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Abstract 
 
 The spectra of the isotopes of Zn, Ge and Se in the A=60-80 region of the nuclear 

landscape display interesting spectral variations with N and Z. At first we study these 

structures empirically. The state-wise deformation status of each isotope is deduced using 

the power index formula. The average value of the power index displays the variation 

with neutron number N. The linear plot of B(E2, 01
+→21

+) versus [1/E(21
+)] for a given Z 

gives further information on the spectral variation with N. The level energy spectra are 

used to study the role of the excited bands in the phase transitions and the possible shape 

co-existence. The common spectral features of the three isotopic chains and some unique 

features are pointed out from our study and the role of the Nilsson single particle orbits is 

discussed.  A comparison with recent works for Ge and Se isotopes reveals the 

importance of our empirical studies vis-à-vis the high efficiency experiments and 

different theoretical interpretations of the shape changes with N and Z and spin.  
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1. Introduction 
 
 The isotopic chains of the nuclei in the A=60-80 region extend from the neutron 

deficient, to N=Z, and to the neutron excess isotopes, across the β-stability valley. This 

involves the filling of the Nilsson single particle orbits in the fpg subshells [1]. After the 

closure of the sd shell at N=Z=20, the f7/2 subshell gets filled at N=Z=28. Above it the 

close lying p3/2, f5/2 and p1/2 subshells fill at N=Z=32, 38 and 40 respectively. Then the 

g9/2 subshell is filled up to N=Z=50 magic number. 

 The filling of these small subshell spaces provides the rich variety of nuclear 

structures. Further, the n-p interaction plays a very important role. The re-inforcement of 

the neutron-proton shell gaps at spherical or deformed shapes was shown to produce 

surprising effects, as reviewed by Hamilton [2]. This is especially evident in the N=Z 

nuclei and the neighboring isotopes in the A=60-80 light mass region of the fpg shell. The 

recent advances of the last few decades in the reaction technology, including the induced 

fission, and the high detection efficiency of the emitted radiation, using Gammasphere 

detectors, have provided very rich data in the spectra of the light mass nuclei of N=Z=30, 

32, 34 and their neighbors.  

 Long ago, in review articles: Advances in studies of nuclei far from stability, 

Hamilton et al. [3] and Hamilton [4] reviewed the progress in experiments for the new 

findings on the light nuclei, including the phenomenon of the shape coexistence.  

Cejnar et al. [5] reviewed the subject of phase transitions in atomic nuclei. F. Iachello [6] 

reviewed the critical point symmetry and the analytical solution thereof. Hasegawa et al. 

[7] discussed the phase transition in exotic nuclei along the N = Z line (Ge, Se and others) 

in the shell model calculation. K. Heyde and J.L. Wood [8] discussed the special structure 

of the N=40 isotones. Recently, K. Nomura et al. [9] have discussed the structural 

evolution of Ge, Se nuclei, in the Interacting Boson Model (IBM) PES mapped from the 

Gogny energy density functional. The excitation energies and the E2 transition strengths 

were derived, and the shape phase transition and shape co-existence were illustrated. K 

Nomura et al. [10] also applied the PES matching method of the microscopic 

Hamiltonian and IBM, to the inclusion of the intruder excitations in the Pb region. 

Niksic et al. [11] studied the shape evolution and triaxiality in 72-82Ge isotopes, using the 

relativistic functional DD-PC-1 and the finite range pairing force to perform a 
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constrained mean filed calculation. In particular, the triaxiality in N=44 76Ge was pointed 

out.  Z. P. Li, T. Nikšić and D. Vretenar [12] applied the method of density functional to 

study the shape co-existence in nuclei and the occurrence of low lying 0+ excited states, 

and illustrated it for the N=28 and  N=90 isotones. 

 Thus the subject of quantum phase transitions, shape evolution and shape 

coexistence has been of interest for the deeper understanding of the nuclear structures. 

Further, the interest in the special structures of this region has continued over the last few 

decades, in experiment and in theory using the varied approaches. The rich features of 

this region provide new insights of the nuclear forces and the role of the subshells. 

 In the following we illustrate some empirical features of this region, as exhibited 

in Z=30 - 34 Zn, Ge and Se isotopic chains, which provide a transparent view of some 

basic features of the spectra. Besides the entities of E(21
+), B(E2, 01

+→21
+), the energy 

ratio R4/2=E(41
+)/E21

+), the energies of the ground state band (I=2,4,6,8,…), and of the 

excited bands, we also use the power index ‘b’ of the power index formula Eq. (1), 

proposed by Gupta et al.[13] for studying the level structure of the ground state band in 

these nuclei: 

 E(I) = a Ib.         (1) 

Here the power index ‘b’ is a non-integer, 1 <b<2, and the coefficient ‘a’ corresponds to 

the inverse of the moment of inertia of the nuclear core. It may be noted here that the 

values of the index b(I) and its variation with spin I provides detailed information on the 

structure of the rotational band, as illustrated in the Ref. [13]. The indices b(I) are related 

to the energy ratios RI/2 = E(I+)/E(21
+) in the band. In Ref. [14], the justification and the 

relevance of the non-integer power index ‘b(I)’ is discussed. 

