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ABSTRACT

The two-dimensional (2D) kinetic theory for a collisionless trapped electron mode is developed based on the Fourier-ballooning
transform in an up-down symmetric equilibrium (illustrated via concentric circular magnetic surfaces). The system consists of
two equations: the ballooning (integral) equation with a parameterized Floquet phase and a second order differential equation for
the distribution of the Floquet phase. The coupled equations are, then, numerically solved as an eigenvalue problem yielding the
2D mode structure (in real space) as well as the global (phase-independent) eigenvalue for an L-mode parameter set. The 2D
mode structure exhibits apparent radial-poloidal asymmetry; due to the poloidal coupling, the radial correlation length is found
to be, at least, twice as large as the poloidal one. The global (phase-independent) eigenvalue of the mode differs considerably
from the conventional local (phase-dependent) estimate. This paper shares many technical aspects with a published paper that
works out the 2D kinetic theory for the ion temperature gradient mode [Xie et al., Phys. Plasmas 24, 102506 (2017)].

Published under license by AIP Publishing. https://doi.org/10.1063/1.5048538

I. INTRODUCTION

It is generally believed that trapped electron modes (TEMs)
are one of the leading candidates behind the drift wave turbu-
lence, responsible for the anomalous electron transport in the
tokamak operation in the L-mode.' Until now, calculating the
mode frequency/growth rate has been the principal objective of
most linear theories,” " even though the significance of the
mode structure was definitively realized since it is needed for
correctly calculating the Reynolds stress—the driving force gen-
erating the shear flow for turbulence suppression. It is impor-
tant to point out that the mode structure is not accessible in the
typical conventional or one-dimensional (ID) ballooning the-
ory,” " devised to approximately capture the effects of toroi-
dicity on linear modes in a torus like tokamak. A few years ago,
however, a 2D ballooning theory was deliberately constructed,
known as weakly (up-down) asymmetric ballooning theory
(WABT)—first in a fluid"®"” and then in a kinetic model® for ion
temperature gradient (ITG) eigenmodes. The 2D ballooning

structure was then transformed back to obtain the mode struc-
ture in physical space which was, in turn, used to derive a reli-
able analytical expression for Reynolds stress (see Ref. 19 for the
fluid model). The advent of the concept “zonal flow-drift wave
system™""** throws out new challenges, for instance, the need
for using the valid mode structure for correctly calculating
group velocities that transport drift-wave energy. It was shown
in Ref. 22 that it is the sharp edge of radial group velocity that
triggers a pair of “cavitons” decaying into many “instantons,”
indicating the inappropriateness of using Fourier representation
for describing group velocities. Whether or not such a pattern
remains valid for zonal flow induced by TEM—a mode propagat-
ing in the electron diamagnetic direction— is the major motiva-
tion behind developing the present 2D TEM theory.

The interested readers may find a brief history of the
development of ballooning theories in the introduction of
Ref. 17. We would also like to share our perspective on the signif-
icance and methodology of the ballooning theory used in the
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present paper. As an asymptotic theory in a high n (toroidal
mode number) limit, the ballooning theory was developed to
deal with local modes, mostly, in the drift wave frequency range.
These modes were thought to be responsible for the observed
micro-turbulence (leading to anomalous transport) in toka-
maks. The magnetic shear in a tokamak setting has a crucial
impact on the drift wave, because away from the rational sur-
face, the parallel wave number becomes large resulting in
strong (the so-called shear) stabilization”*** and radial localiza-
tion of the mode. It is precisely the origin of the “natural”
boundary condition issue to be discussed soon. The “natural”
boundary condition for numerical simulation of local modes
must be determined by the asymptotic solution of the wave
equation for sufficiently large radii, e.g.,, the outgoing wave
boundary condition invoked for the slab model drift waves.””
For a 2D system like tokamak, however, this exercise of finding
the natural boundary conditions is totally non-trivial as ana-
lyzed in Sec. IV of Ref. 17, where the issue is finally resolved by
making use of the 2D ballooning theory for ITG in the fluid
model. For the ITG, the weakly asymmetric ballooning theory
(WABT) structure was chosen among the four flavors men-
tioned in Ref. 17. We choose the same model for TEM in this
paper, because WABT is likely to be the most relevant for anom-
alous electron transport in low mode regimes. The methodol-
ogy used in the present paper is based on the 2D Fourier-
ballooning transform (with a unique inverse) that is a direct
extension of Lee-Van Dam representation as explained in Sec.
[ID. The 2D ballooning space is spanned by two physical quanti-
ties: the Fourier image of parallel wave number k and Floquet
phase 4. To the leading order, the ballooning equation is “solved”
with the Floquet phase as a (yet to-be-determined) parameter.
Such a parameterized solution is then used to construct the
equation of the second dimension for the Floquet phase distri-
bution (FPD) (). The task for a complete solution of the wave
function in 2D ballooning space ¢(k, 1) = y(4)y(k, 1) is accom-
plished in the present paper by an iterative algorithm to achieve
convergence. This is precisely the same methodology used in
Ref. 18 for the kinetic ITG mode. The interested readers may
refer to Egs. (1)-(5) in Ref. 18 to get further information. For
those who may wonder what distinguishes the results of Ref. 17
from Ref. 18 (the former takes a simple analytical model for
potential in the Floquet phase equation while the latter did not),
we shall provide more comprehensive information in a future
publication since this manuscript pertains to TEM, not to ITG.
Although the 2D ITG linear theory was developed for both
the fluid and the kinetic models, the 2D TEM theory in this paper
is based, solely, on a kinetic model. When the mode frequency
falls in the range much lower than the electron bounce fre-
quency, one ought to consider the driving force from trapped
electrons arising from the magnetic drift resonance. In this
paper, we focus on the collisionless branch of TEM that pertains
when the collision frequency is much smaller than the electron
magnetic drift frequency. For the resonant TEM, then, the mode
frequency o is on the order of the magnetic drift frequency, and
the phase velocity is in the direction of electron diamagnetic
drift. In Sec. 11, we begin with the electron drift kinetic equation
to derive the non-adiabatic density response of the trapped

