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Abstract

The knowledge of the level density is necessary for understanding
nuclear reactions involving excited nuclear states. In particular, it is
an important element in description of astrophysical processes and in
technological applications. This review article explains main ideas of
physics forming the level density in complex nuclei that grows very
fast due to combinatorial complexity of total excitation energy shared
by many constituents. This can be translated into a language of statis-
tical physics by the Darwin-Fowler method. We briefly go through the
historical development from the nuclear Fermi-gas model to the self-
consistent mean field including the pairing effects. At the next step
we introduce the ideas of thermalization in a closed mesoscopic sys-
tem and quantum chaos with very complicated eigenfunctions. This
is supported by the experience of the shell model in a limited orbital
space that either provides an exact solution or uses the Monte Carlo
approach. The statistical method of moments allows one to avoid the
exact diagonalization keeping intact the quality of the results. We
discuss the popular “constant temperature model” that describes well
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available data and the shell-model results; it is shown that its success
cannot be explained by the phase transition from superfluid to a nor-
mal phase. The interpretation is suggested, supported by the numeri-
cal studies, in terms of dynamical chaotization including the collective
enhancement of the level density. The role of incoherent collision-like
interactions is stressed as a necessary element of the thermalization
process.
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1 Introduction

At not very high excitation energy, an atomic nucleus is a mesoscopic system
of interacting nucleons, neutrons and protons. We use here a popular word
mesoscopic to characterize a many-body object that belongs to the world
intermediate between macroscopic and microscopic “universes”. Of course,
all these boundaries are quite conventional. But there are clear common
features which allow to place complex nuclei, complex atoms and molecules,
atomic clusters, nano-devices, and future quantum computers in the same
class. In all cases we have a quantum system of a relatively small number of
interacting constituents creating mean fields and many-body dynamics that
lead to complexity, statistical regularities, and coexistence of single-particle
and collective features. On the other hand, as the system is still not too big,
it is possible to study, both in experiments and in theory, individual quantum
states. This produces the wealth and depth of affable information.

The simultaneous availability of specific quantum levels and statistical
features makes the theory of mesoscopic systems very rich and interesting
both for applications and from the viewpoint of theoretical physics. At low
excitation energy, the properties of the system are usually determined mostly
by the mean field accumulating average features of single-particle motion, by
specific correlations as nuclear pairing, and by low-lying collective modes
(multipole vibrations and rotation in nuclei and molecules). Here we observe
individual many-body energy levels with certain quantum numbers. With
increasing excitation energy, the density of quantum states grows very fast,
mainly because of the combinatorial growth of the number of possible exci-
tations with close total energy. Although even here the individual states still
can be observable, for example neutron resonances for slow neutrons inter-
acting with heavy nuclei, this is the region where statistical concepts become
extremely useful and sometimes unavoidable. An important primary exam-
ple of such an approach is given by the idea of compound nucleus by Niels
Bohr [1, 2, 3]. It is important to remember that statistical features appear
in a small system with no external heat bath just due to the inter-particle
interactions.

In many cases statistical arguments become the most appropriate (and
often the only available), especially for experiments with limited resolution.
Then one substitutes the detailed analysis with the statistical average con-
sideration. The fundamental quantity appearing in such an analysis is the
level density ρc(E) as a function of excitation energy E and exact quan-
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tum numbers c for a given class of states. In nuclei c contains the total
angular momentum (nuclear spin) J , its projection M onto the quantization
axis, which are exactly conserved, and, approximately, isospin T (of course
T3 = (N − Z)/2 is trivially conserved) and parity Π. Of course, the whole
approach makes sense only if the close levels of the same class c have similar
properties, at least with respect to a certain process under study. Then we
expect that averaging over neighboring states of the same class will provide
reliable generic information.

The similarity of properties of energetically close states of a given symme-
try type is indeed reached through the mechanism of mixing and chaotization.
Imagine a smooth changing of the interaction parameters which is easy to
realize in the computational practice. If the system is stable, its energy levels
smoothly evolve in this process. The stationary wave functions are mixed,
especially if the levels of the same class are close in energy. The levels of the
same symmetry do not cross and their minimal approach distance in energy
is determined by the mixing matrix elements of the Hamiltonian. As a re-
sult of this process of multiple avoided crossings, we come to the strongly
mixed wave functions with weakly fluctuating spacings between them (ape-
riodic crystal of energy levels). As was qualitatively formulated long ago
[4], All typical wave functions of roughly the same energy look roughly the
same being spread over a large region of configuration space. This is the
situation where the statistical concept of the ensemble of close states makes
clear sense and in many situations turns out to be the only possible way to
describe underlying physics.

Here we do not need the exact fulfillment of the requirements of canonical
random matrix ensembles [5, 6] or, more close to reality, embedded random
matrix ensembles [7]. Our subject of interest, the level density, has its global
behavior as a function of excitation energy and other constants of motion.
This behavior is not described by the random matrices, being determined by
the general evolution of the specific many-body system. If in some energy in-
terval the states can be described by the local Gaussian orthogonal ensemble
that predicts a semicircle level density (with the semicircle radius different
for different classes of states) the general level density could be restored only
if it would be possible to find the energy behavior and overlaps of those radii.
Therefore it is more practical to consider the level density directly.

Below we present a rather short review of main ideas developed in the long
search for the best description of nuclear level density, from pure phenomenol-
ogy based on the semiclassical or even classical statistical considerations, up
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to modern approaches using explicit nucleon interactions, known global prop-
erties of atomic nuclei and contemporary computational resources. Coming
to more or less satisfactory understanding of characteristic trends and typical
regularities of the density of quantum states in nuclei, one can go back and
give the numerical recommendations for the values of parameters which can
be practically used by experimentalists studying nuclear reactions in the lab-
oratory, in technological applications or in astrophysical conditions. Similar
approaches can be used for different mesoscopic systems.

The limited framework of this review does not allow us to review in de-
tails empirical data and applications of the level density to specific nuclear
reactions. This would require another article of even greater volume. Our
main subject will be the theoretical picture of various approaches to the
level density, their pluses and minuses, discussion of the results and the road
to current understanding of appearing regularities. Our leading direction
will be the relation of the level density to underlying quantum properties
of an atomic nucleus. We start with the short introduction to the work of
founders (Bethe, Landau and Frenkel), then briefly explain the statistical
thermodynamics in application to the level density (Darwin-Fowler method)
and formulate the Fermi-gas model with later improvements. The main part
of the text is devoted to ideas of quantum chaos, their typical observables in
the shell-model environment (mean field, configuration interaction and sta-
tistical ways for calculating the level density − diagonalization, Monte Carlo
and moments method). Finally, we discuss evolution of the level density un-
der changes of physical parameters of interaction and the currently popular
“constant temperature model”.

2 Level density: the first ideas

2.1 Bethe

Historically, the first regular approach to the nuclear level density was devel-
oped by Bethe [8] in the article called An attempt to calculate the number
of energy levels of a heavy nucleus and summarized in the big review paper
on nuclear science [9], see also [3, 10]. In fact this part of the review was a
direct application of statistical mechanics to the nucleus as a bound system
of many fermions, protons and neutrons. The starting point is the idea by
Bohr of the compound nucleus formed after the capture of a slow neutron
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which, in turn, was based on the first experiments with cold neutrons.

As the simplest image, the particles are moving inside a spherical box of a
certain radius R = r0A

1/3 (at that time the value of r0 was usually taken to be
too large). The energy distribution of particles is given by the Fermi-statistics
(borrowed from the Sommerfeld theory of electrons in metals) with certain
temperature and chemical potentials. The single-particle level density ν(ε) in
the box grows ∝

√
ε. The temperature appears, by definition, as a regulator

of the excitation energy needed for a given nuclear process; it is assumed
to be much lower than the Fermi energy. This allows one to introduce also
statistical entropy S and the level density ρ as roughly defined by eS. Other
Lagrange multipliers are required in order to fix, at least in average, specific
numbers Z of protons and N of neutrons as well as the angular momentum
projection M of a nucleus as a whole. As we are interested in the density ρJ
of levels with a certain value of total spin J (as characteristic for a specific
experiment), a logical identity

ρJ(E) = ρ(E;M = J)− ρ(E;M = J + 1) (1)

can be applied. Theoretical studies sometimes use the minimal possible value
M = 0 or M = 1/2 of the total spin projection; some theoretical approaches
provide the state density (2J+1)ρJ . As discussed by Bethe, for slow-neutron
resonances on a target nucleus with total spin J0, mainly spins J = J0± 1/2
are important.

The combinatorial accumulation of states corresponding to excited parti-
cles and holes guarantees, in agreement with data, the exponential increase
of the density of states. A general statistical approach based on the Darwin-
Fowler method will be briefly shown in subsection 2.4, application to a Fermi-
gas in subsection 2.5, and the statistical coupling of individual angular mo-
menta in subsection 2.6.

Specific models are required in order to instill real life into a very general
formalism of statistical thermodynamics. The main model used at earlier
times, naturally, was that of the Fermi-gas (or two interpenetrating gases in
the nuclear case) with the ground state corresponding to zero temperature.
As clearly stated by Bethe, here all wealth of nuclear interactions is reduced
to the formation of the potential well where the nucleons are consecutively
filling single-particle orbitals. Their wave functions can be evaluated in a
semiclassical approximation for a known size of the effective well. It turns
out that the direct calculation along these lines with the nuclear parameters
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accepted at that time leads to abnormally dense levels in the region of neutron
resonances. Bethe indicated also that the actual ground state energy can be
very different from that in the Fermi-gas. An interesting attempt to correct
the model was made by Bardeen [11] assuming that the interaction between
the nucleons effectively changes the effective mass of particles close to the
Fermi surface. The second model considered by Bethe was that of a liquid
drop [2] where the excited levels, at least partly, belong to the family of
surface oscillations, see also subsection 2.3.

2.2 Landau

In his review of the level density with applications to nuclear structure and
reactions, Bethe [8] considered noninteracting particles. However, some fun-
damental statistical properties do not depend on this assumption. According
to Landau [12, 13], the nucleons form a quantum liquid where we expect, sim-
ilarly to the electron liquid in metals and in the spirit of the latest general
Fermi-liquid theory, the heat capacity growing linearly with temperature.
This happens if we define the ground state temperature T equal to zero so
that, at not very high excitation, the free energy of the nucleus should be

F (T ) = − aT
2

2
, (2)

with a parameter a > 0 roughly proportional to the particle number A. Then
standard thermodynamic relations define entropy S(T ) and excitation energy
E(T ),

S = − ∂F
∂T

= aT, E = F + TS =
aT 2

2
, (3)

This gives, as expected, the heat capacity linear in T . The entropy grows
with energy as

S =
√

2aE = aT, (4)

so that the cumulative number N (E) of levels with energy smaller than E is
given by

N = eS(E) = e
√

2aE. (5)

This corresponds to the total density of states at given energy

ρ̃(E) =
∂N
∂E

=
1

T
e
√

2aE. (6)
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The thermodynamic temperature is

T =
2E

S
=

(
∂S

∂E

)−1

. (7)

This simple approach neglects non-exponential prefactors in equations of type
(5) which cannot be found without more detailed physical assumptions.

The well known criterion of degeneracy of an ideal Fermi-gas is that the
de Broglie wave length of a particle is comparable with or bigger than the
mean spatial distance between identical particles. This happens below the
degeneracy temperature,

T < Tdeg ∼
h̄2n2/3

m
, (8)

where n = A/V is typical nuclear density and m nucleon mass. In nuclei
not too close to drip lines, Tdeg ∼10 MeV, and the condition (8) is fulfilled
in the practically interesting region. According to Landau, the classification
of states in a normal Fermi-liquid is similar to that in a Fermi-gas, at least
not too far from the Fermi surface.

The next step is to subdivide the total level density into classes corre-
sponding to certain values of the total angular momentum J . Landau as-
sumed an analogy between the complex nucleus and a solid top. The operator
J has 2J + 1 degenerate space-fixed projections Jz = M and, approximately,
2J + 1 values of the K quantum number that defines the orientation of the
vector J in the body-fixed frame. The rotational energy is taken as

Erot(J) =
h̄2J(J + 1)

2J
, (9)

with the effective moment of inertia J (Landau estimated it as that of the
rigid sphere with a mean nuclear radius). Then the density of states for a
given spin J is

ρ̃J(E) = const (2J + 1)2e−Erot(J)/T , (10)

where the energy-dependent normalization constant has to be found from

ρ̃(E) =
∑
J

ρ̃J(E). (11)

As the states of a given J-multiplet with different values of M are strictly
degenerate in the absence of external fields, the level density is

ρJ(E) =
1

2J + 1
ρ̃J(E). (12)
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2.3 Frenkel

J. Frenkel [14] was seemingly the first one to indicate that the interaction
between constituents in a self-bound conglomerate of particles leads to the
appearance of elastic properties and normal vibrations in the excitation spec-
trum of the system. The excitation energy E, for example after the capture
of an external particle by the nucleus, being spread, in the spirit of the Bohr
concept of compound nucleus, over many degrees of freedom, can be inter-
preted as heating to a certain temperature T . In the simplest description,
these degrees of freedom can be treated similarly to the Einstein model of the
lattice vibrations in a solid, introducing a characteristic frequency ω. With
the number 3A− 6 of internal degrees of freedom, this consideration defines
the relation between excitation energy and temperature,

E = (3A− 6)
h̄ω

eh̄ω/T − 1
. (13)

This leads to thermodynamics similar to that of simplest solids.
Certainly, this trivialized description that does not account for nucleonic

degrees of freedom cannot be realistic; indeed, it predicts too long lifetimes
of excited nuclei. However, this is the clear predecessor of the future idea [15]
of the collective enhancement of the nuclear level density due to the low-lying
vibrational (and rotational which are excluded from the intrinsic excitations
in eq. (13) but included in consideration in the later work [16]) levels. It was
also later stressed by Frenkel that the decay of a heated nucleus is resembling
the evaporation from crystals; this approach is quite similar to the Weisskopf
theory of the compound nucleus decay [17]. Finally, Ref. [16] contains also
the idea of combining the contributions of collective vibrations and the degen-
erate gas of fermionic particles. In fact, the direct addition of contributions
coming from nucleons and from collective modes would be wrong leading to
double counting: the collective modes are coherent combinations of particle
excitations; however it makes sense at relatively low excitation energy, below
the main part of the typical single-particle spectrum where therefore indeed
could be the collective enhancement.

