,u,0) . (3.32)

To annihilate the streaming term to next order we introduce the transit average along B:
_ $deary, $dtA § dOA/ND VO ¢ dTA/VbVT

A= = = = = = ;
¢ dervy  $dr §dB/vbVE  § dTivbVE
with A arbitrary, dt=d/¢/v, =d9/v,b-VO =dZ/v,b-VL, and qd® =d¢ for o fixed (as denoted

by the subscript on the loop integral). Here the integrals are over a full bounce for trapped

(3.33)

particles and over all & or { for passing particles as they trace out a flux surface. We transit
average by allowing B=B(y,9,0) and v, =v,(,9,0) with O and { at fixed o related by
a=C-qU.

Then, using
vb-Vh=0, (3.34)
vib- V(IV” )=0, (3.35)
and

vib-Vo=0, (3.36)

the transit averaged equation to the requisite order becomes
v, le—+vd Vocﬂ C{f*—fS+Hp+Et}, (3.37)

o oo

c



for the trapped and the passing. For the passing v, - le 0, but for the trapped Vv, - lp =0.1Itis

convenient to use 1, o.,and { variables for the trapped since h, . As a result, we employ

AV Ava, | AV
A=B-vg[-Z 3.38
v VC[aw(BVC +a (= )+ BVC)] (3.38)

. B-VC 8?;
We have also assumed of, /0y >> dh, /0.

(===

Our transit averaged equation retains all the ripple neoclassical transport effects we are
interested in as well as the standard axisymmetric neoclassical banana regime transport. For the
passing v, -Vy =0 and Hp = Hp (y,v,u,0), the preceding passing equation simplifies to

C{f.—f +h }=0. (3.39)

For the passing it is useful to introduce the flux surface average
$dOdCA/B-VY  HdOdTA/B

A)= — = 3.40
) $dOde/B-VY  fdOdT/B’ G40

to rewrite the passing kinetic equation as
(EC{f*—fS+Hp})=O. (3.41)

Vi
The passing collisional constraint determines the velocity space dependence required of the
transit averaged Hp in response to the poloidal as well as velocity space variation of the radial
drift drive term
f,—f =, —yP)of /op+...=-1v,/Q)af /o . (342)
In this regime the radial magnetic drift of the passing across flux surfaces is disrupted by

collisions, but the collisional fluxes in velocity space across the trapped-passing boundary must
balance to maintain a vanishing perturbed axisymmetric trapped distribution function h,=0 . The

trapped response vanishes because v,/B =0, thereby removing the drive term
C{v,f,/B} =C{(v,/B)f,} =0. (3.43)

The ripple trapped do not quite return to their starting point causing radial steps to occur

making v, Vi =0 (unless the departure from axisymmetry is omnigeneous - see Landreman &
Catto 2012, Calvo et al. 2014, and Helander 2014, for example). The radial steps are randomized
by collisions to drive the trapped response h, , which is found by solving

Vaﬂ =C{h,}. (3.44)
w o .

When drifts within a flux surface are negligible (v,-Vo.—0) the 1/v radial diffusivity regime

Vg le

is recovered. When the drifts within a flux surface become significant the radial drift decreases
and the radial diffusivity is reduced to something close to a Jv dependence. Normally only the
ExB is retained in the /v regime.



An alternate form of the preceding equation can be found by introducing the second

adiabatic invariant J defined by
Mc Mc , Mc 0dCv, Mc dCv,
I=J(yp,o,v,u)=—¢dtv,=—Pdtv; =—Pp=—Lt =—(G+ql)p =1L, 345
(4,01, V1) Zegf ” Zef = e 5 ve " Zeg q)gf - (3.45)
with the last form using Boozer coordinates. Then for f= f(lp,oc,v,u)
Mc of 9| cdiv,. of 9| ¢ diy,
[ =1 (=
Zed dv doiy|, % b-VE dpdal, s bVE

1 afar| of a1
¢ dv daiy|, dpaal,””

(3.46)
The J integral is to be performed at fixed o such that J=J(y,o,v,u). Neglecting the GHI /o

gv- [TVx(v,b)]= )=

o

term as small compared to the df, /dy term leads to our trapped kinetic equation with

v Ve (3.47)
gﬁ dtdal,
and
v, Va=— ) (3.48)
gﬁ droy|,

The o dependence of J acts as the drive for the ripple transport, or said another way, it is
responsible for the departure from omnigenity.
In the next section we will use the preceding expressions to make estimates of the

neoclassical and ripple transport levels.

4. Phenomenological transport estimates

In the following subsections we modify the standard diffusivity estimates to make them

appropriate for alphas in the axiymmetric and ripple transport regimes. In making these estimates
we treat /n(v,/v,)~1 for simplicity.

4.1. Axisymmetric regime
For an axisymmetric tokamak, collisional alpha transport is evaluated by solving the passing
equation C{f, —f + Hp} =0 with h =0 for the trapped. For the passing f,-f, ~ (P,0/a, )1, , with
P,0=dpP, /¢ the poloidal gyroradius at birth, p, =v,/€Q the gyroradius at birth, ¢ ~a/R in the
ripple region of minor radius a, and 0f/or ~f/a, where a, is the radial scale of the alpha

density. Assuming pitch angle scattering dominates gives the trapped fraction as ¢, the step

size as a banana width qp,/e"?, so that h ~f,qp,/e"

a, , and an effective collision time of €T, .
The diffusivity (D ~3A*/1 with J the trapped fraction, A the step, T the correlation time) is

then



DI ~(qp,)’/e™*t, =€"p>y/ T, “4.1)

axi

as in Catto (1988). The pitch angle scattering pre-factor (v,/v)’ plays no role because in this

limit it only enters as a multiplier in the solubility constraint.

However, if electron drag dominates then this estimate must be modified in accordance
with the Nocentini et al. (1975) evaluation. In this case the trapped fraction and banana width
step remain unchanged, but the effective collision time is just the slowing down time, giving the
¢ smaller result

Dy ~ (qp,)’ /e, =&7p /T, . (42)

The v, >0 passing alphas are moving to larger y surfaces to keep 1, constant as v is reduced

by drag, while the v, <0 passing alphas move to smaller 1 surfaces. More alphas move out

then in, resulting in transport due to electron drag.

Although the ratio
Dy /DP ~¢ (4.3)

axi axi

is small, in practice the neoclassical diffusivity is between D" and D¢ as shown by Hsu e al.

axi axi

(1990). Their plots compare their exact results with the Nocentini ef al. (1975) and Catto (1988)
results, given by their equations (33a) and (33b), and in rough agreement with the preceding
estimates.

To maintain a slowing down distribution function we need the slowing down time to be
pas

short compared to the time for diffusive losses to takes to place, that is, we need T.D?

e"°pp <<a. 4.4)

/al <<1 or

Consequently, we need to keep the alpha toroidal or poloidal gyroradius at birth comparable or

less than the radial scale length of the alpha density.