scitation.org/journal/php

electron in 2D configuration space for the bounce frequency
larger than the mode frequency (Sec. I A). The density perturba-
tion is, then, cast into ballooning representation using a 2D
inverse Fourier-ballooning transform (Sec. II B). Since the mode
frequency of TEM is much less than the transit frequency of the
passing electron (Landau resonance to the passing electron is
absent), it is reasonable to take the passing electron response as
adiabatic. In fact, the collisionless TEM is a reactive mode and
does NOT require dissipation for destabilization. The perturbed
passing ion density can be derived from gyro-kinetic equation
as presented in Ref. 18, while the effect of the trapped ion is
neglected. As a result, the 2D eigenmode equation for collision-
less weakly up-down asymmetric TEM is obtained from the
quasi-neutrality condition (Sec. II C). The lowest order equation
is an integral equation with a parameterized Floquet phase,
while the higher order equation for the distribution of the
Floquet phase is a differential equation, containing all transla-
tional symmetry breaking (TSB) terms up to the second order,
derived in the same procedure as that used for the 2D kinetic
ITG mode."” In subsection II D, the existing TEM kinetic theories
based on 1D ballooning theory are compared to the 2D theory
developed in this paper. The 2D system is solved numerically for
the global eigenvalue and the 2D mode structure in Sec. III by
making use of the same numerical algorithm as in Ref. 18. Major
conclusions of this paper are summarized in Sec. [V. Appendix A
shows the derivation of the non-adiabatic trapped electron den-
sity response for large bounce frequency based on the electron
drift kinetic equation in real space. In Appendix B, the analytical
expression of higher order TSB terms is explicitly provided.

Il. THE WEAKLY UP-DOWN ASYMMETRIC TEM
A. Electron density response to TEM in the physical
configuration

The collisionless TEM model of this paper is built on a large-
aspect-ratio, up-down symmetric tokamak equilibrium with
concentric circular magnetic surfaces. In the toroidal coordi-
nates (1,9, () corresponding to the radial, poloidal, and toroidal
directions, respectively, the electron drift kinetic equation is*®

(w — @ge +ivyb- V)h(nﬁ, C;U”,DL) = —Fyp(ow — dur)o(r,9,0),
M
where h(r,9,(;v,v,) is the non-adiabatic perturbed distribu-
tion function of the electron guiding center and o,
e = (2iTe/eBR)(67 + 07 /2)[sin9(9/0r) + (cos/r)(9/8V)], and

@1 = (iTeq(r) /eBLa7)[1 + 1, (0> — 3/2)](8/0¢) are the mode, the
toroidal drift, and the diamagnetic frequencies, respectively.
In Eq. (1), O =0 /Vte, V1 =01 /Vte, Ve = /2Te/Me, b-V = (1/
q(MR)[0/d9 + q(r)9/dL], ©° =0 + 0], Fu = (wv}) > exp (—0]
—2), 7, = Ln/L1,, Ln = —(dInny/dr);", Ly, = —(dInT,/dr) ",
ne(r) is the electron density in equilibrium, T () is the electron
temperature, q(r) is the safety factor, b is the unit vector of mag-
netic field, e is the unit charge, m. is the electron mass,
V) = 0/4uBoe(r) /ey /K% — sin®(9/2), 1t = mev? /2B is the mag-

netic moment, ¢ = sgn(vy), &(r) = r/R, k> = sin’*(¥,/2), and v is
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the poloidal angle of the turning point where v = 0. The per-
turbed electrostatic potential ¢(r,?, () is normalized (to Te/e),
and B ~ By and R ~ Ry are the magnetic field and major radius
on the magnetic axis, respectively.

For an axisymmetric tokamak, the mode reduces to a single
toroidal number n, @(r,9,0) = @,(r,9)e™, h(r,d,5v),v.)
= hn(r,9;v),v.)e™, and b - V — (1/q(r)R)[9/99 + inq(r)].