2.4 Darwin-Fowler method

Starting from Bethe [8] physicists tried to make statistics of a degenerate
Fermi gas the starting point in the search for the correct description of the
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nuclear level density. The standard way to proceed is by applying the Darwin-
Fowler method [18] usually used in the statistical thermodynamics of macro-
scopic systems. The thermodynamic equilibrium is defined by the maximum
of entropy S at prescribed values of energy E and other fixed constants of
motion Ii which, for nuclei, include total numbers Z of protons and N of
neutrons, total angular momentum (nuclear spin) quantum numbers J,M ,
and, within certain precision, isospin T and parity Π.

The derivation starts with the generalized statistical sum (partition func-
tion)

Z(β, µ) =
∑
E′,I′

e−βE
′+βµI′ , (14)

where, for simplicity of equations, we keep only one additional constant of
motion I with the Lagrange multiplier of the corresponding chemical poten-
tial µ; in general we would have instead the sum

∑
k µkIk. The sum (14)

containing contributions of all quantum states with the values E ′ and I ′

of conserved quantities can be substituted by the integral of the formally
introduced density of states ρ(E, I) with certain values of exact quantum
numbers,

Z(β, µ) =
∫
dE dI ρ(E, I)e−β(E−µI), (15)

where

ρ(E, I) =
∑
E′,I′

δ(E − E ′)δ(I − I ′). (16)

Being a set of discrete delta-peaks, the level density becomes a smooth func-
tion of constants of motion after the minimal averaging over few neighboring
levels.

The statistical mechanics, as a rule, is based on the arguments that in
the statistical sum (14) the energy contributions are cut off by the expo-
nential factor while the density of states as a function of energy grows also
exponentially, see eq. (6). This competition singles out the region of ener-
gies significantly contributing to the integral and effectively makes a sharp
correspondence between excitation energy and the parameter β establishing
the temperature scale. With very fast growing level density multiplied in eq.
(15) by the exponentially diminishing factor exp(−βE), the main contribu-
tion to Z(β, µ) comes from the narrow region of parameters which allows us
to apply the saddle point method. Introducing the free energy, or in general
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an appropriate thermodynamic potential F (β, µ),

F = − 1

β
lnZ(β, µ), (17)

we have to evaluate the integral (15) written with the help of the level density,

Z(β, µ) = e−βF (β,µ) =
∫
dE ′ dI ′ ρ(E ′, I ′)eβ(−E′+µI′). (18)

The inverse Laplace transformation defines now (α = βµ, η → +0)

ρ(E, I) =
1

(2πi)2

∫ η+i∞

η−i∞
dβ dα eS(β,α), (19)

where thermodynamic entropy is defined as

S(β, α) = β[E − F (β, α)]− αI. (20)

The extremum of the entropy (20) determines the point in the space (β, α)
of the sharp maximum of the integrand (19), where

E = F (β, α) + β
∂F

∂β
=

∂(βF )

∂β
, I = −β ∂F

∂α
. (21)

It is easy to see that these values are in fact the mean values of the cor-
responding quantities in the ensemble corresponding to the thermodynamic
equilibrium (the distribution function is exp(−βE + αI) with values β and
α taken at the extremum point). With the expansion of entropy at its ex-
tremum up to the second order, the integral (19) becomes Gaussian with the
result for the level density

ρ(E, {I}) =
eS(E,{I})

(2π)(n+1)/2
√
|∆|

, (22)

where n is the number of constants of motion I, and ∆ is the determinant
of the quadratic form composed of the second derivatives of entropy at the
extremum point. Using eqs. (21) we find the thermodynamic temperature

Tt−d =

(
∂S

∂E

)−1

=
1

β
. (23)
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Strictly speaking, now one has to return to the dynamic problem for the
system, namely the many-body Schrödinger equation, and calculate the par-
tition function (14). This would open the way for finding all thermodynamic
characteristics. However, the whole purpose of the statistical method is to
find those characteristics avoiding the full solution of the dynamical prob-
lem. Later we will discuss various approaches to finding statistical quantities
in this way. Historically the development went through the construction of
gradually improved and refined models and approximations.

2.5 Independent particle model

This is the simplest approach modeling the system by the gas of non-interacting
particles. The system is self-bound but at this stage the binding mechanism
is not specified. It is sufficient to assume that the actual interaction created
the mean field keeping the particles together, while the residual interaction
can be accounted for at the next stage of consideration. The total wave
function of any stationary many-body state is defined by the set of the occu-
pation numbers of the single-particle orbitals |ν) with energies εν in the mean
field (we will distinguish occupation numbers nν(p) for protons and nν(n) for
neutrons); in an ideal Fermi system, these occupation numbers are zero or
one. Every class of nuclear states can be characterized by the constants of
motion which are additive with respect to individual particles,

Z =
∑
ν(p)

nν(p), N =
∑
ν(n)

nν(n), M =
∑
ν

mν , (24)

where it is convenient to use the total spin projection Jz = M and individual
projections jz = m assuming the j-j coupling scheme. Within every class,
the energies of the states are additively determined by the distribution of the
particles over the orbitals,

E =
∑
ν

(εν(p)nν(p) + εν(n)nν(n)). (25)

With allowed occupation numbers 0 and 1, we come to

lnZ =
∑
ν(p)

ln{1+e−β(εν(p)−µp−µ′mν(p))}+
∑
ν(n)

ln{1+e−β(εν(n)−µn−µ′mν(n))}, (26)

where we introduced the chemical potentials µp and µn as well as the cor-
responding Legendre factor µ′ for the angular momentum projection. It is
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assumed that we are interested in the excitation region where the energy per
excited particle is still small compared to εF . The following algebra substi-
tutes the sums by the integrals with the corresponding average single-particle
level densities gp,n taken at Fermi surfaces εF (p, n). This set of transforma-
tions (details are easy to restore from textbooks, see for example [19]) leads
to the thermodynamic potential counted from the ground state energy E0,

−F = −E0 +
π2T 2

6
g + µpZ + µnN +

1

2
µ′2ḡT 2m2. (27)

Here the density of single-particle states can be roughly taken as g = gp(µp)+
gn(µn), while ḡ is averaged with respect to typical single-particle quantum
numbers for protons and neutrons but still might be approximately taken
equal to g. It is well known that, for one kind of particles and in the approx-
imation of constant g, the whole problem is equivalent to the old question of
the partitioning of a big integer number into a sum of smaller numbers. The
solution goes back to Euler (1753) and, in the full form, to Hardy, Ramanujan
and Uspensky (1918-1920).

In the same way the average value of m2 means

m2 =
1

ḡ
(gnm2

n + gpm2
p). (28)

The total nuclear spin projection is now found as

M = µ′T ḡ m2, (29)

which essentially defines the quantity µ′ in terms of the quantum number M .
Now excitation energy of the system acquires the simple expression

U(T,M) = E(T,M)− E0 = aT 2 +
M2

2ḡ m2
, (30)

where the standard notation giving a microscopic meaning to the Landau
constant (2),

a =
π2

6
g, (31)

is introduced. In the same approximations one calculates the determinant ∆
in eq. (22),

∆ =
π2

3
T 6gngpḡ

2m2. (32)
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Finally, the level density of a two-component Fermi gas is given by

ρ(U,N,Z,M) =
1

4π3

√√√√ 3g2m2

gngpT 6
e2
√
aU−M2/(2m2ḡT ), (33)

A simplified expression appears if we set ḡ = g, gngp = (1/4)g2 and T ≈√
U/a:

ρ(U,N,Z,M) =
1

12
√

2a1/4U5/4σ
e2
√
aU−M2/2σ2

, (34)

The spin projection M has a Gaussian distribution with the width σ,

σ2 = gm2

√
U

a
≈ gT m2. (35)

Here we can mention that the computational problem of calculating the
level density of independent fermions for a given set of single-particle energies
εa can be easily formulated in terms of the Fourier components in real time
[20]. Indeed, using the Fourier transformation

ρ(E) = Tr{δ(H − E)} =
∫ ∞
−∞

dt

2π
eiEtG(t), (36)

where
G(t) = Tr{e−iHt}, (37)

we come to the product over all available single-particle levels labeled a with
occupancies na equal 0 or 1:

G(t) =
∏
a

(1 + e−iεat). (38)

This can be generalized to the subsets of states with given additive quantum
charactertics, such as proton and neutron numbers, and the projection M of
angular momentum, see the next subsection. Then the fast Fourier transform
delivers the level density (36).

2.6 Random spin coupling

The Gaussian M -distribution found above can be derived [8] avoiding the
whole Darwin-Fowler machinery just as a result of the random coupling of
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angular momenta of individual particles, M =
∑
ama. When we allow for

many levels of a complex system to result from numerous superpositions of
individual, let say single-particle, excitations, the majority of such combina-
tions correspond to more or less chaotic couplings of spins and orbital mo-
menta of participants. Then the famous central limit theorem of probability
theory enters the game and the distribution tends to the Gaussian.

With wN(M) defined as a probability of the total angular momentum
projection of N particles to be equal to M , the logical identity should be
valid for the process of random addition of individual spins,

wN(M) =
∑
M ′
wn(M ′)wN−n(M −M ′). (39)

Here we use the fact that individual projections are added algebraically; the
division into groups of n and N − n spins is arbitrary which characterizes
a discrete Markovian process. In the supposed absence of interference in
angular momentum addition, the combined quantities are probabilities rather
than amplitudes. Going further along this path, one substitutes the sum in
eq. (39) by an integral and comes to the Gaussian solution,

wN(M) =

√
α

Nπ
e−αM

2/N , (40)

where α is determined by the properties of the system, namely by the average
value

M2 =
N

2α
. (41)

The number
N(E) ≈ gT (E) (42)

of active constituents is determined, as in the previous section, by the single-
particle density of states g at the Fermi surface. In the simplest consideration,
the width σm of the Gaussian (40) is defined by single-particle spins j present
in a given orbital space:

α =
1

2σ2
m

=
1

2m2
; m2 ≈ 1

3
j(j + 1). (43)

Here possible correlations of individual spins are neglected. The level density
as a function of energy and spin projection M is similarly to Eq. (10),

ρ(E;M) = ρ(E)w(M,E). (44)
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2.7 Constant temperature model

The whole situation in the problem of nuclear level density and, more general,
of statistical features in nuclear structure and reactions, was reviewed and
summarized in an influential article by Ericson [21] based on the several
previous publications [22, 23, 24, 25]. In our review we discuss essentially only
the level density part. As the main ideas of this period were already outlined
above in the same spirit as in [21], in this subsection we limit ourselves by
one comment important for the future discussions.

Ericson’s characteristic of the whole level density problem starts with the
statement that the level density, according to the sets of data available at that
time, is in fact an exponential function of energy. The examples shown in
[21] are given for few specific nuclei (33S, 55,57,58Fe, and 56Mn) and excitation
energy up to several MeV. The exponential behavior starts at the excitation
energy about 1 MeV, and even below that in odd-odd nuclei. At the same
excitation energy, the level density ρ(E) and its integral, the cumulative
state number N (E), is bigger for the odd-odd case as it is expected from the
viewpoint of the pairing interaction, see below. The dependence on energy
can be depicted as proportional to eE/T where the parameter T looks as
some kind of temperature but here it is just a constant. Correspondingly,
this fit gave rise to the so-called constant temperature model (CTM) that
became one of the main models on the market much later. With incomplete
experimental material, it was hard to make a choice between the Fermi-gas
description and the CTM. We should mention that the spin distribution is
preserved as in the previous subsection.

The serious work comparing the Fermi-gas predictions with the CTM
was performed in [26, 27]. The best description can be reached assuming
the CTM at relatively low energy, E ≤ 10 MeV, and smoothly attaching
this to the Fermi-gas description with ρ ∝ e

√
2aE at higher energies; the

details of the matching procedure can be found in [28]. In [27], the list is
given of recommended parameters for many known at that time isotopes from
63Zn to 245Cm. This formulation, being well reproduced by the shell model
diagonalization, will reappear in our review later.