4.2.The 1/vregime

To evaluate transport in the 1/v regime we solve the trapped equation with no toroidal rotation

o _Ciny, 45)

oy

when the passing response is zero, Hp= 0. Pitch angle scattering dominates when & (vy/v;)<<1,

Ve VY

where the boundary layer width due to ripple is of order 8". Using C{h,}~h,v;/v;t 8 this

equation gives the estimate

4
i ~ —pOVOTS6 = p_*é << ] R (4.6)

3
f. aRv, v,

with p,=p,/a, <<1, v, ~v,p,/R , and a normalized pitch angle scattering frequency v, of

v,, =Rv, /T vy <<1. 4.7



The N toroidal field coils result in ripple wells of depth & resulting in a trapped fraction of
G~ 8" . The pitch angle scattering time is (v;/v; )T, is larger than the slowing down time, but

the effective ripple trapped collision time <t~ (v,/v;)t.d is smaller. The radial magnetic drift
estimate for the alphas, v p,/R , is insensitive to the number of coils since it is due to the toroidal
field. It gives the radial VB drift as V ~ v,p,/R (the poloidal gyroradius does not enter in the
absence of axisymmetric banana motion). Then a smaller step A ~Vt ~3 (v, /v )p,v,T,/R occurs
because & (v;/v;)<<1. As a result, we expect an alpha diffusivity D ~ 3A*/T of
DY ~ SN/t ~ 8" (VS /Vi)rsvé pf) /R? (4.8)

due to pitch angle scattering.

Our estimate assumes large ripple 8 >>¢&/qN and is the same as Galeev et al. (1969), and
also the same as the Ho & Kulsrud (1987) estimate for electrons when their power of €, =0 in

eq. (3) is corrected to read € ° as would be expected by their argument. This estimate is

consistent with the large ripple tokamak limit of Stringer (1972) and the more general treatment
of Connor & Hastie (1973). Interestingly, it is smaller than the very near quasisymmetry

stellarator estimate from equation (7) of Calvo et al. (2014) that implies

DAY~ §(vi /v )T pave/R? | but larger than the Calvo er al. (2013) less quasisymmetric

stellarator estimate that suggests D;  ~ 8°(vo /v, )T peva/R>.

To keep 1/v ripple losses due to pitch angle scattering from depleting the lowest order
slowing down distribution during a slowing down time we need the ripple to be small enough to

keep T,D'/a’ <<1.Aslong as h, <<f. this gives the easily satisfied condition

8" (v, Ivg)pl << v <<1. (4.9)
The ratio of pitch angle scattering 1/v ripple transport to neoclassical,
DI /DR~ 872 (vy Vo )€™ 1v2.q°) (4.10)
implies that 1/v regime ripple transport dominates at small collisionalities when D} > D" or
qv,, <& 0™ (v Ivo)"? 4.11)

Our estimate does not account for electron drag, which does not trap and de-trap alphas,
but does change their radial step size as they slow. Electron drag dominates when & (v)/v])>>1.

Using t~7T,, V~vV,p,/R, A~Vt~p,v,T,/R,and 3~8" gives the estimate
Di ~ IA* /1~ 8"t v pe /R (4.12)
Electron drag ripple loss and pitch angle scattering of ripple trapped are comparable when
DY /DI ~S(vo /vy ) ~1. (4.13)
For D-T fusion v,/v, ~3 with v, ~v_, indicating that for a ripple 6 > 1/30, electron drag could

dominate.

11



Keeping 1/v ripple losses due to electron drag from depleting the lowest order slowing

o . : . . drag /, 2
down distribution during a slowing down time requires T.D|;;¥/a; <<1 or

8pi<<R’/vitl =v2, <<1. (4.14)
This inequality is easily satisfied in this electron drag dominated limit since

b PoVoTe _ P, (4.15)
fs a(tR V*d
is required to find a self-consistent solution.
Electron drag ripple loss compares and axisymmetric neoclassical compare as
D{ /D ~ 8" ¢ (vyT,/qR)* =8 "% /q VY, . (4.16)

Consequently, D > D when
qv,,<8"e", 4.17)
which differs by 8"’¢"*v;”/v.”* from the pitch angle scattering inequality.
Once the ripple is large enough to satisfy qv,,<8"*e"* electron drag transport enters the
1/v ripple loss regime. Similarly, when qv,<&”*8"*(v; /v))"* the ripple is large enough for pitch

angle scattering to be in the 1/v ripple loss regime.

4.3. The Vv regime
As the toroidal rotation increases we enter the~/v regime. Once again only the trapped matter

since V, -V =0 provides no drive for the passing. For the trapped we must solve

of, oh, =
v, Vy—+v, -Va—=C{h,}, 4.18
¢ waw a Voo {h.} (4.18)
where we expect
v, ‘Vaoh,/do ~ wh , /q , (4.19)

with w=v, Vo the toroidal ExB drift frequency in a flux surface. In the Jv regime

C{h} <<V, -Va.dh, /do. except in a narrow boundary layer requiring the toroidal drift frequency

to be fast compared to the effective pitch angle scattering frequency,

0dT VIV, >>q. (4.20)
Moreover, away from the boundary layer
of oh
v, Vp—=~v,-Va— 421
a VU3 v V%% (4.21)
gives
h,/f, ~qvyp,/mRa, <<1. (4.22)

A narrow boundary layer narrower than 8" is only possible if pitch angle scattering is

the dominant collisional process. Therefore, in the boundary layer we must balance
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v, Vo ?;; ~C{h}. (4.23)

This balance between the strong drift ExB drift within the flux surface and collisions, further
reduces the width w of the boundary layer by enhancing the pitch angle scattering time T, v, /v; :

3
v;h

C{h} ~—2%
T,V,W

(4.24)

5 -

The balance between collisions and Ex B drift then gives the normalized width of the boundary
layer w to be
W~ (q/wt) (v, /vy) << 8", (4.25)
indicating that the alphas must ExB drift on a flux surface faster than they pitch angle scatter
off the ions. The effective trapped fraction is estimated from this boundary layer width to be
JI~w, (4.26)
with w <<8"? giving (4.20). Then the effective correlation time to move the alphas out of the

ripple traps is then the pitch angle scattering time multiplied by the fraction squared,

T~V /v, )T, ~qlo. (4.27)
The effective step size in the presence of ExB drift is
A~V T~qpyVv,/oR, (4.28)

as the toroidal ExB drift now limits the radial step. Therefore, the pitch angle scattering
diffusivity in the Jv regime is

D ~JA* /1 =(qv, /1V,) " PV /oR)* (@ /T,)" . (4.29)
These estimates are consistent with the Galeev et al. (1969) and Ho & Kulsrud (1987) estimates

for ions except they did not keep q. Like them, we assume large ripple, d >>€/qN . A more

detailed boundary layer analysis presented later modifies this estimate slightly because of
boundary layer subtleties found by Calvo et al. (2017) that introduce a [/n(8"*/w)]"* factor in

the denominator of D'
To avoid depleting the slowing down distribution function during Jv regime ripple
transport requires T SDD%S / ai <<1 or very strong toroidal rotation satisfying
R /qv, >>(p,/a,)"(v,T,/R)". (4.30)
As v, ~v_ >>v,,sonic rotation can be required even though p,/a, <<1 since v,T,/R>>1.
Comparing Jv to axisymmetric banana regime neoclassical transport yields
D2 /Di ~ (Vo T, /qR)" (v /oR) ™ (ev, /v,)™ , (4.31)

which will be larger than unity as we expect
(v,t,/qR)"’>wR /ev, . (4.32)
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Normally the toroidal rotation frequency will be strong enough that the weaker Jv
regime transport replaces the stronger 1/v regime transport. Even when O(v,/v;)<<1, the
transition occurs at about D’ ~ DY or

otdv. /v ~q, (4.33)
as might be expected from (4.20). As T, ~1sec, we expect there will normally be enough
toroidal rotation to make wT,dv;,/v, >>q unless & is tiny.