  Recall that for reproducing the ground state band spectra of the shape transitional 

nuclei in between the spherical and well deformed, several alternative formulae exist in 

the literature, involving the sum of two or more terms using integer power of spin I,  But 

most of these, whether in fixed mode or the least square fit mode, aim to reproduce the 

spectra well.  In the power index formula, since the power index b(I) is related to the 

energy ratio R(I), one gets the deformation status if each state of spin I, before deducing 

the average value bav for the spectrum, which can be used to verify the energy fits. Also 
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the bav value itself yields the variation with N, Z, or other parameters. In Ref. [14] it is 

pointed out that, here the quantum mechanically defined spin I is raised to the noninteger 

index ‘b’, which can vary continuously, as in classical mechanics. 

  In Sec. 2 detailed results on Zn, Ge and Se are illustrated, and the discussion on 

our new findings is given in Sec. 3. 

2. Results 

2.1. Z = 30 Zn (N=30-48) isotopes 

2.1.1 State-wise deformation 
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Fig. 1. Power index b(I) of Eq. 1, for the ground band of 60-78Zn isotopes. 
 
 

In the fpg shell region, we start with Z=30 Zn isotopes. Its 2 valence protons occupy the 

down sloping orbit of the πp3/2 subshell. 

 A plot of the power index b(I) versus spin I is given in Fig. 1 (data taken from 

NNDC compilation [15]), which provides a quick transparent view of the spin-wise 

deformation of the ground state (g.s.) band. Here it is observed that a regular g.s. band is 

built at N= 30, 32, 34, 40, 42, 44, 48, but at N=36, 38 and 46 only the two members of the 

g.s. band (2+ and 4+) are assigned [15], giving a single data point in Fig.1. 
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Fig. 2. Average power index bav for the ground bands of 60-78Zn isotopes. 
 
 

 The plots of Fig.1 are interesting. The N=40 70Zn isotope has a regular band upto 

spin Iπ=12+, but it also has the least value of the power index ‘b(I)’, and of the ‘bav’. The 

N=32 and 42 isotopes also have the ground band up to spin Iπ =10+, and have (almost 

equal) higher values of b(I). In other isotopes, the ground state band is limited to spin 6+ 

or 8+. For a stable deformation of a nucleus, b(I) should be constant with spin I. However, 

if above the spin I = 4, the b(I) values vary, they reflect the changes in the intrinsic 

structure of the band. That provides a test of the regularity of the level energies in the 

band, and the variation in b(I) provides useful information for theory. Note the increase 

of b(I) at I = 4-6, and the subsequent nearly constant values. 

. In Fig. 2, the values of the average ’bav’ for a band are plotted versus N, which 

summarizes the data of Fig.1. The error bars represent the rms variation across the band 

with spin I. The maximum value of the index ‘bav’ is less than 1.30 in 60-78Zn, indicating 

the limiting deformation status of the ground bands (R4/2 < 2.34) of all the Zn isotopes. 

The N=40 isotope has the minimum value of bav = 1.04, corresponding to a harmonic 

vibrator. Note the rise of bav in the groups of nuclei on both sides of N=40 (as also seen in 

Fig. 1), but their collectivity is different. The difference lies in the moment of inertia in 
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the two groups. The range of the energy E(21
+) is different in the two groups. It is an 

interesting feature worth further study (see below). 
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Fig.3(a, b). Plot of B(E2)↑ versus (1/E(21
+)) for Zn, N=(32-44) and (50-44). The straight 

line is the linear LS fit with slopes of 0.10. The data are taken from [18]. 
  

 Grodzins [16] observed that even if the level energy E(21
+) and the excitation 

probability B(E2, 01
+-21

+) = B(E2)↑separately vary widely with N and Z, their product 

remains constant. 

 B(E2, 01
+→21

+) × E(21
+)  =  constant Z2 A-2/3     (2) 

as suggested by Raman et al. [17]. This also leads to the Eq. 3 for fixed Z  

 B(E2, 01
+→21

+)  =  constant × 1/E(21+) A-2/3     (3) 

which yields a linear plot for Zn isotopes, as illustrated in Fig. 3, (data taken from Ref. 

[18], figure adopted from Ref. [19]). Since A-2/3 varies only about 10% over A = 60-76, 

the spread of the data on the linear plot provides a transparent quick view of the shape 

phase transformations with varying N. 

 The variations in the power index b(I) and bav need to be studied along with Fig.3, 

for the excitation probability B(E2, 01
+→21

+) = B(E2)↑ versus the reciprocal [1/E(21
+)]. 

The bav is small at N=40, and B(E2) is also small, but it is finite = 0.15 e2b2, and larger 

than for the lighter isotopes, with higher ‘b’ (Figs.2, 3). The moment of inertia [or 

1/E(21
+)] A -2/3 at N=40 is higher than for the lighter isotopes, being smallest at N=38. 

This feature of 70Zn is important (see below).     
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.  There is irregularity at N=32, 34, 36 and 38 (Fig. 3). The linearity rule seems to be 

broken here. The same is reflected in the mismatch of the power index ‘b’ and the 

B(E2)↑. Further, the N=32 and N=42 Zn isotopes have almost same ‘bav’, but very 

different B(E2)↑ and moments of inertia. This is a significant phenomenon, where the 

moment of inertia (MoI) and energy ratios (=index ‘b(I)’) act differently. It is known that 

for the same R4/2 of two nuclei, their MoI can be different, which affects the B(E2) as 

well. The utility of the b(I) plots (Fig. 1) to resolve the crowding of data at lower N in 

Fig. (3) is evident. 

.   At N=40-42, there is a shape phase transition, which is vividly visible in Fig. 2 

and 3, from the anharmonic vibrator towards the soft deformed rotor. Note the small 

range of the B(E2)↑ scale from 0.12 to 0.20 e2b2 in Zn, and of the power index bav and 

R4/2.  

