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A normalized weighting function model for the average period of particles trapped in the potential

wells of waves undergoing nonlinear Landau damping is considered. The model preserves the

conservation properties of the trapped particles and relates them to the evolution of the wave

envelope. It is valid when there are more shallowly trapped particles than deeply trapped particles,

such as in long-time nonlinear Landau damping, as well as stabilities due to trapped particles at

long times. The model is also useful for estimating the validity of the often invoked assumption

that most trapped particles in nonlinear waves are deeply trapped. Published by AIP Publishing.
https://doi.org/10.1063/1.5064693

In an earlier work,1 we numerically investigated the

long-time behavior of nonlinear Landau damping (NLLD) of

a finite-amplitude periodic perturbation by solving the

Vlasov-Poisson equations and found that the modulation

period of the wave energy is not the deeply trapped particle

period traditionally predicted. The resonantly trapped par-

ticles, whose speeds are near but less than that of the wave

phase, in the initial (say, Maxwellian) velocity distribution

gain energy from the wave, which is in turn damped. In

existing theoretical studies of particles trapped in potential

wells, the particles are often assumed to be deeply trapped

near the bottom of the well so that they execute simple har-

monic motion. Such a model is obviously not applicable for

describing the trapped-particle effects in NLLD, especially

at long times.

To understand the period of wave energy modulation,

one has to consider the contribution of all trapped particles.

The motion of a particle trapped in the potential well of a

wave depends on the total particle energy and the profile of

the potential well. When there are many such trapped par-

ticles, the wave can be nonlinearly affected by the latter. In

particular, its amplitude and frequency will be modulated.

The modulation depends on the number and energy distribu-

tion of the particles. It is found that in the simulation almost

all the trapped particles eventually migrate to the top of the

well, i.e., to near the separatrix in the (x, v) phase space,

where x and v are the particle location and velocity, respec-

tively. For analytically modeling the various stages of the

NLLD process, we proposed1 a simple weighted-average

oscillator model for describing the trapped particles. The

model takes into account the contribution of trapped particles

having different total (kinetic and potential) energies, includ-

ing shallowly trapped particles. The results on the NLLD

process agree well with that observed in the simulations with

artificial settings of the weighting coefficient. However, it is

found in our previous simulations that the number of trapped

particles is almost conserved in long-time nonlinear Landau

damping. The artificial setting can be improved by a new

analytical model of the weighting function, keeping the total

number of trapped particles in the phase space conserved.

Accordingly, in the present paper, we introduce this

improved but still simple oscillator model, in which the

weighting function can be normalized, so that it conserves

the total number of trapped particles for most trapped-

particle distribution. As a result, the calculated period of the

wave-envelope modulation agrees much better with that

from the simulations, even at long times. The simple model

can also be used for describing the effect of trapped particles

on other wave-particle interaction phenomena, such as that

involving unstable waves.

The total number N of particles in the (one dimensional)

wave system is

N ¼
ð
L

ð
V

f ðx; v; tÞdvdx; (1)

where L and V denote the full physical and velocity spaces,

respectively, and f(x, v, t) is the distribution function of the

particles. For finite-amplitude oscillations, a particle can be
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trapped in the wave potential well if its total energy is below

the latter. The total number Ntr of the trapped particles is

therefore given by

Ntr ¼
ð
L

ðv2
v1

f ðx; v; tÞdvdx; (2)

where v1 and v2 denote the lower and upper bounds of the

velocity of the trapped particles in the phase space.

As can be seen in Fig. 1 from the numerical simulation

(the details of which can be found in Ref. 1) during the

NLLD process, the normalized total electron number N is

around unity, with a fluctuation level of �1� 10�4. The total

normalized trapped-electron number Ntr is about

1.78� 10�3, with a fluctuation level of �3� 10�5. That is,

in the long-time evolution of NLLD, the time-averaged total

number of all electrons, as well as that of the trapped elec-

trons alone, is independently conserved. There is no observ-

able net flow of electrons into or out of the trapping region

through the separatrix. Since on average the amplitude (or

the depth of the potential well) of the damping wave slowly

decreases and its energy is gained by the trapped electrons,

the latter tend to pile up at the top of the potential well. Our

simulations indeed show that the trapped electrons eventu-

ally form a dense layer close to the separatrix in the phase

space, accompanied by the appearance of a void at the center

of the trapping region.1 Here, we improve our model to

include trapped-electron conservation by introducing an ad
hoc but effective weighting function that conserves the total

number of trapped particles.