If 8(v;/v;)>>1, then drag dominates in the 1/v regime and the transition condition
becomes D'\’E ~ D™, giving a lower toroidal toroidal rotation for the transition to the pitch angle
scattering dominated Jv regime of

ot,Ov/v)" ~q. (4.34)

In the \/; regime we assume the ExB dominates over the VB . We compare the two

drifts using the magnetic drift estimate v,, ~p,v,/R and the ExB drift estimate v ¢ Voa~qo.
Then forming the drift ratio and assuming E xB dominates requires
qQOR Py (4.35)
\A a

where ® ~cd®/p~clE| /RB, . Consequently, to enter the Jv regime requires a large electric

field and/or the birth alpha gyroradius to be small compared to the minor radius. In H mode
pedestals

oR~clEI/B, ~v,, (4.36)
so that using v,/v, ~3 and v,/v, ~(m/M)" ~1/4, with v,=QT/M,)"””, we expect
P,/qa<1/10 or less to be required.

5. Neoclassical alpha transport simplifications and notation

For H mode operation the plasma density and ion temperature profiles are rather flat until

they approach the pedestal, where a rapid drop in the density occurs with an often weaker drop in
the ion temperature. Moreover, the radial variation of v. is unimportant since v, <<v; for D-T

(Vi ~ Vg for D-He’). The ion and electron densities enter as ratios in Vi , with the electron and

ion temperatures equilibrated. As a result, for D-T we can assume the strongest radial variation
of the alphas is due to St, and we may approximate f, by

n,(y,)
f,=——"1(p,v). (5.1)
n (Y)
If we write the { dependence of the slowing down density as an exponential
n,(P)oce™ W, (5.2)

then for k a slowly varying function we may use
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P, =y-1v,/Q (5.3)

to write
ns (l]),) / ns (lp) — e—K(w*)*'K(‘P) ~ e—(qu})d‘(/dlp — eQ (5 4)
to retain finite orbit effects, by defining
Q=x'lv,/Q ~p,/a,<l, (5.5)

with RB dn /np~n /a, and a, the radial scale length of the alpha density profile. Based on the
preceding, for D-T we can use
f-f=(°-Df . (5.6)
We assume Q << 1 so we may use
n,(Y,)/n (P)=1+Q+Q*/2+.... (5.7)
We are, of course, assuming that gyroradius corrections from the full expression for the

canonical angular momentum will be small, that is, we assume that at birth

p,/a,<<1. (5.8)
The drag and pitch angle scattering collision operators are
Cunet) = VA gL L g 59)
and
Cole =V, [ﬂ(vzi—m-vvg]-zvi—BO 0555, (5.10)

- 2t v’B T oA

S

where A=B,v}/v’B and E=v,/v, with B, any convenient normalization constant or flux

function such as the on axis value or /(B”) . Transit averaging gives

Cdrag {g} =

(5.11)

1
TV

and

= ZVL dCEag 2
C,.fe} = —wggdmlm[ ¢, 575 (5.12)

with the subscribe a reminder that o and 1 are to be held fixed when transit averaging.
6. Axisymmetric neoclassical alpha transport: a brief summary

The v, >>v.~v, limit of axisymmetric neoclassical alpha transport is briefly
summarized to indicate how it relates to the neoclassical ripple transport of alphas.
Keeping pitch angle scatter as well as drag, and expanding for Q << 1, we must solve
C{h,+Qf}=0. (6.1)
However, h, =0 for the axisymmetric trapped response so we may employ flux surface averages

to obtain the passing equation
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L9y + Q)+
T.Vv- dv

S

2v;B, 0
TV (B/v,) OM

For this axisymmetric portion of the solution the ripples may be assumed small since d <<€ <<1

9 —
[ -, + QEI= 0. (6.2)

and the flux surface average simplifies to
$dOA/BVY dOA/B’

(A)= Fao/Bve a0 /B’

(6.3)

To relate this equation to that of Hsu et al. (1990) we continue to use the odd function

Q=o0vEQ,B,/Byv, (6.4)
and let
h, = (0Q,Vf,/2v,)P(y,v,\) , (6.5)
with
Q, =V IK'/Q, = v,1Q,' ox /oy, (6.6)
then
Hp +Qf, =(0Q, VL, /2v,)[P +2E(B,/B)], (6.7)
and our axisymmetric passing equation becomes
(v'+v)) a — B,H(v,—Vv) 0 0
~—[v(P+2B,5/B)H(v, - ——————[(E—(P+2EB,/B))]=0, 6.8
2 av[V( +2B,&/B)H(v, - V)] + (B/E) ak[ (ﬁax( +28EB,/B))] (6.8)

where &/B(B/E)=1.Using £ =1 - AB/B, gives 2EJE/dh = -B/B, so this becomes
(V+v) a a(E) ) oP
< " [v(1-PX2DH(v, - v)]+ H(v, - v)—[A —-D]=0, 69
Vi V[( a7\) (Vo =V)]+H(v, )ax[ (<§>a7\ ] (6.9)
since
(B/E)=1/(E/B)=-2B,d(E)/d\. (6.10)
The preceding equation for P is in agreement with equation (7) of Hsu et al. (1990) in the large

drag limit. For the passing in the large aspect limit

) ngea/Bz 3 Sﬁdea _ 42eE(k)

(&)= = = , (6.11)
$do/B>  2m  omf(-ek’+2e
with e=r/R and k> =2¢eA/[1-(1-¢€)A].
The drag only result of Nocentini ez al. (1975) is
P(lp,v,k)|dmg—> 1/(a(E)/IN), (6.12)
while the pitch angle scattering only solution of Catto (1988) is
OP(P,v,\) /ax|pas—> 1/(€), (6.13)

with P = 0 for the trapped. Hsu et al. (1990) point out that the drag solution fails at the trapped-
passing separatrix, and the pitch angle scattering solution does not satisfy the jump condition at
the birth speed.
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Hsu et al. (1990) solve the general problem for arbitrary aspect ratio concentric circular
flux surfaces by separation of variables and a Sturm-Liouville eigenvalue procedure similar to
that of Cordey (1976) by writing

PW,v. M) = Y A .MV, (V). (6.14)
k=1
The eigenfunctions A, satisfy the eigenvalue equation
d oA o(E)
— (A Ly=x, —2LA,, 6.15
a)\(<E>a)\) o (6.15)
with K, the n" eigenvalue associated with the normalization
A (p,A=0)=1 (6.16)
and the trapped-passing separatrix (A =A_) boundary condition
A (P,A=A,)=0. (6.17)

The associated othogonality condition is
)\'C
[ dA A o(E)an=0 (6.18)

for j=k . Continuing to follow Hsu et al. (1990) gives for our simplified version of their (12a),

Vi(ok -k V)

ad
—I[v(o, -V )H(v,-Vv)]= ————H(v,-v), (6.19)
av v+v)
where integrating across v, using
V. (y,v>v,)=0 (6.20)
yields the jump condition
[Fan,
Ve(,vy) =0, = — 0 ; . (6.21)
[ dn AT aE)an.
For the D-T case considered here the limiting solution for v, >>v. ~ v, is simply
Vi (Vo =v?)
V, =0, [1-(x, -1)+———] (6.22)

Vo
with the more general solution given in Hsu et al. (1990). The first eigenvalue «, is typically
order unity and the other K, are typically large.
The axisymmetric neoclassical alpha particle (d = 0) and heat (d = 1) fluxes are evaluated
as in Hsu et al. (1990) from
Iy =-1/ QO)<fd3V(MV2/2)dV”C{QfS + Hp}> . (6.23)
The results are typically above the Nocentini et al. (1975) and below the Catto (1988) results.