 At N=48-50, the energy E(21
+) (Fig.3b) rises sharply by a factor of ∼2 but the 

B(E2) remains low.  The straight.line represents a linear LS fit to the data. The 

deformation is maximum at N=44 (Fig. 3a). Beyond N=44, again the energy E(21
+) rises 

and B(E2)↑ drops fast at N=46-48 (Fig. 3b) due to the filling of neutrons in up sloping 

orbitals, and the N=50 shell closure effect. 

 

2.1.2 Level energy spectrum of Zn isotopes 

 The partial level spectrum of Zn isotopes is given in Fig. 4 [15]. At N=Z=30, the 

nucleus 60Zn remains spherical with E(21
+) =1003 keV, and R4/2 =2.18. At N= 32, E(21

+) 

drops only a little to 954 keV, to rise again to 992 keV, 1039 and 1077 keV at N=34, 36 

and 38 respectively (see Fig. 4, open square symbol), with corresponding drop in B(E2)↑ 

(Fig. 3a). Beyond N =  40, the energy E(21
+) and E(41

+) is decreasing with N. The Kπ=2+, 

22
+ state (open circle symbol) of the n=2 phonon triplet is below the 41

+ state (upright ∆) 

for N=32 to 38, and crosses upwards of the falling 41
+ at N ≥ 40. But the 02

+ state of the 

triplet (cross symbol) lies low at N=38, 40, 42, forming a sort of parabolic valley, as one 

sees at N=88, 90 for Sm, Gd [15].  The third 2+ state (inverted ∇) follows the 02
+ state, 

falls down at N=38, 40, along with the 02
+ state  This unique feature of the Zn spectrum is 

very interesting.  It provides a challenge for the nuclear theory.  
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Fig. 4. The partial energy spectrum of 60-76Zn isotopes.  
 .  

 In 68Zn (N=38), the 02
+ excited state is low (1654 keV), below the 22 state at 1883 

keV and 41
+ state at 2417 keV. The 23

+ state at 2338.5 keV (overlapping the 41
+ symbol) 

decays to 01
+, 21

+ and to 02
+ (weak intensity, but more than for 22

+ to 02
+). Also a 42

+ state 

at 2959.5 keV is a likely member of the Kπ=02
+ band. Then the (02

+, 23
+, 42

+) spacing 

indicates their increased deformation compared to the g.s. band and the possible shape 

coexistence. The Kπ=02
+ band formation in 66Zn36 is not apparent, but it seems to have the 

β-soft character.  

 At N=40, the 02
+ state goes down further to 1071 keV, only 186 keV above the 21

+ 

state. Also the 23
+ state of the quintuplet comes down, touching the 22

+ state of the triplet.  

For higher N, the 02
+ state rises up again. These unique features of 68,70Zn are interesting 

and need further elucidation. The N=40 isotones Zn to Zr display these unique features, 

and have been reviewed by Heyde and Wood [8]. See Sec. 2.4 below. 
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 Fig. 5. Level energy spectrum (partial) of 62Zn.  

 

  The power index b(I) is relatively large for the N=32 isotope, almost equal to 

N=42 isotope, and the B(E2)↑ is finite = 0.12 e2b2, but much different from 72Zn. As 

shown in Fig.1, the ground band up to Iπ =10+ with regular spacing is visible (also shown 

in Fig. 5). Notice the regular rise of b(I) in 62Zn in Fig. 1, indicating some increase in 

deformation with spin I. Also the Kπ=2+ band, with both odd spin and even spin 

components is well developed (Fig. 5). At N=32, the state 22
+ decays to 01

+ ground state 

with 70 % intensity Iγ of the cross over transition, relative to the 22
+→ 21

+ transition [15]. 

The 23
+ state at 2803 keV is rather close to the 02

+ state, that would suggest larger 

deformation. However, there are several other 2+ states above it [15].  In the absence of 

decay data, the band assignment is difficult. This band structure of 62Zn reflects stability, 

and may be due to the n-p interaction in equal p, n orbits. For the role of Nilsson orbits 

see below (Sec.2.1.3).  

 In Table 1, we list the values of energy ratio R4/2, and Rγ = E(22
+)/E(21

+). In the 

rigid triaxial model (RTR) [20] the asymmetry parameter γ can be deduced from Rγ. 

 Sin 3γ  =  [9/8 (Rγ -1)/ (Rγ +1)]1/2,      (4) 

The deduced values of γ for the Zn isotopes are listed in Table 1. If Rγ is less than 2.0, the 

formula is not applicable. Thus only for N=30, 42 and 44, are the values of γ available. 

In all the three isotopes, γ is about 24° 
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. 

Table  1. Values of R4/2, Rγ and γ in Zn isotopes. 

------------------------------------------------------------------------------ 
N 30 32 34 36 38 40 42 44 
------------------------------------------------------------------------------- 
R4/2  2.18 2.29 2.33 2.36 2.24 2.02 2.30 2.34 

Rγ 2.55  Less than 2.0   2.54 2.76 

γ(degree)24.2      24.3 23.2 

--------------------------------------------------------------------------------- 

 
 Here we note that a large value of γ (greater than 20° up to 30°) is obtained not 

only for a triaxial rotor, but also for the anharmonic vibrator. That leads to the problem of 

defining the shape status of the Zn isotopes. For N=34-40, the nuclei may be termed as 

anharmonic vibrators, with energy ratio R4/2 less than 2.35, below the 2.5 value for γ-soft 

rotors.  The 60,72,74Zn isotopes may be termed as γ-soft triaxial rotors or anharmonic 

vibrators. With degenerate n=2 phonon triplet at N=42, 44, the anharmonic status is better 

applicable. The problem of defining the shape in terms of the vibration-rotation model is 

complex here. See Sec. 3 of discussion.  