2.8 First comparisons with experiment

The approaches delineated above were immediately used by many experi-
mentalists as an instrument for ordering their data and systematizing the
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behavior of the level density along the nuclear chart. The typical sources of
the data are the spectroscopy of low-lying states and the region of neutron
resonances at excitation energy of 7-10 MeV. Having in mind the Fermi-gas
picture at temperature T much lower than the Fermi energy, one can use the
number of particle-hole excitations derived by the integration around Fermi
surface,

n̄ = 2ḡ T ln 2 ≈
√
aE, (45)

and the mean energy per excitation as ε̄ = E/n̄ ≈ T . The quantity T =√
E/a is traditionally called thermodynamic temperature being estimated

from the data as 0.5-1 MeV at excitation energy of neutron resonances. The
level density parameter a can be extracted from evaporation spectra of a
compound nucleus using the detailed balance relations [29]. Slightly different
versions of the Darwin-Fowler method and of the spin effects were provided
by Bloch [30] with a more accurate account of the actual spectrum of the
nucleons in a central potential and rough estimates of residual forces, but
the results were not significantly different. Finally, allowing the level density
parameter a to slowly vary with temperature one can get a rather good
agreement with the neutron resonance data [31].

It was understood that the prediction of the dependence on the mass
number due to the spatial inflation of the nucleus, a ∝ A2/3, is a serious
simplification that neglects the shell structure of the nuclei. This structure is
not only seen in the shell modulation of the parameter a but it also depends
on the composition of the single-particle orbitals inside each shell [32, 33] in
the interval of the order of temperature around the Fermi-surface. Combina-
torial arguments speak in favor of the increase of the level density (in terms
of the parameter a) in the middle of shells or subshells (Rosenzweig effect
[34, 35]). We can also mention that the modified Darwin-Fowler procedure
[40] that changes the equation of state E = aT 2 to E = aT 2 − T was shown
to be incorrect [26, 27]. The detailed comparison with available data was
made [41, 42] by the Soviet physicist Malyshev who has early passed away.

The spin dependence of the level density turned out to be in general con-
sistent with the Fermi-gas approach and the idea of random coupling of in-
dividual spins taking into account the realistic shell structure [30]. The spin-
orbit coupling, with the sign opposite to such a coupling in atomic configura-
tions, removes the harmonic oscillator degeneracy and changes the ordering of
single-particle orbitals, observed magnetic moments etc. The serious analy-
sis of the spin dependence was performed in [43, 44] on a large experimental
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material for odd-odd isotopes 24Na and 28Al. The capture reactions with
thermal neutrons [45] and other reactions with the compound nucleus for-
mation [46] confirmed the spin dependence in the form exp[−(J+1/2)2/2σ2]
that follows approximately from eqs. (1) and (42); the typical values of the
parameter σ were found to be around 4. The useful information was ob-
tained from reactions populating isomeric states with different spin values
[47]. The direct extraction of the spin dependence from angular distribu-
tions of particles emitted by compound nuclei [48, 49] was at that time not
very reliable.

In practice, neutron reactions at low energy provide information only for
s-and p-resonances. In order to find the basic parameter a, one needs to
know the mean value m2, eq. (43). The averaging can be done in different
ways but a relatively good description using the shell-model level sequences
close to the Fermi energy is given by assuming [50]

m2 = 0.146A2/3; (46)

(semiclassical estimates lead to a higher value of the numerical coefficient).
This determines the spin dependence parameter (35)

σ2 = 0.089
√
aE A2/3. (47)

Because of the dominance of s-resonances, additional assumptions are needed
to account for the levels of opposite parity. It was usually accepted that at
such excitation energy both parities are equiprobable. This assumption did
not contradict available at that time data.

Quite early it was understood [51] that the quality of information ex-
tracted from neutron resonances depends on the resolution and probability
of missing weak resonances. Here the help came from the statistical treat-
ment of resonances. This is important when we come to the notion of quan-
tum chaos and its reflection in the level density. But already the simplest
ideas of mixing the complicated wave functions of a compound nucleus lead
to the assumption of a random (Gaussian) distribution of the amplitudes of
individual shell-model components in such a typical state. Introducing the
reduced widths γ = Γ/Γ̄, where the energy dependence of the width grow-
ing with the distance from threshold is excluded, we can assume that these
reduced widths are proportional to squares of the corresponding amplitudes
in a complicated wave function and follow the chi-square distribution for one
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degree of freedom. This is usually called the Porter-Thomas distribution,

fPT(γ) =
1√
2πγ

e−γ/2. (48)

Experimental and theoretical discussions on the applicability of Eq. (48) are
still going on, see [141] and references therein. The distribution of spacings s
between the closest levels with the same exact quantum numbers is described
by the Wigner formula,

P (s) =
πs

2
e−πs

2/4. (49)

A characteristic feature here is the linear repulsion of levels at small distances
telling about the mixing of underlying wave functions which makes the se-
quence of states with the same exact quantum numbers kind of an aperiodic
crystal (the level repulsion was first discussed in [52]). The effective spacing
s in eq. (49) is taken in the units of the local mean level spacing that evolves
with the level density. The real experimental problem is to distinguish weak
s- and p-resonances. One can conclude that the parameter a is determined
from the resonance information within the interval of 10-15%.

The neutron reactions proceeding through a compound stage allow to
determine the kinetic energy spectrum of evaporated neutrons. Using the
detailed balance principle and assuming the Maxwellian neutron spectrum
one can find out the effective temperature of the residual nucleus. This pa-
rameter defined by the level density of the final nucleus is called nuclear
temperature Tn. Its difference from the thermodynamic temperature (23) is
essentially determined by the pre-exponential factors in the Darwin-Fowler
formulation. For the Maxwellian spectrum, mean energy carried by an evap-
orated neutron equals to 2Tn. As can be found from (34) (see for example
[53]),

T =
Tn

1 + (5Tn)/(4E)
, (50)

and the difference goes away at sufficiently high excitation energy.

The general conclusion at this stage of the development is [54] that the
parameter a has to be adjusted for individual nuclei and neither its value nor
its evolution along the nuclear chart are completely understood.
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3 Interaction effects

The nucleons interact which is necessary to create a self-bound nuclear drop.
There are parts of the interaction appearing on top of the mean field back-
ground that lead to inter-particle correlations. It was usually claimed that in-
coherent (collision-like) interactions between the particles in the shell-model
framework do not seriously influence the resulting level density serving first
of all as an agent leading to thermal equilibrium. Later we will see that
the exact solution of the shell model (configuration interaction) modifies this
conclusion. However it was quite early understood that coherent interactions
are certainly important: the phenomena of collective character significantly
change the Fermi-gas picture. First we indicate the main qualitative novel-
ties.

3.1 Pairing

The well known effects of the deeper binding of even-even nuclei compared to
odd-A and odd-odd ones, along with the suppressed level density at low exci-
tation energy in spherical even-even nuclei, immediately indicate the presence
of an extra attraction between a pair of nucleons occupying time-conjugate
orbitals. This was assumed already by the founding authors of the shell
model [55, 56] in order to predict the ground state spins and magnetic mo-
ments of odd nuclei as defined by the j-value of the last unpaired nucleon.
After appearance of the Bardeen-Cooper-Schriffer (BCS) theory of supercon-
ductivity [57], the idea was formulated by A. Bohr, Mottelson and Pines [58]
of similar pairing physics at work in complex nuclei. The theory of the nu-
clear pairing correlations of superconducting type was developed by Belyaev
[59] on the base of the Bogoliubov canonical transformation. It was demon-
strated that not only single-particle characteristics of a complex nucleus are
considerably modified by pairing correlations but the pairing leads also to
strong changes of collective properties. In spherical nuclei, low-lying vibra-
tional modes, usually of quadrupole character, appear, while in well deformed
nuclei the rotational bands have typically the moment of inertia noticeably
smaller than the moment of inertia of a rigid body of the nuclear mass and
size.

The first consequence of pairing correlations of superconducting or su-
perfluid type is the appearance of the energy gap ∆ in the spectrum of
single-particle excitations of even subsystems (breaking of pairs with isospin
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1). In the simplest version of the theory, the Fermi-gas spectrum εν changes
to

Eν =
√
ε2ν + ∆2, (51)

where the shell energy εν is counted from the chemical potential (practically
equal to the Fermi energy, separately for protons and neutrons). The quantity
∆ can serve as a measure of even-odd mass difference [60]. An important
result of Ref. [61] was that the fluctuations in the measured radiation widths
of neutron resonances are small compared to the large fluctuations in neutron
scattering widths, and that they are related to the level spacing and the
effective level excitation energy. The simplest way to account for pairing is
to define the excitation energy subtracting the effective gap energy ∆p or ∆n

in the case of an odd number of protons or neutrons, respectively, while for
even-even nuclei this shift is ∆p+∆n. This was a justification of the popular
back-shifted Fermi gas formula [27, 62], explicitly modifying eq. (34) by
introducing a free parameter of energy displacement,

ρ(U,N,Z,M) =
1

12
√

2a1/4(U −∆)5/4σ
e2
√
a(U−∆)−M2/2σ2

, (52)

For the excitation energy below the shift ∆, one can count the levels directly
if the empirical information is available. In practice, the three parameters
entering this description for each nucleus, a, σ, and ∆, can be allowed to
slightly change with energy as discussed in more detail in [28, 63]. Such
variations supposedly reflect the absent in phenomenology shell and collective
effects, see the compilation in [64]. The review of this approach can be found
in [65].

The empirical expressions [60] can include also differences in surface, sym-
metry, and Coulomb energy from the nuclear mass curve. Such recipes allow
one to approximately reconcile the values of the parameter a for different
groups of nuclei. The reasonable linear description that averages the shell
oscillations corresponds to a ≈ 0.125A. One can disentangle this dependence
interpreting the factor A2/3 as coming from the size of the upper shell of the
nucleus and A1/3 from the increase of the mean angular momentum j of the
nucleons occupying this shell. The specific shell structures are responsible for
oscillations around this line. We can also mention that later it was found [66]
that the empirical value of the level density parameter a can depend on the
distance of the nucleus from the line of stability, which can be approximately
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expressed with the help of the factors α and β:

a = αAe−β(N−Z)2 . (53)

This can be naturally related to a greater set of allowed isospin values at
N = Z. Later we will see this effect in the CTM.

The analogy to macroscopic superconductivity however cannot be lit-
erally right due to the smallness of nuclear systems (a formally calculated
coherence length of Cooper pairs is greater than the nuclear size). There-
fore, for example, instead of the phase transition to the normal phase [57] at
the BCS critical temperature Tc = ∆(T = 0)/1.75, the shell-model analysis
shows [67] a smooth crossover with the gradually decreasing gap in all sec-
tors with different total spins. The level density, being in even-even nuclei
quite small below E ≈ 2∆ (only collective states), becomes large above this
threshold accumulating single-particle excitations pushed up from the gap.
Then at E ≈ 4 MeV, the observed level density is getting comparable to the
Fermi-gas predictions.

3.2 Moment of inertia

In the thermodynamic derivation of the level density (34), the term depend-
ing on the angular momentum projection M can be interpreted as the effec-
tive rotational energy [48]. If, in the semiclassical spirit, it is considered as
a regular part of total energy corresponding to a non-statistical rotation, it
should be subtracted from the total excitation energy. In this approximation,

ρ(E,M) ≈ ρ(E ′M , 0), E ′M = E − h̄2M2

2J
, (54)

where J = gm2 is an average moment of inertia. As rotational energy is a
small part of the total excitation energy, one can use the expansion in eq.
(54) and come to

ρ(E,M) ≈ ρ(E, 0)e−h̄
2M2/(2J T ′), (55)

with a slightly different effective temperature

T ′ =

[
d

dE
(ln ρ(E, 0))

]−1

. (56)
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This leads to the redefinition

σ2 =
J T ′

h̄2 . (57)

It is easy to show ([68], Section 16.20) that, in the semiclassical considera-
tion, the moment of inertia of a normal Fermi-system is given by the classical
expression for a body with the same density distribution, J = Jcl; a general
theorem can be found in [69]. The earlier found expression (35) does not
numerically agree with the rigid-body moment of inertia, eq. (57). As shown
in Ref. [59], pairing correlations noticeably reduce the nuclear moment of in-
ertia of well deformed nuclei with clearly visible low-energy rotational bands.
With growing excitation energy, the pairing effects are gradually melted,
and characteristic values of the moment of inertia also grow approaching the
rigid-body limit. In spherical or weakly deformed nuclei, the simple rota-
tional bands are absent, the sequence of the spin values is not so well defined
which brings also isomeric effects. Here we expect to have in expressions like
(57) some effective mean moment of inertia. For strongly deformed and non-
axially symmetric nuclei, the different moments of inertia corresponding to
the rotation around different axes, give separate contributions to equations
of type (55). At the relatively early stage of development, the whole picture
of rotational bands and effective moments of inertia was not that clear.