Notice that for the axisymmetric neoclassical particle fluxes ambipolarity is automatically

satisfied because if we sum over all species momentum conservation gives

(OM [ d*w,C{f})=0. (6.24)

all
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As a result,
EZFSSO =0, (6.25)

all

where here I';” ,Z, and M are the species particle flux, charge number, and mass.
7. 1/v ripple transport of alphas

In the 1/v regime Hp =0 for the passing, while for the trapped we must solve

Cth} (7.1)

1P

for h,=h,(y,o,v,u). We consider the two limits of pitch angle scattering and electron drag

dominating.

7.1. Pitch angle scattering dominates: 8(v,/v;)<<1

Our pitch angle scattering evaluation ignores drag in the alpha Colhs10n operator so that

= 2v. B,
C{h A B 72
{h}= rv(gﬁdC/EB)a)»[ (¢ dee/ (7.2)
and uses
B,v*(9/da dCg/B
Vo @/9a)f dEE ) 73
Q,($ dT/EB)
This limit is valid when 8(v;/v;)<<1.
As aresult of the preceding, we must solve
3v; 9 20h . BV of, 9 )
—[M@P dTE/B ) —]=—"— dC&’/B 74
! (¢, dTE/BY) = o s —(95 CEYBY)], (7.4)
where we use
3 2
08" 3898 _ 3BE (7.5)

oL 2 oA 2B,
To keep 0h,/dA well behaved in the deeply trapped limit, the constant of integration must
vanish. This also avoids a jump at the trapped-passing boundary where we make h, =0 to match
Hp =0 for the passing that must satisfy 2 -th =0. Integrating once gives

=20 39 aw o gi dCEY/B?). (7.6)

Integrating again from the trapped-passing boundary associated with the maximum ripple

magnetic field B (where )to A we obtain the pitch angle scattering solution
- By of f <a/aa><gj>’ dgE/BY)
3Quv, s M dTE/B®)

(7.7)

t
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We will continue to work with this general expression for now, rather than ignoring

curvature drift and using (3.16) to find the approximate results

9B =—%sin[@—a) /q]:%sin(a /q) (7.8)
ao. q q
and
g /aoc‘; =—(eA/2qE)sin(a/q) . (7.9)

These approximate results if used here give a slight difference with a final result smaller by 3/4's.

The approximate results of (7.8) and (7.9) follow the procedure of Stringer (1972) and Connor &
Hastie (1973) that take advantage of the slow variation of O while T varies between its two

values at the lower of the magnetic field maximums B in?9= (€C-a)/q for fixed. Their
procedure notes that —wt <NC<x implies —/Nq<9+(a/q)<m/Nq so that 9 varies very
little along a ripple trapped orbit at fixed o for N >> 1. It will be used shortly to simplify (7.20).
The alpha particle (d = 0) and heat (d = 1) ripple fluxes are calculated from
T = ([ dvMv/2) D3, - V) = (129, [ dVMV/2)' VAh Vy xb-VinB) . (7.10)

where V_ is the magnetic drift and we use (fd3vfs?/d V) =(V-[Q'bx lefd3vfsvﬁ]) =0 . The
last form of the ripple flux is obtained by using v, small to ignore the curvature drift compared
to the VB drift. The Ex B drift does not enter even though it has been implicitly retained.

Using the Boozer representation for the field

Vyxb-V/nB=(G+ql)" (GIB/dT-10B/39) (7.11)
and
d’v— 2n(BVv*/B,&)dvdA, (7.12)
where we sum over both signs of o, yields
p oB. B " MV FoB
=G © i_ %)B_o{ 2 )Bof/gdm Y o
To evaluate the fluxes we use 95/dA =-B/2EB, to integrate by parts to find
dex f (a/aa)(gﬁ dC§3/B2 _2B, dexg f (a/aa)(gS dCEY/B?)
B,/B g B,/B }‘(§ dCE/B?) B,/B B,/B X(§ad§§/B2 714
2B, (a/aaxgﬁ dZE/B)  (@/daxf dTEYB?) (719

1+
M dTE/B?) (f dge/B?)
Integrating the first term on the right side by parts again using 9&°/0A = -3BE/2B, yields
Bo/B (6/80()( dZE/B%) Bo/B (0/daX P dTE’/B?)
fdx f d, 2B, [ drga+ 2B,E 4, :

55 & 5 M dTE/B?) =7 55 3>»B) (f dce/B?)

(7.15)
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Neglecting curvature drift and other &> terms compared to order unity terms and assuming

(gﬁ dCEdB/oa)/ (gﬁ dCE) is a slow function of A , we integrate by parts one final time to obtain

Bjsdk f (a/aa)(gﬁ dtE iB )]_ 4B ¢ (@loox$ dTE) ".:_2%@[5{1@&33@&) 16
ae Eae M dTEBY) T 3B (¢ dcg) B($ dTE)

with EE\/I—B/ .

Inserting the preceding, noticing G/I=rB /RB, = e’/q, and using d(B/B,)/00 = ¢esin0®
and d(B/B,)/dC = Nosin(NT), gives

2 _(§ dtEoB/oal)
me . ZTBET, (f 1 9%y sin 9.8 Sﬁa =« (7.17)
B($ dLE)
Using v, >>v_ to 1ntegrate we find
of 9 S'c MV Mv:/2)'v! 9 n
fd ) S)f M2V, 0 n, (7.18)
2 axp 8w 4 4n(7+2d) oy In(v,/v,)
Assuming
n(v,/v,) anS ial 1 on; (7.19)
n, 611) v, 0y n; dP ’ '
we obtain our most general form for the 1/v fluxes due to pitch angle scattering to be
217146 2R2¢ v _(§ dtEoB/oal)
AR AT LRGP ¢ . 720,

¢ 6(7+2d)q290Vk£n(v0/V) (eBy/q)(¢ dTE)"

To simplify we now use approximation (7.8) and assume the poloidal variation of dB/da

is slow so we can use sin(9 — q‘lC) =sin¥ . The details are presnted in the Appendix and yield

(sin®9/[1- (B/B)J ) = — f d9sin’6 [ d(NO)[1-(B/B)] _4J_63/2W(a/qN6) (7.21)

all all

with the ripple scattering coefficient defined as a function of a single parameter by

in’ X" 1-3 <<1

W(y) = 2decosXsm X f dY[COSX—COSY+(X—Y)sinX]3/2_> Y3 Y .
o ﬁ Jri-sinX 002/ y>>1
(7.22)

The upper limit U of the X integral is /2 when y=¢/qN0>1, while for y=¢/qNd <1 it is
sin”' (¢ /qN®) . The upper limit of the Y integral is the zero of cos X—-cosY,+(X-Y,)sinX =0
adjacent to Y = X. This monotonically decreasing function is plotted as G in Fig. 1 in Connor &
Hastie (1973), where it is compared to the similar, but somewhat less accurate result of Stringer
(1972). Only accessible values of O and T are to be integrated over in the flux surface average.
In particular, B > B are not accessible by the ripple trapped so T is the value of ¢ for which B =
B. For weak ripple, €/qNd>1, some values of ¥ will not be accessible by the ripple trapped.
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The relevant details of the Stringer (1972) and Connor & Hastie (1973) treatments are given in
Appendix A.