 

2.1.3  Role of Nilsson single particle orbits 

 

In order to understand the relation of the varied spectral features with neutron number N 

here, we look at the Nilsson single particle orbits [1, 3].  The νf7/2 subshell gets filled at 

N=28. The 10 neutrons (up to N=38) can fill the νp3/2 subshell, and the ν f5/2 subshell. The 

almost horizontal orbit of πp3/2 and of 1f5/2 subshells, enable the stable structure of 62Zn. 

 Two additional neutrons above N=38 (for N=40) can fill the νp1/2 subshell or the 

νg9/2 subshell, whichever is energetically favorable. The latter yields a linear drop in 

E(21
+) (to 884 keV for 70Zn ) as seen in Fig. 4 and the increase in B(E2)↑ (Fig. 3a). The 4 

additional neutrons (up to N=44) can occupy the νg9/2 subshell. Note the sharp rise of 

B(E2) at N=40-42 and the slow rise at N=42-44, due to the filling of the down sloping 

orbitals of ν1g9/2, and the up sloping orbitals of 1f5/2 respectively. 
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 At N=40, there is competition between the up sloping orbits of p1/2 and f5/2 and the 

down sloping orbits of the g9/2 subshell. The lowering of the 02
+ state is the unique 

feature, associated with this competing filling. This feature is different from the ones 

observed near or at subshell closure. The quadrupole deformation β also determines the 

fillings of nucleons. At N=42, the filling of down sloping orbits of the g9/2 subshell leads 

to the shape phase transition as evident in Fig. 1 and 2. But at N=36, 38, the sphericity 

persists.  The deformation at N=44, 46, 48 also is determined by the competitive fillings 

of the above stated orbitals, as discussed above. 
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Fig. 6. The low energy levels in the odd-A Zn isotopes [15, 21]. 

 
 The low energy spectra of odd-A isotopes are a rich source of orbit occupancy 

(Fig. 6) [15, 21].  For example, 67Zn has the g.s. spin 5/2- indicating the occupancy of the 

37th neutron in the ν1f5/2 orbit. The spin of first excited state at 93 keV is ½-, and the 9/2+ 

state lies at 604 keV, representing the excitation to ν1g92/ orbit higher up [21], A high 

lying 9/2+ level reflects the role of the g9/2 subshell for higher excited states, and the low 

deformation in the g.s. at N=38. With an odd neutron for odd A in the νp1/2 orbit, the 

additional 1 or 2 neutron  pairs occupy the higher g9/2 orbits up to N=43. Note the 

decreasing energy of the 9/2+ level at A=69, 71. In the even A isotopes this leads to the 

increasing deformation for N > 40 as seen above.  In odd-A Zn, the g.s of A=75, 77 
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changes to 7/2+ corresponding to the odd neutron hole in the f7/2+ orbit and increased 

number of neutron pairs in g9/2 subshell. 

 O. Kenn et al. [22] did a Coulomb excitation experiment for 62-70Zn isotopes and 

determined life time and g-factors. They also compared the experimental data with large 

scale shell model calculations considering the configurations in the fp and fpg model 

spaces with inert cores of 40Ca and 56Ni, respectively and obtained good agreement. J. 

Leske et al. [23] predicted the dominant (g9/2)
2 configuration of the 41

+ state of 68Zn from 

the measured g-factors. S. Rai et al. [24] did shell model calculation in the Strutinsky 

approach, and reproduced the order of the level spins in 60-66Zn isotopes. Earlier, Passoja 

et al. [25] studied the decay branches from the 02
+ state at 1910 keV to the 21

+ and 22
+ 

states (with B(E2) ratio of 1.1) in 64Zn, and. suggested the O(6) pattern here. 

 These findings [22-25] are in agreement with our analysis in the above.  

 

2.2. Z = 32 Ge (N=32-50) isotopes 

2.2.1 Statewise deformation 
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Fig. 7. Power index b(I) of Eq. 1 for ground bands of 64-78Ge isotopes. 
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Fig. 8. Average power index bav for the ground bands of 64-78Ge isotopes versus N.  
.  
 Next we study the Z=32 Ge isotopes. The 4 valence protons of Ge can occupy the 

down and up sloping orbits of the πp3/2 subshell. 

 In Fig. 7 we depict the variation of the power index b(I) with spin I for the ground 

state bands (N=32-46). For N=34, 36 and 40, the ground band extends upto Iπ=12+ (or 

higher, not shown). In the other isotopes, it is up to spin Iπ=10+ or 8+, except at N=44. 

The index b(I) at first drops from 1.25 at N=32, down to 1.005 at N=38. There after, it 

increases again up to 1.35 in N=46 78Ge. For Iπ > 6+, the decreasing values indicate the 

condensing of the ground band level spectrum. The index b(I) at Iπ=4+ is the same for 

N=38, 40 Ge, but at higher spins, opposite trends of variation are exhibited. This is 

important and helps in the competing shell closer at N=38 or N=40, as discussed in Ref. 

[26], and the scattering of neutrons to the higher Nilsson orbits in the two isotopes due to 

pairing interaction (see below). 
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Fig. 9 (a, b). Plot of B(E2)↑ versus 1/E(21
+) for Z=32 Ge. At N =38-40-42, the rise is fast. 