3.3 Collective enhancement

The residual interactions, on top of the shell model and pairing, introduce
coherent motion of particles. As a result, the spectrum of stationary states
includes collective, vibrational and rotational, levels. If the interaction has
an attractive character, resulting vibrational modes, first of all of quadrupole
type, have low energy, typically well inside the pairing energy gap. In the
low-lying part of the spectrum, these states can be roughly classified in terms
of phonons, collective superpositions of several elementary particle-hole (two-
quasiparticle in the presence of pairing) excitations; recall Section 2.3 where
they were treated as bosons specified in a liquid drop model [2] as surface
vibrations of certain multipolarity. Actual collective vibrational states have
energy inside the pairing gap, enhanced electromagnetic transition rates and
usually are characterized by strong anharmonicity, both due to the Pauli
principle between the fermionic constituents and due to the mixing with
non-collective states. The collective rotational states just slightly perturbing
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intrinsic correlations have energy even lower than vibrations. With respect
to the ground state, both types can be expressed as coherent linear combi-
nations of basic particle or quasiparticle excitations. As a result, the den-
sity of low-lying states increases slightly compensating the absence of simple
particle-hole states inside the gap and leading to the so-called collective en-
hancement [15] of the level density. It is especially pronounced above the
gap in deformed nuclei where numerous rotational bands start being built on
unpaired configurations.

Phenomenologically, the collective enhancement can be accounted for by
an additional energy-dependent factor [28]. Of course, in any finite orbital
space, the surplus of states at relatively low energy should be compensated
by the exhaustion of states somewhere higher up but in real life this “fading
out” was never reliably observed due to the available higher shells. However,
as we will see later, the effect of collective enhancement can be studied with
the help of the shell model. It is quite important for the description of fission
where only a two-center shell model with its wealth of collective modes can
hopefully give a real microscopic foundation. The incomplete information
on the density of neutron resonances traditionally used for extraction of the
level density is accumulated in the RIPL-2 database [70], see also [28].

3.4 Mean-field approaches

The microscopic approaches based on the Fermi motion in a self-consistent
mean field can be developed in the spirit of energy density functionals, first of
all of Skyrme-type, giving rise to microscopic combinatorial models described
in [71, 72]. The combinatorial method by itself is a generalization of the
simple formulation (36) when the mean-field energies are found as those of
single-particle excitations generated by a full Hamiltonian of inter-particle
interactions. The many-body states considered as actual excitations of the
system are found by exact combinatorics counting all possibilities up to a
certain limit. Essentially the result is the cumulative number of states with
an angular momentum projection M (and given parity) up to a total energy
E. Of course, our rough description does not mention many specific tools
and approximations used in practical calculations.

The mean field is determined in the Hartree-Fock-Bogoliubov (HFB) ap-
proximation. In the HFB method, the single-particle density matrix of the
ground state includes, on top of the usual matrix elements ∼ a†a, also pair-
ing parts ∼ aa and ∼ a†a† which are found self-consistently, see for example
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[73, 74]. This means that the total particle number is not preserved exactly;
instead it is regulated in average by the chemical potentials for protons and
neutrons.

The definition of the vibrational states appearing inside the pairing gap
as an important part of the collective enhancement requires to go beyond
the mean field level using the time-dependent density matrix or the random
phase approximation. Instead the problem can be circumvented by adding
the vibrational (quadrupole and octupole) states on top of the mean-field
states but only up to some excitation energy in order to avoid double count-
ing. The equilibrium axial deformation is selected by minimizing the ground
state energy, while the effective moment of inertia for collective rotation
around the axis perpendicular to the symmetry axis can be calculated by
the cranking model [78]. The whole procedure becomes less definitive for
soft spherical or transitional nuclei. In general, the applications contain a
number of approximations and simplifications. The results typically give the
density of neutron resonances higher than in reality.

The further development of this approach [79] provided the level densities
for more than 8500 nuclei. Still the three main components in the play are
single-particle shell model level schemes, pairing and collective effects.The
first two parts of the approach construct the basic level sequence. The col-
lective enhancement is determined by the explicit consideration of vibrational
states counted as independent bosons [72] with their maximum number equal
to three in spherical or axially symmetric deformed geometry. As in the ear-
lier work [80], the phonon frequencies for multipolarities λ = 2, 3, 4 were
either described phenomenologically with the general dependence ∝ A−5/6

and some shell corrections, or taken from the data. One needs also a recipe
for avoiding the double counting of states included both in the vibrational
enhancement and in the single-particle part (damping of the collective en-
hancement factor). For deformed nuclei, the rotational bands are constructed
on intrinsic states assuming the axial deformation and rigid-body moment of
inertia; a phenomenological interpolation is introduced describing the pos-
sible transition to spherical shape at higher energy. Frequently, instead of
the originally applied Gogny force, some versions of the Skyrme functional
are used. Special efforts were applied to describe the level density at the
fission saddle point which is outside of our review. The resulting comparison
with experimental data can be illustrated by Figure 1 taken from Ref. [79].
Although the qualitative behavior of theoretical predictions is quite reason-
able, there are significant deviations even at low energy seen even with the
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logarithmic scale.

At the next step [81], the new Gogny interaction was used [82] optimized
for the description of binding energies although still the collective energies
are overestimated which requires introduction of special renormalizations. A
new concept here is the introduction of the shape transition from deformed
to spherical at higher energy through the temperature-dependent HFB ap-
proach. Along with that, the rigid body moments of inertia are substituted by
the microscopic ones. Special efforts are needed in order to smooth a discon-
tinuity appearing between the level densities calculated at different discrete
temperatures. One can judge on the quality of the level density reproduction
from Figure 2 (taken from Ref. [81]). For the cumulative level number the
deviations are even more noticeable; in many cases the observed data behave
more smoothly than it is predicted by the combinatorial method. Some defi-
ciencies of this approach, which certainly at a time of its development filled
in an important niche, will be indicated later.

4 Monte Carlo approach

4.1 Evolution in imaginary time

The Monte Carlo methods in application to nuclear structure exist in various
modifications [83, 84, 85]. The detailed introduction to their use in the
nuclear shell model context can be found in [86]. The general idea, common
for different versions, is to substitute the diagonalization of prohibitively
huge Hamiltonian matrices by statistical consideration. This is achieved by
looking into quantum evolution driven by the operator e−iHt (in units with
h̄ = 1) for imaginary “time”, t→ −iβ, where β is a real positive parameter.
The resulting operator e−βH describes the equilibrium quantum ensemble
with the effective temperature 1/β. The limit β → ∞ selects from any
superposition of stationary states of the Hamiltonian H the component of
this superposition with the lowest energy (cooling the system). In the context
of the level density this is one of the necessary steps as the knowledge of
the ground state energy is required for the correct placing the level density;
however, there are technical problems in the limit β →∞.

We assume that the Hamiltonian of the many-body system can be ex-
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Figure 1: Comparison between the total level density determined by the Oslo
group (gray areas) and the HFB combinatorial predictions (solid lines). The
full triangles correspond to the model-dependent normalization point derived
from the average neutron resonance parameter value at the excitation energy
of neutron separation threshold. Figure reproduced from Ref. [79].

pressed in terms of linear and quadratic combinations of one-body operators

Q̂ =
∑
12

Q12a
†
1a2 ≡

∑
12

Q12Ô12, (58)

where the subscripts 1, 2, ... run over all single-particle states, while a† and a
are corresponding fermionic creation and annihilation operators in a certain
single-particle basis. The two-body interaction Hamiltonian is presented as
a sum of terms

Hj = εjÔj +
1

2
gjÔ

2
j , (59)

where gj are coupling constants. The specific representation of the actual
two-body Hamiltonian in the form (59) can be performed in different versions,
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for example

a†1a
†
2a3a4 =

1

4
[(Ô14 + Ô23)2 − (Ô13 + Ô24)2] +

1

2
[Ô14, Ô23]− δ24Ô13. (60)

This is the so-called density decomposition while it is also possible to use the
pairing form working with the operators a†a† and aa. The pair operators in
all cases carry correct quantum numbers of spin and isospin. It is not clear
at this stage how it would be possible to include many-body interactions in
this scheme except as perturbations.

The ensemble average of any observable can be written as [87]

〈O〉β =
〈Ψ|e−βH/2Ôe−βH/2Ψ〉
〈Ψ|e−βH |Ψ〉

. (61)

Here |Ψ〉 is a trial wave function, for example a Slater determinant with the
global quantum numbers of interest. The evolution with β → ∞ and the
Hamiltonian H, would lead to the state of lowest energy at given symmetry.
A possible way to the level density may go through the calculation of energy
E(β), statistical sum Z(β) and the inverse Laplace transformation [88].

4.2 Introducing auxiliary fields

The practical calculations use the Hubbard-Stratonovich (HS) transforma-
tion [89, 90], when the interval of β is subdivided into Nβ small slices
∆β = β/Nβ and in each nth interval a real auxiliary field λjn is introduced

attached to the operator Ôj (we choose the notation λ instead of the tradi-
tional σ used above and below in different meanings). With the quadratic
form of the actual many-body Hamiltonian including various operators Ôj of
eq. (58),

hn =
∑
j

{εjÔj + pjgjλjnÔj + (1/2)|gj|λ2
jn}, (62)

one comes to the partition function Z(β), eqs. (14,18). For each set of aux-
iliary fields {λ}, the contribution to Z(β) is of the Gaussian type describing
the propagation of independent fermions in the presence of those external
fields. The phase factor pj comes from the HS transformation being equal to
±1 for negative gj and ±i for positive gj.
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The total result is given [86] by the functional integral over auxiliary
fields,

e−∆βH =
∫ ∞
−∞

∏
j

dλjn

√
∆β|gj|

2π
e−∆β

∑
j
hjn (63)

The output can be presented as [e−∆βH ]Nβ , or symbolically as the integral
over auxiliary fields

∫
DλG(λ)U(λ), where the quadratic over λ parts of hjn

in eq. (63) give the Gaussian measure

G(λ) = e−(1/2)∆β
∑

jn
|gj |λ2jn , (64)

while U(λ) is a one-body propagator for independent particles in the field λ.
In this way the real system of interacting particles is effectively reduced

to a system of non-interacting particles independently propagating in time-
dependent external fields. The use of auxiliary fields allows one to work with
much larger orbital spaces. The resulting functional integrals over auxiliary
fields are usually evaluated [86, 87] by the Monte-Carlo strategy, for example
by some versions of the Metropolis method [91].

4.3 Shell-model Monte Carlo approach

The practical applications of this computationally involved approach use a
positively defined weight function

W (λ) = G(λ)|ζ(λ)| (65)

usually taken as a Gaussian (64). Here ζ(λ) is the trace of the chronologically
ordered (in imaginary time) evolution operator for a certain set of auxiliary
fields. Finally, an expectation value of a physical observable Q̂ is given by
the symbolic expression in terms of the normalized functional integral over
those fields,

〈Q̂〉 =

∫
DλW (λ)〈Q̂〉λ signζ(λ)∫
DλW (λ) signζ(λ)

, (66)

calculated by the Monte Carlo sampling. The general line of calculations
goes from the canonical thermal energy E(β) found as 〈H〉β to the partition
function Z(β) and the level density in the saddle-point approximation. The
whole procedure, being more economical computationally compared to the
full straightforward diagonalization, allows one to use bigger orbital spaces.
However, for each temperature, a new Monte Carlo sampling is required.
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Citing [92], a potential problem in the Monte Carlo method is that the
sign should be well determined. Possible oscillations of the sign in eq. (66)
from sample to sample lead to the large uncertainties in the functional in-
tegral. In many realistic cases this sign is fixed. The favorable situations
include important multipole-multipole interactions of the multipolarity L
with the sign (−)L in even-even nuclei (or for even A and N = Z). However,
this is not the case, for example, in the use of the cranking model when
the Hamiltonian includes an external rotation operator −ωJx that breaks
time-reversal invariance, especially for large rotational angular velocity.

One practical recipe for overcoming the sign problem was suggested in
[93]. All interaction operators are subdivided into “good” guaranteeing no
sign problem (main collective interactions belong to this category) and “bad”
ones. The force of a bad interaction acquires a variable parameter which first
artificially makes the interaction good allowing the Monte Carlo calculation,
and the results then are numerically extrapolated to the bad values. This
worked well for the observables (quadrupole, magnetic and Gamow-Teller
operators) in 54Fe although the character of interpolation to the good region
is rather arbitrary.

The complete pf+g9/2 shell was treated with the Monte Carlo shell model
in Ref. [54]. The two-body interaction suggested in Ref. [94] was used for
calculations with the conclusion that this space should be sufficient for the
description of the level density up to 20 MeV excitation energy. However,
in order to be insensitive to the sign problem only a specially reconstructed
part of the full Hamiltonian was practically used; another remaining problem
was a presence of spurious center-of-mass excitations due to the g9/2 subshell
included for description of the negative parity levels in 56Fe. Instead of exact
spectroscopic information, the quadrupole strength function was calculated.
A broader application of the same approach to nuclei from iron to germanium
was made in Ref. [95], in a reasonable agreement with the compilation of
data [96]. For a group of neighboring nuclei, including odd-A and odd-odd
ones, the calculations can be simplified by using a single “mother” nucleus
and using the re-projection [97] to the actual particle number. The procedure
is not fully reliable at relatively low energy.

The next development of the method was progressing in several directions.
An attempt to generalize the approach to the continuum levels was under-
taken in Ref. [98] based on the known relation between scattering phases and
the single-particle resonance density [99]. This makes it possible to propa-
gate the statistical properties of the single-particle spectrum and again apply
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the shell model Monte Carlo approach. After continuing in this way the sta-
tistical properties of the single-particle spectrum and again apply the shell
model Monte Carlo approach. At temperature up to 4 MeV in medium nu-
clei, the back-shifted Fermi-gas approach with phenomenologically adjusted
parameters works better than at lower energies. This is where the continuum
shell model in its various versions might be a good future development.