Using the preceding we obtain
242 87 (Mv;/2)" et By v W(e /gN®) an,

rpas - s 723
‘ 9m(7+2d)q*V;Q: Mn(v,/v.) oY (723
yielding a alpha particle diffusivity due to pitch angle scattering of
3/2
Dp* = 2428 (‘CSVO)pOVOW(E /qN6) (724)

63m VA R’ In(v, /VC)
with W(e/qN0d)=<1. The preceding is in agreement with our phenomenological estimate when
W/ /in(v,/v.)~1, but with a rather small coefficient that seems to be due to the slowing down

distribution based on (7.18).
The weak ripple limit reduces D* by order (qQN8/¢)’ << 1. In this limit D}* can become

comparable or smaller than the result of Linsker & Boozer (1982) who find a diffusivity of
roughly (8%/¢"*gN)(t,v,/v;)(p,V,/R)* due to the effect of very weak ripple on the turning points

(at O ==m) of the non-ripple trapped banana regime alphas in the nearly axisymmetric limit
when (8/e)"®<<1/gN [also see Davidson (1976) and Tsang (1977)]. By assuming eN§/q <<1,
that is, [0B/90 >>GdB/dC , we are ignoring the radial drift effect evaluated by Davidson (1976),
Tsang (1977), and Linsker & Boozer (1982). This radial drift is of order 6Nap0V0/qR2 and
appears to be negligible based on the preceding. Related effects were considered by Goldston et
al. (1981), but they used a divergent ripple expansion of the parallel velocity that is not
consistent with allowing it to vanish at turning points, where they claim the effect is largest.

The ripple departure from axisymmetry means that ambipolarity,
Y zry=o, (7.25)

all

is no longer intrinsic. However, the alpha density n_ is so small they may be treated as a trace

population. Consequently, the radial electric field adjusts the ion and electron particle transport

to maintain ambipolarity as discussed for a plasma without alphas by Galeev et al. (1969).

7.2. Electron drag dominates: 8(v, /v, )>>1

To make the electron drag estimate we ignore pitch angle scatter and ion drag by keeping

only

ciny — —— L vy, (7.26)
TV \%

In this limit &(v;/ Vi) >>1 and we must solve
1 BTV o f, Bovz(a/aa)(gﬁadﬁg /B) o,
T,V oV NP Qo(gﬁadC/EB) N

(7.27)

21



By performing the bounce averages in T at fixed oo we will again be able to take advantage of
the slow variation 0 of while T varies between its two values at the lower of the magnetic field
maxima. Again, the ExB does not enter even though it is implicitly retained.

When solving for h, we must avoid a step at v, . Consequently, we integrate from v to

v, , where El (v>v,)=0,to find the piecewise continuous electron drag solution
- B (vp-v) o, (3/90)(f dTE/B)
‘ 2Q, NP (EﬁadC/EB)

where we insert Heaviside step functions as a reminder that the trapped must satisfy

{H[A-(B,/B)]-H[\-(B,/B)]} , (7.28)

(BO/B)zkz(BO/E). In this case the radial alpha flux occurs because electron drag acts to

reduce flux surface departure of the larger (smaller) number of alphas inside (outside) the flux
surface. The result is outward particle and heat fluxes. The boundary layer about A = BO/]§ is not

expected to appreciably change this result. A non-trivial boundary layer analysis is required to
make E[O\ =B0/]§)=0 and will be discussed in the next subsection. The procedure is more
involved than one used in a later section since a separable solution of the homogeneous equation

that vanishes above the birth speed does not exist.
Neglecting curvature drift corrections by taking £°<<1, and assuming slow poloidal

variation of dB/da. so we can use (7.9), gives
n - B,et,(vo - VA of

sin(9 - q'0){H[A - (B,/B)]-H[A - (B,/B)]} , 7.29
‘ 490, aw( q O{H[A-( )]-H[A-(B,/B)]} (7.29)
Using sin¥'sin(® - q'C) = sin® ¥ in the flux expression (7.13) gives the electron drag result
2 2 vy 2 By/B 2
=25 ey M g 2 a0
4q9°Q, 2 aw BB BOE
Then
) 2 aw 8r(1+d)(2+d)in(v,/v,) aw
and
B,/B 2 B,/B
B Ja=2f ans -2 B 0 {J1-B/B 2+3B/BJ(1 B/B)}=2v1-B/B (7.32)
0 BO/B B, /B 67\‘
give
. Mv:/2)'e*t B2v, Jon
[y = (M, 00 sin® 94/[1 - (B/B)] 733
¢ 16(1+d)(2+d)q*Q; In(v,/v,) 81p< [1-®B/B)). (739
where
(sin® ﬂ,/[l—(B/B)D - [1-(B/B)] 6”2D( /GN®)  (7.34)

all all

is the drag coefficient derived in Appendix A to be
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U s 2 Y,
V2 deCOSXSln deY[cosX—cosY+(X—Y)SinX]”2

D(y)=
Y \/yz—sian X
3y y<<
- 30 w6 . (735)
o(1/v’) y>>1

Using this result we obtain the flux due to drag to be
P __N28"2(Mv; /2)’e*t BivD(e/gN®) on,

q — , (7.36)
2r(1+d)(2+d)q Q2 n(v,/v,) 9
giving the alpha particle diffusivity due to drag of
172 2.2
Dgrag ~ \/5 6 ts pOVOD (8 /qNé) (737)

24x  R*In(v,/v,)
with D(e /qNd) =1. The diffusivity due to drag is consistent with our earlier phenomenological

estimate when D/ /n(v,/v.)~1 and again has a small coefficient due to (7.31).

As expected, the ratio of the pitch angle scattering to electron drag results is
T 401+ )2+ d)OVIW(E/qND)  dv: (7.38)
e (7+2d)v; D(e/qNd) v |

which is larger (smaller) than unity when electron drag Pitch angle scatter) ripple loss dominates.
The pitch angle scattering and electron drag solutions in the 1/v are not exact since in

reality both effects will enter in combination while we have calculated them separately.

However, these results are a useful indication of when ripple starts to become a problem.