For large bounce frequency (wp = veVie/qR > w), the
dimensionless non-adiabatic density response of the trapped
electron N (r,v) in real space can be derived from Eq. (1) as
shown in Appendix A

w — d)*T

— (€™, (r,9)). (2)

T (T,9) = Y
@ — (Wde

—e (M) [dv3F
For a high n local mode pertaining to a given rational surface rj,
the monotonic safety factor q(r) can be expanded up to the first
order, as q(r)~q(rj)+ (dq/dr)(r —1j) = q(rj) + x/n. Then,
substituting

Pn(x,9) = exp (—imd) Y " ¢;(x) exp (—ild) 3)
1

o) = (Y o). @
1

where ¢;(x) is known as the wave function in (x,) representa-
tion, x = nq(rj)s(r — 1j) /rj, m = nq(r;) is an integer denoting the
poloidal mode number, and the integer [ labels the sidebands
coupled to the central Fourier mode m.

into (e™MV¢, (r,9)) yields

en(1,9)) =

< mq(r ( (m+x)19wn(,r

B. Electron density response to TEM in 2D
Fourier-ballooning representation

By making use of the 2D Fourier-ballooning transform, we

get](i,]7.27‘28
1 us —+00 X -
o) =5 [ di| ke Vgl ), ©)
with ¢(k, 1) := y(4)y(k, ) and the Poisson formula

Z e—il(ﬁ+k+/1)

=2r) o(2pn—9—k— 1), (6)
l P

Equation (4) becomes (in the 2D ballooning representation)

(6805 ) < o)z 9.0
)

where y(k, 2) is the ballooning wave function with a parameter-
ized Floquet phase A and y(4) is the FPD mentioned in the
Introduction.

Substituting Eq. (7) into Eq. (2) yields

e (1, 9) = —27e 0 JdeF %%dw(x)

w <wde>v
% Z elx (2pn—7)

((2pm — 0 — 1, 1)) ®)

scitation.org/journal/php

For the trapped electron, the mtegral over velocity space can be
reduced to the integral over 2 and %

: L 2
Jdv3FM("') = 2&(7)[ dv*ve” ZJ B QRN C)
T Jo Kin szg
V 2
where 2, = sin*(¥/2). Apparently, Eq. (8) has two poloidal

scales: the fast scale of the exponential term exp (—inq(r)dJ) and
the slow one contained in the integral over velocity space.
Substituting Eq. (9) into Eq. (8) yields

ﬁte (Tv 19) = e*m‘i( 2875 ) J 2 dKZ 9 (D(xv Kz)
Fmin 42 sinzE
x r do%oe ™ 2P (10)
0 w = <wde>v
where

O(x, k?) = 2n§f>dw(z) S eI 2pn -9 — 2,4). (1)
p

For further analysis, it is useful to define

I(ce) = ,J dp*pe ™ 2T
0 ® — (Wge)

AR

where = w/(wde> is a function of r and x? and Z(c,) = (1/
V1) [, dbexp (0 ) /(b —¢.) is the plasma dispersion function.
Then, Eq. (10) becomes

. 1 2 ~
e (1, 9) = ZST(Y)e’qu’JZ L@(x,xz)l(ge). (13)

: / U
min 27
— sin 2

Now, it is straightforward to convert the density response in
real space to the 2D ballooning representation by making use of
the inverse Fourier-ballooning transform.

Combining Egs. (3) and (5) results in

Nge(x,0) = e”m’ Zﬁte,l(x)eiim
3

=e MmNy el jﬁdzj dke®™ ", (R, ). (14)
l —0Q
Use is made of Eq. (14) to replace LHS of Eq. (13), leading to

Z e ilv %d)u [ dkelk x—1)— wln o(R, /L)

ZS(T)e—ixz') Jl di® (

S O(x
T K2 2
min /42 gin? =

V 2

Multiplying e~** on both sides of Eq. (15) and integrating over
the fast variable x, one obtains

k)1 (ce). (15)
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et fdie ik, )

l

. 1 2
. 2'57(:) J | dk _
Kﬁnin 2 27
— sin 2
x }dw(x)i e S (@pr— 9 — 4, 2))3(2pr— 0 — 7~ k).
P
(16)

The slow radial variable r is not under integration over x. Such
terms can be split into two parts:r —1; ~ x/n = (x =)/ n+1/n.
The first (x — l)/n is a small correction to the ballooning equa-
tion at higher order (1/n), which can be neglected. The second
part proportional to I/n breaks the translational symmetry.
Since it is the translational symmetry that allowed us to convert
a 2D problem into an effective 1D system, its breaking, necessar-
ily, forces us into dealing with the second dimension [see Eq.
(1)
Integrating Eq. (16) over ¢ yields (using the delta function)

26(r) Al ' d—"'zjﬁ
n 1; 4 )Lz g2 R4 (Ge)
2

%dlﬁte(k, 5 =

min [

XY (a(2pm— 0 = 1, 2)). (17)
P

The dimensionless non-adiabatic density response of the

scitation.org/journal/php

Q= (14 100) —
w*eO

(20)

is the global (Floquet phase-independent) eigenvalue. In the
derivation, use is made of linear density and temperature pro-
files, ng(r) := ns(1j)(1 — thx/m) (s =1i,e), Ts(r) := Ts(rj)(1 — tr,x/
m) w1th ty = 1j/SLyo, tr, =7j/SLry,, Lno = Lu(1j) = —(dInny/
dr)] and Ly, = L, (rj) = —(dIn Ty/dr), 1