Based on the Monte Carlo method, one can also study the angular mo-
mentum coupling in the intrinsic frame of a deformed nucleus and the ef-
fective moment of inertia [100, 101] reproducing qualitatively known pairing
reduction of the moment of inertia and corresponding even-odd effects. The
application to heavy deformed nuclei, such as 162Dy, demonstrated the possi-
bility to cover large orbital spaces necessary for the description of static de-
formation [102, 103], still with the limited interaction (pairing and multipole-
multipole forces) and special approximate ways for finding the ground state
energy. Applications to heavy deformed nuclei with their complex low-energy
structure require special stabilization methods [105]. The comparison with
the data is typically favorable (on a logarithmic scale) but it is hampered in
many cases by the uncertainty in parity of excited states.

5 Quantum chaos and thermalization

5.1 Mesoscopic physics and quantum chaos

The atomic nucleus is a typical object of the mesoscopic world. The systems
which belong to this world consist of a relatively small number of interacting
quantum particles. In the nuclear case the system is bound by this interaction
but in other examples, such as cold atoms in traps, the binding can be
mainly provided by external fields. Among the inhabitants of this world we
can mention complex atoms and molecules, including biological ones, atomic
clusters, artificial condensed matter nano-devices etc. The future quantum
computers also would belong to this class being constructed of individual
quantum blocks. The number of interacting elements is usually large enough
to create collective macroscopic features and statistical properties. On the
other hand, the system is still sufficiently small in order to reveal individual
quantum states which can be studied experimentally and theoretically. This
richness of properties puts such systems on the frontiers of research and
multiple applications.
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The nucleus is self-bound. The binding is the result of the coherent in-
teraction between the nucleons that creates the mean self-consistent field.
Certainly, the mean field does not exhaust all capacities of the interaction.
The remaining components of dynamics are responsible for the collective dis-
tortions of the mean field (rotational and vibrational as mentioned above) but
also for many incoherent, roughly speaking collision-like, processes of parti-
cle interaction on the background of the mean field. In the case of quantum
computers such interactions between the computational units (qubits) could
be harmful converting a pure quantum state necessary for the binary code
into a complicated many-body mixture. In many situations one has to stipu-
late for special measures suppressing the resonance interactions between the
qubits [106].

In nuclei the influence of residual interactions goes in several directions
changing significantly the density of states formed by the mean field. We
have already mentioned the effects of collective enhancement, mainly due to
the lowering of energy of numerous rotational and vibrational states built on
top of simple particle, or quasiparticle, configurations. The simplest, and the
most visible inevitable effect is the transformation of the pure mean-field, or
paired BCS, states into very complicated superpositions. The genuine col-
lective states made up a relatively small fraction of the spectrum, they are
coherent superpositions of simple modes with certain quantum numbers, like
low-lying quadrupole or octupole vibrations, giant multipole resonances, or
collective rotations. Starting from some excitation energy, in reality after
breaking a small number of pairs, the spectrum consists mainly of the big
incoherent linear combinations of basis mean-field states. This happens un-
avoidably as the level density grows just by combinatorics and mixing of
simple close in energy states becomes strong even with weak residual inter-
actions. Then, if continuum effects are weak, the energy spectrum locally
consists mostly of close states of quite similar complicated nature whose ob-
servable properties, such as expectation values or transition amplitudes of
simple operators, are gradually changing as a function of energy.

The situation of the preceding paragraph is essentially a characteristic
of what can be called “quantum chaos”. We will not discuss here a notori-
ous question of relation between classical and quantum chaos. The standard
spectral measures of quantum chaos [6, 7, 107] are usually local, for example
the distribution of spacings between neighboring levels. Such characteristics
in many cases require the “unfolding” of the spectrum when the energy spac-
ings are expressed in the units of the local mean spacing. On the contrary,
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we are interested in the evolution of observables, first of all the level density,
along the spectrum. However, we will see that the chaotic nature of the ma-
jority of stationary states allows one to simplify the picture of the statistical
level density.

5.2 Some measures of quantum chaos

The simplest signature of quantum chaotic dynamics is usually given in terms
of the local level repulsion (49). If the incoherent interactions on top of
the mean field are gradually switched on in a mesoscopic system, the simple
basis states with the same values of exact constants of motion evolve through
multiple avoided crossings. Already at a rather weak residual interaction, the
system comes close to this stage of local level repulsion. More crossings are
required to significantly mix the wave functions.

Using the mean-field basis of states |k〉, we express the wave function of
a stationary state as

|α〉 =
∑
k

Cα
k |k〉,

∑
k

|Cα
k |2 = 1. (67)

The complexity of a state |α〉 can be estimated through the amplitudes Cα
k .

If there are N α � 1 significant amplitudes, the normalization of the state
vector defines their typical small magnitude |Cα

k |2 ∼ 1/N α. We have to stress
here that this is the relative complexity of a given stationary state |α〉 with
respect to the chosen basis |k〉. In fact, this carries some advantage: one can
measure the relations between different bases. The choice of the reference
basis as that of the mean field approximation assumes that the mean field
basis concentrates the regular features of the inter-particle dynamics while
the interactions that on average do not contribute to the mean field are
random or irregular.

The exception can be a collective mode, like a shape vibration or giant
resonance, when the excitation is built of many coherent contributions of
various simple modes. In this case many amplitudes Cα

k have coherent phases.
Except for the states of the lowest energy, such excitations are usually not
stationary states but superpositions of many genuine stationary components
close in energy (a microscopic analog of damping [108]). A collective state
|α〉 can be recognized [109] by the so-called phase correlator,

Pα =
1

N α

Nα∑
kk′
Cα
kC

α∗
k′ , (68)
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that can have a value of the order one only if many components have coherent
phases. All typical states have a small value of this quantity.

There are several convenient measures of the degree of complexity of
eigenstates. The correlational (Shannon) entropy of a certain stationary
state |α〉 is defined as

Sα = −
∑
k

|Cα
k |2 ln |Cα

k |2. (69)

A similar characteristic is the inverse second moment of the distribution of
amplitudes, or inverse participation ratio that gives the effective number of
principal components (NPC),

(NPC)α =

[∑
k

|Cα
k |4
]−1

. (70)

These measures, in distinction to (68), are insensitive to the phases of the
component.

The mathematical limit of quantum chaos is given, for systems with inter-
actions invariant under time reversal, by the Gaussian orthogonal ensemble
[5, 6, 107]. This is an ensemble of Hermitian matrices with uncorrelated
matrix elements and Gaussian distribution of probability determined by the
trace of the squared Hamiltonian. In the limit of a large dimension N ,
the average over the ensemble value of the correlational entropy (69) equals
ln(0.48N ) while the effective number of principal components is N /3. This
is the limit of full delocalization of the eigenvectors over entire basis space.
In realistic many-body systems, the states are characterized by the parame-
ter equivalent to N which is smaller than the total dimension but still large,
N � 1, and smoothly changing along the spectrum.

Nuclear physics provides examples of spectra very close to the GOE pre-
dictions [110, 111, 112]. This happens in spite of the fact that the nuclear
Hamiltonians used in realistic shell-model calculations do not have exact
Gaussian orthogonal ensemble (GOE) properties. The practical two-body
interactions lead to the matrices in the mean-field basis which are not ran-
dom (all two-body collisions have the same matrix elements for several pos-
sible spectator configurations on the orbitals not participating in a given
process). The matrices are also quite rarefied due to the conservation laws.
This similarity to the GOE leads to the impression that the qualitative fea-
tures of quantum chaos are very generic being almost universal for realistic
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many-body systems with strong interaction, almost independent of actual
statistics of the Hamiltonian matrix.

One important manifestation of chaotic dynamics is the enhancement of
weak interactions. As simple estimates show [113], the matrix elements of
observables between two chaotic states of the similar degree of complexity
are small, ∝ 1/

√
N . But the spacings between the states mixed by such

operators are typically small, ∝ 1/N , and the effects of perturbative mix-
ing are enhanced in average ∝

√
N . First of all, this is empirically seen

in the striking enhancement of parity mixing between s- and p-neutron res-
onances seen through the polarized neutron scattering off spherical nuclei
[114, 115, 116, 117]. Here the additional dynamical factor present due to the
large ratio of the widths of s-resonances compared to those of p-resonances
leads to the parity violation effects up to 10% (the original estimate with-
out chaotic enhancement would be 10−7 − 10−8). A big enhancement (but
without the dynamical factor) is also seen in the neutron-induced fission
[118, 119, 120, 121]. The parity-violating fragment asymmetry turns out to
be independent of the mass or kinetic energy distribution. Final distribu-
tions of global observables are formed at later stages of the fission process
while the parity violation occurs earlier, in the “hot” compound nucleus with
chaotic enhancement of weak perturbations, being preserved after that.

5.3 Thermalization

The detailed “microscopic” view of the spectrum and the analysis of the
spacing distributions between the levels of the same symmetry class, being
important steps for seeing the onset of chaos, do not help in the problem of
the global level density as a function of energy and other exact constants of
motion. But the conclusion that the generic stationary wave functions are
complicated “chaotic” superpositions of many simple basis functions leads to
the obvious analogies to statistical thermodynamics. Here we do not have
any thermostat (heat bath) that establishes a certain temperature inside the
system coupled to the thermostat. Nevertheless, as in standard statistical
mechanics, we have the smooth evolution of observables and degree of com-
plexity along the spectrum. The measures of complexity, such as (69) and
(70), turn out to be smooth functions of excitation energy [110, 122, 112]
depicted as a narrow band with small fluctuations within the band diminish-
ing with the growth of the dimension. In this sense such measures become
thermodynamic functions.
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The process of thermalization in closed finite systems of interacting con-
stituents was reviewed recently [123] with numerous examples of atomic,
nuclear and spin systems revealing the signatures of thermal equilibrium
without an external heat bath. More mathematically oriented review can be
found in [124]. To characterize this equilibrium it is usually sufficient to ana-
lyze a typical stationary wave function studying its complexity, mean values,
and fluctuations of observables. This is an essence of the so-called eigenstate
thermalization hypothesis (ETH) intensely discussed recently [125, 126, 127].
It is less known that the equivalent statement was formulated much earlier
in the Statistical Physics volume by Landau and Lifshitz [19]. In fact, this
idea is a continuation of the line going back to Boltzmann (molecular chaos),
Russian physicist N. Krylov [128] and Van Hove [129].

There are several quantitative measures which can be used to describe
the process of thermalization in a small system. The level density gives rise
to the partition function and corresponding free energy and thermodynamic
entropy of the system as a whole. The good illustrations come from nuclear
[110], atomic [130], and condensed matter analysis, see [123] and references
therein, where the exact diagonalization of the quantum Hamiltonians was
presented. Of course, such examples, as a rule, refer to a limited orbital
space and therefore can describe the real level density only up to a certain
excitation energy. In this finite space the level density is given by a bell-
shape curve with the maximum Em in the middle of the spectrum. The
shape of the curve is close to Gaussian, and its width σ allows one to define
the temperature,

T (E) =
σ2

Em − E
. (71)

The symmetry of the curve relies on the particle-hole symmetry of the dynam-
ics; the right half, E > Em, corresponds to negative temperatures (prevailing
occupation of highly excited levels). The transition between the two branches
goes through formally infinite temperature when all quantum states are pop-
ulated equally; this feature is clearly seen if the dimension of the space is
large enough [110].

To characterize thermal equilibrium one can apply various measures -
thermometers. It is natural to look at the particle distribution over single-
particle levels. If one has a full solution for a quantum system, it is possible
to analyze each stationary state and find the mean occupancies of all single-
particle orbitals. It turns out that the distribution of nucleons in a complex
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nucleus [110], as well as that of electrons in a complex atom [130, 131], is
well described by the standard Fermi-Dirac statistics with the parameters of
temperature and chemical potential smoothly changing along the excitation
energy. The resulting evolution of the temperature parameter extracted from
individual states well agrees with the global description (71). It is important
to note that such an agreement occurs only if the interaction strength is in
compliance with the choice of the mean field which creates the orbitals [110].
Too weak or too strong residual interaction destroys this correspondence so
that the single-particle thermometer stops working properly. We notice that
the shell-model (configuration interaction) approaches allow one to study,
through variation of the parameters, the dependence of physical characteris-
tics on various parts of the Hamiltonian. This is quite useful for creating a
more complete physical picture.

6 Shell model level density

6.1 Briefly about the nuclear shell model

Here we use the term ”shell model” in a broad sense including various for-
mulations. The model is defined by the orbital space and the Hamiltonian
that consists of single-particle orbitals and residual interactions. The orbital
space can include an inert core plus valence orbitals or start ab initio without
a core. Some formulations are still practically limited to rather light nuclei
and nuclei around the closed shells. The forces may include many-body in-
teractions or be restricted to a two-body level. Anyway, one constructs the
Hamiltonian matrix and tries to diagonalize it, exactly or through some ap-
proximations. Currently the exact diagonalization has a limiting dimension
of approximately 1010. Of course, the full diagonalization in a finite Hilbert
space can provide the physically reliable level density only up to some exci-
tation energy where the states outside the original space enter the spectrum.
There are also limitations in quantum numbers of stationary states (for ex-
ample, parity or total spin) as the choice of the corresponding classes of states
may be distorted by the truncation of the space.