7.3. Pitch angle scattering and drag
With both pitch angle scattering and drag the full equation must be solved:

2v;B 9 20h 1 9 =
A0 — I\ B t I VAT 3 h
ISV3(§ﬁadC/§B) 87\.[ (gS“dCE/ )a]-l- ‘csv2 GV[(V Vo]
2B @/0rda)(f dTEVBY) By af L @) hg dTE) 739)
32,  (§ dT/EB) aQ, % g (fdT/g) '

However, this general 1/v does not seem to be an analytically tractable problem. To see the

reason we seek a separable solution to the homogeneous equation

2B 0 » oH v 9
——0 " IA B 2 e vHHT =0 . 740
(EﬁadC/EB)GK[ (f dce/ Tyl YOHI =0 (7.40)

by taking
H=AM\)V(v), (7.41)

then for the separation constant 0 we would find
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V 0, 5 3 2B,
_ - = _ B .
ViV av VvVl (gﬁ dT/EB)A ax[ (§,dc8/ 742

But demanding V(v >v,)=0 means there is only the trivial solution V = 0.
8. Vv ripple transport of alphas

In the Vv regime v,-Vy=0 and aHp /da.=0 for the passing, giving C{Hp} =0 and
therefore Hp =0. Here we must be careful to keep the vdv/oy term to retain the ExB drift

within a flux surface.

For the ripple trapped we must solve
of, dh, =
v, 'V Va— = ht 8.1
a VY P P Cih} 8.1)

for the transit average trapped response h =h (y,a,v,u). For simplicity we consider only the

case when the Ex B drift dominates and define its associated toroidal rotation frequency w via

aloy)§f d
v, Vo= Me 0109, dCv) Y-, (82)

Ze (gﬁ dc/v,) B

In a rippled tokamak the E x B drift in a flux surface is mostly toroidal.

We also use the more complete expressions for
2B}V (9/30)@/oc)($ dTE'/B?)
3Q, (gﬁudz/ EB)

Vd'

; (8.3)

and
2v. B,
T,V (gﬁ dC/EB) aA

As a result, we are led to con51der

oh, 2v;B, oh, Bytv’ af 5]
- QP dee/B)—

do. TV (45 dz/gB)ax ax 3Q,v) aw daL

C{h}= 2 (. dTE/B Y (8:4)

—¢ c—n} (8.5)

Notice that this form reduces to the solution in the 1/v regime when ExB drift is unimportant.
We begin with this form to insure that the 1/v regime is being properly retained.
Neglecting curvature drift and assuming weak U variation during a ripple trapped

bounce leads to the simplified form
ah 2v;

P v (gﬁ d@/g)ax

Ho & Kulsrud (1987) assume any field line between two mirror points is at fixed poloidal

ah Betv af
oA 2qQO N 1p

( iy (8.6)

angle [see their comments below eq. (13)]. Consequently, they are assuming large ripple with
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€ /qNd <<1 based on the Stringer (1972) and Connor & Hastie (1973) treatments. Using this

same assumption we can replace (3.16) by
B=B,[1-dcos(NT)], (8.7)
with
B, =B,(I-ecos9)=B,, (8.8)
and then let ¢ = 8 and O — NC in the usual tokamak bounce averages (see, for example, the

Appendix of Catto et al. 2017). Introducing the new independent variable K by

A=1/(1-8+20k%), (8.9)
with K =1 the ripple trapped-passing boundary and x =0 the deeply ripple trapped, we use
dM /N = -48kdk (8.10)
to obtain
(9/0AXAp dTE) 19 1
56a =— —[E(x)-(1-k*)K(xK)] —=-—, (8.11)
(Eﬁa dz/E) 2kK (k) 9K )
where we use the full bounce results
828
Ngﬁ dCE = ———[E(x)~ (1-k")K(¥)] (8.12)
¢ V1-0+28k
and
8
N¢ dT/E=——+1-08+28k’K(x), 8.13
¢ de/g N v (1) (8.13)
with E(k) = 1+(1-k>)[/n(4/N1-x*)-(1/2)]/2+... and K(k)— /n(4 /N1-%*)+.... As a result, using
1 9 d 1 9 [Bx)-(1-x>)K(x)] 9 1 i
(f de/myon T " TanT 8aKkK(K)ax K K 4 m( 16 0K
* 1-x°
the equation for h, becomes
2 N 3 3 21
Botv” O (%)M R/TV) _Oh, (8.15)
2qQ2, oy q do. 20/n[16/(1-x")] ok
Continuing to take kK —1 and defining
n=01-x)/8, (8.16)
3
NELLLLLA SN (8.17)
qv,.
and
5
L 326B08‘§SV of, ’ (8.18)
qe2v, 0y
gives the boundary layer form of the equation to be
- 1
1—‘”1; “okq e = oL sin(%) = 22 Im(e ), (8.19)
fn(n) on do q
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which is valid when k >> 1. Here Im denotes the imaginary part.

To solve the preceding equation in the boundary layer we take

h, = Im[H(n)e'*"*] (8.20)
to obtain
2
1—613—211<H=—2L, (8.21)
fn(n)dn
which has the particular solution
H|p =-iL/k. (8.22)

As this solution does not vanish at =0 we must use the homogeneous solutions to satisfy this

boundary condition.
For 1 << /n(1/m)<<1/kn’ one homogeneous solution starts off as

H

hy

_=i(L/K){1+ikn’[/n(n)- %] +..}, (8.23)
where the coefficient is chosen to cancel the particular solution at =0 . The other begins as
.32 5
H| :Cn{[l+1?kn2[€n(n)—g]+...}, (8.24)

with C an unknown constant (see Appendix D of Calvo et al. 2017). These represent possible
inner solutions. Defining a new variable
z=12k ~1, (8.25)
the homogeneous equation becomes
1 9'H|,
(z/\2k) 0>

which slightly away from 1 =0 can be approximated by
2

9°H
a—2|h+i€n(\/2k)H\h =0 (8.27)
Z

(8.26)

h,

since k >> 1. The decaying solution to this equation is

H], = i(L/k)e ™ m0207 = (L fiye N (8.28)
where the coefficient is chosen to cancel the particular solution as n— 0 to satisfy the boundary
condition. Taking the inner limit of this outer solution gives

H|, = i(L/OM - (1- i 2kn(2k)n+..], (8.29)

which allows us to match the terms linear in 1 to determine the constant C to be

. 20n(+/2k)
—

C=-(1+1) (8.30)

Consequently, a reasonable matched asymptotic solution for the trapped alphas up to the trapped-

passing boundary and away from it is
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H= ?[ e (FImENG (8.31)

where both k and L are proportional to T, . Forming h, gives

—t _ BOEV2 afs Re{[e_(l—i)mﬂkén(«/ﬁ) _ l]eiG/CI} , (832)
2Q,way

with Re denoting the real part is to be taken.