Equation (19) is the full 2D 1ntegro d1fferentlal equation in
(k, %) representation. The WABT is to seek solution satisfying
1/n < |ZIny(2)| < 1 by expanding Eq. (19) to the second order
of 1.'°7% The procedure followed here is the same as that used in
Ref. 18. The integral kernel K(k, k', 4, 1) provides all TSB terms for
the passing ion as presented in Ref. 18. For the trapped electron,
all TSB terms are contained in the product

1+ 1e0 Zg(r)( )

g 7) = T+t T\ Wyie0

i(se)) - (21)
The Taylor expansion of Eq. (21) (up to the second order) yields

B dg(x, %)

9(x, 7)

1d%q(x, 7) ‘ 22
I+= . 22
=0 2R g #2)

For the sake of readability, the coefficients of Eq. (22) will be put
in Appendix B.

Substituting Eq. (22) into Eq. (19), we obtain the following
system likewise in Sec. II of Ref. 18:

Lo — QW)]x(k,2) =0 (23)

Published under license by AIP Publishing

trapped electron in 2D Fourier-ballooning representation is and
identified to be
d> inl;d n?
1 2 el _ = =
Aok, 2) = %mj dx Heo(2) Lz DGt @ -2) =0 =), @49
T Jk2 2 (k + ))
™y k% — sin where
2
. . 1
C. TEM eigen-equations _ J di?g(x, 0)® (ka ), (25)
Since the mode frequency of TEM is greater than the ion “Gnin
bounce frequency, only passing ions are retained. The corre- Q)= (141 )w(i) (26)
sponding non-adiabatic density response has been derived as - ) ree0
shown in Eq. (9) of Ref. 18. The passing electron response is _ 1 1 0 o
assumed to be adiabatic. The quasi-neutrality then yields the inte- ()=~ % J dky” (k, 2)
gral TEM eigen-equation in Fourier-ballooning representation J,‘ dky" (k,4)7(k, 4)
Jm dRK(e K, 1, Rk, 1) — ST 7e0, [2D) @) e a9 )
—00 T ' 1+ T Wxe0 x J d}' ( ’ )_J’sz o dx /«7:0(1) A
1 dKZ R min
|, —(kh)l(ge)Z(x(an—ﬁ—)v,)p)) =Qo(k,7), (27)
7 Kinin K2 — Sil’lz +4 P ~ 1 1 00 d2K
2 L(2) =~ 5t | aerwn||” acts
(19) %J dRy* (R, 1) (R, 1) = P
where 1= (—i/m)(9/02), te = Te(r)/Ti(r), Ti(r) is the ion tem- -
perature, the quantities with subscript “0” stand for the values . 1 5 d%g(r, %) o,
at rational surface 7j, e.g, .o = RyTe(rj)/eBLn(rj) with ky x (K, 2) = LZ dre A2 LO‘D(kvﬁv K],
= —ngq(rj)/7j, the integral kernel K(k, k', 4, Z) is defined by Eq. (11) e -
in Ref. 18 (not repeated here), and with
Phys. Plasmas 26, 022503 (2019); doi: 10.1063/1.5048538 26, 022503-4
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@ (k, 2, k?) = 1(k+})2(x(2pnfﬁf/1,/l)>. (29)
vop

2

Equation (23) is known as the Floquet phase parameterized 1D
ballooning equation. Equation (24), a second order differential
equation, can be called as the FPD equation. The two equations
constitute the basic framework for weakly up-down asymmetric
ballooning theory.

It is noticeable that Eq. (23) is invariant under the combined
parity inversion (kR — —k, 2 — —/). Therefore, the local eigen-
value Q(2) and L;(%) and Ly () are even functions of 1.

K2 — sin?

D. Remarks on the relationship to conventional
ballooning theory

Various conventional ballooning theories =~ share two com-
mon features: (a) the mode eigenvalue is determined by the (ID)
ballooning equation, the contribution from (the 2nd dimension)
higher order is neglected, and (b) the Floquet phase (4 in Ref. 12
and 7, in Ref. 13) is O or =, leading to the up-down symmetric
mode structure in up-down symmetric equilibrium. This pre-
scription encounters a solvability issue: the solution is valid only
in very special situations®"*’ for a (non-ideal) complex system. In
fact, the solvability constraint may be satisfied only at some iso-
lated radial positions (the phrase isolated modes was coined in Ref.
30); such mode structures lead to insignificant transport.

In the past 40 years, the linear theories for TEM have been
essentially based on the conventional ballooning theory, in fact,
limited to seek the solution of the 1D ballooning equation alone
with zero (or n) Floquet phase (the so-called quasi-mode by
some authors”™ "*"%%). Since the mode structure is up-down sym-
metric, it yields zero Reynolds stress. There have been some
attempts to identify the radial correlation length to be associ-
ated with a finite Floquet phase; however, the description
remains quite incomplete. The ambiguous 2D mode structure in
conventional ballooning theories is not conducive to a plausible
calculation of the group velocities of TEM energy transport.