At N =50 -48, [1/E(21
+)] increases fast, but the B(E2)↑ does not rise. 

 

 The bav (Fig. 8), also exhibits the same dependence on the neutron number N, a 

fall up to N=38 and the rise above it.  For N > 38, there is increased collectivity, as also 

reflected in the B(E2)↑ versus 1/E(21
+) plots (Fig. 9, [19]), but the B(E2) stays almost 

constant at lower N, and is maximum at N=32. In fact, the Grodzins linearity relation, 

B(E2) being proportional to the rotational moment of inertia 3/E(21
+), breaks down here 

at N= 32-36 (Fig. 9).  

 At N=40-42 un-ambiguously, there is a shape phase transition, as the power index 

‘bav’ rises, and both B(E2) and 1/E(21
+) also rise. This is similar to the variation in Zn. 

Beyond N=42, at N=44, 46, 48, B(E2)↑ is falling sharply, but 1/E(21
+) shows an increase 

at N=42-44, and a slow decrease up to N=46. Also the power index ‘bav’ is almost 

constant at N=42-46. At N=44, only 21
+, 41

+ states are assigned, and at N=46, a regular 

g.s. band up to Iπ=8+ is known, though 22
+ is below 41

+ in both isotopes. At N=48 a 

regular band is not formed there [15].  

 
2.2.2 Level energy spectrum of Ge isotopes 
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Fig. 10. Energy level spectrum (partial) of 64-80Ge isotopes. 
 
 The Z=32 Ge isotopes fill 4 protons in the πp3/2 subshell, and the neutrons fill up 

to N=50, up to the top of fpg shell. The partial energy spectra (21
+, and the possible n = 2 

phonon triplet, and 23
+) are illustrated in Fig. 10. The Ge spectrum may be viewed in two 

parts: (a) up to N=38 (filling of p3/2 and f5/2 orbits) and (b) above N=38, filling the p1/2 and 

g9/2 orbits. 

 The energy E(21
+) is increasing slowly at N=32-38 and drops thereafter for higher 

N.  The same is true for the state 41
+. The presumably n = 2 phonon triplet is well split. 

The 22
+ state lies below the 41

+ state for all N, and follows the 41
+ state closely. The 

energy ratio Rγ is less than 2.0 for 64-72,76,78Ge. At N=46 to 48, closed shell effects appear.  

  The behavior of the excited 02
+ state is rather varied. At first it drops in energy at 

N=36-40. Beyond N=40, it rises up in N = 42, 44, forming a parabolic valley appearance 

as in Zn isotopes (Fig. 5). 

 The detailed ground, γ-vibrational, and 02
+ bands are illustrated for N=36, 38 and 

40. In contrast to the ideal vibrational isotopes of Cd, where one gets the almost 

degenerate n=2 phonon, and n=3 phonon multiplets, here in the A=60-80 region we get 

the almost equally spaced in energy ground bands and Kπ=2+ γ-bands, and well 

developed Kπ=02
+ bands in 68,70Ge. This is rather unusual and therefore interesting. 
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Fig.11. Energy level spectrum (partial) of N=36 68Ge. 
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Fig. 12. Energy level spectrum (partial) of N=38 70Ge. 

 

The N=36 Ge with higher ‘bav’, but lower B(E2)↑ (Figs. 8, 9), also exhibits regular 

ground band, γ-band and 02
+ band up to spin Iπ=10+ (Fig.11). The power index b(I) for 

the β-band are 1.023, 1.114, 1.181 and 1.199 (bav=1.13) for spin Iπ=4+ to 10+. Compare it 

with ground band values of 1.159, 1.176, 1.126, 1.100, 1.106 (bav=1.03). The b(I) is 

deceasing with spin in g.s. band, and increasing with spin in the β-band. But the 2β-0β 

spacing of 703 keV is much less than the 2g-0g spacing, indicating larger deformation of 

the β-band. 
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Fig. 13. Energy level spectrum (partial) of N=40 72Ge. 
 

 At N=36 to 38 in Ge, the excited 0+ starts falling in energy to lie just 176 keV 

above the 21 state. In 70Ge the ground band, Kπ=2+ γ-band and the Kπ=02
+ band are well 

developed (Fig. 12). The power index bav =1.024 for the β-band is nearly equal to 1.036 

for ground band and the moments of inertia also are almost equal. Thus the two bands 

have almost the same deformation. 

 At N=40 in 72Ge, the state 02
+ drops even below the 21

+ state (a rare phenomenon, 

discovered at Vanderbilt from the decay of 72Ga) by S.K. Haynes [27] by measuring the 

internal conversion electron energies,  which became the topic of intense research [3, 

26,28,29 and References therein]. The nature of the second 2+ state in 72Ge also has been 

ambiguous. In NNDC [15], it is shown as a part of the Kπ=02
+ band, including 42

+ and 62
+ 

members. But recent data [26] led to its assignment as the band head of the Kπ=2+ band, 

as shown in Fig. 13 here, with spin up to 8+. The states (22
+, 31, 42

+, 62
+ and 82

+) form the 

Kπ=2+ quasi-γ-band. The level spacing (for even spin) in the Kπ=22
+ band is similar to the 

ground band.  Using the sum rules, Ayangeakea et al. [26] obtained almost equal <Q2> 

values for the ground band and γ-band. 

 The 23
+ state at 2402 keV even with large spacing from the 02

+ state is suggested 

to be associated with it, on account of the large intra-state E2 matrix element [26].  