As an example with a rich history of many successful applications let us
characterize the well developed shell model for the sd-nuclei. This family
of nuclides covers the isotopes from 16O to 40Ca. The model includes the
spherical orbitals 0d5/2, 1s1/2, and 0d3/2 with their ordering and positions
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determined by the realistic spin-orbit splitting. Here only the states of posi-
tive parity are possible which could be a rather good approximation to real
nuclei up to energy of about 10-12 MeV. If we limit ourselves by two-body
forces respecting the isospin invariance, the most general interaction Hamil-
tonian contains 63 independent matrix elements. The most rich subspaces of
states with a given total spin J have a dimension of the order of few thou-
sand. Of course, the complete diagonalization is possible and the results of
the full spectrum of stationary states and transition rates were discussed in
many publications, for example the case of 28Si was analyzed in detail in Ref.
[110]. The full knowledge of this model allows for its use as a touchstone for
various physical assumptions.

A serious advantage of the shell-model approach is in the possibility to
study the physical influence of individual parts of the Hamiltonian by ap-
plying the variation of certain matrix elements or their groups selected in a
certain way. For example, the old question of the predominance of prolate
deformation in the ground states on non-spherical nuclei [134] was clarified
indicating that the main role here is played by the interaction acts changing
the orbital momentum of one of the colliding particles by ∆` = 2. We will
also later use a similar approach studying the influence of individual parts of
the residual interactions on the level density parameters. In practice, often
not all interaction matrix elements are precisely fixed by the low-energy ob-
servables. Some matrix elements are still not reliably defined, especially if the
corresponding processes weakly change the collective properties of the mean
field and low-lying dynamics. In general, many such contributions are those
which were mentioned earlier as responsible for the incoherent collision-like
processes. As we will see, these parts of the interaction are important for
certain features of the level density.

The mentioned above case of 28Si, or the similar consideration of 24Mg
([68], Chapters 20 and 25), show that the exact shell model solution, as a
rule, provides the smooth Gaussian type of the level density while typical at-
tempts to limit the Hamiltonian by the mean field parts (maybe plus pairing
in the BCS or HFB form) create the level density that displays noticeable
oscillations reflecting the subshell structure. This is a typical manifestation
of the role of the “collision-like” parts of the effective interaction which really
lead to the chaotization of the dynamics.
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Figure 3: Nuclear level densities for 24Mg, positive parity and various spins,
for the sd-shell and USDB two-body interaction (taken from Ref. [152]);
full shell-model diagonalization (solid curves) vs moments method (dashed
curves).

6.2 Moments method

As mentioned above, the interaction between the constituents in a closed
mesoscopic system is responsible for quantum chaos. The combinatorial
growth of the level density, irrespectively of its details, leads to unavoid-
able strong mixing of simple mean-field excited states and formation of the
complicated stationary combinations. In contrast to the local measures of
this chaotic mixing, such as the unfolded level spacing distribution and its
fluctuations, we are interested in a global behavior of the level density. As
this scenario arises from very general characteristics of mesoscopic objects,
one can expect certain typical statistical regularities of the level density. In
a sense, the process of chaotization, or stochastization, of the dynamics is so
common that there should exist a general statistical approach to its calcula-
tion for a given Hamiltonian.

This idea, along with a practical method of calculating the level densi-
ties, was formulated by French and collaborators [137] and systematized in
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the book by Wong [138], see also the extensive compilation of related papers
in [139]. Essentially, the method is based on the central limit theorem and
the partition structure of the mean-field picture (in the first applications,
the level density was presented as a sum of non-interacting level densities
empirically convoluted with Gaussians). As a function of excitation energy,
the resulting level density in a finite Hilbert space of interacting particles is
close to Gaussian as seen in the shell-model examples. Of course, the whole
approach called statistical spectroscopy has much more applications not lim-
ited by the level density. In particular, one can find typical distributions of
matrix elements and transition rates very important for practitioners [7]. It
can be also generalized for the physics of resonances and reactions in the
continuum [140, 141].

In practice, the moments method reduces to the calculation of traces of
the powers of the Hamiltonian avoiding the full diagonalization. The working
algorithm was gradually improved in successive publications [142, 144, 145].
It was made available in the open access with the computational details given
in [146].

To start with, we have at our disposal the mean field, single-particle
orbitals (usually j-levels), and a number of neutrons and protons populating
them in accordance with the Pauli principle. Each allowed configuration
given by the distribution of nucleons over the orbitals is called a partition.
The general two-body interaction can be written as

H =
∑

1

ε1a
†
1a1 +

1

4

∑
1234

V12;34a
†
1a
†
2a4a3, (72)

where the single-particle quantum numbers 1,... labeled here by numerals
include the radial index, level spin j, its projection m (energies ε1 do not
depend on projections) and isospin projection τ ; the antisymmetrized binary
interaction matrix elements satisfy the angular momentum conservation. Let
α denote a complete set of global characteristics for a many-body nuclear
state: neutron and proton numbers, total spin J , parity Π, isospin T . Within
a given partition p, one can construct Dαp states of this class and calculate
the energy centroid of the many-body states in the class α generated inside
this partition,

Eαp = 〈Hαp〉 ≡
1

Dαp

Tr(αp)(H), (73)

This trace includes mean-field energies of the orbitals occupied in the parti-
tion p and matrix elements of the interactions diagonal with respect to the
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occupancies of the levels fixed in the definition of the partition. This is the
first moment of the Hamiltonian (72).

The second moment being defined similarly to (73),

〈H2
αp〉 ≡

1

Dαp

Tr(αp)(H2), (74)

includes the bilinear combinations of mean-field energies and interaction ma-
trix elements forming the two-step processes within the partition p with the
inclusion of transitions to the configurations outside this partition, see the de-
tailed structure in [146]. It might be practically convenient to work with the
M -basis avoiding the procedure of forming exact angular momentum mul-
tiplets and corresponding 3nj-algebra. Also the neutron-proton formalism
may be applied instead of the full isospin description. With the Hamiltonian
conserving total spin and isospin, all exact symmetries are respected.

It is known for a long time [107, 110] that the level density inside a parti-
tion is rapidly converging to the Gaussian. Additional interactions contribute
in quadratures to the resulting width. The first two moments, (73) and (74),
allow to construct the Gaussian distribution Gαp for a given partition. It has
a centroid

Eαp = 〈Hαp〉, (75)

and the width σαp,
σ2
αp = 〈H2

αp〉 − 〈Hαp〉2. (76)

It is also possible [138] to construct higher moments expressed in terms of
corresponding traces. However, the comparison of the approximation based
on the two lowest moments with exact shell-model calculations shows that it
is not necessary, especially if these moments are improved by the following.
We modify the functions Gαp introducing [142] the finite range Gaussians
Gη(x, σ) where the tails are cut off at a distance ±ησ from the centroid.
The parameter η is typically between 2.5 and 3 which is confirmed by the
analysis of the strength functions found [143] in the shell model with the
same Hamiltonian. The finite range Gaussian has to be correspondingly
renormalized. In this way we come to the functions

Gαp(E) = Gη(x = E − (Eαp − Eg.s.), σαp), (77)

which determine the effective contribution of a given partition p to the level
density in the class of states α,

ρα(E) =
∑
p

DαpGαp(E). (78)
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The ground state energy Eg.s. entering eq. (77) should be determined sepa-
rately, either by the exact shell-model solution, or using other ways, such as
exponential convergence [142, 147, 148], or just by a special fit.

An important addition to the method is in handling the cases for the
orbital space that includes several main shells. Between the oscillator shells
of opposite parity there are, among possible excitations, the fictitious ones
corresponding to the quanta describing the center-of-mass excitation. These
excitations are to be removed from the full shell-model level density. In the
shell model and in Monte Carlo approaches this is sometimes done by the
artificial shift of the center-of-mass excitations to sufficiently high energy.
Here one can use [145] the set of recurrence relations [149, 150, 151] taking
away possible unphysical admixtures. The computational procedures and
the perspectives of parallelization are discussed in [146].
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Figure 4: Low-energy level density for 64Ge, spin J = 0 and parity Π=+1.
The solid curve presents the calculation in the pf shell with the GXPF1A
interaction, the dashed curve corresponds to the calculation in the larger
model space with the level g9/2 added, and the dotted curve presents the re-
sults obtained using the HFB single-particle energies and the combinatorial
method [47]. Taken from Ref. [152].
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6.3 Applications

Any new approximate method has to be tested in comparison with the exact
solutions if the latter are available. Figure 3 shows the level density calcu-
lated for the 24Mg nucleus in the framework of exact diagonalization using
the two-body USDB interaction [153] and with the moments method [152]
applying the same input (mean-field levels and two-body interaction). The
moments method reliably reproduces the whole bell-shape curve of the level
density as a function of excitation energy for different classes of states. Some
small fluctuations are slightly smoothed compared to the exact solution, es-
pecially in the low-dimensional classes of states. There is also a minor deficit
of states at the top of the Gaussian which could be corrected by adding the
fourth moment. However, we have to recall again that the whole shell-model
approach becomes much earlier just a model rather than the description of
nature because of the admixture of configurations outside the included or-
bital space. In the physical region of excitation energy below 20-25 MeV the
agreement between the moments method and shell-model diagonalization is
very good.

In heavier nuclei, the shell-model approaches are expected to work reliably
in a smaller interval of energies. Figure 4 shows the results for the JΠ = 0+

states in 64Ge with the GXPF1A interaction. Below excitation energy of
10 MeV, the two versions of the moments method, just using the pf -shell,
or adding the intruder g9/2 level and new matrix elements with elimination
of spurious center-of-mass excitations, practically coincide. Intruder states
become essential after excitation energy of 8-10 MeV. An example os shown
in Figure 3 of Ref. [152]. At the same time, the results obtained [154]
with the help of the HFB approach and the combinatorial method, show a
significantly different behavior with large bumps and higher level density.
The situation is very similar for other nuclei, for example 52Cr and 54Fe, as
shown in [145].

Our level densities are describing fairly well the existing data. For exam-
ple, Figure 5 shows the results of the moments method for 52Cr at neutron
separation energy compared with other methods and p-wave RIPL data [70].
One needs to add contributions from all relevant J that can be built with
p-wave neutrons, i.e. J = 2+, 3+, 4+, 5+.

The level densities are main inputs to reaction codes that calculate cross
sections and reaction rates of interest for nuclear astrophysics. In the past
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we used our tables of spin- and parity-dependent level densities [171] as in-
put to the TALYS code [172] by replacing some tables in the code. This
approach has two drawbacks: (i) the shell model level densities have a finite
excitation energy range (< 12 MeV), and an algorithm for continuation to
higher excitation energy is needed, and (ii) changing tables is a complex pro-
cess prone to errors. The TALYS code is already implementing the constant
temperature model with the parameters extracted from the limited existing
experimental data.

Using this approach we applied TALYS to calculate the differential cross
section at backward angles for the 58Fe(3He,p)60Co reaction studied experi-
mentally by the Ohio group [173]. Figure 6 shows the results of our calcula-
tions (NLD-Moments) compared with the experimental data and the results
obtained using Hillaire’s tables (model MD5 in TALYS). One can see that our
level densities describe reasonably well the data and show a small improve-
ment with respect to the MD5 results. As already mentioned, the approach
used here is taking the MD5 level densities at excitation energies higher than
12 MeV that may be important due to the Q-values involved in the reaction.
We plan to use the level densities of the moments method to extract the
parameters for the constant temperature description, thus extrapolating the
level densities to higher excitation energies. The further improvement should
come from a better description of the reaction mechanism.
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Figure 6: Comparison of the Hauser-Feshbach cross section for the
58Fe(3He,p)60Co reaction using the level density given by the moments
method and by Hillaire’s tables. The horizontal axis shows energy of the
outgoing proton.

6.4 Role of various interaction components

The shell model, with its wealth of interaction matrix elements, allows one
to study their specific roles in the formation of the final level density. For
this purpose it is reasonable to divide the mean-field part and the residual
interactions into groups supposedly responsible for the certain features of the
resulting spectrum. Introducing a random element in the Hamiltonian and
looking at the evolution of the density matrix of a given state in the presence
of this perturbation [155] one can locate possible phase transitions in nuclear
structure. In the same way it is possible to study the dependence of the level
density on various parts of the Hamiltonian. As was already mentioned, the
similar studies in the past [134] gave some evidence of the special role of the
matrix elements changing the orbital momentum of one of the interacting
particles by ∆` = ±2 in the formation of the deformed mean field.