In contrast, the 2D Fourier-ballooning transform
adopted in this paper [an extension of Lee-Van Dam (1D) repre-
sentation’’] does lead us to a dependable 2D mode structure.
This theory does rely on the fact that to the leading order, the
system has translational symmetry (this realization is what led
to the 1D ballooning theory of Lee-Van Dam'?). Although the
leading order system is invariant under the transform x — x +1,
I — 1 +1, it is the breakdown of this symmetry that compels a 2D
structure in the ballooning space, i.e., the Floquet phase is no
longer a fixed parameter (as in the conventional 1D approach)
and becomes a variable. The TSB terms (functions of x and /or |
but not of x — l) in the (x, 1) representation, collectively, create
the basis for the higher order 2D theory.

In the 2D Fourier-ballooning theory, the isolated mode
morphs into a WABT mode.° " By introducing a second small
parameter, WABT relaxes the rigorous solvability condition for
the isolated mode; the result is a weakly up-down asymmetric
mode structure causing a finite residual Reynolds stress (as cal-
culated in Ref. 19) to drive zonal flow and saw-tooth like behavior
in the radial group velocity (in Ref. 22). In addition to this

12-15

27,28
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qualitative change, the higher order (from the 2nd dimension
terms) contribution to eigenvalue is, generally, not negligible;
this is indeed true for the examples worked out in this paper.

Ill. NUMERICAL RESULTS

An iterative integral code [TEM-WABT] was developed to
solve the coupled system consisting of the ballooning (integral)
equation (23) and the FPD equation (24). Equation (23) is solved
numerically by making use of the spectral method based on
Weber-Hermite functions. The ballooning wave function, then,
is approximated by

N
1k, 2) = Aj(H;(R)exp (—k*/2), (30)
=0

where Hj(k) is the Hermite polynomial of degree j and A;(2) is
the function of / to be determined.

By multiplying Hy (k)exp (—k?/2) (j = 0,1,...,N) and inte-
grating over k, Eq. (23) [with Eq. (25)] is converted into a system
of linear algebraic equations

M — Q(\)IJA =0, (31)

where A = (Ag, Ay, ..., Ay)", Mis a (N +1) x (N + 1) dimensional
matrix and I is the unit matrix. The integrations over r, K/, k?, and
9 are performed with a Gaussian rule of even order. The integra-
tion over k is carried out with a trapezoidal rule. In the calcula-
tion, 5 bounce harmonics are kept for trapped electrons (p = —2
through p = 2). The same numerical integral scheme is also used
to calculate L;(2) and Ly ().

Since the matrix M is dependent on the mode frequency o,
Eq. (31) is solved iteratively in conjunction with the FPD equation
(24) by the following steps:

(1) An initial guess, »(?, is chosen in M to obtain Q(2) in Eq.
(31) by making use of the QR decomposition technique (a
matrix can be written as the product of an orthogonal
matrix Q and an upper triangular matrix R);*

(2) The inverse power method is adopted to obtain A and y(k, 4);

(3) x(k, %) is substituted into Egs. (27) and (28) for calculating
Ly(4) and Lo (4);

(4) Use is made of the shooting method to solve Eq. (24) for
the global eigenvalue Q;

(5) QW is substituted into Eq. (20) to obtain »®;

(6) Steps (1)-(5) are repeated (using w® to acquire (1)
till the convergence condition [1— o™ /w®| <107 is
satisfied. The corresponding convergence condition for
wave functions |¢q(x)| [the wave function in (x,1) repre-
sentation for [=0] is found to be |1—|gy(x)| )y
lpo(2)| 7| <5 x 1074,

The machine and physical parameters are chosen as follows:
R=165m, a=04m, T =250eV, B=135T, §=1, qo =1,
Nio =0, Neo =1, Lno/R=0.1, &(rj) = 0.1, 10 =10, 1j/a = 041,
and kypgy = 0.316 corresponding to the toroidal mode number
n = —44 for easier comparison with the results in Ref. 4.

In Figs. 1(a)-1(d), the ballooning space wave function y(k, 1)
in Eq. (23) is plotted versus k for A = 0, n/4, n/2, and —=/2 (with
N = 10); the blue (red) line denotes the real (imaginary) part. The
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FIG. 1. The real (blue line) and imaginary (red line) parts of ballooning wave func-
tions y(k, A) versus k obtained from Eq. (23) for (a) 2 =0; (b) 2 = n/4; (c)
A=mn/2; and (d) A= —mn/2. The physical parameters are kyps = 0.316,
§=1,q="110=01ng=1Lo/R=0.1,and n= —44.

dual peak structure of the wave function in Fig. 1(a) with A = 0 is
found to be qualitatively similar to that of 1D TEM [e.g., Fig. 2(a)
in Ref. 5], implying that both the ballooning equations have simi-
lar potential structures. The corresponding local eigenvalues are
listed in Table 1. The local eigenvalue for 1D TEM at 1 =0,
(4 =0)/m.0 = 0.429 + 0.2501, seems close to the data shown
in Fig. 2 of Ref. 4.