In general, the period of an electron trapped in the wave

potential is1

T ¼ Tbffiffiffi
2

p
p

ð/1

/0

d/ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiE � cos ð/Þp ; (3)

where Tb ¼ 2p=
ffiffiffi
a

p
xp is the period of a deeply trapped (i.e.,

at the bottom of the potential well) electron executing simple

harmonic motion, and E 2 ½�1; 1� is the electron energy nor-

malized by ax2
p=k

2. The turning points /0 ¼ k�1arccosE and

/1 ¼ k�1ðpþ arccosEÞ are given by the neighboring

solutions of E ¼ cos ðk/Þ. Thus, T is a function of E and

shown in Fig. 2(a) of Ref. 1. The average period of many

trapped electrons with evenly distributed energy is then

Ta ¼ 1
2

Ð 1
�1

TðEÞdE.
In order to take into account of the different trapped

electron distributions in the NLLD evolution, we introduce a

weighted-average period, defined by

Tw ¼ 1

2

ð1
�1

TðEÞWðw; EÞdE; (4)

where Wðw; EÞ ¼ arctanð1000ðEþ1�2wÞÞ=pþ1=2
1�w is the weighting

function, and 0�w< 1 is a free weighting parameter related

to the degree of weighting. We note that w¼ 0 corresponds

to the case where the trapped electrons are evenly distributed

in the trapping region, and increasing w corresponds to more

and more electrons becoming shallowly trapped. Figure 2

shows the dependence of W on E for different values of the

weighting parameter w. The areas under the curves of

weighting functions correspond to the number of trapped

particles.

We require that the weighting function W should satisfy

the normalization condition that its integral remains constant

for any w or that the total number of trapped electrons

remains the same regardless of how they are distributed.

Accordingly, we find

ð1
�1

arctanð1000ðE þ 1� 2wÞÞ=pþ 1=2

1� w
dE ¼ 2; (5)

if we exclude the region very close to w¼ 1, as shown in

Fig. 3. The integrand becomes singular (the model breaks

down) for w ! 1, corresponding to the limit where all the

trapped electrons are at the very edge of the potential well or

the separatrix. However, the separatrix layer is very thin and

expected to be ergodic,3 and electrons there can become

trapped/detrapped although (as already pointed out) there is

no observable net in- or out-flow from the trapping region in

the simulation. That is, if we exclude this narrow

FIG. 1. Evolution of the total (black solid curve) and trapped (red dashed

curve) particle numbers for a ¼ 0.05 and k¼ 0.3, as obtained from the

numerical simulations. Note the different scalings for the two curves.

FIG. 2. Profiles of the weighting function Wðw; EÞ for w¼ 0.25, 0.5, and

0.75. Note that the area under the curves, which represents the number of

trapped particles, is the same for all cases.
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pathological region that does not affect particle conservation,

our weighted-average model is normalized.

The weighted-average period Tw is then

Tw ¼ 1

2

ð1
�1

TðEÞ arctanð1000ðE þ 1� 2wÞÞ=pþ 1=2

1� w
dE;

(6)

which we can see in Fig. 4 increases from 1.2348Tb to 3.7Tb
as w increases from 0 to 0.995. From the latter, one can

deduce from the period of modulation of the wave envelope

as obtained from the simulations or experiments how (deeply

or shallowly) the electrons are trapped.

Table I shows an updated (with the new weighting

function) and the extended version of Table 1 in Ref. 1,

slightly reorganized for clarity. We see that Tb < Tsim for all

cases, and for most cases, the unweighted-average period Ta
is less than or equal to the simulated value Tsim. In the table,

the weighting parameter w for different time intervals has

been calculated by comparing the modulation period

obtained from the simulation with that from the model.