Fortune [28, 29] has reviewed the shape co-existence in 72Ge and by 2-state mixings, 
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reproduced the E2 matrix elements in 72Ge. However, the systematics of 23
+ states in Ge, 

(Fig. 10 and 18) shows it to be an exception. 

 Hasegawa et al. [30] from their extended PPQ model calculation achieved 

structure change in Ge isotopes near N=40 caused by the transfer of 2 neutrons to the g9/2 

subshell. 

 The 73Ge41 odd-A nucleus has the ground state of Iπ = 9/2+, and excited states of 

½- and 7/2+, which support the above explanation of increased collectivity at N=42. Also 

the N=39 and N=43 isotopes have ground spins of ½- [15]. 

    

Table 2. The interband B(E2) ratios in 68-72Ge [15].  

 22 -01/21 31 -41/21 31 -22/21 23 -01/21 23 -02/01 42-22/21 43 -23/22 
68Ge 0.009(1) 53 (10) 23  (2) 0.32 (3) 150 (15) 52(3) 27 (2) 
70Ge 0.007(1) 146(30) 637 (65) 0.006(1) 229(24) 1.58(24)a 16 (3) 
72Ge 0.002  48 (2) 137 (6) 0.014 (1) 87(9) 281 (30)  

 

a) For 42
+ -23

+/22
+ transition ratio. 

 

The interband B(E2) ratios (Table 2) may shed further light on the band interaction. 

Most of the B(E2) ratios, here are as expected from the rotation-vibration model.  The 

cross over transition from the 22
+ state to ground state is weak. For the 3+ state the large 

gain in energy ratio yields large B(E2, 3+ - 41
+/21

+) and B(E2, 3+- 22
+/21

+) values. Similar 

considerations apply to the E2 transitions from 23
+, 42

+ and 43
+ states. The increased 

B(E2.23
+→02

+/01
+) in the 3 isotopes visible in Table 2, is also observed for N=40 in the 

E2 matrix elements in Ref. [26]. 

At N=50 82Ge is spherical in the ground band, but a deformed excited band has 

been assigned by Hwang et al. [31] predicting a shape co-existence here. These deformed 

rotational bands can be formed by two-particle, two-hole excitations with the 0+ pairing 

energy states of the ν9/2[404]-2 
⊗1/2[431]2 configuration across the N=50 closed shell, as 

calculated by Praharaj [32], using the surface delta interaction (SDI), and predicted the 

deformed excited band built on the spherical ground band in 82Ge. 
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 Thus the plots in Figs. 7-13 give a reasonable view of the spectral variations in Ge 

isotopes. Several features are common to Zn and Ge. 

 
2.3. Z = 34 Se isotopes (N=34-46) 

2.3.1 Statewise deformation 
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Fig. 14. Plot of power index b(I) for the ground bands of 68-80Se isotopes. 
 
 

 As for Zn and Ge, we study the spectral structure of Se isotopes, using the power 

index plots. The power index b(I) of Eq. (1) deduced for 68-80Se isotopes, displayed in 

Fig. 14, illustrate the variation of quadrupole deformation of these nuclei with spin for 

each isotope. The b(I) curves of N=34, 38, 40 show similar variations with spin I, and 

b(I) are decreasing for N= 44, 46 (subshell closure effect) with increasing spin I. The 

plots are limited to Iπ =12+, even if higher spin levels are known [15]. Especially 

noteworthy is the extension of the ground band up to high spins Iπ=20+ in 70Se, Iπ=28+ in 
72Se and Iπ=22+ in 74Se. This feature is markedly different in Se from Zn and Ge. This 

may be due to the stabilizing effects of the 6 valence protons above the Z=28 subshell 

closure, which enable many more n-p interactions. Moreover, the horizontal orbits of the 

πp3/2 subshell and of the πf5/2 subshell also enhance the stability. .  
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 The plot of ‘bav’ (Fig. 15) also indicates a fall at N = 34 to 38, and a rise at N = 

38-40-42, and saturation thereafter. This pattern of a minimum at N=38 or 40 is common 

to Zn, Ge and Se.  
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Fig. 15. Plot of bav versus N for the ground bands of Z=34 68-80Se isotopes. 
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Fig. 16 (a, b).Plot of B(E2)↑ versus 1/E(21

+) for Se (N=34-42, 42-50). At N =38-40-42, 

the rise is fast in both. At N =50 - 48, 1/E(21
+) increases fast, but B(E2) does not rise 

much. 
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 The excitation probability B(E2, 01
+→21

+) in Se isotopes are plotted versus 

[1/E(21
+)] in Fig. 16, adopted from [19]. Again the data lie on linear plots. The straight 

line represents the LS fit to the data. For N=36-42, a linear rise is exhibited, with sharp 

jump at N=38-40, and slower at N=40-42. At N=34-36, one observes a fall, in agreement 

with the fall of power index bav in Fig. 15. At N=36-38, bav data show opposite trend to 

the 1/E(21
+) and B(E2)↑. Beyond N=42, again B(E2)↑ decreases fast, but the MoI falls 

slowly. At N=48-50 a reverse trend is observed. 

The N=Z effect is again operative for 68Se34. At N=36, 38 it is weak (Fig. 16a).  