In Figs. 2(2)-2(d), the ballooning wave function y(k, 1) of the
last iteration, solved from Egs. (23) and (24), is plotted versus k
for 2 =0, n/4, n/2,and —n/2 (with N = 10); the blue and red lines
denote the real and imaginary parts. In contrast to Fig. 1, the
dual peak structure disappears. It suggests that the second
dimension does have non-trivial effects on the potential struc-
ture via the mode frequency. Not surprisingly, the local eigenval-
ues decrease with the decreasing energy of the standing wave,
as listed in Table 1. The global eigenvalue is iteratively calculated
tobe w/w,eo = 0.354 + 0.174i.

The obtained FPD (/) is displayed in Fig. 3 with the same
parameters as in Fig. 1. The solid lines (blue is the real part and
red is the imaginary part) stand for the numerical solution
obtained from Eq. (24) after 21 iterations. Two cases are studied
for getting FPD. For case A, the pure numerical results of Q(4),

TABLE 1. The local eigenvalues corresponding to the ballooning wave functions as
displayed in Figs. 1(a)-1(d) and 2(a)-2(d), respectively.

A @(2)/w.e0 (1D TEM) ®(2)/w.e (the last iteration)
0 0.429 + 0.250i 0.372 4-0.191i
n/4 0.432 + 0.243i 0.370 4- 0.188i
+7/2 0.446 + 0.227i 0.368 +0.184i
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FIG. 2. The real (blue line) and imaginary (red line) parts of ballooning wave func-
tions y(k, A) versus k calculated iteratively from Egs. (23) and (24) for (a) 1 = 0;
(b) A =m/4; (c) A =m/2; and (d) A = —7/2. The physical parameters are the
same as in Fig. 1.

L4(2), and Ly(2) are used exactly in the same way as in Ref. 18 (It
will be used throughout this paper unless otherwise men-
tioned.), marked by the solid line in Fig. 3. For case B (dotted-
dashed lines in Fig. 3), the approximation Q(1) ~ Qo + Q; cos 1 is

1.2 T T T T T T

0.81

0.6

0.4r

0.2r
0
0204 L L L L L L
-3 -2 -1 0 1 2 3
A

FIG. 3. The real (blue line) and imaginary (red line) parts of FPD /(%) versus A.
Case A (solid lines): the numerical results of Q(2), L1(4), and Ly(4) are used;
case B (dotted-dashed lines): (1) is expanded up to the first cosine harmonics.
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FIG. 4. The real (blue line) and imaginary (red line) parts of FPD () versus A for
the kinetic ITG model. Cases A and B are the same as in Fig. 3.

adopted. Such an approximation is likely to be plausible for
TEM, because the trapped electrons reside outboard in an up-
down symmetric system. As a result, the peak deviation of (1)
is nearly zero, and good agreement is seen for the two cases
that yield very close global eigenvalues. For the kinetic ITG
model,” the FPD (/) for the abovementioned two cases is
shown in Fig. 4. It is seen that the agreement of /(1) between
the two is NOT as good as for TEM, because the peak deviation
is relatively large for the parameters we have explored so far,
while the global eigenvalues are still close enough.

The ballooning wave function y(k,4) and FPD y(4)
will be used to calculate the natural boundary condition

scitation.org/journal/php

dIn ¢ (x)/dx|,_,. for eigenvalue simulation by making use of
Eq. (5), where x. stands for outer-inner boundary.

In Fig. 5, the numeric 2D mode structure is shown via the
contour plot of Re[p,(r,9,0)]. The close-up view of Fig. 5(a) is
shown in Fig. 5(b) for the detailed mode structure. The radial
position is determined by the mapping (1 + x/ms$)(rj/a). At first
sight, the mode structure in Fig. 5(a) looks, largely, up-down
symmetric. It is to be expected since the driving force arises
from trapped electron population that is up-down symmetric in
a symmetric equilibrium. However, a weakly asymmetric fine
structure is identified in Fig. 5(b). Such an asymmetry would
induce a finite residual Reynolds stress to drive the zonal flows.
Using Fig. 5, we estimate that the radial correlation length is
more than two times larger than the poloidal one; this is a mani-
festation of the toroidal coupling. In contrast to Fig. 5(a) for
TEM, the 2D kinetic ITG mode in Fig. 3 of Ref. 18 appears more
tilted and, likely, yields stronger Reynolds stress for the same
turbulence level.

IV. SUMMARY

The present paper begins with solving the electron drift
kinetic equation in physical space for non-adiabatic trapped
electrons to the lowest order of |w/wp| < 1, where wy, is the
electron bounce frequency. The 2D non-adiabatic density
response of trapped electrons, obtained by integrating over
veloaty space, is then transformed into the 2D ballooning
space.”’ The passing electrons are assumed to be adiabatic, and
the effect of trapped ions is neglected. The quasi-neutrality con-
dition, equating the density response from electrons and pass-
ing ions (developed in Ref. 18), yields the appropriate ballooning
space mode equation describing the collisionless weakly up-
down asymmetric TEM [see full form Egs. (19) and (20) and the
WABT form Egs. (23)=(29)].