We can see that shallowly trapped electrons play an

important role in the wave modulation, and their contribution

increases as the NLLD evolves. For example, for a ¼ 0.05

and k¼ 0.3, we have Tb ¼ 36.7864. The trapping period is

Tsim ¼ 72.4250 in the time interval [400, 700], but it

increases to Tsim ¼ 82.5875 in the time interval [2000,

2500]. Indeed, the evolution of the electron phase space

shown in Fig. 3 of Ref. 1 indicates that initially (say, at

t¼ 100) the electrons are nearly uniformly distributed in the

trapping region of the phase space. In the evolution, more

and more electrons become less deeply trapped, and at t
�2500, an electron hole emerges in the phase space as most

electrons have become shallowly trapped. Thus, to estimate

the trapping period in the different stages of NLLD, the

appropriate values of w should be used in the analytical

model. In particular, larger w should be used for longer

times.

Table I also shows that with the decrease in the wave

vector k, the trapping period Tsim increases. In fact, for

k¼ 0.5, Tsim is approximately the unweighted average period

Ta, and for k¼ 0.4 and k¼ 0.3, Tsim is larger than Ta. This
behavior can be attributed to the fact that the wave phase

velocity is larger for smaller k so that less but faster particles

in the Maxwellian distribution are resonant and they become

shallowly (since the initial wave potential remains the same)

trapped, and Tsim is larger.

Our improved model for trapped particles takes into

account the fact that in NLLD, the shallowly trapped par-

ticles can significantly contribute to the modulation of the

wave envelope, especially at long times, as the particles gain

more and more energy from the damping wave. It is valid for

situations where there are more shallowly trapped particles

FIG. 3. Integral of the weighting function W as a function of the parameter

w. It almost remains constant (at the value 2) for 0�w< 1, but it is singular

for w! 1.

FIG. 4. Dependence of the normalized weighted-average period Tw/Tb on

the weighting parameter w. Its minimum value is 1.24 (for w¼ 0). Its value

for w¼ 0.995 is 3.7.

TABLE I. Period of the trapped-particle oscillations. Here, Tsim is the aver-

age period in the time interval [2000, 2500] as obtained from the simula-

tions. The values of Tb and Ta are obtained using the unweighted-average

model. The weighting coefficient w is obtained from the expression (6) by

setting Tw ¼ Tsim. The normalized perturbation amplitude a is calculated

from the electric field energy (averaged over the same time interval)

obtained from the simulation.

a k Tsimðx�1
p Þ Tbðx�1

p Þ Taðx�1
p Þ Tsim/Tb w

0.005 0.3 223.6500 145.2831 182.7175 1.5394 0.675

0.01 0.3 158.8500 90.6664 114.0279 1.7520 0.83

0.05 0.3 82.5875 36.7864 46.2650 2.2451 0.928

0.08 0.3 50.0750 29.3657 36.9322 1.7052 0.808

0.1 0.3 45.9200 26.2059 33.0484 1.7523 0.83

0.2 0.3 37.3833 19.2100 24.2260 1.9460 0.883

0.05 0.4 110.7313 76.3353 96.0043 1.4506 0.5

0.1 0.4 81.8625 47.3660 59.5706 1.7283 0.635

0.2 0.4 52.5150 30.4575 38.4102 1.7242 0.818

0.3 0.4 48.6400 29.2592 36.7983 1.6624 0.785

0.35 0.4 39.5917 23.7282 29.8421 1.6009 0.743

0.4 0.4 37.1500 23.2064 29.1858 1.2260

0.15 0.5 88.8875 72.5046 91.1865 1.2436 0.03

0.2 0.5 64.7681 52.0812 65.5008 1.2436 0.03

0.3 0.5 49.2000 39.0189 49.0727 1.2609 0.07

0.4 0.5 44.5000 37.6747 47.3822 1.1812
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than deeply trapped particles. However, the shallowly

trapped particles may become overpopulated in the separa-

trix region. In this case, collisional phase space diffusion

may have to be taken into account.2 We note that the present

model can also be useful for considering the period of

trapped particle-induced modulation of unstable waves.
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