Note the fall at N=34-36 and then a rise of B(E2)↑ at N=36-38. The linearity relation still 

holds here. The N=34, 42 isotopes have equal bav, but much different B(E2). The rise of 

B(E2) at N=38-40 is a clear indication of the increased population of the g9/2 subshell. At 

N= 39 in odd-A 73Se, a ground band is formed on the Iπ=9/2+ ground state up to Iπ=41/2+ 

[15] supporting the above description. 

 

 
2.3.2 Level energy spectrum of Se isotopes 
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Fig. 17. Level energy spectrum (partial) of 68-82Se isotopes. 

 

 The (partial) level energy spectrum of the Z=34 Se isotopes (N=34-48) is 

illustrated in Fig. 17. The energies of 21
+ state and of the potential n=2 triplet states, all 
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go down with increasing N, up to N=42, and rise for higher N. But as in Zn and Ge, the 

02
+ state forms the parabolic valley at N=38-40.  The 02

+ state at 937.2 keV in 72Se-is only 

75 keV above the 21 state at 862.1 keV. It is obvious that the lowering of the 02
+ state is a 

microscopic effect related to the N=38-40 neutron filling. 

  Hamilton et al. [33, 34] gave evidence for its mixing with the vibrational states in 
72Se. The mean life of the 937 keV 02

+ state was measured to be 22.8±1.4 nsec, yielding 

B(E2) =36±7 single-particle units for the 75-keV 02
+
→21

+ transition. From the in-beam, 

γ-ray spectroscopy following the reaction 58Ni(16O, 2p), a strong γ-ray cascade was 

observed from the yrast band of levels (0+, 2+ ,... to 12+) in 72Se, (which is now extended 

up to Iπ = 28+). The moment of inertia versus (ℏω)2 plot is vertical for the 2+ and 4+ states 

as expected for a spherical vibration and then above 4+ becomes nearly horizontal as 

expected for a well deformed rotor to further demonstrate the coexistence of two different 

shapes.  The lifetimes of the 21
+, 4+ to 12+ states [33] support the shape coexistence. 

 Using a collective rotation vibration model, they [33] also obtained 2 minima in 

the PES, the spherical one for the21
+, 41

+ states, and a deformed (β=0.4) for the 02
+ state 

and states above 41
+. Later, Kumar [35] explained that to have shape coexistence in an 

isotope, one need not obtain two minima in the PES. He proposed an alternate 

explanation where the effect can be dynamic and involves the variation in mass 

coefficients as well. Kumar [35] predicted the deformed excited band built on a low 02
+ 

state in 72Se, based on the prolate potential minimum, using the dynamic deformation 

model.  

  The ambiguity regarding the point of shape transition in the isotopic chain of Se 

isotopes is highlighted in the most recent work of Henderson et al. (2018) [36]. The 

ambiguity of the prolate/oblate status of the Se isotopes at or near N=38 is resolved by 

the precise valuation of the quadrupole moment of 21
+ state of 72Se [36]. Also in 

consonance of the previous findings of Hamilton et al. [3, 33, 34] regarding the change of 

shape with spin I at Iπ > 41+ of the ground band has been reconfirmed. By a comparison 

of the quadrupole moments of other Se isotopes measured earlier, the shape transition 

(oblate to prolate) at N=38 Se is established. In this context, we would like to highlight 

the information contained in the plots of the power index b(I) and bav in Figs. 14 and 15 
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respectively. The b(I) curve of N=36 shows the change of deformation beyond Iπ=6+ and 

the continuous rise of b(I) in the N=38 curve, so that at higher spins the two curves meet 

together.  In Fig. 15, the plot of bav clearly reflects the shape transition. Also the steady 

values of bav at N=42-46 agree with the almost constant values of Q(21
+) displayed in 

Ref. [36] for these isotopes. Combined with other data of B(E2, 01
+ - 21

+) discussed 

above, our findings are in consonance with the prolate-oblate changes in Se isotopes with 

neutron number N in Ref. [36]. Thus, our simple empirical curves yield a transparent 

view of the problem discussed here. 

 

2.4. N=40 isotones 
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Fig. 18. Energy level spectrum (partial) of N=40 isotones. 

 

 It should be of interest to study the spectra of N=40 isotones, in the context of the 

varied behavior of the 02
+ state (or band). In Fig.18 we display the low spin energy levels. 

All the states, exhibit a decreasing energy with increasing Z above Z=32, except the Kπ= 

0+ levels. It may indicate the increasing occupation of the g9/2 orbitals. 

 In Z = 28 Ni and in 72Ge, the 02
+ is the first excited state (cross symbol). But as 

noted in Ref. [26], their formation is due to different processes. From the present 

empirical study of Zn, Ge and Se, we have emphasized the importance of the lowering of 

the 02
+ state being a common occurrence in N=40 Zn to Kr. This provides further material 

for research of the shape transition and shape coexistence in these light nuclei. 
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3. Discussion 

 

The spectral features of the Zn, Ge and Se isotopes in the A=60-80 region have been 

illustrated here, through their variation with neutron number N, in each of them. The 

variation of the power index b(I) with spin I exhibits the variation of the structure of the 

bands. The variation (of the summed effect) with N is high lighted in the plots of bav. The 

shape phase transition at certain N, are vividly visible on these plots. Then a comparison 

with B(E2, 01
+→21

+) versus [1/E(21
+)] highlights the correspondence with b(I), and the 

shape phase transition (static versus dynamic effect). The partial energy level spectrum 

for each Z indicated the close relation of the quasi-γ band with the ground band. In almost 

all cases the 2γ state lies below the 41
+ state and varies with N along with it. Thus all of 

them have non zero finite values of γ. In several isotopes (of Zn, Ge, Se) Rγ is less than 

2.0, and thus the RTR formula for deducing γ is not applicable. The inter band E2 

transition ratios further highlight the mutual γ-g interactions. The γ-g B(E2) ratios in Ge 

(Table 2) seem to follow the expectation in the rotation-vibration model. 