An iterative method is adopted to solve the 2D system for
the WABT form. The ballooning equation is solved by making use
of a spectral method based on Weber-Hermite functions, while
the higher order equation is solved by a shooting method. The
parameter set is chosen for a typical L-mode which is the same
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[ : : .
0.6 0.1
Vs
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04f Y i .
/ 5 ( )
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= 77NN\ FIG. 5. Level contours of the real parts of
e N\
,C; Of C @ 0 the 2D mode structure on a poloidal cross
< section; (b) is the close-up view of (a).
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as in Ref. 4. Both the global eigenvalue and wave function in physi-
cal space are proven to be convergent.

The eigenvalue (w/w.e0 = 0.354 4 0.1741) is quite different
from what would pertain in a conventional 1D ballooning
approach for 2 =0 (0.429 + 0.250i). It strongly suggests that
the 2D theory is necessary for more accurate eigenvalues. More
importantly, the 2D theory provides a 2D mode structure in
physical space. Such knowledge is required for the natural
boundary condition of simulation and in the calculation of
Reynolds stress and group velocity for the zonal flow-drift wave
system (to be presented elsewhere).

A numeric 2D mode structure is presented graphically in
Fig. 5. Two features stand out: (I) the mode structure is weakly
up-down asymmetric and (2) the ratio of the radial /poloidal
correlation lengths is greater than 2; a fact deeply significant to
the transport caused by TEM. The explicit calculations of
Reynolds stress and group velocity, induced by the weakly up-
down asymmetric TEM model, will be discussed and compared
with the kinetic ITG model in future work.

Finally, we would like to mention a recently published alter-
native approach, based on the “Fourier-ballooning repre-
sentation,” to construct a 2D ballooning theory™ for the ITG
mode. We hope that the two approaches will be complementary
in advancing the physics of 2D micro-turbulence in tokamaks.
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APPENDIX A: THE TRAPPED ELECTRON NON-
ADIABATIC DENSITY RESPONSE FOR LARGE
BOUNCE FREQUENCY

scitation.org/journal/php

where h,,(r;v),v.) is to be determined by the following steps:
Multiplying the first order equation of Eq. (1)
(@ = @ge)hn(r; 0,0 )e ™M 4 ivb- vh{ (r,9;0),0.)
= —Fum(w — d.r) e, (1,9) (A4)

by €™ /v and integrating over ¢ to annihilate hy yields the
equation for hy,(r;v),v.)
1 i 9 T i J
f%d,&’U_emq(TW(w _ &)de)hn(r; vy, vl)e—mq(T)?)
I
) 1
= —Fum(w — @.r) +dﬁ_
. D)

Explicitly, the second term (proportional to @4) on the LHS of
Eq. (A5)is

e, (r,0). (A5)

. Zinamo  21Te [ . 1. _ing(r):
@gehn (T30, 0, ) M0 = =2 (vﬁ +§vi)e inq(r)?

" eBR
. o . dq(r))
X [smq?(a — iy dar
B cosﬂmq(r)} ﬁn(r;vu,m)- (A6)

Since the radial correlation length is much longer than the
poloidal one (see Fig. 5) for ballooning type modes, dh,/dr can
be neglected compared to nq(r)h,/r. Equation (A6), then, is
approximated by

el (2 L)

eBR r \UIT2%

e T dq(r) /
X (ﬁsmﬂw dar +cos0)

x R (130, 0, )" MO, (A7)

~ T i )
@gehn (130,01 ) M0

For the trapped electron, ﬁﬁ < fai, and Eq. (A7) reduces to

@gehn (130, 0 )e M0 ~ wdeﬁzﬁn(r;vu,vi)e’i”q(””, (A8)
where
_ Tenq(r) (. o t dq(r)
Dge = mp 19s1m9q(r) ar +cos? . (A9)

Substituting Eq. (A8) into Eqg. (A5), one obtains

- W — Dy7

For large bounce frequency (wp. > ), the distribution hn(r;v),01) = —F M o~ (g (€1 g, (r, ), (A10)
function hn(r,9;v,v,) of Eq. (I) can be expanded de
perturbatively where
h,n(r,ﬂ;vu,m) zhﬁf”(r,ﬁ;v”,m) +h§3)(r,19;v”,m). (A1) f};dﬁvl”("') : i
The lowest order (in o /wye) equation is ()= = 4K(K)f£ s (A1)
$di— K2 — sin® =
19} ) 2
b- VR (r,9;v),v.) = (— + inq(r))h“’) r, 90,0, ) = 0. (A2) T r
v )=\as v ) (0d) = eBeR”qu (;%gw sin®) + (cos 19>>7 (A12)
The solution of Eq. (A2) can be put in the following form: !
- E(x) 2 }
- “ing(r): dsing) = 4| — (1 - )|, Al13
By (r, 050, 1) = R (10,01 )00, (A3) wsind) {K(K) ) (1)
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2E(x)

(cosv) = k(o)

_17

(A14)

§ = (r5/q(y))(dq /dr)\1rJ is the magnetic shear and K(x) and E(x) are the complete elliptic integrals of the first and second kind,

respectively.