The obvious coherent effect comes from pairing. It is known that the
pairing interaction considered exactly, rather than in the BCS or HFB ap-
proximation, leads also to some chaotic features in the excited states of the
system [109, 155, 156]. However, this “randomness” is not sufficient for full
chaotization. It is natural that various independent components of inter-
action contribute individual mean square terms to the total level density;

48



0 10 20 30 40 50 60 70 80
0

2000

4000

6000

8000

10000 k
1
=k

2
=0.1

k
1
=k

2
=0.2

k
1
=k

2
=0.3

k
1
=k

2
=0.5

k
1
=k

2
=1.0

k=0.2

k=0.1

k=0.3

k=0.5

k=1.0

0 10 20 30 40 50 60 70 80
0

50

100

150

200

250

300

350

k
1
=k

2
=0.1

k
1
=k

2
=0.2

k
1
=k

2
=0.3

k
1
=k

2
=0.5

k
1
=k

2
=1.0

k=0.1

k=0.2

k=0.3

k=0.5

k=1.0

Figure 7: Level density for 28Si in sd model space. Different curves corre-
spond to different scale factors, k = k1 = k2 = 0.1, 0.2, 0.3, 0.5, 1.0 when
the pairing and non-pairing parts of the interaction scale similarly. The left
graph corresponds to the total density with all J included, while the right
graph describes the evolution of the J = 0 density.

neglecting them we would come to a narrow level density ρ. One can present
the shell model Hamiltonian as a sum

H = h+ k1V (pairing) + k2V (non− pairing) (79)

and study the evolution of observables as a function of the parameters k1 and
k2. Here V (pairing) includes only the matrix elements having the pairs J = 0
with isospin 1 before and after the interaction. In the sd shell there are only
six such matrix elements. The part V (nonpairing) contains all remaining
two-body matrix elements.

In Figure 7, the parameters k1 = k2 are changed simultaneously from 0.1
to a regular value of 1 for 28Si, showing the full level density in the left part
and partial level density in the subspace of total spin J = 0 in the right
part. The picture is typical for all classes of states: sharp peaks reflecting
the subshell structure of the available space first combine into a unified in-
dented wall and, with the further increase of the interaction, gradually form a
more broad smooth bell-shape curve. The study the influence of each group
of interactions, is further investigated in Ref. [152] where the set of level
densities found by the exact solution for pure pairing when all interactions
except for six matrix elements of pairing (J = 0, isospin 1) are excluded is
shown. When the pairing strength factor k1 < 1, the level density consists
of several non-overlapping peaks corresponding to various excitations of the
paired state (see e.g. Fig. 5 of Ref. [152]). Only for artificially enhanced
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pairing, k1 > 1, the level density becomes a bell-shaped curve in a function
of excitation energy, still much more narrow than in the shell-model solution
with the actual set of all interactions. The complementary evolution (normal
pairing and increasing non-pairing strength) is illustrated by Figure 8. We
conclude that both parts of the interaction in our crude subdivision (79) are
important for the realistic result. Currently only approaches based on the
shell model are capable of taking this into consideration.
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Figure 8: Level density for 28Si, J = 0, sd model space. The black curve
presents k1 = 1.0, k2 = 0.1, then the remaining parts of the interaction are
increased together with k2 up to the red curve (k1 = k2 = 1.0) that describes
the realistic interaction. Taken from [152].

6.5 Comparison with Fermi-gas models

Using the Fermi-gas predictions (34) one expects the level density (summed
over all classes of states) to be approximately described by

ln[ρ(E)] +
5

4
lnE = constant + 2

√
aE. (80)

The slope of this line as a function of
√
E predicts the value of the main pa-

rameter a. The values extracted from the shell model are noticeably smaller
than those found empirically from known low-lying levels [66] and especially
from neutron resonances [157]. If we still have in mind the origin of the
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parameter a as characterizing, eq. (31), the single-particle level density at
the Fermi surface, it should be correlated with the filling of nuclear shells
(mentioned above Rosenzweig effect [34, 35]). Indeed, one can qualitatively
see the maxima of the found value of a in the middle of the shell. However,
the big discrepancies between the data from the two sources indicate that
the literally understood Fermi-gas description is not quite satisfactory. In
the shell model the result of using eq. (80) also significantly depends on the
energy range of fitting, Figure 9. The need for empirical higher values of the
parameter a may reflect the fact that the realistic level density grows, as in
the CTM approach, faster than in the Fermi-gas description.

Figure 9: Interpolation of the single-particle level density parameter a with
a fitting energy range 5-25 MeV: moments-method calculation with interpo-
lation (black circles), fit using the experimental data on neutron resonances
(Ref. [157], red diamonds), and fit using experimental low-lying levels (Ref.
[66], yellow squares). Figure adapted from Ref. [152].

Using the back-shifted Fermi-gas description brings in an additional pa-
rameter of the shift that should not exactly coincide with the pairing gap or
odd-even mass difference. As shown in [152], this may change the value of
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the extracted parameter a by few percent only.

6.6 Spin cutoff parameter

Many applications require the knowledge of partial level densities for special
classes of states, first of all for certain values of the total spin J . As shown
in subsection 2.6, the assumption of random coupling of individual nucleon
spins leads to the Gaussian distribution of partial level densities with the spin
cutoff parameter σM defined, eq. (43), by the quantum numbers of available
particle orbitals. The level density for a given value of J is then restored by
the identity (1).
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Such an assumption leads to the prediction that the level density as a
function of the total angular momentum projection M satisfies

ln[ρ(E,M)] = ln[ρ(E,M = 0)− M2

2σ2
m

. (81)

Here the spin cutoff parameter σm in general depends on energy. The main
consequence of eq. (81) is the linear M2-dependence of ln ρ(E,M) easily
verifiable by the shell-model results. Figure 10 illustrates the behavior of this
logarithm for different nuclei; indeed, in many cases, see here examples of
28Si and 52Fe, it goes down linearly as a function of M2 with the monotonous
parallel lifting of the line as a function of energy. This can be understood as
a confirmation of the original idea of random spin coupling.

There are also exceptional cases, such as 44Ca and 64Cr, where the sit-
uation is more involved and there is no clearly determined parameter σm.
The notion of random spin coupling does not work here well due to the
isospin limitations in the shell-model description. The 44Ca nucleus has in
this formulation only four valence f7/2 neutrons and the two-body interaction
contains only matrix elements with the isospin of the pair equal to 1 so that
many total spin values are impossible. Similarly, there are only four valence
protons in the model for 64

24Cr40. In such cases the prediction of random spin
coupling can break down. The details of the energy behavior should be stud-
ied more carefully as they reflect shell effects and the evolution of the average
moment of inertia from the superfluid to rigid-body rotation.

6.7 Collective enhancement revisited

In subsection 3.3 we briefly discussed the idea that low-lying collective states,
vibrational and rotational bands increase the level density at low energy
compared to the single-particle counting in Fermi-gas or mean-field models
[36]. It is known that with the shell-model interaction Hamiltonian, in a
sufficiently broad orbital space, one can describe the collective excitations
and the shape transition to deformation. The exact operator equations of
motion contain phonon excitations and correct rotational dynamics without
artificial cranking and with the correct superfluid moment of inertia [38, 39].
Even with random interactions, collective states appear with a noticeable
probability [134]. The existence of the collective enhancement is confirmed
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with calculations along the chain of samarium isotopes with the use of the
Monte Carlo shell model methods [132].

A powerful approach related to systematic variation of specific matrix
elements of the shell-model Hamiltonian allows one to look inside the black
box of a large-scale diagonalization and understand the roles of individual
parts of the many-body Hamiltonian. The deformed shape, as can be con-
cluded from [134], comes from the matrix elements of two-body interaction
which describe, with parity conservation, the change of the orbital momen-
tum ∆` = ±2 of one of the particles. This is the formal analog of the stan-
dard Nilsson scheme [135] with mixing of orbital states of the same parity
by the deformed quadrupole mean field; in the shell model the deformation
is explicitly generated by the interaction.

In order to study in the shell-model language the influence of the de-
formation on the level density, we divide the full set of interaction matrix
elements into two groups, above mentioned ∆` = ±2, denoted V1, and the
rest denoted V2, with the regulator parameter λ,

H = h+ (1− λ)V1 + λV2 (82)

The evolution of the level density induced by changing the parameter λ is
illustrated by Figure 11, [136]. As a typical example we show the mean
quadrupole moment of the state 2+

1 and the cumulative number of levels in
an odd-odd nucleus 30P in a function of λ. In fact, due to the deformation
effect, the whole Gaussian curve undergoes the shift to the left on the energy
axis which is the collective enhancement sought for.

7 Constant temperature model

7.1 The model

Here we return to a broader discussion of the CTM which has been started
in subsection 2.7. Currently this is one of the most popular empirical models
well reflecting incoming experimental data. Here the level density is described
by a simple exponential expression

ρ(E) = ρ0e
E/T , (83)

where the preexponential factor is usually written as

ρ0 =
1

T
e−E0/T . (84)
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Figure 11: Evolution of the quadrupole moment (left) and the cumulative
number of levels (right) under the variation of λ for 30P (adapted from Ref.
[136]).

The analysis of old [62] and new experimental data, including those obtained
with the use of the so-called Oslo method [159, 160, 161], had shown that this
simple description agrees reasonably well with data for many nuclei (up to
some excitation energy). We note the faster (exponential) growth of the level
density with energy in contrast to the Fermi-gas and semi-empirical models
where this growth went slower, as exp(

√
2aE), which requires a value of the

empirical parameter a that grows with energy. The two parameters of this
model, T and E0, are to be determined experimentally for each nuclide, and,
in principle, for all classes of states with various values of the total spin J
and isospin. Usually only a small fraction of such classes is available in any
given experiment.

It is clear that the description (83) cannot be extrapolated to very high
excitation energy, especially if one tries to interpret the parameter T in eq.
(83) as a real temperature of the nucleus. The steady exponential growth of
the level density leads to the divergence of the statistical partition function
(15)

Z(β) =
∫
dE ρ(E)e−βE. (85)

If we assume kind of thermodynamic equilibrium inside a small self-bound
system of interacting constituents, the exponential formula stops to be valid
close to an excitation energy that corresponds to the thermodynamic tem-
perature Tt−d = 1/β coinciding with T . It is therefore expected that the
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Figure 12: The shell-model level density for 24Mg (dotted line) and the
constant temperature (CT) model (solid line), with parameters T = 3.43
MeV and E0 = 1.65 MeV for a fitting range 2-15 MeV. Taken from Ref.
[167].

CTM description should be matched to that for the heated Fermi-gas at en-
ergy that can be estimated in various ways. Such matching was long ago
suggested by Gilbert and Cameron [27].

The shell model analysis shows that indeed the CTM description agrees
with the exact numerical solution, either found through the full diagonaliza-
tion, or with the aid of statistical procedures, such as the moments method.
Figure 12 taken from [167] shows the total level density for 24Mg given by the
moments method with the full shell-model interaction (it was shown earlier
that the result agrees with the shell-model diagonalization and reasonably
corresponds to experimental data at least up to E ∼ 10 MeV). The fit up to
15 MeV excitation energy is well described by the CTM. A similar situation
is shown for 28Si in Figure 13 [152]. In fact, for practically all nuclei in sd-
and pf -shell model calculations, the CTM agrees well with the numerical
results. Such an agreement remains also under variation of the interaction
parameters, see examples below. The universality of the approximate de-
scription by the CTM allows us to find the behavior of T as a function of
physical characteristics and therefore to clear its physical meaning.
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7.2 Effective temperature

The simple interpretation of the CTM [162, 163, 164] played a significant
role in promoting the use of the CTM. The parameter T was considered as
a real temperature of the low-energy part of the nuclear spectrum. T is kept
constant in the energy interval of several MeV (in light nuclei up to 15 MeV)
because the nucleus goes through a phase transition from the superfluid phase
to the normal Fermi-system. During the transitional phase the latent heat
excites the system changing its structure, while the temperature stays fixed.
We will call the parameter T an effective temperature. First of all, we show
the calculated shell-model value of this parameter for a family of nuclei, see
Figure 14.

A noticeable result of this and similar calculations is that, for a given
isotopic chain, the effective temperature is minimal in the case of N = Z for
even-even nuclei, or at N = Z±1 for odd-A isotopes, recall the empirical eq.
(53) for the Fermi-gas parameter. This seemingly confirms the interpretation
based on the pairing phase transition, it is natural to expect that such nuclei
are more “frozen”. Nevertheless, we have to mention here that these nuclei
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are also singled out by other types of correlations, for instance, such as quartic
(alpha-type, which could prefer a few-center symmetry of the mean field),
and by isospin symmetry (for example, only for N = Z we have states of
isospin zero).

For all sd-nuclei, the effective temperature values, along with the corre-
sponding parameters E0 in eq. (84), are calculated and tabulated for various
classes of states in Ref. [168]. The found parameters can be used phenomeno-
logically for any treatment of data related to this set of nuclei, with a certain
limitation that they are based on a specific version of the shell model which
was repeatedly independently checked by the predictions of various physical
quantities, especially at relatively low energy, but still accounts for a limited
orbital space only.