Next we evaluate the particle and heat fluxes
Bl)/B

2
e~ (9B f Y J t> (8.33)
B,/B
To perform the pitch angle integral we let
sin(NC/2) =ksing (8.34)
so that
E = J1-A[1-8cos(NT)] = k+/2Ad cos (8.35)
and
K cos pd = cos(NT /2)d(NT /2) = /1 -k sin’ @ d(NT /2) . (8.36)

Recalling that a/q=-9 and noting that only sin(a/q)=-sind terms contribute when

evaluating flux surface averages, we find
B,/B

B,/B
Re(sinte™ [ a2 e _ 1>_——Re<1 f ). [0 '~1]). (837)
B,/B 2 B,/B E
Then using
() N CENG/2)  J7 dp 2K m[16/(1-x")] $38)
[Fane)  wB o Jicesing b w28
we obtain
B,/B 1
Re(sin9e™ f d)»&[e'“'i)wz”“(M) —1]):—@Re{i f diic[e D=2k (2E) —l]ln(i)}
B,/B T 0 1-x
= V2 Re{(1-1) f dun(—) [ 810 2Kk 1]}=M. (8.39)
1672k in(v2K) 167/k(n(2k)
We also make use of
Vo 9/2 2 d 52 2 d
dvV Mv?/2)" of, _ 2vy " (Mv,/2) %’ (8.40)
0 NIME2K) W (5+adnin(2k,) (v v,) TV
where
3
k, = R0V . (8.41)
qv,

From the preceding we obtain
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o o 32 (n2)e’Bir v v (Mv2/2)'  on

= i (8.42)
© O 128(5+4d)q" Qo Jwt n(2k,) (v, /v,) 0P
which is valid in the limit of € /qNd << 1. Notice that the diffusivity is of order
3/2 2
& 332 (12)(qv, /vy) " (pyve /R) (8.43)

640 0\Jwt M(2k,) (v, /v,)
Within logarithmic factors of Calvo et al. (2017) this result agrees with our phenomenological

estimate, but notice that the coefficient is small due to the collisional boundary layer analysis.

9. Summary

We formulate and solve for the neoclassical transport of alphas in a rippled tokamak by
evaluating the 1/v and Jv regime modifications of Galeev et al. (1969), Stringer (1972),
Connor & Hastie (1973), and Ho & Kulsrud (1987) associated with alpha birth and slowing. The
formulation also retains the standard axisymmetric neoclassical effects of Nocentini et al. (1975),
Catto (1988), and Hsu et al. (1990). The ripple transport of alphas differs from that of the bulk
ions and electrons because of its slowing down tail distribution function and the need to consider
electron drag as well as pitch angle scatter. Moreover, the approximate variational treatment of
Galeev et al. (1969) and boundary layer analysis of Ho & Kulsrud (1987) in the v regime is
avoided by a more complete and rigorous boundary layer analysis similar to that of Calvo et al.
(2017). Our v regime evaluation assumes large ripple (¢ /qN0 >>1) and the results are given
by equations (8.42) and (8.43). In this v regime drag is unimportant. The 1/v regime
evaluations presented here allow general ripple (€ /qN3 ~ 1) and the results with only pitch angle
scattering (dv,/v; <<1) are given by equations (7.23) and (7.24), while those keeping only
electron drag (v, /v, >>1) are given by equations (7.36) and (7.37). When pitch angle scatter

and electron drag compete in the 1/v regime (8v, /v, ~1) and the ripple is strong (£ /qNd << 1),

the transition from the axisymmetric banana regime to the 1/v occurs when the time for an birth
alpha to travel a connection length is substantially smaller than the slowing down time, roughly
qR/t,v, ~8"*e", or more precisely

qR/T,v, =0.38" e (8v, /v;)"* ~0.38"* e <<1. 9.1)

ban
axi

For the axisymmetric banana regime we use D' =0.25q°p; /et /n(v,/v,) to obtain estimate

between the Nocentini et al. (1975) and Catto (1988) limits to be in better agreement with the
precise results of Hsu ez al. (1990). Our 1/v calculation assumes small alpha birth gyroradius,
8"p,/a, <<R/T v, <<1, 9.2)

to keep the alpha distribution function near the slowing down distribution that is assumed to have
a radial scale length of a,. To keep T .D)'/a’<<1 we need p,/a,<<e"’/q<<1, which is

s axi

typically less restrictive than (9.2).
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It is unlikely that (9.2) can be satisfied for any feasible &. However, the inability to
satisfy (9.2) is good news! It means that for all practical purposes there is no significant 1/v
regime so that axisymmetric neoclassical banana regime transport transitions almost directly into
less dangerous v regime for alpha ripple transport!

Moreover, for 8v2/v: ~1 and &/qN&<<1, the transition from the 1/v to /v regime
happens when a significant fraction of a full toroidal rotation happens in a slowing down time,
roughly wt, ~q, or more carefully

0.3q v, 0.3q

Jm(2k,) )~ Jim2ky)

where 2k, =128 wt,dv,/qv; ~128wT,/q>>1 is required for our boundary layer analysis to be

ot = 9.3)

valid. Normally, ot >>q.

To remain near a slowing down distribution the v regime requires the alpha birth
gyroradius to satisfy the even stricter condition of

oR /qv, >>(0.03)(p,/a,)**(v,T,/R)"/ ifn(2k,) , (9.4)

where the small coefficient and §//n(2k,) >1 imply that sonic toroidal rotation may not be
required to avoid depletion of the alpha slowing down tail distribution function.

To estimate the size of quantities for D-T fusion we use v, =1.3x10”cm/sec for a 3.5
MeV alpha, and t, =t ,M/Z’m=0.63sec for T, =10keV and n,=10"cm™, with T, the
electron collision time. We note that even if the alpha pressure was comparable to the plasma
pressure that the slowing down alpha density n, would be small compared to the plasma density
n,/n, ~1/300. Consequently, the alphas are not expected to play a role in ambipolarity so any
radial electric field due to ripple is due to the balance of 1/v regime electron transport and v
regime ion transport (the radial electric field associated with an axisymmetric tokamak and
determined by conservation of toroidal angular momentum, see Parra & Catto 2008, 2009, 2010,

must be smaller in this situation). The assumptions used to derive the alpha collision operator are
satisfied since v, <<v,=(2T./m)"> =6x10’cm/sec and v,>>v,=(2T/M,)"* =10%cm /sec .

Moreover, for equal amounts of D and T, v,/v, = 3.25 and v, /v. = 3/5, so our assumptions that
vo>>Vv. ~ v, are satisfied. In addition, we note that for B, =5T, Q, =2.4x10%rad/sec, giving
P, = 5.4cm, which must be small compared to the radial scale length a_, of the alphas.

From the preceding numbers and R =10m , we obtain R /t,v, =1.2x10™ . Consequently,
based on (9.2), we expect that tokamaks will operate with the alphas well into the v ripple
transport regime with wt, >>q. Indeed, if we assume wR =v,, then we find wt, =6.3x10",

with /v regime ripple transport avoiding the depletion of the alpha slowing down distribution.
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The ExB drift dominates over VB as long as the minor radius is much greater than
PoVo/WR =p,v,/v,=7cm. As w decreases, p,v,/0R will increase and VB will dominant and
play a role similar to the ExB.