Integrating hy(r;v), v, ) over velocity space yields the dimensionless non-adiabatic density response of trapped electrons

Tige (1, 9) = —e (T [dDSFMw@mq(TW(pn(r, 9)).

o — (wge)d*

APPENDIX B: SOME DEFINITIONS IN THE HIGHER ORDER EQUATION

dK(;\f)‘ dK(x7)| d.g K/ dgrcx)
=01

There are four coefficients in Egs. (27) and (28), namely,
by Egs. (23) and (24) of Ref. 18. The latter two are as follows:

i=0» 120, and

=0

(A15)

. The first two are given

dge, )| 1 /280 o e [0 d 2 o dis)
A |—p  (+7e0) Wie0 1(ce0) gz a 2meg w*eol(veo) TV W0 dZ (B)
dg(e, 7| _ 1 /2&0 o g )dz‘re 1 o o g, )d2 e(r) N 260 o dl(c)
7?0 1+ 1e0) Wie0 €0 dz 2760 aeo 0 2 T W0 dF?
2 260 ® - ~ d‘L’e) -~ 1 1 w5 (dg(r))z
+<—1+Teo>2V7m‘<*e°>(% 250 || 2n0 w0 O\ "ax
1 2 o - de(r) dr. 2 20 o d(s)dt 2 o d(c)ds(r)
"0t 0) 0 00 GO A @ At e) V w one @k @k T\ e oo di di (B2)
where ¢ = 1;/R,
de(r) T dzs(r) _
ar R a2 % (®9
d d?t,
% = to0(tr, — tr,), —72 = 2140t (tr, — tr,), (B4)
o di(co) 2 de,
Wie0 d/; oo A (>eo) + \/leoch (B5)
o Pl) | (1de\* 1d%| o dse 2
PWSPT: =2 (Q d/%) +%d/‘,2 w*eol(seo)+4\/&e0%c1+\/Eaeocz, (B6)
d dZ(C ) @ dAaue dn 3
G = (djz( 0) + Seo d; > ((U*eO - 1) ~dr (14 ce0Z(5e0)) +d_/; 1- % + ce0Z(Seo) 5~ <
dA,,., 3 de,  dZ(c) (3 3 c
FMe0 —75— dr {1 - ng + QEOZ(QeO) (2 seo)} + 7190|: 2¢e0 ds/f + d(/;) (2 Se0 — seo) + Z(CEO) (2 3‘;50) = | (B7)
_ (4 de, dZ(ce) | d*Z(ce)\ [ o da,,., (dge L dZ(ca)
G = <d12 Zee) T2 —qr oo (Keo_l) — 273 \@ ) Teo—g;
d" dAuue 3 dﬂ dg dz 3
+2d—; s |:1*§§0+QEOZ(§9)(§*Q§O>:| +2d7;|:*2§e0 d; + d(;e) 5560 ~ o0 | +2() 2*3c§o
dA,, de,  dZ(c.) (3 3 de A,
+21e0 —5 ar |: 2¢e0 d; + d(;e) (Egeo L»eo) +Z(‘—'€) (2 3;5()) d_;:| - (]+geOZ(;e)) a2
de, \*  d*Z(c,) dZ(c.) (3 de % 3
+Meo —2(1+3€eoz(€e)) (d_;) + dA - 2580 ggo +2 dr E - 3;‘30 ﬁ - deOH‘;"‘Z(ge) z
dza,, 3 d2 3
oo 5 {1 — G50 + Ce0Z(Se) (E ”2)] d;ze [l — G50 + Ce0Z(Se) (i - cﬁ)} : (B8)
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dg, 1 ( 1) (cos )
= ot = (1-%) —— . (B9
dr 2 QO{T“ 8/ (8(9sinv) + (cosv)) (B9)
d2e, 3 o (l _1) {cosv)
a2 450 | MTe $/ (s(Wsinv) + (cosv))
{cos ) ( 1) < 1 )
1—-)(¢t — 1, B10
oo (8(9sin®) + (cosv)) s)\'Ta5) (B10)
d d?
% = tﬂ”/eo(neo - 1)7 d t’/e = ZﬂeOthTu (r/e() - 1)7 (Bll)
dA(/).e 1
e~ (1-1) ~talno -1, (B12)
dA,,., 1/, 1 1
aZ —2 {g (1 - g) +ta(neo — 1) (1 - g) + 7 (10 — 1)} ;
(B13)
dZ(c dg,
L) _ 2% 11 cuz(en), (B14)
d*Z (<) d’c
—— = —2——2 (14 ceoZ(s
A7 A ( Ge0 (560))
de, (ds dZ(ce)
- d_; (d—;Z(Qeo) + Qeod—; . (B15)
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