With exponentially increasing level density (83), we can trace up an anal-
ogy with the limiting Hagedorn temperature in particle physics that was
discussed in relation with the exponentially proliferating number of parti-
cle resonances [162, 169]. If we evaluate the microcanonical entropy S of
the CTM as a function of excitation energy in terms of the cumulative level
number,

S(E) = ln
∫ E

0
dE ′ρ(E ′) = ln

[
ρ0T (eE/T − 1)

]
, (86)

we can introduce the thermodynamic temperature

Tt−d(E) =

(
∂S

∂E

)−1

= T
(
1− e−E/T

)
(87)

which starts at zero at the ground state and gradually approaches the effective
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temperature T that plays therefore the role of the limiting temperature.
As known from old discussions in particle physics, one cannot treat this
as the existence of the hottest possible temperature. Rather the system
becomes a gas of irregularly interacting constituents − quarks, gluons or
strings in particle physics and nucleonic quasiparticles in the heated nucleus.
Essentially we gradually come from the ordered regime near the ground state
to a heated Fermi-liquid; the parameter 1/T defines the rate of increase of
the level density as a function of excitation energy. From this viewpoint,
the lower value of the effective temperature in N = Z or close nuclei is a
signal of the presence of more active interactions which might prefer different
symmetries and reach the chaotic phase faster.

The idea of the phase transition from the superfluid to normal phase
[162, 163, 164] seems to be not realistic as we try to show in the next subsec-
tion. We can call the process accompanying the growth of excitation energy
chaotization, or stochastization, as at some stage the CTM description of the
level density should match the general Gaussian shape that is characteristic
of quantum chaos, Section 5. The temperature found from the Gaussian
description meets the thermodynamic temperature (87) at certain excitation
energy slightly different for different nuclei, while the further exponential
growth of the level density in the CTM contradicts to thermodynamic stabil-
ity as follows from (85). This matching was illustrated in [167] by a simple
example for 28Si of a good numerical correspondence between the effective
temperature T and a temperature of the global statistical description at ex-
citation energy 10 MeV where the system reaches the chaotic phase.

7.3 Pairing phase transition?

Earlier, Section 6.4, we discussed the role of various components of the inter-
action in formation of the level density. In particular, the parametrization of
eq. (79) allows us to study explicitly the role of the pairing forces. Gradually
switching off the pairing force by driving down the parameter k1 at the fixed
value k2 = 1, and convincing ourselves that every time the CTM description
still stays valid with the changing parameter T , we come to Figure 15. We
see that the effective temperature is essentially constant (in some cases very
weakly increases) while pairing practically disappears from the interaction
Hamiltonian, both for magnesium and aluminum isotopes. The minimum of
T still corresponds to the same nuclides as in the case of realistic pairing.

Moreover, we can look at the situation in separate classes of states ex-
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Figure 15: Evolution of the effective temperature parameter T under varia-
tion of the pairing strength k1 for the isotopes of magnesium and aluminum.
Taken from Ref. [167].

pecting the maximum influence of pairing in the cases of low spin. Figure 16
shows the behavior of the effective temperature for states J = 0 and J = 2
in silicon isotopes 28,30Si as a function of the decreasing parameter k1. The
effective temperature is again almost constant even for negative values of k1

(repulsive pairing); the isotope 28Si has a lower T for all values of k1. There-
fore one cannot consider normal attractive pairing as a sole source of the
constant effective temperature.

Another variation of the Hamiltonian is given by making all single-particle
orbitals degenerate (or simply removing the spin-orbit splitting). The pairing
forces then become effectively stronger, pairing gap larger, and therefore one
would expect a deeper frozen pair condensate (compare with the supercon-
ductivity model in a system with a flat Fermi surface [165, 166]). This would
lead to a higher value of the parameter T necessary to destroy the superflu-
idity. But the shell-model analysis shows the opposite behavior, the effective
temperature goes down, Figure 17. This is what one could expect due to
another interpretation: the limiting temperature is lower, and therefore the
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rate of chaotization 1/T greater, because of a stronger mixing of many-body
degenerate configurations.

In the von Egidy and Bucurescu [174, 175, 176] approach, the J-dependent
nuclear level density is calculated by the approximate formula (see also Eqs.
(2)-(4) of Ref. [142] for the correction to the denominator)

ρCT (E, J) =
2J + 1√

8πσ3
e−J(J+1/2)/(2σ2)ρCT (E), (88)

with

ρCT (E) =
1

T
e(E−E0)/T , (89)

where σ is an appropriate spin cutoff parameter that depends on the excita-
tion energy and other isotope specific factors. Here, the assumption is that
both parities have the same nuclear level density. This approach has the dis-
advantage that the constant temperature applies only to the total density of
states, and therefore the temperature is not specified for each J (or parity).

It is possible to introduce a constant temperature formula for each angular
momentum J and each parity π,

ρCT (E, J, π) =
1

TJπ
e(E−E0Jπ)/TJπ . (90)

A first attempt of using this parametrization was recently reported [177] for
some of sd- and fp-shell nuclei using the USDA and the GXPF1A Hamiltoni-
ans, respectively. Here we add few more data for fpg nuclei using the JUN45
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Figure 17: Effective temperature of silicon isotopes with degenerate valence
orbitals.

effective Hamiltonian [178]. Figure 18 shows the temperature dependence on
the mass number A, for J = 2 and positive parity. In Ref. [177] it was ar-
gued that a constant temperature approach to these individual densities may
be better justified than for the density of states that includes subsets from
different symmetry representations (e.g. different spins, parities, etc). We
found that indeed, the temperatures corresponding to different total angular
momenta of the same isotope could be quite different; these temperatures
exhibit an odd-even spin effect similar to that found in the low-lying states
of nuclei. One could potentially extrapolate the CTM parameters to neigh-
boring isotopes of interest that could be useful for a simple integration of the
results of Eq. (90) within reaction codes, such as TALYS.

8 Conclusion

The study of the nuclear level density remains an active field of experimental
and theoretical research. It goes in parallel to the more detailed studies
of known nuclei, steady extension of the nuclear chart approaching the drip
lines, and the impressive development of nuclear astrophysics. The knowledge
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of the level density is absolutely necessary for treatment of various nuclear
processes, including those with excited nuclei as in stellar phenomena.

The empirical information on level density comes mainly from low-energy
spectroscopic studies and specific reactions in the vicinity of the neutron
threshold. There are traditional approaches trying to combine this infor-
mation and interpolate between the two energy regions which would make
the predictions more reliable. Certainly, such approaches have to be justified
from the viewpoint of general nuclear theory. Historically, this theory, in par-
allel with the progress of computational abilities, was gradually developing.
It is however interesting that the first idea concerning the nuclear level den-
sity based on the image of the nucleus as a blob of self-bound two-component
Fermi-gas survived through more than 80 years of the intellectual maturity
of nuclear theory.

The main improvements of the Fermi-gas approach are due to the account
for nucleon correlations. The interactions form the self-consistent mean field,
spherical or deformed. This determines the single-particle level density at the
Fermi surface that would define the nuclear shells and combinatorics of many-
particle states at not too high excitation energy. At this point the residual
interactions enter the game. The first candidate to this role is the pairing
phenomenon. At low energy, the nucleus becomes a drop of superfluid mat-
ter; the energy gap distorts the single-particle spectrum close to the Fermi
surface, forms the mass differences between even and odd particle numbers,
and modifies the collective behavior of the nucleons. Because of the pres-
ence of the pair correlations, low-lying collective vibrational modes appear
inside the gap, sometimes with observed overtones. In deformed nuclei, col-
lective rotation forms many bands built on intrinsic particle configurations.
The rotational moment of inertia, very important for the level density, is
determined by the superfluid pairing. Altogether, the low-lying level density
becomes enhanced compared to what it would be in the absence of correla-
tions which give rise to the redistribution of stationary states and collective
enhancement.

In search for a good theoretical description of the nuclear level density,
there were numerous attempts to encounter for the main effects of residual
interactions by phenomenological adjustments of the Fermi-gas approach.
With typical instruments of adjustment, such as a back-shifted Fermi-gas
formula and fitting of the most essential characteristics, including the single-
particle level density and spin-cutoff parameter (essentially the effective mo-
ment of inertia that determines the level density in the classes of states with
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different total nuclear spin), it is frequently possible to reach a decent agree-
ment with selected data. Of course, the absence of physical rules which would
predict the values of used parameters and their evolution along the nuclear
chart, made the situation not fully satisfactory.

The next theoretical progress was related to the variational methods
based on the energy density functionals, for example taken from the Skyrme
family. Such models can approximately account for the mean field, pairing,
deformation, and other collective phenomena plus single-particle combina-
torics. The correctness of description of higher parts of the spectrum is not
fully justified. In principle, the energy functionals are typically adjusted by
construction for the ground and low-lying states.

One can expect that various versions of the shell model (configuration in-
teraction) can provide the most reliable description of nuclear spectra. The
modern fast developing ab-initio approaches are still not capable of predict-
ing the nuclear level density for the sufficiently broad energy interval. The
Monte Carlo shell model, capable of using considerably larger orbital spaces,
was also intensely developed during last twenty years fighting with the sign
problem and therefore accounting only for the most regular parts of the in-
teraction.

A widely used practical approach is still based on the standard shell
model with effective residual interactions (currently, mainly two-body). The
advantage of the shell model is the exact solution of the quantum many-body
problem in a finite orbital space. Of course, this feature is at the same time
the main restriction for the applicability of the shell model. Above some
energy, the states formed on the base of the missed part of the Hilbert space
enter the game which makes the predictions of the shell model more and
more different from reality. However, the upper energy limit of validity in
many cases not only includes the neutron resonance region but also higher
energies covering the whole interval important for astrophysical processes and
technological applications. The full Hamiltonian of the shell model contains
usually more matrix elements than one can reliably find from the low-lying
spectroscopy. The level density therefore may provide a quality check for the
shell-model Hamiltonian.

Moreover, the experience with the shell model calculations invariably
shows the significant role of the matrix elements of the Hamiltonian which
are not directly related to the global structure and collective motion. These
contributions can be loosely characterized as responsible for the incoher-
ent collision-like interactions which do not influence considerably the mean
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field and collective effects. However, these parts of the Hamiltonian con-
tribute considerably to the level density making it smoother and increasing
its Gaussian width. They are active participants in creating what is called
chaotic dynamics in a many-body system. The nuclear shell model, with
the formally exact solution and the richness of physical predictions, is one
of the best available testing grounds for many-body quantum chaos. With
energy increase, the physical observables come to the qualitative agreement
with the limiting predictions of the Gaussian orthogonal ensemble. This can
be translated to the thermodynamic language and therefore to entropy and
level density. In nuclear shell-model applications, essentially we come to the
heated Fermi-liquid with properties expressed through the individual typical
wave functions in agreement with the old idea of Landau and Lifshitz now
formulated as the eigenfunction thermalization hypothesis. Some predictions
of quantum chaos, first of all those of chaotic enhancement of weak effects in
the chaotic stage, have been already confirmed experimentally (parity viola-
tion, tunneling between different configurations etc.)

The chaotic character of dynamics allows one to reformulate the level den-
sity problem in terms of the statistical moments of the many-body Hamilto-
nian. In practice the first two moments turn out to provide the level density
very close to the results of the exact shell-model diagonalization. Of course,
being based on the severely truncated orbital space, this method cannot give
more than the shell model itself. But it can be more convenient and, with
parallelization of computations, cover larger spaces. Another perspective
road is related to the recently suggested Lanczos algorithm [170].

An effective instrument of physical studies in the configuration interaction
approach is a possibility of numerical experiments by varying the parameters
of the Hamiltonian. One can study in this way the change of physical results
and evolution of observables hidden in the black box of large-scale diagonal-
ization. Trying to give a working instrument to the practitioners one can use
the conventional phenomenological descriptions suggesting the most appro-
priate values of parameters. Such a study of the Fermi-gas approach provides
theoretical values of the standard level density parameter a and demonstrates
the Rosenzweig effect of the shell population. An important detail is in indi-
cation of the nuclei where the random coupling of individual spins is violated
and therefore the use of the traditional spin cutoff parameter is not valid.
Another well known phenomenon, the collective enhancement of low-energy
level density due to slow collective modes of rotation and vibrations, is well
reproduced by the shell model analysis with artificial deformation of a nu-
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cleus through the corresponding change of the interaction parameters. It is
important also that the microscopic theory is capable of suggesting the ap-
propriate values of the level density parameters for different classes of states,
including those where the existing data are meagre or absent.

Recent experimental and theoretical efforts suggested that the so-called
“constant temperature model” with the pure exponential growth of the level
density provides a good description of the data. Such a description is often as-
sociated with the phase transition where the superfluid pair condensate goes
through melting. The theoretical analysis for the sd- and pf -shells indeed
demonstrates that the resulting level density is well described by this model
up to some excitation energy. However, varying the pairing strength (even
changing the attractive pairing to repulsive) still keeps the same description
valid with a small change of the effective temperature parameter. In the
text we suggested, with the help of numerous variations of the shell-model
parameters, the interpretation of the empirical model in terms of the tran-
sition from the regular dynamics near the Fermi-surface to quantum chaos.
The effective parameter plays the role of the limiting temperature that de-
fines the rate of the exponential growth of the level density in the process
of chaotization of the dynamics. At some energy this growth should match
the milder Gaussian behavior of the level density typical for quantum chaos.
If this reinterpretation is valid, one can expect the universal applicability
of the constant temperature model to self-bound mesoscopic systems with
sufficiently strong residual interactions between the constituents.

The whole problem of the microscopic level density is on the crossing of
many-body quantum physics, statistical mechanics of small isolated systems,
and quantum chaos. With all its practical value, it is also of great theoretical
interest which we tried to summarize in this review.
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