In summary, ripple transport of alphas will be in the v regime, rather than the 1/v
regime, thereby suppressing ripple transport well below the 1/v level. However, alpha ripple
transport in the v regime will be a serious issue for tokamak reactors as it will be well above
the axisymmetric neoclassical level and is can deplete the alpha slowing down distribution

function unless toroidal rotation is strong.
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Appendix A: Stringer (1972) and Connor & Hastie (1973)

The extremal along the magnetic field
B=B,[1-ecosY—3cos(NT)] (A.1)
are found for fixed o from
esin + qNJdsin(NQ) =0. (A2)
If qNO <<¢, then even if sin(NT) — =1, the minima must be near 9 =0 . In this weak ripple
limit the well centers are near the equatorial plane and NC varies over less than 2. In the
gNo >> ¢ the strong ripple can localize the ripple well minima away from the equatorial plane.
More precisely, the minima occur at
NC = 2mm - sin"'[(¢/qN®)sin¥] = 2mu - sin"'[(e/qNd)sin 9], (A3)
where m is an integer or zero satisfying 0 =sm <N to keep 2w = € =0 and we will soon see that
¥ variation is weak for N >> 1. The adjacent maxima occur at
Ni =(2m = 1)m+sin"'[(e/qNd)sin 9= Cm=)m+ sin”'[(e/qN8)sin 9. (A4
The minima, maxima, and lower maxima are found by assuming that ¥ varies only slightly

during a bounce when N >> 1. The minima and lower maxima must satisfy
IN(C-O)l = | £+ 2 sin”'[(e/qNS)sin O]l = 7t — 2sin~'[(e/gNS) I sin O] , (A.5)
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giving
19 -0 1= {m-2sin"'[(e/qN8) Isin O]} /qN << 1. (A.6)
Even for large ripple, qNO >> ¢ , the variation in 19— 91 is small, even though IN(C-T)l varies
over almost a full 2.
Only the lower maximum of the magnetic field,
B =B,[1-€cos® - dcos(NT)] = By[1-ecos §+8y/1 - (¢ /gNO)*sin> 9], (A7)

enters in our integrals, where we must choose the smaller of the two possible values of £cos O .
Using the minimum field
B= B,[1-¢€cos 9- 6cos(Ni)] =B,[1-¢ cos 9 - 6\/1 — (e /qNJ)’sin* 9] (A.8)

and expanding cos® about cosd at fixed O gives the lower maxima to be
B =B, {l-gcos® - (e/qN)(;t - 2sin”"[(e/qN) I sin & ]) I sin O | +6\/1 —(e/qNd)’sin*9}, (A.9)

where & =9 except in cos?9,

In addition, we can form
B-B= B, {e(cos 9 -cos 8) + 6[cos(N2v;) - cos(Ni)]

= 2B06{\/1 —(e/qN8)*sin® O — (e/qNJS)[(rt/ 2) —sin”'[(e/qNS) I sin & ] I sin O [} (A.10)

as in Stringer (1972) and Connor & Hastie (1973), where here the distinction between 9 , 9 ,

and 9 no longer matters on the right side.
Similarly, we can also form B-B

(B-B)/ B, = ¢&(cos ¥ - cos 9) + 8[cos(NT) + \/1 — (e /qNd)’sin* 9] . (A.11)
Expanding using 9 =9 gives
cosY = cos V- (0 -13)sin? = cos O— 19—l Isin 9l (A.12)
and
(B-B)/ B, = £(9 —9)sin 9 +8[cos(NT) - cos(Ni)] , (A.13)
where
cos(NT) = -1 - (¢ /qNO)’sin> 9] (A.14)

Along the magnetic field q(9-9) = t-¢ giving forp =1 and 3,
f d(NOW[1 - (B/B)” = &> f d(NT){(e/gNS)(NT — NT)sin & +[cos(NT) - cos(NO)|}2, (A.15)

all all

where we can view i = i(ﬁ) .

To get the same signs and form as Connor & Hastie (1973) and conveniently keep track
of signs, we let Y=NC+m so that cos(NT)=-cosY and T=0 is at w, and X= NC(9)+ 7 so
that cos(NC) = —cos X and we may take

sin X = (¢ /qNd)sin¥ . (A.16)
Then
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fd(NC)\/[l—(B/E)]P =6p/2de[cosX—cosY+(X—Y)sin X2 (A.17)

all all
Continuing, using
dXcos X = (e /qNd)cosIdV = \/(8 /gN8)* —sin® XdO , (A.18)
and the up-down symmetry of the U integral, and then noting that the O to m/2 and n/2 to =

contributions to the ¥ integral are equal, gives

[ d9sin®6 [d(NT)|/[1 - (B/B)

all all
Y (X)

dY[cos X -cos Y + (X -Y)sin X]"*. (A.19)

48 j~ dX cos Xsin® X
 (e/gNd)*Y \/(e /gNd)* —sin’ X
The lower limit Y = X corresponds to B=B (the lower maximum), while the upper limit U also
corresponds to B=B but not at a maximum, instead it satisfies cos X —cos Y, +(X-Y,)sinX=0
(note for X—-X, Y, —=-Y,). Consequently, like Connor & Hastie (1973) we integrate
between two maxima. The upper limit U of the X integral is /2 when €/qN0>1, while for
e/qQNd <1 itis sin”'(e /qNJ) .
To get the maximum value for normalization we consider € /qNd << 1
- = 487 T dXX? % \
£ d9sin’0 { d(NT)|/[1- (B/B)PP= eavor | ) ooy <) JdY(-cos Y- XY)"*, (A.20)
where for X << 1, Y, satisfies 1-cosY, =Y, X giving Y, = 27— 247X . Letting Y = 2y and

making use of X << 1 to neglect order X* Corrections gives

f dY(1-cos Y - XY)"= N f dy(sin’y - Xy)"2 . (A21)

X2

For the p = 3 case

Y, Y,/2
de(l cos Y - XY)"=4/2( [ dysin’ y——fdyysmy)~ \/_(1——X . (A22)
X/72

Then letting X = (¢ /gNO)x and y=¢/qNd gives

[ d9sin’0 [ d(NQ)\[1- (B/B)I'= 16“‘/—6 “3y+..), (A.23)

all all

which for p = 3 agrees with Connor & Hastie (1973) and gives 16772873 as the

normalization coefficient.

The case p = 1 is more involved. We split the integral

/2 Y, /2
f dy(sin’y - Xy)"* = [ dy(sin’y - Xy)"* + f dy(sin’y - Xy)"?. (A.24)
X72 X712 /2

For the first term we use
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/2 /2 T
[ dysin’y-Xy)? = [ dysiny—ﬁfcb/—y —1-CX+..., (A.25)
X/2 X/ 2 siny
with C =0.916 Catalan's constant. For the second integral we let z=mx—-y to obtain
/2 /2 n/2 7 —T T J'L'X
dy4/sin Xy= [ dzy/sin’z+ X(z-m)= dzsmz+— dz =1+ X{C+—[/n(—)-2
Jzy\/yny ()f {Xsmz {C+ 1) -21)
(A.26)
Consequently,
Y,/2
f dy(sin’y - Xy)"* =2+ ﬁ[En(ﬁ) -2]. (A.27)
X2 4 4

Then again letting X = (¢ /qN3)x we obtain

[d9sin®6 [ d(NO)Y[1-(B/B)]= 1632 6‘”} \/dxx [En( Xy oy
1-x’

all all

~4n:\/_6”2{1+ f( )——} (A.28)

where we use 4.241.2 of Gradshteyn & Ryzhlk (2007)
f dxx*/nx

Vi-x*

As aresult, the normalization coefficient for p =1 is 27328

= —(ﬁ 2- —) (A.29)

When ¢ /gqNd >>1 then U =mr/2 and we must evaluate

[ d9sin®6 [d(NT)|/[1 - (B/B)

all all

1/2 w/2
40 decosXsm xS0 X ‘X
Y’ 2y?

where 9=0 implies sinX=y9=<1. Notice that for X = 0, Y,=2n (or NC=m), and for
X=m/2,Y, =n/2 (or NC=-n/2); while for X=0=Y, NC=-

Y,
...]de[cosX—cosY+(X—Y)sinX]"/z, (A.30)
X
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