 The formation of the parabolic valley by the 02
+ state at N=36-44, is common to 

all the three elements, with some variation in details with respect to the magnitude of the 

depression at N=38 or 40, and in its position in the spectrum. Ayangeakaa et al. [26] 

pointed out the limitations of the various forms of the collective vibration-rotation 

models, in justifying the formation of a low 02
+ state, even below 21

+ in 72Ge. They 

deduced the matrix elements for the intraband and interband transition, extended upto 

spin 4+, and obtained consistent sets. Therein they concluded that the low 02
+ state arises 

from triaxial deformed states. 

  However, apart from the varied interpretations of these typical features in the 

literature for the individual isotopes, the common features noted here are very important 

for an overall understanding of the nuclear interactions producing them. The role of some 

Nilsson orbitals of f7/2 and p1/2 crossing with g9/2 orbitals, which generate the 02
+ state, is 

common to these cases, even if Z is different. 
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 Another feature of the spectra in these isotopes is the indication of the spherical 

shape in N=36, 38 Ge, Se and N=40 Zn (bav =1.05), but with finite B(E2)↑, yielding 

nonzero quadrupole deformation β ∼ 0.2.  Even if the minimum of the potential energy 

surface (PES) lies at β=0, (and γ independent), for an anharmonic vibrator the βrms and 

the quadrupole moment can be nonzero. Also γ may be ∼ 30° for the anharmonic vibrator 

as well as for the γ-unstable or γ-soft rotor. Formation of the equi-spaced energy levels in 

ground band and the higher excited bands in some nuclides is an equally important 

phenomenon. 

 In all the 3 isotopic chains, for N=42-48, there is a mis-match of the power index 

‘bav’ and the falling B(E2). This is an interesting feature of the inertia tensor and the 

electro-magnetic tensor. 

 How γ affects B(E2) is an open problem, since one often uses B(E2) as a basic 

unit, and ignores its essential role in determining the structure of the nucleus. It may be 

recalled here that there is a limitation in expressing the shape of a nucleus in terms of the 

hydro-dynamics, viz the spherical or anharmonicvibrator, or soft triaxial rotor etc. and in 

small subshell subspaces this is possible, and is a typical feature. Also note the role of the 

proton number Z. With increasing Z, there is a definite increase in the range of B(E2) 

from Zn to Ge and Ge to Se. Kumar [35] in his study of 72Se using the dynamic 

deformation model (DDM), pointed out that, the shape coexistence does not necessitate 

the formation of double minima in the PES. Due to the pairing interaction scattering, in 

small subshell spaces, the dynamic effects can lower the deformed Kπ=02
+ state, In [28] 

Fortune also noted that a spherical 02
+ state in 72Ge fits the data well, while Ayangeakea 

et al. [26] preferred the triaxial rotor view. Note the small 23
+-21

+ E2 matrix element  = -

0.02 (2) e.b in [26].  The ambiguity of nuclear shape is further investigated in the recent 

work of Henderson et al. [36] for the Se isotopes. The problem lies with the change of 

shape not only with neutron number N, but also with spin I. Our empirical plots provide 

the model independent basic picture of these complex features. 
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Figure Captions  

Fig. 1. Power index b(I) of Eq. 1, for the ground bands of  60-78Zn isotopes. 
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Fig. 2. Average power index bav for the ground bands of 60-78Zn isotopes. 

Fig.3(a, b). Plot of B(E2)↑ versus (1/E(21
+)) for Zn N = (32-44) and (50-44). The straight 

line is the linear LS fit with slope of 0.10. The data are taken from [18]. 

Fig. 4. The partial energy spectrum of 60-76Zn isotopes.    

Fig. 5. Level energy spectrum (partial) of 62Zn.    

Fig. 6. The low energy levels in the odd-A Zn isotopes [15, 21].  

Fig. 7. Power index b(I) of Eq. 1 for the ground bands of 64-78Ge isotopes.  

Fig. 8. Average power index bav for the ground bands of 64-78Ge isotopes versus N. 

Fig. 9 (a, b). Plot of B(E2)↑ versus 1/E(21
+) for Z = 32 Ge. At N  = 38-40-42, the rise is 

fast. At N   =50, 48, 1/E(21
+) increases fast, but B(E2)↑ does not rise. 

Fig. 10. Energy level spectrum (partial) of 64-80Ge isotopes.  

Fig. 11. Energy level spectrum (partial) of N = 36 68Ge. 

Fig. 12. Energy level spectrum (partial) of N = 38 70Ge.  

Fig. 13. Energy level spectrum (partial) of N = 40 72Ge. 

Fig. 14.  Plot of power index b(I) for the ground bands of 68-80-Se isotopes. 

Fig. 15. Plot of bav versus N for the ground bands of Z = 34 68-80Se isotopes. 

Fig. 16 (a, b). Plot of B(E2)↑ versus 1/E(21
+) for Se (N=34-42, 42-50). At N =38-40-42, 

the rise is fast. At N =50 - 48, 1/E(21
+) increases fast, but B(E2) does not rise much. 

Fig. 17. Level energy spectrum (partial) of 68-82Se isotopes. 

Fig. 18. Energy level spectrum (partial) of N=40 isotones. 
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